Chapter 1: Problem Solutions

Review of Signals and Systems

Signals

m Problem 1.1

ayx[n] =-0.56n+1] +6[n] +0.56[n-1]+6[n-2] -0.86[n- 3]
by X[n] = -0.56Nn+5] +6N+4] +0.56[Nn+3] +6[N+2] -0.856[n+1]

m Problem 1.2
al=-el
b) I =e?!

c) 1 = 0 since the interval of integration does not include the point t = -1, where the impulse is
centered.

d1=1
e) I =cos? (0.1 )
l=e

g)letx = - % t,thent = -2 X and dt = -2 dX. Substitute in the integral to obtain

1 - _fo(—zmzé (A+2) (-2dn) =

+0o

= [82%25 (A+ 5)dr = 2

h)letx = 3¢, thent = /3 anddt = (§) dx. Then the integral becomes

+oo
el/3

1 - jemé (A-1) (5)dx= &~

-0
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m Problem 1.3

Amplitude A = 2,
Period Tg = 0.01 sec , then frequency Fg = T% =100Hz = 0.1 kHz
Phase o = O

Then the signal can be writtenas x (t) = 2 cos (200 rnt) .

m Problem 1.4

a) Frequency Fo =1 /To =1/ (3x107%) = £ x10° Hz. Then
X (t) =2.5cos (% 1000 rt + 15°)

b) Digital Frequency wo = 2 nFo / Fs = 271/ 6 = 7t/ 3 rad. Therefore the sampled sinusoid
becomes

x[Nn] =2.5cos (4 n+15°%)

m Problem 1.5

All sinusoids are distinct. In continuous time there is no ambiguity between frequency and signal.

m Problem 1.6

First bring all frequencies within the interval -t to sr. This yields

X2[Nn] =2cos (1.5n-0.17-2mn) =2cos (-0.5mn-0.1rn)
=2cos (0.5mn+0.1n)

and also

Xz[n] =2cos (1.5Nn+0.17-2mn) =2cos (-0.5mnn+0.1rn)
=2cos (0.5mn-0.1n)

Therefore we can see that X1 [N] = X2 [N] and Xz [N] = Xz [N].

A different way of solving this problem is graphically. The frequency plots for all four signals are
shown next. The key point is to understand that in discrete time, all frequencies within the interval
-7, 7t yield complex exponetials with distinct values:
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o-i01r ‘ pior

X1 [n] Frequency Representation

X2 [n] Frequency Representation
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X3 [Nn] Frequency Representation

X4 [N] Frequency Representation

Again you see that X1 [n] and X2 [n] have the same representation, and the same for x3 [n] and
X4 [N].

m Problem 1.7

The sinusoid X [n] = 3 cos (1.9 ,in + 0.2 sr) has the same samples, since

3cos (0.1, n-0.2m) =3cos (-0.1n+2,mNn+0.2n)
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m Problem 1.8

a) since 15° = 15 « st / 180 = 5/ 12, we can write
X (t) = 3 (e371/12 gJ1007t | o-}11/12 31007t
b) X (t) = ed0-17gil0rt . gj0 .11 g-j10rt
C)X (t) = -2.5je10-27¢ei20mt , 2 5 jel0-27 g-j2ort
d)x (t) = 5 jellovort _ g jeg-11000rt

e) X (t) = 1_5je—j0 .2t ej2007Tt _ 1_5jejo .2t eszoont

m Problem 1.9

a)since 2 + j = 2.2361 eJ0-4636 e can write X (t) = 4.4722 cos (100 st + 0.4636)
b)since 1 + 2 ed0-17 = 2_9672 eJ0-2098 thenx (t) = 5.9344 cos (10 =t + 0.2098)

c) the signal can be written as x(t) = + sin(5 it + 0.1 ) (\/2 el % gilont L v/ e-i% e~1107) and therefore

X (t) = sin (57t +0.1 ) cos (10 it + Z)

1
V2
M Problem 1.10

a)X (t) = J20rxx (t)

b) [x (t) dt = 1210 X (t)

)X (t-0.1) =e 27 x (t) = x (t)
m Problem 1.11

In order to solve this problem we have to decompose the signals into complex exponentials.

Q)X (t) = 2cos (100 7t + 0.2 1) = el0-27 11001t | -0 .27 o-§1007t
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, Mmagnitude
1 1
_50 50 F(Hz)
4 phase
0.2z
_50 I X
o] 50 F(Hz)

b)yx (t) = 3 @30 .17 g)1007t 3 @0 .17 g-3100rt
_ .3 gl0.271gjll0nt | 3 g-j0.27 g-jllOnt
2] e'l e + 2j e e

This becomes

X (t)

— % e—jO.lJT eleOJTt+ % ejO.lJT e—leOJTt

. Mmagnitude

3| 1= g‘ ‘3

2 2 2 2

~55 _50 50 55 F(Hz)
4 phase

0Lr 0.7z
M I ,
o F(Hz)

-0.7

)X (t) = e30-27gilo0rt | gj0 .2 g-31007t

2]

iejO.lJTej1007rt+23__e—j0.17re—j1007rt
J
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Combining terms we obtain
X (t) = 0.9071 ejl -1800 eleOt +0.9071 e J1-1800 o-j100t

magnitude

0.9071 0.9071
_50 50 F (Hz)
A phase
1.18
—~50 I ;
_1_18| 50 F(Hz)

d)x (t) = V2.5 el 4 @i10007t | A/ 5 gi2 67795 o-j11007t

magnitude

‘\EXS

A

¥

550 500 F(Hz)
4 phase
2.68 vy

FZHZ)

This becomes
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. Mmagnitude
1
1 1 1 1
Y I L
0 s | 5 10 F(H)
4 phase
‘ 2
=z F(Hz)
m Problem 1.12
Magnitude A
ﬁ ‘ 2
2
>
— m, w, o (rad)
Phase
— &
a
— @y | .
I 0, ©(rad)
—a
Referring to the figure above:
A wo=7m/2
b) wo =2m/3

C) wg = 7t
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d) wo = 0.75 7, since 1000 st / 800 = 1.25 it > sr. We want the frequency to be between - and
7t , we use the fact that this sinusoid has the same samplesas wgp = 2 71 -1.25 7= 0.75 7.

e) wo = 0, since 1000 st / 500 = 2 st and therefore wg = 2 1 - 2 71 = 0.

m Problem 1.13

a) Since wg = 0.2 5t = 2 g / 2000 we solve for the frequency as Fo = 200 Hz.

b) Sinusoids with frequencies Fg + Fs = 2.2 kHz, or Fs - Fg = 1.8 kHz have the same sample
values.

m Problem 1.14

a) Since

we btain the frequency plot shown below.

» magnitude

1.5

50 50 60 75 F

-60

—-75

b) The maximum frequency is Fyax = 75 Hz. Therefore the sampling frequency has to be such that
Fs > 150 Hz.

m Problem 1.15

The bandwith is 4 kHz and therefore the sampling frequency has to be at least Fs = 8 kHz. This
means that we need 8000 samples for every second of data, and therefore

16 x 8000 = 128 kbytes / sec. For one minute of data we need at least

60 x 120 = 7200 kbytes = 7.2 Mbytes to store the file.
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Systems

m Problem 1.16

If a property is not specified it is assumed Linear, Time Invariant, Causal, BIBO Stable.
b) Non Linear. In fact if you apply superposition:

xl[n] %S%yl[n] :2X1[n] -1
X2[N] > S->Yy2[N] =2X%X2[Nn] -1

and therefore
X[n] =X1[N] +X2[N] »S->y[n] =2 (Xa[n] +X2[n]) -1
which shows that the output is different fromy; [n] +y2[n] =2 (X3 [N] + X2[N]) - 2.

c) Time Varying, due to the time varying coefficient "t". Non BIBO Stable, since x (t) =u (t) ,a
Bounded Input , yields y (t) = tu (t), a Non Bounded Output;

d) Time Varying,due to the coefficient e-t;

e) Non Linear. If X (t) = X3 (t) + X2 (t) thentheoutputisy (t) = | X1 (t) + Xz (t) |
differentfromys1 (t) +y2 (t) = | X3 (€) | + | X2 (€) |;

f) Non Causal, since the output at any time t depends on a future input at time € + 1;
h) Non Causal since the output at time n depends on a future intput at time n + 1;

i) Non Linear (due to the term x2). Time Varying (due to the time varying coefficient n). Not BIBO
Stable, sincey [n] = nu[n] + ... ,ie Non Bounded, when the input Xx[n] = u[n], a Bounded
input.

m Problem 1.17

a)y[n] :km urk] 0.5"Kun-kKj.

Ifn=0:

Ifn<Othenu[k] u[n - k] = 0 for all k, and thereforey[n] = 0O,
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Thereforey [n] = (2-0.5") u[n].
byy[n] = kiziou[k—Z] 0.5"Ku[n-kK].
Ifn > 2:
y[n] :kgzo.snfk:kgoo.sk-o.sn-o.snfl _

= 1057 0.5"-0.5"*=2(1-0.5"?

Ifn<2thenu[k -2] u[n-Kk] = 2 forall k, and thereforey [n] = O.
Thereforey[n] = (2-0.5"%) u[n-2].
Q) y[n] :k+z°° 0.8Ku[k] 0.5"Ku[n-kJ.

Ifn=0:

y[n] = 3 0.80.5"K-0.5" 3 1.6X-0.5" L6 _ 1 25,0.5"-2,0.8"
K=0 K=0 1.6

i
Ifn<Othenu[k] u[n - k] = 0 for all k, and thereforey[n] = 0O,
Thereforey [n] = (1.25x0.5"-2x0.8") u[n].
dy[n] = k:zil-zku[—k] 0.5"ku[n-kJ
Ifn<Othenu[-k] u[n-K] =u[n-Kk].Thisimplies

y[n] :k%ml-ZkO-S”‘k:O-S”kg 2.4k _

0.5" 5 2.4K-
k=-n

-n-1

0.5" (5 2.4%_ 57 2.4K) =
k=0 k=0
1 1-2.4" _
0.5" ( 1-2.4T = 12471 ) =
=1.7143x1.2"

Ifn>=0thenu[-K] u[n-Kk] =u[-k].Thisimplies

0 0
y[n} = 2 1.240.5"%-0.5" = 2.4%-

=—00

- 0.5" kﬁ:) 2.4K_-1.7143x0.5"

Finally we can write the answery [n] = 1.7143x1.2"u[-n-1] +1.7143x0.5"u[n].

e)y[n] :k:ziowejo-z’m*ko-sku[k] - (é;ojkxe—jo.znk) ei0 .2m

Applying the geometric series we obtain
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y[n] — 1_0_5:|éd - ej0-27m - 1.5059 ej (0.2 m-0.4585)

fly[n] = kiz‘” ei0-2m-k yrn_-k] 0.5%urk] = (kgoo-skxe-ioiﬂk) el0-2/m jfn > Q.
Then, applying the geometric series we obtain

1-(0.5e40-27y"t j0 .2
y[n] = ( (1,0_5e710.27>r ) el m =

= 1.5059 (el (0-27n-0.4585) _ o-jO .27 _gn+1)

andy[n] = 0 whenn < O. Therefore

y[n] = 1.5059 (ej (0.2 m-0.4585) _e—j0.27r 0_5n+1) urnj

g) Since x[n] = ed0-2/m ;. g-30.27n " ysing the solution to problem e) above we obtain

y[n] - 1.5059 « (ej (0.27n-0.4585 e—j :0.27m—0.4585> —
=3.0118 cos (0.2 mn - 0.4585)

h) Since x[n] = el9-2M y[n] + e49-271 ynJ, using the solution to problem f) above we obtain

y[n] =3.0118 (cos (0.2 nn - 0.4585) - cos (0.2 ) 0.5"1) un]
=3.0118 (cos (0.2 ,1n-0.4585) -1.2183x 0.5") u[n]

m Problem 1.18

Ah[n] =&[n] +6[N-1] +&6[n - 2]

b) y[n] =u[n] +u[n-1] +u[n-2]

c)y[n] = el0-5m, ei0.5/mn (n-1) | @10.5/m (n-2) Therefore, since e 49 -57 = _ j, we can write
yin] = (1-j-1) el0-5m _ g(10.5m-0.5m)

d)y[n] =cos (0.5 -0.5n)

m Problem 1.19

To determine the impulse response & [n] substitute x[Nn] = 6[Nn]:
ayh[n] =36[N] +26[Nn-1] -6[n-2]

b) h[n] has to satisfy the recursionh[n] = h[n - 1] + 5[n]. Therefore:
ifn<Othenh[n] = 0;
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ifn=0thenh[0] =h[-1] +1=1,sinceh[-1] = O;

ifn>0thenh[n] =h[n-1] thatistosay h[n] isa constant, which must be equal to
hio] = 1.

Putting everything together you can verify thath[n] =u[n];

c)hin] =256[n-2]

For the next three problems recall that any signal X [n] can be written as
x[n] = kzoo x[K] 8[n-K]J.

d)y[n] :;%O-Ské[n—k] - 0.5"u[n]

e)y[n] :k:zioO-S"" s[n-kj=0.5"

f)h[n] :kizio 0.52u[k-5]5[n-k-2] :kizio 0.5Xulk - 3] 5[n - k] . Therefore the
impulse response ish[n] =0.5"u[n - 3].

m Problem 1.20

We have to check whether or not 5. \ h[n] ‘ < +oo. Recall that the geometric series E:) a" < o if
- n=

andonlyif |a| <1.

a) ni"; 0.5" < +o, then BIBO Stable;

+00 -1 +00 +00
by = 0.5"+ = 0.5"= 5 0.5"+ = 0.5" < +0, then BIBO Stable;
n=0 n=0 n=1

e
) nfc’) 0.5"+ n;zioo.5” - nfc’) 0.5"+ nz“; 0.5 - 1w then it is NOT BIBO Stable
d) ém 0.5" = 5 2" = <o then NOT BIBO Stable

€) 3 + = +eo, then NOT BIBO Stable

f 5 & <+, then BIBO Stable

9) ni’; 1 = +oo, then NOT BIBO Stable

h) n:z: | ei0-2m | - n:z‘f’w 1 = +oo, then NOT BIBO Stable

i) ni’; | ed0-2m | - nzot)l - +othen NOT BIBO Stable

) 5 |0.8"ei%-2m | - 5 0.8" <+ then BIBO Stable

n=0 n=0
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+00 +0co -1 + 0o +0o
kl = |0.8/"lcos (0.2 n) sn;00.8”+ 5 0.8*“:n§00-8“+n;10.8“<+oo then

N=-o N=-co
BIBO Stable

0 +oo
) -z 2" = n§OO.5n < +o then BIBO Stable
m) nﬁ"; 2" — 4y then NOT BIBO Stable

z-Transforms

m Problem 1.21

8) X () = 3 0.5"2 "= 1o r - 555, ROC | 0.521 | <l/ie |z ]| >0.5;

-1 +00
b) X (z) :nEwO-S“ z" :n§10.5*” z"= 155 -1=-5%-=ROC |0.5 2z <1,ie
|z ] <0.5;

0 +oo
¢ % 0.5"z"= 2 0.5"2"= 135, ROC | z| <0.5;

+Q0 - n _ M _ - .
d) X (z) = z el0- 4z = o lesT = 5shar, ROC | eI0-47z | <1lie |z]| >1;
-1 _ +oo . +oo - +0oo - .
)X (z) = 5 elo-4n"zn, 2 el0 .4 z-n _ 2 e40.41" Zn 2 el0-47" z-n The first
N=-c n= n= n=

series converges when | z | < 1 and the second when | z | > 1. Therefore there is no common
ROC and X (z) for this signal DOES NOT exist!

-1 - +oo _
_ JO0 .45 ,-n _ -jo .4, n _ 1 1 _ z
)X (z) = nzz_ooe Z = rEle Z" = t&j0a5 — 1= - 545=, ROC

|ed0-47z | <1)ie |z]| <1;

-1 +00 +00 +oo
g) X (z)= = 0.5"z"4 200.5n z" = 210.5n v AL 200.5n z". See the two series:
n= n= n=

N=-o

+oo
2 0.5"2" = 55y - 1= -, when |z | <2;

+00
2 0.5"z" = 55y = w55 » when |z]>0.5.

Therefore the ROC has to be the intersection of the ROC's, which yields

X(z)=5%5-55 ,ROC.0.5<]z]| <2
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h) X (z) =1+z1+2z2 ROC: O0<|z]|;

)X (z) =z+2%2+23,ROC | Z| <+

m Problem 1.22

Recall
Z{a"u[n]}=3% ROC: |z]| > |a|
Z{a"u[-n-1]}=-5% ROC: |z]| < |a|
aQ)x[n] =2 x0.5" u[n-1],thenX (z) =2z1 &+ = -5«

b)x[n] =0.5"u[-n-1] +§[n],thenX (z) = -F +1= 545

d)x[n] = (0.5xel%-1 " u[n], then X (2) = S5
e)x[n] = (-0.5)"u[n],thenX (z) = =55

fyx[n] = 3 (0.5el0-17
X (z) =5

un] + 3 (0.5ei%-1m"unj, then

) I
> Combining terms w eobtain

+

z z
z-0.5el0-1Ix z-0.5e10.17 *

_ z?-cos (0.1n7) z
X <Z) ~— z2-cos (0.171)+0.25

g)x[n] =0.5"u[n] +0.5"u[-n-1],thenX (2) = 5%= - 3% = sr3227, ROC:
0.5<]z]| <2

h) Using the resultin g) above, X (z) =z} 53224 = sroieo

m Problem 1.23

X . Jj2 .6180 i} -J2.6180
a) (zz) = % + 2 527,76?2(3.0944 + 0 52z7e{112-0944 therefore
_ j2 .6100 z ~j2 .6100 z
X (Z) —1+O-5774e'l m+0-5774e Z_e—j2-0944

Since | z | > 1 all terms are causal. Therefore
X[N] = &[N] +0.5774 e (2-0944n+2.6100) ] + 0_5774 e ) (2-0944n:2.6100) ;]
Combining terms we obtain
X[Nn] =6[Nn] +1.0548 cos (2.0944n +2.6100) u[n]
b) Same X (z) as in the previous problem, but different ROC. All terms are noncausal, and therefore

X[n] =
5[N] - 0.5774 el (2-0944n+2.6100) 4 [-n - 1] ~0.5774 eJ (2-0944n+2.6100) 4 [-n - 1]

and, after combining terms
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X[N] =6[N] 11.0548 cos (2.0944n +2.6100) u[-n-1]
. Form the ROC all

X(z) _ 0.5 2 1.5 —
C) =5 = =2 - S5 + 5=, therefore X (z) =

terms are causal. Thereofore
X[N] =0.56[n] -2u[n] +1.5x2"u[n]
d) Same X (z) with different ROC. In this case all terms are anticausal,
X[n] =0.56[n] +2u[-n-1] -1.5x2"u[-n-1]

e) Same X (z) with different ROC.
causal term. Therefore

%5 Yyields an anti-

X[Nn] =0.56[n] -2u[n] -1.5x2"u[-n-1]

f) Xz - Lo - Oz-fjl - 02511 therefore X (z) = 0.5 3% - 0.5j 3% . From the ROC
| z | > 1 all terms are causal, therefore

x[n] =0.5jez"u[n] -0.5je Y z"u[n]
Combining terms:
X[Nn] =cos (5 N+ %) u[n]
g) Same X (z) but all anticausal:
x[n] =-0.5je}z"u[-n-1] +0.5jedz"u[-n-1]
Combine terms:

X[n] =cos (5 Nn- %) u[-n-1]

m Problem 1.24

a) H(z) = 5% = 55+ Sinceitis causal, the impulse response ish[n] = 0.5" u[n]
b)H (z) = 1tz = 5% - Since L& = =2~ = 1 _ _L thenH (2) =1- . The

impulse response is anticausal, form the difference equation, therefore the impulse response is

hin] =&6[n] +2"u[-n-1].

C)H (z) = L:2:2% - Zz:1 Therefore 12 - szgzzjll) = =L+ 15, 95 which leads to
the decompositionH (z) = -1 + 1.5 % + 0.5 % . Since the difference equation is causal, then
the impulse response is causal, which leadstoh[n] = -6[n] +1.5u[n] + 0.5 (-1)"u[n].

H ( B .
dH (z) = 1—2*}—2*2 - zZC z T then ZZ> = 22—22—1 = 290?675?30 + z(—)lTéigO and therefore

H (z) =0.2764 S4%5g0 + 0-7236 %155 - The difference equation is causal and therefore
the impulse response ish[n] = 0.2764 (-0.6180)"u[n] + 0.7236x1.6180" u[n]
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m Problem 1.25

a) The system is causal with transfer functionH (z) = == ,withROC | z | > 0.5. The unit
circle is in the ROC and therefore the system is BIBO stable. The impulse response is
hin] =0.5"u[n].

b) NowH (z) = -2 +5%5 = %=, same as before. But since it is clearly anticausal (the output
depends from future values only) the ROCis | z | < 0.5 and the impulse response

hin] = -0.5"u[-n-1].The system is NOT BIBO Stable, since the unit circle is not within the
ROC.

c) If theinputisx[n] = u[n],itsz-Tranformis X (z) = 5% withROC |z | > 1.

When the system is causal then

Y (z) = 27(2)_5 Z%l = - 72_5+22f1,ROC |z | >1

thereforey[n] = -0.5"u[n] +2u[n];

When the system is anticausal, the z-Transform is the same, but with different ROC given by the
intersectionof | z | >1and | z | < 0.5, which is empty. Therefore in this case the outputy [n]
does not have a z-Transform.

m Problem 1.26

a) The difference equation can be implemented in a number of ways, so we have not enough informa-
tion to assess causality or the ROC of the transfer function.

b) The transfer function isH (z2) = & rsr = wrosT = 2 =05 - 1he possible
ROC's are the following:

| z | > 2,thesystem is causal , and NOT BIBO stable, since the unit circle is not in the ROC,;
0.5< | z| < 2,thesystem isnon causal, but BIBO Stable, since the unit circle is in the ROC,;
| z | < 0.5, the sytem is anticausal, NOT BIBO Stable since the unit circle is not in the ROC.

¢) The step response has transfer function

Y(2) = mzom @1 - 0-6667 z55 -2 777 +1.333 &

When the sytem is causal the ROCis | z | > 2, then
y[n] =0.66670 .5"u[n] -2u[n] +1.333x2"u[n];

When the system is non casual, the ROCis1 < | z | < 2, then
y[n] =0.66670 .5"u[n] -2u[n] -1.333x2"u[-n-17;

When the system is anticausal, the ROC of the transfer function (0.5 < | z | ) and the ROC of the
input ( | z | > 1) have empty intersection, and therefore the ouput hs no z-Transform.
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Frequency Response

m Problem 1.27

The transfer function of the system is

_ 1 _ z
H(Z) = 10827 = 253

Therefore the system is stable (pole at z = 0.5 inside the unit circle) and its frequency response is

Jw
H (CU) = ejf—O_S

a) the input is a complex exponential with frequency w = 0.2 s and therefore the corresponding
outputisy[n] = H (0.2 ) el9-2™ Sybstituing for the frequency response H (w) we obtain
y nj = 1.5059 e—j4585 ejO -2mn _ 1.5059 el (0.27n-0.4585)

b) Since x[n] = eJ0-17l0.5m , @-30.17g-30.57N the response is
y[n] =H (0.5x) el0-171el0-5m 4 (_0.5;r) ed0-17e130-5m gypstituing for H (w) this
yields

y[n] = 0.8944 e—jO .4636 ejO A ejO -5 ,.0.8944 ejO .4636 e—jO A e—jO _57n
- 0.4472 cos (0.5 nn - 0.1495)

c)Since H (0) = +§= =2 andH (0.3 ) =1.2289 35292 then

yn] =1x2+5%x1.2289cos (0.3 n-0.5,-0.5202) which yields
y[n] =2+6.1443 cos (0.3, -2.0910) ;

d)H (0) =2 andH () = 0.6667,theny[n] = 2 + 0.6667 (~-1)";

e)H (0.2 ) = 1.5059 e 34585 therefore
y[n] =1.5059sin (0.2 ,mn -0.4585) + 1.5059 cos (0.2 7n - 0.4585) ;

m Problem 1.28

The system has transfer functionH (z) =Z {h[n]} =Z {0.8"u[n] +1.25"u[-n-1]}. This
yields

H(z) = 555 - 5, ROC: 0.8<|z| <1.25

The unit circle is within the ROC therefore the system is stable and it has a Frequency Response
elv eiv
H(w) = eio5 ~ sn125
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a)H (0.27) =1.0417,theny[n] = 1.0417 e)0-2-m.

b)H (0.57) =0.2195,theny[n] =0.4390cos (0.5 +0.1);

¢)H (0) =9,H (0.3 ) =0.5146,theny[n] =9+2.5731cos (0.3,in-0.5);
d)H (0) =9,H (,r) =0.1111, thereforey[n] =9+ 0.1111 (-1)";

e)H (0.2) =1.0417,theny[n] =1.0417 sin (0.2 ,n) +1.0417 cos (0.2 nn)

m Problem 1.29

The system ha stransfer functionH (z) = 5% = -5 and itis anticausal. Therefore the ROC is
givenby | z | < 0.5 and the unit circle is NOT in the ROC. As a consequence the system is
UNSTABLE and the steady state frequency response does not exist.

m Problem 1.30

The transfer functionisH (z) = 4%, the system is causal and the poles are on the unit circle.
Therefore ROC: | z | > 1, the unit circle is NOT in the ROC and the system is NOT stable. Again
the frequency response does not exist!

m Problem 1.31

a) Fromthe graph H (0.1 ) = 6.5 eJ. Therefore the output is
y[n] =13 cos (0.1, -1)

b) From the graph we obtainH (0) =8, H (0.571) =1.8ed"andH (;r) = 0. Therefore the
output is

y[n] =16+1.8cos (0.5 n + )

Time, z-, and Frequency Domains

m Problem 1.32

a) First we have to determine the digital frequency of the disturbance, as wg = 2 7Fg / Fs = 0.4 .
Therefore the filter must have at least two zeros at z;_» = €*39-47 and its transfer function becomes
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H(z) =bp+byizt+byz?2= bo#hzbzﬂ
— bO (z-ei0-47m) (z_gJ0-4rm) _ bo (1 0.6180 1, 272)

72

The poles are both z = 0.

b) With the constraint thatH (O) = 1,iethatH (z) = 1 when z = 1 we obtain an ewuation to solve
for the coefficient bg. Therefore

H (1) =bp (1-0.6180+1) =1
which yields bg = 0.7236. Therefore the difference equation of the filter becomes

y[n] =0.7236 x[n] -0.4472x[n-1] +0.7236 X[N]

m Problem 1.33

If we keep the same zeros at z;_» = €30 -4 we add two poles close to the zeros as, say,
p1,2 = 0.95 e*10-47 then the frequency response becomes more selective. In this way the Transfer
Function becomes

_ (z-21) (z-22) _ z%-0.6180z+1
H (z) = bo 255552 = Po =555712.0 9025

In order to have the Frequency Response with H (0) = 1, we need to solve for the coefficient bg
from the equation

1-0.6180+1 _
bo 1-0.5871:0.9025 1

which yields bg = 0.9518. Finally the difference equation for the filter becomes

y[n] =0.5871y[n-1] -0.9025y[n-2] +
0.9518x[n] -0.5883x[n-1] +0.9518x[n - 2]

m Problem 1.34

Since x[n] is periodic with period N, by defintion X [n] = X[n - N] for all n, and therefore
X[n] -x[n-N] = 0 for all n. Therefore in this case the difference equation becomes

y[n] =-a1y[n-1] -axy[n-2] +0
and if the system is stable y [n] — O from any initial condition.
a) When N = 4 the filter has Transfer Function
H (z) =bo =42~

The zeros must be the solutions of the equation z* = 1, ie z* = eJ k27 with k integer. This yields
z = elk/2 fork =0, 1, 2, 3, Therefore the four zerosarez =1, j, -1, -j

b) Choose the poles close to the zeros, inside the unit circle,atz = p, Jo, -p, -Jo,with
0 < p < 1, close to one.
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m Problem 1.35

The digital frequencies of the disturbance are w; = 2 7100 / 1000 = 0.2 1,
w2 = 271150 /1000 = 0.3 71, w3 = 2 71200 / 1000 = 0.4 .

a)zerosatzy; , = €40-27 745 4, = e*0-37 75 o - 3047 andpolesat p; o = pe*I0-27,
P3.4 = pe0-37 pg ¢ = petd0-47 with o again positive, close to one. Say p = 0.9.
b) From the zeros and the poles the transfer function becomes

H (z) = b 25-3.41162°+6.6287 z*-7.9988 z3+6.6287 z2-3.4116 z+1
= M0 Z6-3.070525+5.3692 z4-5.8312 z3+4.3491 z2-2.0145 7z+0.5314

If we want the DC gain to be one, ieH (w) = 1 whenw = O, thenbg = 0.7664;
c¢) The difference equation then becomes

y[n] =3.0705y[n-1] -5.3692y[n-2] +5.8312y[n-3] -
4.3491y[n-4] +2.0145y[n-5] -0.5314y[n-6] +
+0.7664 (xX[n] -3.4116xXx[n-1] +6.6287 X[n-2] -
7.9988Xx[Nn-3] +6.6287X[Nn-4] -3.4116X[n-5] +X[n-6])

m Problem 1.36

The digital frequency of the signal we want to enhance iswp = 2 7x1.5 /5 = 0.6 s radians.

a) The poles are py 2 = pe*39-67 with 0 < p < 1, close to one. We can choose any zeros we like,
say z;,2 = +1 to attenuate the low frequencies (w = O) and the high frequencies (v = 7).

b) Choose (say) o = 0.9, and the transfer function becomes

_ z2-1
H (z) =bo 255832081

We can choose by to satisfy any normalization we like. For example, if we want the frequency
response at frequency wg to have unit magnitude, we impose | H (0.6 rr) | = 1 which yields
bo = 0.0950.

c¢) The difference equation becomes

y[n] =0.5562y[n-1] -0.81y[n-2] +0.0950x[n] -0.0950 X[n - 2]
m Problem 1.37
a) The filter has zerosat z; ., = + j, polesat p1,2 = + JO _9. Its frequency response is as shown;

b) Notch Filter;
c) y[n] =-0.81ly[n-2] +X[n] +X[n-2].
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Fourier Analysis of Discrete Time Signals

m Problem 1.38

2 - 2n .
a) Period N = 3, therefore X[k] = = X[n] e} Kk fork = 0, 1, 2. Just substitute for one

n=0
periodas x[0] =1, X[1] =2, X[2] = 3 toobtain
X[0] = 6.000, X[1] =-1.5+jO .8660, X[2] = -1.5-jO .8660.
b) Period N = 2, then X[K] = > x[n] eJd 2 kn = x[0] + (-1)Kx[1],fork = O, 1. Therefore

X[0] =1-1-0, X[1] =1- (-1) = 2.

ot

c) Period N = 4, then X[k] = ngox[n] ed & kn _ ngox[n] (-j)<, fork =0, 1, 2, 3.

Substitute the numerical values of the sequence to obtain X[0] = X[2] =0, X[1] = X[3] =2 or,
in vector form,

X =10, 2,0, 2]

d) Thesignal x[n] = | cos (4 n) | isshown below.

|cos(zn)|

1
J2

1
R 1 9 o 1 R 1 R

n

Plotof x[n] = | cos (4 n) |

The period can be seen by inspection as N = 4 and therefore the expansion is of the form
x[n] = 1 éoxuq e-i % kn \ith the DFS being

X (K] :on[n] jkn fork =0, 1, 2, 3

since el z = j. Therefore
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X=12.4142, 1, -0.4142, 1]

m Problem 1.39

The transfer function of the system isH (z) = 2=§%, by inspection. The system is causal and stable
therefore we can define the frequency response as

0.2elv
H <(,U> = ejw,g_g

a) The DFS of the signal isX = [6, -1.5+ JO0 .866, -1.5-jJ0 .866].Ifwecally[n] the
output signal, it is going to be periodic with the same period N = 3 and DFS given by

Y[(k] =H (k_ZT:T) X[K],fork =0, 1, 2. By substitution we find Y[0] = %% (6) =6,
Y[1] = 8-2¢e5 (1. 5. §0.866) =-0.123 + jO .1846 and

el 5 _.0.8

Y[2] = 9285 (1 5_j0.866) = -0.123 - jO .1846. In vector form:

ei2% 0.8

Y=1[6, -0.123+j0 .1846, -0.123 - j0 .1846]
b) Period N = 2, therefore Y [k] = H (k &%) X[k] fork = 0, 1. Thisyields
Y[k] = %@)—)_2 k] fork = 0, 1. Substitute te numerical values of X [k] to obtain
Y =10, 0.5]
c) Period N = 4, therefore Y [k] = H (k &%) X[k] fork =0, 1, 2, 3. Thisyields
Y[k] = %‘% k] . Substitute for X [K] to obtain
Y=10, 0.2439+ j0 .1951, 0, 0.2439 - jO .1951]

m Problem 1.40

a) The length of the sequence is N = 4. Therefore the DFT becomes X [K] = ngo x[n] ed % kn for

k=0, 1, 2, 3. Substitute for the sequence to obtain
X=10,0, 4, 0]

b) Length N = 4, then again X [k] = ngox[n] ed %k fork =0, ..., 3toobtain

X=1[4,0,0, 0]
c) Length N = 3, then X [K] = réox[k] - ed ¥ Kiforn =0, 1, 2. Thisyields

X = [6.0000, -1.5000 + jO .8660, -1.5000 - jO .8660]

d) Length N = 4, then again X [Kk] = ngox[n] ed % knfork =0, ..., 3toobtain
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X =10, 2,0, 2]

e) Length N = 4, then again X [K] = ngox[n] ed %k fork =0, ..., 3toobtain

X=1[1+]j2.4142, 1-j2 .4142, 1-j0 .41421i, 1+ jO .4142]

3 - :

f) Length N = 4, then again X [K] :ngox[n] ed %k fork -0, ..., 3toobtain
X=1[-4.0961, 4.1904 - j2 .4938, 2.7687, 4.1904 + j2 .4938]

g) LengthN = 8, then X[k] = x x[n] ed % knfork =0, ..., 7 toobtain

n=0

X=10, 7.0534+}39 .7082, 0, 0, 0, O, O, 7.0534 - J9 .7082]

m Problem 1.41

Recall the definition X (w) = DTFT {X[n]} = 5 Xx[n] e 3" Then:

N=-c

+0 _ -1 _ +00 -
AX ()= = 0.8"Nedun_- 5 0.8"Nedwn, 200.8n e-Jun | After some simple
N=-c n=

N=-c

manipulations:

= N ajon = n a-jon 1 1 0.36
X (w) :n§00-8 e ‘1+n§00-8 e =~ 1-0.8elv -1+ 1-0.8eJd¢ ~ 1-1.6cC0S (w)+0.64

An alternative way would be to use the z-Transforms. Since, in this case

x[n] =1.25"u[-n-1] +0.8"u[n]

the z-Transformis X (z) = - 55 + 365+ ROC: 0.8< |z | <1.25

the unit circle | z | = 1 is within the ROC. Therefore just substitute z = eJ“ to obtain:

_ e]w ejw
X(W) =-gor1om * a0 08

and the result follows with some algebra.

+00 = A
_ N a-jwn _ 1 _ elv
b) X (w) = = 0.5" eI = 15555 = w05

c)X[n] =1 when O <n <4 andx[n] = 0 otherwise. Therefore

4 ) ] ) .
_ —jwn _ 1-ed% L _j1 .50 sSin (2.5w)
X(w) = z e = 35 = e ~sin(w)
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magnitude | X (w) |
d)x[n] =1.5ei0-27i0-1mmM , 1 5g-10.27g-§0.1/m
Recall that DTFT {eJ“o"} = 2 16 (w - wo) and therefore we obtain

X (w) =37ed0-275 (v -0.1) +37€39-275 (w+0.1n)
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| X (@)

L

3z 3

— T —-0.17 | 0.1x T @

L

Z X(o)]

0.27

: -0.1z T : ;

/1 l 0.1z T ®
-0.27

X (w) magnitude and phase

e)x[n] = -0.5jel?->M,.0.5je->™M, 0. 5ei0-25m . (Q_5e-10-25mM Therefore the
DTFT becomes
X (w) =ned9-575 (y-0.57n) +7e10-575 (vw+0.57m) +
+716 (w-0.257) + 76 (w+0.25 n)
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>
E

X (w) magnitude and phase
fyx[(n] =2 (-0.5 jei®-5™ . 0.5 jed0-5mM)°

2 (-0.25el™M_0.25e ™M1 2x0.25) =
=1-elm

Therefore X (w) =276 (w) -2 716 (w - )

=275 (w) + 7@V S8 (w-7) + 7S (w+ )

Notice that we split the term 2 76 (w - 1) = €@ 376 (w - 71) + 3" & (w + ) to preserve the
simmetry of the DTFT.
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| X (@)

27

L

7T
¢ 7T
@ >
— T (0]
[
— T

X (w) magnitude and phase
g)x[n] = (-1)"=e¥M=0.5e™ + 0.5 e V™ therefore
X (w) =75 (w-7) +716 (w+ 1)

again we split it to preserve the simmetry of the DTFT.
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—7T T
Z X ()1
7T
—@ @ >
— 7T

X (w) magnitude and phase

Fourier Transform

m Problem 1.42

You know that

FT {rect (t)} = sinc (F)
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rect (t) sinc (F)
2 2
1.5 1.5
1 1
0.5 o.%

t 4

3 -2 1 1 2 3 6 -4 - 2 4

0.5 -0.5

Apply the properties of the Fourier Transform:
Q) FT {rect (2t)} = 3 sinc (%)

rect (2t) 0.5sinc(F/2)
2 2
1.5 1.5
1
0. 0/5

L
-3 -2 -1 1 2 3 -6 -4 -2 2

-0.5 -0.5

b) FT {rect (2t-5)} = FT {rect (2 (t-2.5))} = e J32F2.5 FT [rect (2 t)} which
yields

FT {rect (2t-5)} =e35F L sinc (&)

) FT {rect (5t) cos (20 7t)} = FT {rect (5t) & (el?710t 312710ty Gince
FT {rect (5t)} = 1 sinc (£) then

FT {rect (5t) cos (20 5it) } = 45 sinc (F-10) + 45 sinc (F +10)
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X () X (
1.5, 0.2
1 0.15
A\_s\ /\ 01
\ _t 0.05
_0.4 -0.2 0.2 0.4
_O [ /\V/\ A A
~15 V10 -5
1 ~0.05
~1.51 0.1

d) FT {sinc (0.1 t) }. By the duality property, FT {sinc (t)} = rect (-F). Since the "rect"
function is symmetric, we can write FT {sinc (t) } = rect (F). Therefore

FT {sinc (0.1t)} =10rect (10F)

sinc(0.1t) 10 rect
1.5;
1.25;
0.75:
.5
251
NN e t
201§ 55 1020
-0.5" -0.4 -0.2
e) FT {sinc (0.1t) cos (20t +0.1m)} = . Therefore

el0-17FT (ei2rl0t gjnc (0.1 7t) } + e 49 -17 FT {e-J210t 5jinc (0.1 7t) }
X (F) =el®-170_1 rect (10 (F-10)) +e19-170.1 rect (10 (F + 10))
f) Since FT {rect (at)} = -%- sinc (

lal

Therefore leta = 1 / 10 and then

|

) ,then IFT {sinc (£)} = | a| rect (at).

IFT {sinc (10F)} =0.1rect (0.11)
g) IFT {rect (10F)} =0.1sinc (0.1 t) forthe same reasons as in f);
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h) Recall that FT { 55 (t-nTo) } - Fo ktzm 5 (F - kFq) , where Fg = 1 / Tq. Also recall that

N=-c

5 X (NTo) 6 (E-nTp) =X (t) = & (t-nTo).

N=-co N=-co

With this in mind we can write
5 sinc (0.2n) 6 (t-0.1n) =sinc (2t) S8 (t-0.1n),and therefore

N=-c N=-co

FT{ 5 sinc (0.2n) 6 (£-0.1n)} = FT {sinc (2t)} «FT{ & & (t-0.1n)}

N=-c N=-co
- 0.5rect (0.5F) « 10 kz°° § (F-10Kk) =5 k§° rect (0.5 (F-10k))
An alternative way to arrive at the same inswer is by using the "rep™ and "comb" operators. Recall that
FT {combr, X (t)} = Fo repg, X (F)

Inourcase To =0.1,Fp=1/Tp=10,x (t) =sinc (2t),
X (F) =FT {sinc (2t)} =0.5rect (0.5F). Therefore

FT {combp_ 1 sinc (2t)} =10rep,;00.5rect (0.5F)
1) Again apply duality to obtain
FT {repy, X (t)} = Fo combg, X (F)

Therefore FT { S rect (t-2n) } = FT {comb; rect (t)} = 0.5 repy s sinc (F),and

N=-c

therefore

FT{ % rect (t-2n)}=0.5 % sinc (0.5k) 6 (F-0.5k)

N=-co k=-c

j) By the same arguments as in the previous problem, we can write

FT{ 5 rect (t- n)} = FT {comb; rect (t)} = rep, sinc (F)

N=-co

and therefore

FT { S rect (t-n)} = s sinc (k) 6 (F-Kk)

N=-co =—

But now recall that sinc (k) = 0 forall k # 0. Also it is easy to see that 5 rect (t-n) =1

N=-

for all €. Therefore
FT {1} =6 (F)

since all other terms sinc (k) 6 (F - k) , for k # O, in the summation, are zero.
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m Problem 1.43

Let asignal x (t) have Fourier Transform as shown.

y X (F)

v

-1 1 F

Sketch the following:

a) nix (0.01n) 6 (£-0.01N) =X (t) % & (€-0.01n) = combg o1 X (t) . There-

N=-w
fore its Fourier Transform is given by

FT{ 5 x(0.01n) & (£-0.01n)} = 100 rep;po X (F)

N=-co

shown below

100rep,4, X (F)

L)) L

—200 100 200 F (1

b) nizio X (€-0.01n) = repg o1 X (t). Therefore its Fourier Transform is 100 combigo X (F)
shown below
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100 . 100comb,,, X (F)

F(Hz)

0.01

c) FT {x (t) cos (100 nt)} = 3 X (F-50+ % X (F +50)

= X(F —§O)+%X(F +50)

1 1
2 2

| | .
| :
50 50  F(H2)

d) Since cos? (100 nit) = (4 el1o0rt 1 e-11007t) % _ 1 (ed2007t | 2 | @12007t) then

FT {x (t) cos? (100 nt)} = 3 X (F) + # X (F-100) + 4+ X (F + 100)

shown below.
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5 X(F)+4 X (F ~100) + 4 X (F +100)

1
2
1

4

| /N
~100 1007 ¢

e) From the propertises, FT {x (5t)} = 2 X (&) shown below:

1
4

AX(0)

gl
(@3]

-5 5  F(Hz)

f) From the properties again, FT {x (0.1 t)} = 10X (10 F), as shown:
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10

A

10X (10F)

-0.1

0.1

"F (Hz)



