EXTREME VALUES FOR THE AREA OF RECTANGLES WITH VERTICES
ON CONCENTRICAL CIRCLES

E. J. IONASCU AND P. STANICA

1. INTRODUCTION. In the January 2004 issue of this Monthly the following unusual geometry
problem was proposed.

Problem 1. Consider three positive numbers x, y and z such that there exist a rectangle
ABCD with the property that for some point P in the interior of the rectangle, PA = x,
PB =y and PC = z. Find the maximum possible area of a rectangle with this property in
terms of x,y, z.

We are going to consider also the problem of finding the minimum area of such a rectangle,
where P is not necessarily in the interior of the rectangle. For example, if x = 7, y = 5 and
z = 1, the maximum area is 32 and the minimum area is 18 (P not necessarily in the interior). We
find a surprisingly simple formula for the maximum and minimum area using various tools that
range from geometry, calculus, and elementary number theory. Further, we show that the example
given is one of the infinitely many instances when the extreme values for the area and the data are

integers.

D C
P-4
o
P
v
x v y
A B
FIGURE 1.

Let us observe that there are some restrictions that one would have to impose on z, y and z
in order for a rectangle with the required properties to exist. Let O be the intersection of the

diagonals BD and AC. Using the formula relating the median to the side lengths of the triangle
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we get 4P0? = 2(2? + 22) — AC? = 2(t*> + y?) — BD?, where t = PD. Thus, t = \/22 + 22 — 32,

so we need to have

(1) y < a2+ 22

This condition is also sufficient for the existence of a rectangle ABC D if the point P is not required
to be necessarily in the interior of the rectangle with PA = z, PB = y and PC = z, as we shall
show in the next section. Hence, we may consider the slightly modified and in some respect more
general problem:

Problem 2. Given four concentrical circles C(P,x), C(P,y), C(P,z) and C(P,t) of center P and
radii x, y, z, respectively, t where 2+ 22 = y%>+12, consider four points, A € C(P,z), B € C(P,y),
C € C(P,z) and D € C(P,t), such that the quadrilateral ABCD ‘s a rectangle (in general, there
may be two such rectangles for each particular position of A and B — see Figure 2). Find the

extreme values for the area of such a rectangle.

FIGURE 2.

Problem 1 follows from Problem 2 since the maximum is attained in a position where P is in the
interior of the rectangle as shown in Section 2. Let us observe that Problem 2 is equivalent to the
following:

Problem 3. Given three positive numbers x,y, z such that y < Vz2 + 22, determine the extreme
values of the area of a right triangle NABC (ZABC = w/2) with A € C(P,z), B € C(P,y),
CeC(Pz).

An advantage of formulating the problem this way is that one can easily see that the lengths of
the rectangle’s sides are bounded quantities. Therefore, the maximum and minimum area should
be positive numbers (it is easy to see that the minimum is zero if and only if y = x or y = z2).

Problem 1 is unusual because of its surprisingly simple answer in spite of our rather laborious

solution.
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Theorem 1.1. The mazimum area of the rectangle in Problem 1 is equal to xz + yt and the

minimum area is |xz — yt|.

2. SOLUTION AND COMMENTARIES. Our strategy to solve Problem 1 is a classical
one. First of all we are mainly concerned with Problem 3. Referring to Figure 1, we introduce
parameters u and v which are oriented angles u = m(ZAPB) and v = m(£ZBPC) (angles rotated
clockwise are considered negative and angles rotated counterclockwise are considered positive) and
so u,v € (—m,m|). All other angles are considered as in elementary Euclidean geometry: angles
between 0 and w. We write the problem as an optimization of a function of two variables with
a constraint (since our problem has essentially one degree of freedom). We apply the Lagrange
multipliers method to find the associated critical points, and finally, we identify the points that

indeed give the maximum or the minimum for our objective function.

Proposition 2.1 (Objective and Constrain Function) The area of the rectangle ABCD is

twice the area of the triangle AABC' and as a function of u and v it is given by the formula
(2) Area(ABCD) = |zysinu + yzsinv — zzsin(u + v)|
where P is not necessarily in the interior of the rectangle. The constain equation is

(3) xycosu+yzcosv—$zcos(u—|—v)—y2:0.

ProOOF. We use vector calculus to derive Area(ABCD) = 2Area(AABC) = Q\AB X BC’\
|(PB PA) (PC’ PB)|. Further, Area(ABCD) = 2]PA x PB + PB x PC — PA x PC’|
|rysinu + yzsinv — xzsin(u + v)|. For the constrain equation we employ the notion of inner
product of two vectors as opposed to the cross product that appeared in the derivation of (77?).
The constraint is given by the fact that AABC is a rlght trlangle at B This can be equlvalently
written as AB? + BC? = AC?. This can be written as (PB PA) (PC PB) (PC PA)
After simplifications this can be reduced to (?7). [ ]
y
x

Let us reduce the number of given data by introducing a = Y andb=2. The inequality (?7) is
z

equivalent to a?b? < a® 4+ b?. So, Problem 3 is rephrased as
Maximize/Minimize f(u,v) = asinu + bsinv — absin(u + v)

(@) under the constraint

g(u,v) :=acosu+ bcosv — cos(u +v) — ab

(u,v) € (—m, ] x (—m,m].

This analysis problem is interesting in itself because of the symmetry of the two functions involved

and of its relatively simple answer. We would like to make more precise the domain D of u
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which is determined by the existence of a right triangle AABC, with A € C(P,z), B € C(P,y),
C € C(P,z) having ZAPB = u and a negative oriented angle ZABC = —7 /2. We call this the
positive orientation of AABC. In the parts (b) and (c) of the next proposition, y is assumed to
satisfy (77).

Proposition 2.2 (a) Condition (77?) is necessary and sufficient for the existence of AABC.

(b) If y < z, then D is (—m, 7).

(¢) If y > z, then D = [arccos(zﬂ%;ﬂz), arccos(ﬁ%;*tz)].

PRrROOF. The necessity of (??) was already shown, and the sufficiency is a consequence of (b)
and (c). First, if y < z, the circle C(P,y) is inside of or equal to C'(P, z) and so, the perpendicular
on AB at B is going to intersect the circle C(P, z) at one point (if y = 2), or at two points. We
choose C' to be one of these points in such a way that the orientation of the triangle is positive
for every u € D. Hence, since this is possible for every particular position of B (with A fixed), (b)

follows.

FIGURE 3.

We assume now that y > z. Thus, C(P, z) is in the interior of C'(P,y), and so the perpendicular
on AB at B is not going to intersect the circle C(P,z) unless the angle u is in the right range.
This range is given by the fact that AB must be limited in length in the following way. Applying
the triangle inequality in APCD (see Figure 3), we see that |z —t| < AB < z + t. Equivalently,
using the law of cosines in AAPB, we obtain (t — 2)? < 2%+ y* — 2zy cos(u) < (2 +t)2. Therefore,
3’2%;7” < cos(u) < % Thus u € D or u € —D. Every angle u € —D has to be excluded
because it makes ZABC positive.

Now if u € D, then we construct APCD with C € C(P,z), D € C(P,t), and CD parallel
and of the same length as AB. This is possible because v € D implies that a triangle congruent

to APCD exists and then one rotate C' until the side CD becomes parallel to AB. Hence the
quadrilateral ABCD is a parallelogram. The fact that ABCD is a rectangle follows from the
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equality 22 + 22 = 92 + t? since this implies that the diagonals of ABCD are equal using an
argument as the one used to derive condition (??). The orientation of AABC' is positive because

u € D and C(P, z) is in the interior of C(P,y). [ ]

Remark. In case (c¢) we consider both solutions for C. This means that v is going to have two
solutions in general (except for the endpoints of the interval) for each value of u € D. We do not
lose any generality when looking for the extreme values because for every value of u € —D the
corresponding rectangles (right triangles) are congruent to the ones corresponding to —u € D by
symmetry. In case (b), due to the periodicity of the functions involved in (??), the maximum and
minimum are going to be given by critical points. We want to show that those critical points are
in the range given in (c), as well.

PROOF OF THEOREM 1.1. By Lagrange Multipliers Theorem (see [?, p. 135-137], Theorem 3.1)

the critical points are given by the system of equations in u, v and A,

%(u, v) = )\%(u, v) (4 cosu— cos(u +v) = A (—a sinu + sin(u + v))
(5) %(u, v) = /\%(u, v) <= < bcosv—cos(u+v)=A(—bsinv+sin(u+v))
g(u,v) =0. | @ cosu+bcosv—cos(u+v)—ab=0.

One can check that %(u,v) = g—g(u,v) = g(u,v) = 0 leads to no solution in u and v if a and

b are not 1. So, in order to apply Theorem 3.1 in [?, p. 136] we are going to work under this
assumption and deal with this particular (simple) case separately.

Eliminating A, we get the system:

—ab cosu sinv + a cosu sin(u + v) + b cos(u + v) sinv + ab sinu cosv

— a sinwu cos(u +v) — b sin(u + v) cosv =0

(6)
a cosu + b cosv — cos(u+v) —ab=0.
Eliminating v from these equations, we get

sinu (a® — 1)[a?b* — 40> a® cosu — 5b% a? sin® u + 6.a® b*> +2a* b sin® u cosu

(7)
—4ba® cosu+a® — a® sin®u — b sin? u + 2b% sin? u cosu — b? sin?u] = 0

We then get a family of critical points from the equation sinu = 0. This turns out not to be relative
extrema for the function f. Then other critical points may be given by the remaining factor of

2

(?7). After substituting sinu = 1 — cos? v and cosu = w, the equation in question becomes

(8) (—2wb+1+b%) (@®b> —® + b w? —2d°wb + a?w?) = 0.
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One solution of this equation is cosu = w = szng. Clearly w > 1, by our assumption, and so this

leads to no critical value of u. The other critical values are
a? + bva? + b —a?b?  wy+at
b2 + CL2 - CL‘2 + 22 :

9) cosuj g =

We are going to show that the global maximum, respectively, minimum are given by
xy — 2t
x? + 22’

Ty + 2t

respectively, cosuy,, = ——
9 x2 + 22 9

(10) cosupy =

for a corresponding vy,, vy determined obviously by u,,, respectively, uys. Let us show first that
these two values of cosups and cos u,, are indeed in the interval [—1, 1].

Let «, 8 € [0,7/2] be defined by cosa = \/ﬁ, sina = \/ﬁ, cos 3 = ﬁ and sin 8 =

t . . . . . — 2t . .
T With this notation, the fractions in (?7) become §§+§2 = cosacos3 — sinasin 8 =
cos(a + () and similarly, ié’j:jﬁ = cos(a — f3).

CASE I. (y < z) Thus, (b) of Proposition 2.2 holds. In this case, if we construct AABC with the
positive orientation for every u € D, Area(ABCD) in (??) as a function of u is continuous and
periodic. Hence, the maximum and the minimum should appear as critical points. The values of u

that give the maximum and minimum, respectively, are:

(11) uy =a+ 0, um=—la—pl
Indeed, using the law of cosines in the triangle APB, we obtain AB = f%, and again the
law of cosines for the side PB gives 2- AB -z cos(/PAB) = 2> + AB? —y? = %ﬁ;w > (. This

implies, in particular, that m(ZPAB) < 7/2. After more simplifications we obtain cos(/PAB) =
ﬁ = cos(m/2 — [3), which means that m(£ZPAB) = n/2 — 3. Hence m(£PBA) = /2 — o and
m(£CBP) = a. Therefore, cos(LZCBP) = cos(a) = \/2%

Now, we apply the law of cosines in ACBP to obtain 2% = y*> + BC? —2- BC -y cos(LCBP), or

2
after completing the square (BC —y cos(ZCBP))? = ( 2 ) . Because of reasons of orientation,

V2422
and also because we want to maximize the area of ABC'D, BC should be equal to y cos(ZCBP)+
zt _ zy+=zt

This gives the area (still need to check it is maximal)

V2422 T Vo242
zt+yz wy+ 2t
Va2 4 22V/x2 4 22

(For easy writing we use Maxarea for Maxarea(x,y, z).)

Mazxarea(x,y,z) = AB - BC =

=xz+ yt.

Now, consider the case of sinu = 0. That means that the point P is on the line determined by

the side AB, which implies that AB = x +y (or, AB = |z — y|, when P is not on AB). In any

case, one obtains BC' = /22 — y2 = /t2 — 22. Furthermore, the area becomes

AB-BC = (z+y)V22—y2 =122 — 2 +yVt2 — 22 < zz+ yt = Mazarea, or
AB-BC = |z—y|vV22—y> < (z+y)Vz?—y? < xz+ yt = Mazxarea.
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To show that Maxarea is indeed a global maximum we have to compare it with the other values of

Area(ABCD) obtained by choosing the other possible cases for u given by (??). Due to symmetry,

the value of Area(ABCD) (from (?7)) for u = —ups can be computed as in the case u = ups. One
gets Area(ABCD)(—up) = % < Mazarea. Then, we just need to compare Mazarea

with the values of Area(ABCD) at u = fuy,.
|2t — yz|

V24 22

is easy to see that at — yz = 0 is equivalent to y = z. If y = z, then y = z and therefore 0 is

Now, if u,;, = —|a — (], using the law of cosines in AAPB we obtain AB = It
indeed the minimum area. So, we may assume that y # z. As before, similar calculations show that

2,2 — . .
2-AB-ycos(/PBA) = y*+ AB%*—2? = %, or |[xt—yz|cos(£LPBA) = Z(i%\/%?, which in turn
gives cos(£/PBA) = i\/ﬁ = +sina = cos(7/2 £ «). This implies that m(£LPBA) = n/2 + [3.
Analyzing the two different situations y > x and y < x, we see from Figure 3 that m(£LPBC) = 7—«
ify>az, or m(LPBC)=2r—(r/24+a+7/2)=1n—aify <z

Y s>X X<Y
P. E 4 P. x A
c
i ; j B
B >
c

FIGURE 4.

So the measure of the angle /P BC' does not depend on the two cases y < x or y > x. Hence, from
APBC we get 22 = y?+ BC? —2- BC -y cos(£/PBC). But cos(/PBC) = —cosa = —\/ﬁ,
so after completing the square, BC' satisfies the equation (BC + xy/vVa? + 22)? = 2212 /(2? + 2?).
This gives BC = (zt — xy)/vVx? + z2. We have to point out that zt > xy because this is equivalent

and

to z >y, which is our assumption. Then
Area(ABCD) = AB - BC = |zt — yz|(2t — zy)/(2* + 2%) = |zz — yt| := Minarea.

For u = —u,, one obtains with a similar analysis Area(ABCD)(—uy,) = |zt—yz|(2t+zy) /(23 +22).
Since Area(ABCD)(—uy,) and Area(ABCD)(—uys) are between Minarea and Maxarea, we have
found the extreme values of the function Area(ABCD) as a function of u.

Let us notice that we have solved in particular Problem 11057 of [3,p.64], since in the case of
maximum area, P is in the interior of the rectangle (all the angles /PAB, ZABP, /PBC and

/ZPCB are acute angles, by similar calculations).
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Now, we deal with the case of @ = 1 and/or b = 1. It follows that y = z and « = ¢. This means
that P is on the perpendicular bisector of BC and AD determined in Figure 5 by midpoints F
and F.

A E D
X
P
Yy 4
F [
FIGURE 5.

Hence the area of ABCD is 2- Area(AEFB) = 2-2- Area(AEB) = 4- Area(APB) = 4™32% —

(xz + yt)sinu < Mazarea. In this situation Minarea = 0.

y2 —22+tz
Yy

222tz

CASE II. (y > z) So, D = [arccos( ), arccos(¥ w7 )] = [u1, uzl.

FIGURE 6.

In this case, as we mentioned before, we consider for each u € D the two right triangles AABC,
and AABC5, which are both positively oriented and the area of the corresponding rectangles
filu) :=2- Area(AABC) and fa(u) := 2 - Area(AABCy) (BCy > BCi). We want to show that
the maximum is attained on the branch fo and the minimum is attained on the branch f;. The
difference between these two functions compared to (?7) is that in f; the angle v is such that

/PCyB is acute and in fs the angle v is such that ZPC4 B is obtuse.

In this case up; = o+  and u,, = |a — [|. Let us show that these angles are in D. Since
cos(a + () = cosarcos f — sinasin § = jj;f;j;, we need to show that

2 2 o 2 .2
Y z tz<acy zt<y z —I-tz'
Y T at4 22 Ty

These two inequalities are in fact equivalent to the Cauchy-Schwartz inequality (zy — 2t)? < (2% +
2)(y* + 7).
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Since f [respectively fo] agrees with (??) [for the appropriate choice of v] we obtain the same
expressions for Mazxarea and Minarea. At the endpoints of the interval D, the two functions
have the same values because C; = Cy := C (v; = vg), and BC becomes tangent to the circle
C(P,y). Moreover, BC = \/y2 — 22 and AB =t + z or AB = |t — z|. Hence fa(u1) = AB - BC =
VY2 = 22t — 2| < VY2 — 22(t + 2) = folug) = Va2 — 122 + \/y? — 22t < 2z 4 yt = Mazarea, and
filuz) = AB - BO = \/y2 = 22(t + 2) > \/y? = 22|t — 2| = fi(w) = V/y? = 22|t — 2| > oz — yt| =

Minarea. The last inequality can be shown to be true by analyzing the two cases y < z and y > .

The same analysis applies in this case to show that for the maximum area, the point P is in the

interior of the rectangle and one can show that the minimum area is happening for a position of P

in the exterior of the rectangle.

3. Further Results and Proposed Problem

Obviously, the maximal area is an integer if x,y, z,¢ are integers. The following theorem provides

a practical way to construct examples of such values of x,y, z (and t).

Theorem 3.1 Let m,n,p,q be arbitrary positive integers. If x, y, z, t are given by x = mn + pq,

z =|mq —npl|, y = |mn — pq| and t = mq + np, then Mazarea and Minarea are integers.
PrOOF. Using [?, p. 15], we get that all integer solutions of the Diophantine equation x? +

22 = y? 4+ t2 are of the mentioned forms. Since z,y,z,t are therefore integers, it follows that

Mazarea(zx,y, z) = xz + yt is also an integer. Similarly, for Minarea. [ |

Are these the only cases when Maxarea is an integer? Certainly not, since one can multiply the
values of z, y, z and t given by the Theorem 3.1 by V1 (I positive integer which is not a perfect
square), for instance, and still obtain an integer as a result.

Also, one may ask similar questions of finding the extreme values in various situations like
having the circles in Problem 3 not necessarily concentrical or on different curves. The following is
a problem we propose for further study.

Problem 4. Determine the extreme values for the area of a right triangle ABC (ZABC = m/2)
with A € C(P,z), B € C(Q,y), C € C(R, z) where circle C(Q,y) is contained in the interior of

one of the other two circles.
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