INEQUALITIES RELATED TO REARRANGEMENTS OF POWERS
AND SYMMETRIC POLYNOMIALS
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ABSTRACT. In [2] the second author proposed to find a description (or examples) of real-
valued n-variable functions satisfying the following two inequalities:
ifx; <wyii=1,...,m, then F(x1,...,2n) < F(Y1,---,Yn),

with strict inequality if there is an index 4 such that z; < y;; and for 0 < 21 < x5 < -+- <
T,, then,
F(a(?,25%, ... x0t) < F(a]t, x5?, - o).

3 n ’ n
In this short note we extend in a direction a result of [2] and we prove a theorem that
provides a large class of examples satisfying the two inequalities, with F' replaced by any
symmetric polynomial with positive coeflicients. Moreover, we find that the inequalities
are not specific to expressions of the form z¥, rather they hold for any function g(z,y)
that satisfies some conditions. A simple consequence of this result is a theorem of [1].

1. INTRODUCTION

In [2], the following problem was proposed: find examples of functions F : R}, — R with
the properties

(1)

ifx; <wyp,i=1,...,n, then F(z1,...,2,) < F(y1,...,Yn),

with strict inequality if there is an index © such that x; < y;,
and
(2) for 0 <xy < a9 < -+ <y, then, F(a?, 253, ... a0t) < F(at, a3, -+, xom).

In [2], the following result was proved
Theorem S. Assume that the permutation o can be written as a product of disjoint circular
cycles Cy x Cy X - -+ X C,., where each C; is a cyclic permutation, that is C;(j) = j+1t;, for
some fized t;. For any increasing sequence 0 < x1 < --- < x,,, we have

n n
Ts(i .
E a;z; " < E a;x;', and
=1 i=1
n n
To(i .
| | a;r; " < | | a;x;’,
=1 i=1
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where a; > 0 is increasing on the cycles C; of o.
(The condition on a; was inadvertently omitted in the final version of [2].)

In this short note we extend in a direction the previous result of [2] to any permutation,
not only the permutations which are products of circular cycles, by proving (1) and (2) for
symmetric polynomials with positive coefficients. Finally, we prove that these inequalities
are not specific only to rearrangements of powers, that is, we find other classes of func-
tions of 2-variables with real values, say g(z,y), such that, for any o € S,, (the group of
permutations), we have

(4) F(g(xth(l))w"7g(xn7$U(N))) < F(g(xbajl)v‘"79(‘7:”7‘7:”))7

where F'is any symmetric polynomial with positive coefficients.

2. THE RESULTS

Lemma 1. If f € R[Xy, X5 is a symmetric polynomial with positive coefficients and
(z1,22) € RY and (y1,y2) € IRi are such that r1x9 < Y190 and b + x5 < y? + y¥,
Vn € N, then f(x1,22) < f(y1,y2).

Proof. f(X1,X5) =3 ayXiX3 =, (a; XiX]+a; X{X5)+3" a; X{ X} where a;; € R
Since f is symmetric a; = aj;, and therefore f(Xy, Xp) = 37, ai(X{X3 + X{X3) +
doauXiXy = 3 aXiX5(X{T + X57) + D0 auXi X5 It is clear now that the two
conditions imposed on (21, x2) and (y1,y2) imply that f(z1,22) < f(y1,92). O

We will consider A C R and a function g : A x A — [0, 00) with the following property:
for all x1,x2,y1,y2 € IR such that 1 < 29 and y; < ys the following two inequalities are
satisfied:

(5) 9(w1,92)9(w2,91) < g(x1,91)9(22, Y2)
(6) [9(z1,92)]" + [9(z2, y1)]" < [g(z1, y0)]" + [9(22, 12)]", ¥ € IN.

Theorem 2. Let F(X, Xy, ..., X,) be a symmetric polynomial with positive coefficients
and g as above. Then for any o € S, and any vy, xs,...,x, € A we have:

F(Q(xbxcf(l))?g(m?a xU(Z))? cee 7g($n7$a(n))) < F(g($1,$1),g($2, 1’2), o 7g<xn7 an))

Proof. Consider x1, xs, ...,x, € A arbitrary and fixed. Without loss of generality we may
assume that 21 < 25 < -+ < 2. Let m = max{F (g(z1, To1)), - -, 9(Tn, Tom))) | 0 € Sn}
and let P = {o € S,| F (g(z1,251)), - - 9(Tn, Ta(n))) = m}. We would like to prove that
e € P where e is the identity. Let 7 € P the permutation that has the minimum number
of inversion among all elements of P and suppose that 7 # e. Since e is the only increasing
permutation it follows that there exists i € {1,2,...,—1} such that 7(i) > 7(i + 1).
Without loss of generality we may assume that ¢ = 1. Consider 7/ € .S,, defined as follows:
(1) = 7(2), 7(2) = 7(1) and 7'(j) = 7(j) if j > 3. Then 7’ has fewer inversions than 7
and therefore 7/ ¢ P, which implies that:

(7) F(Q(:Elax‘r/(l))a"-7g($nax7'/(n))) < F(g<xlax‘r(l))7'"7g<xn7x7(n))>
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Consider f(X,Xs) = F(X1, X2, 9(23,7+3)), - - - 9(Tn, Tr(n))). It follows that f is sym-
metric and has positive coefficients. If we set y; = x.1) = Zr(2) and yo = 2r(2) = 21
it follows that y; < y,. Using the two properties of g and Lemma 1 we deduce that
f(g(z1,92), 9(x2,91)) < fg(21,91), 9(22,y2)) and therefore

F (g(xla xT(l))) cee 7g<xn7 :L'T(n))) <F (g(xla xT’(l))? o 7g(xna xT’(n))) )

which contradicts (7). O

If g(z,y) = xY, then the conditions imposed on g are
Y2 .1 Y1, Y2
Ty STy,
nyo ny; ny1 ny2
Tt xy <xyt g,
which are equivalent to

Y2—u Y2—uy1
‘xl S ‘TZ )

x?m (ljll(yz—yl) B 1) < $;ly1 (xg(yz—m) . 1)'

The first inequality is certainly true as x1 < x5 and y; < ys. The second inequality is true
if 1 <z <z and y; < yo. Therefore

Corollary 3. The inequalities (1) and (2) are satisfied for all n-variable symmetric poly-
nomials with positive coefficients, defined on [1,00)™.

If F(xy,...,2,) =21+ -+ + x,, we can prove a result similar to the one of Theorem 4
even if we weaken significantly the assumption on g.

Theorem 4. Let AC IR and g: A x A — IR be a function such that h,p(y) = g(a,y) —
g(b,y) (a >b) is increasing. Then for any x1,%s,...,z, € A and any o € S,, we have:

F (g(ml, To(1)): 9(T2, To2)), - - -, 9(Tn, xg(n))) < F(g(z1,71), 9(x0,22), ..., g(x0, T0)) -

Proof. We follow the proof of Theorem 2 and the only thing we have to check is that

F (g(xl,xT(l)),...,g(mn,xT(n))) <F (9(171,137/(1)),...,g(l’n,l}/(n))),

But this inequality is equivalent to g(z1,2-1)) + g(x2, Tr2)) < g(T1, 20 (1)) + 9(T2, T (2)).
If we set y1 = zp(1) = Tr2) and Y2 = Tr(2) = T(1), it follows that y; < y, and the
previous inequality can be written as g(x1,v2) + g(x2,y1) < g(x1,11) + g(x2, y2), which is
equivalent to Ny 4, (Y1) < huye, (y2). This inequality is satisfied because y; < yo and hy, 4,
is increasing. U
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Corollary 5. Let u,v increasing functions on IR with values in [1,00). The following

inequalities are true for all x1,29,--- ,x, € R

(8) > ul@)v(wem) < ulw)v(r:),
i=1 i=1

(9) Z u(xi>’u($n(i)) < Zu(xi)v(m)7
i=1 i=1

(10) [Tty o) < [Tt .
i=1 i=1

Proof. Tt suffices to prove that the following functions g(z,y) = u(x)v(y), g(z,y) = u(z)*®,
or g(z,y) = u(y)’™ have the associated h’s increasing.

Let g(r,y) = u(@)v(y). Then Ay) = u(a@)o(y) — uBo(y) = (u(a) — ub))v(y) which is
increasing since u(a) > u(b) and v(y) is increasing.

Let g(z,y) = u(z)*®. Then h(y) = u(a)*® — u(b)*®. Since u(a) > u(b) > 1, and v(y) is

increasing, by writing
v(y)
u(a)
h(y) = u(b)*@ | [ —= —1
() = u(t) (Q@) )
we see that A is increasing.
We remark that to prove (8) we only needed u,v to have positive values. Using the

previous remark, to show the last inequality apply (8) with w = log(u) and v (which are
both increasing). O

Corollary 6. If the function h is decreasing on A, then all the inequalities are reversed.

Remark 7. We see that Theorem 368 of [1] follows from (8) and Corollary 6.
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