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Abstract:
We prove that powers of 4-netted matrices (the entries satisfy a four-term recurrence 0a; ; =

aa;—1,j + Baj—1,j-1 + ya; j—1) preserve this property of nettedness, that is the entries of the e-th

(e)

power satisfy (5ea(e) = aea(e) + ﬁeal(»e)l jo1 T Vel 515 where the coeflicients are all instances

1,J i—1,j

of the same sequence, Tey1 = (04 )xe — (80 + ay)xe—1. Also, we find a matrix Qn(a,b) and a

vector v, such that Qyp(a,b)® - v acts as a shifting on the general second-order recurrence sequence

1

e
11 ) (1,0)" = (F._1, F.)". We use

with parameters a, b. It generalizes the known property (
it to prove a few interesting identities. In the last section we prove some results about congruences

satisfied by the matrix Qn(a,b).
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1 Introduction

In [4], Peele and Stanica studied n x n matrices with the (7, j) entry the binomial coefficient

i—1

(iil) (matrix L,), respectively (nij) (matrix R,) and derived many interesting results

j—1
on powers of these matrices. L, was easily subdued, but curiously enough, closed forms

for entries of powers of R,, say R{, were not found. However, recurrences among various

entries of RY were proved and precise results on congruences modulo any prime p were

(e)

found. To accomplish that, the authors of [4] proved that the entries a, ; of the e-th power
of R,, satisfy
Fe—lag? = Feaz@u + Fe+1a§6—)1,j—1 - Feaz(’?—h
where F, is the Fibonacci sequence, Feoiq = Fp + Fo—1, Fy = 0, F1 = 1. As we shall see in
our first result, this is not a singular phenomenon. The goal of this paper is two-fold: we
prove the results of [4] for a class of matrices, containing R,,, where the entries satisfy any
four-term recurrence (we call these 3-netted matrices), and we find a possible generalization
of the @-matrix, namely a matrix @, (a,b), with the property that any power multiplied
by a fixed vector gives an n-tuple of consecutive terms of the general Pell or Fibonacci
: 0 1\° (1 Fey
sequence. It generalizes the known property . = . We also
1 1 0 F,

find the generating function for the entries of powers of these matrices. As applications

we find some interesting identities for general Fibonacci (or Pell) numbers. In the fifth

section we provide a few results on the order of these matrices modulo a prime.



2 Matrices with Entries Satisfying a (General Four-Term Re-
currence

Define a tableau with elements a; j, i > 0, j > 0, which satisfy (for i > 1,5 > 1)
da;; = aaj—15 + Bai—1j—1 + Yai -1, (1)
with the boundary conditions
Ba;o +vait10=0,¥V1<i<n—1 (2)
0141 — Qi1 =0,V 1 <i<n—1. (3)

We remark that if the 0-th and (n+1)-th column are made up of zeros, then the conditions
(2) and (3) are fulfilled.
In our main result of this section we prove that (1) is preserved for higher powers of

the n x n matrix (a; ;)i=1..nj=1..n. Precisely, we prove

Theorem 1. The entries of the e-th power of the matriz R = (@i ;)i=1..n,j=1..n Satisfy the
recurrence

(e) (e) (e) (e)

i,j

5ea-7- = Qea; y ; + 56‘%’—1,]'—1 + Ve i1, 0 J <,
where the sequences e, Be, Ve, 0 are all instances of the sequence . satisfying
Tet1 = (B+0)xe — (B + a¥)Te—1,
with initial conditions (01 = 6;02 = 62 — a); (a1 = ;s = a(§ + B)); (B = B; P2 =
B? —ay) and (y1 = 7372 = (B +9)).
Proof. We prove by induction on e that there exists a relation among the entries of any
2 x 2 cells, namely

(e) (e)

5.0l = Qe "y 5+ ﬂeage—)l,j—l T Vel 1

€ 7’7‘7

3



The above relation is certainly true for e = 1. We evaluate, for i > 2,

le_10a

(e)

i—1,5

n

§ ' (e=1)
aéeflaifl,sashj

s=1

n
-1 1 ~1

E Qai—1.s (ae—laie_1’; + ﬁe—lage_ld)'_l + ’Ye—lagj_l))

s=1

Z (5ai,s - /Bai—l,s—l - ’Yai,s—l) <ae 1Gg 1]) + /Be lage 113) 1)

s=1

n
1
+Za76—1ai—1,sasj 1= Z(sazs (ae 1a§ 1,j + Be— lase 13) 1)

—YOe— lazj /8/36 1al 1] 1 ’7/86—1az',j) 1 ,80[6 1@5?13
_ —1
+Q’Ye—1al(e_)1,j_1 — YQe—1 (al Ua(() J Y aima?(ij ))

(e—1) (e—1)

—BBe-1 Ai—1,000 ;1 — @i-1,nly ;1
(e—1) (e—1)
—VBe-1 (az‘,an’j_l T Qinly 1

(e—1) (e—1)
—Bae-1 Ai—1,00g 5 = — Qi—1,ny ; .



Using the boundary conditions (2) and (3), we obtain, for ¢ > 2,

(e)

abe_1a,_ 1

Thus,

(55671 — Y Qe—1

(a’Ye 1_556 1) ’L )lj 1 ’Yae_laz(z) _Vﬁe_la’gfj)—l

—504671%(6_)1,]- + Z da; s (5efla§?]'_1) - ’Yeflag?j__ll))
+ (ae la(e + ﬁe— n] 1) (ﬁaz 1n + Yaq, n)

<ae 1a(()] + Be—1a 0] 1) (/Baz 10+’Yazl))

(@Ye1 = BBe1)al® ;1 = yae1al) —7Be_1al?).,

(e)

—Bote_ 1a£ )1] + 00e_ 1(1( e _ 0Ye— 14; i

G 1)

+<Oée71a +5e 1%] 1) (0@ nt1 — Q—1,n41)

(a'Ye—l - ﬁﬁe—l)agi)lyjfl + (6(56—1 - ’Yae—l)a('e‘)

17.]

—(VBe—1 + 5’Ye—1)a§3-)_1 - 50%—1@56—)1,]*

)CLEZ-) = (045671 + 504671)@1(8_)1,]' + (ﬁﬁefl - 05’7671)@53)1,]'_1

+ (YBe1 + 8Ye-1)al") ;.

Therefore, we obtain the system of sequences

de = 00e—1— YOle_1
e = Qe_1+ Pae_1
Be = BBe—1— a¥e-1

Ye = ’756—1"'5’7@—1‘

From (4) we get ae—1 = (6/7)0e—1 — (1/7)de, which replaced in (5) gives the recurrence

Oet1 = (B +0)dc — (B0 +ya)de1.



Similarly, Qet1 = (/8 + 5)046 - (ﬁ(s + ’Ya)ae—l;ﬁe—i-l = (5 + 5)56 - (65 + Wa)ﬁe—13’78+1 =

(B+0)ve — (B + ya)ye_1. The initial conditions are (§; = 0;d2 = 62 — ay), (a1 = ;g =

a(d+B)), (B1 = B; 02 = B — ), (n = 7i72 = 7(B +9)). O

. . . i—1
Example 2. As examples of tableaux satisfying our conditions, we have ail?j = (;.71)
(5:1,0421,5:1’7:0)7(112,3‘: (n ]) (6_0a_1ﬁ_1'7__1);a§,j:(Z:;')
(0 =1,a=0,8=—1,7 = 1). Other examples are given by the alternating matrices

(-1)al; (or (~1)af,

ijor (—1)7tak ., etc.), k =1,2,3. In the next section we present

1’7J ’

more examples.

3 Higher Order Fibonacci Matrices

In this section we uncover a very interesting side of our previous results. A matrix of the

0

f01r1rnM:<1

> is called a Fibonacci or Q-matrixz. It is known that if the sequence

Uey1 = mUc +Ue—1, Up =0, Uy =1, then M°¢ = Uer Ue and M€ - 1 _
Ue Ue+1 0

< U(ej_l > . Next, we find a matrix @y (a, b) such that @, (a,b)¢-v is a vector of n consecutive
e

terms of the sequence U, for any power e and any vector v of alternating consecutive terms
in the sequence U,+1 = aU, + bU,—1. Let I,, be the identity matrix of dimension n and

M? be the transpose of a matrix M.

Let a;; = Ej) = gt (;LL E) and Qn(a,b) = (a;;)ij. We use our previous

results to show

Theorem 3. Let w = ((—=1)"Up—1, (=1)""1U_a,...,—Up)t. Then
Qn(a7 b)e+1 W= (U(n—l)ea U(n—l)e—l—b R U(n—l)(e-l—l))t and (8)
Ue 1a(e) + U aie]) L =U aEe)lj + Upyra )1] 1 9)

6



(e)

where a; ; are the entries of Qn(a,b)® and U, is the sequence satisfying Uep1 = aUe +

bUe—1, Uy = 0, Uy = 1. Moreover, Qn(a,b) is unique with the property aij; = 0,j <

n,Qin = a1 and Qi = aqi—1;+ bai_l,jﬂ.

Proof. First, the i-th entry of Q,(a,b)**! - w is

n n

n+1—j (e+1 n+1—j § e
S I aT = ) Y aiga U

j=1 j=1 k=1

n n
=ik ) ()" a0
k=1 j=1

n
= aikUm-1)(e=1)+k-1-
i=1

The initial condition and the step of induction (on e) will both follow if we can prove that

the matrix @), acts as an index-translation on our sequence U, namely

n
Zai,kUt+k =Upinti-1, t = —1.
k=1

Let Wi = > p_; aixUisr (¢ is assumed fixed). First, Wi = > 1 a1 Uiy = a1,2Uppn =
Utgn. Then, Wo =370 ao Uitk = a2n—1Utin—1+02 U, = OUppn—1+aUs 1y = Upypy1.
Now, for 1 <i<n-—1,

n

n
Wit1 = Y airislUik = > _(aaik+baipi1) Ui
k=1 k=1
n n—1
= aW;+ Z @i 410Uy, = a Wi + Z @i k1 (Utrkr2 — aUpyrit)
k=1 k=1

n n
u=k+1
= aW; + 5 ai,uUt—i-u—i—l —a g ai,uUt—i-u
u=2 u=2

a;,1=0 if i<n—1
= bVi—ba; U2 +aa; U = Vi,



where

n n
Vi = E i wUtyut1 = E (@ai—14 +bai—1ut+1)Uttut1
u=1 u=1
0 n—1 n
Qitl,nt+1= u+1=s

= aVi_1+b E i1 ur1Uppur1r = aVio1+0b E a;i—1,sUtys

u=1 u=2
ai—1.1=0 if i<n—1
= aVioi+bW;_1 —baj—11Us41 = aVi_1 +bW;_1.

Using V; = W;41 in the previous recurrence, we get W;11 = aW; + bW;_1. Therefore,
Wi = Utgpnyi-1, since Wi = Upypn, Wo = Upgpy1-

Using Theorem 1, with 6 =0, = b, 6 = a,v = —1, we get the recurrence between the
entries of the higher power of @),, namely Ue_lag? + U'ea,l(-f}l1 = Ueagi)l?j + Ue+1a£ef)1’j71,
with the appropriate initial conditions. The fact that @, is the unique matrix with the
given properties follows easily observing that such a matrix could be defined inductively as
follows: let @1 = 1. Assume Q,,_1 = (ai’j)i7j:172,...,n—1 and construct @, by bordering Q,,—1

with the first column and the last row (left and bottom). The first column is (0,0, ..., 0,1)*

and the last row is given by: a,, = a1 and (nj = aan_1; +bap_141. O

Definition 4. We call such a matriz Q,(a,b) a generalized Fibonacci or Q-matrix of

dimension n and parameters a, b.

Example 5. We give here the first few powers of Q3(a,b),

0 0 1 b? 2ab a?
Qs(a,b)=(0 b a],Q3a,b*=]|ab® b(2¢*+b) a (a®>+b)],
b2 2ab a? a?b? 2ab (a2+b) (a2—|—b)2
a2 b? 2ab (a2 +b) (a® +0)°

Q3(a,b)® = | ab® (a®+b) b (2a*+4a?b+b?) d®+3ab+2ab? |,
b2 (a®+0)° 2ab (a*+3a2b+202)  (aB+2ab)’



4 Some Generating Functions and an Inverse

Although we cannot find simple closed forms for all entries of Q,(a,b)¢, we prove

Theorem 6. The generating function for CLE? is
(Ue—l + Uey)(b Ue—1 + Yy Ue)nil

B(e) s
n (IE7 y) Ue—l + Uey — .’L‘(Ue + Ue—l—ly)

Proof. Multiplying the recurrence (9) by 2'~!¢/~! and summing for 4, j > 2, we get

(e),i—1, j—1 112
elgax’ ]—i—UeyEaulx

1,j>2 9,5 >2
z 2 ] 1 —2, j—2
Ua:Ea +U+1xy§a117jlx y’
1,722 9,72>2

Thus,

Uey | B (2,v) Zal?xl 1 Za(e) i-1

i>1 7>1
+Uey B Za uyj N =
7>1

Uex B(e (z,9) Zalel)xz ! —I—UeH:Enyf)(:z:,y).

1>1

Solving for BY (z,y), we get

B (2,y) (Ue_1 + Uy — 2(Up + Upyry)) =

. . (10)
Ue—1 — Uex) Zazlm Ue—1+ Uey) Za )y] ! Ue—laﬂ-

i>1 7>1

We need to find a;el) and age]) As in [4], we prove

()_anUenl]Ugl( 1)
-1 (11)

) =y U U,



There is no difficulty to show the relations for e = 1,2. Assume e > 3. First we deal with

the elements in the first row,

(e+1)  _ n—spn—sgys—1,s+j-n—lpn— 1 s—1
5 = zalsaw—zlb e ([
— ZUn—sUsflas+jfn71b2nfjfs n—1 j—1
g e-l e j—1)\n—-s
N\ o= (U1 \"°(j—1
= p- Jd— 1Un 1 e
()L C) (G0
1 bU,_1\’ ! A . n—1
:njjlnl 1 e—1 :n—]n—]j—l
o (G20) (S ) = emeel(0)

Now we find the elements in the first column,

az(,el-i_l) _ Zalsasl_zaﬁ_s n— 1bn s<n__8>bn 1U:, 1SUS 1
bU. -1
z lin—1rm—1 e—1
= " U,
Z( )G

bUe 1

i—lin—1rrn—1
= " U
¢ € ( * aU,

-1
) =" U UL
Using (11), we get

Zale) Jj—1 _ ZUen_lerj—lbn—jyj—1<nj—1>

1
i>1 =1 J

n— n—1)—s [ YUe n—1
- oo () (M)

s>0

= (bUefl + yUe)n_l

Using (10), (Ue—1 — Uet) Yoy UZ U0 1ai = = 7107 and Up_1a] = 07102,

we deduce the result. O

The inverse of Qp(a,b) is not difficult to find. We have

10



Theorem 7. The inverse of Qn(a,b) is

j—1

Z7‘7

Qnla,b)™t = ((_1)n+i+j+1an+1—i—j pi—n (n — z>)
Proof. Straightforward. -

In general, finding simple closed forms for the entries of powers of @, (a,b) seems to be
a very difficult matter. We can derive (after some work) simple formulas for the entries of

the second row and column of @ (a,b)°.

Proposition 8. We have ag?j)- = pnd U::ljfl Ug (’;:f) 4 pni Uenjlj Ug*2 Ueir (?:g)’ and
0l = (n— D2 U U 4+ (6= 1) 02 UP S U2 Uy,

Remark 9. Since b"~7 ag-en_l) = ag-el) and agi;l) = agej)., we get closed forms for the last

row and column of Qn(a,b)¢, as well.

By taking some particular cases of our previous results we get some very interesting

binomial sums. For instance,

Corollary 10. We have

n o i—1
1. Z(il)n—kl—gaz—k]—n—l pn—i (Z ) Unfj —U,_,.
7j=1

n—17

n n o ' 1 1
2. Z Z:(—1)”“_]a“”“’“_2'”_2(72”_9_’C (;L B k:> (k ) Up—j = Untio.

j=1 k=1 n=J

- i . (n—1
3. ZUl—lle] lU(n_l)p+j_1 b7 ( ) = Uln—1)(14p), for any L, p.

i=1 J=1
= j j ; n—1 n—2
4- Z U(n—l)p—&—j—lUlnfiljilUlji2bn_] |:Ul2 (] - 1> + (_]‘)l <] o 2):| = U(n—l)(l—i—p)—i—l;fOT any
j=1
l,p.

11



Proof. Using Theorem 3, with e = 1,2, we obtain the first two identities. Now, with the

help of Theorem 3 and the trivial identity @y (a,b)*? = Q,(a,b)!@Q,(a,b)?, we get

(Qn(a,b)lQn(a,b)p> = Qn(avb)l'(U(n—l)p7U(n—l)p+17'"’U(n—l)(p—l—l))t

= (Un-1)p) Un-)@p) 415+ - > Un—1)tapt1)) -

Since o'} = U U~ 6" ("}), we obtain the third identity.

Using aé{)j- = b Ul"__lj_lUlj (?:f) +bI Ul"__llej_QUlH (7;:3) and Cassini’s identity (see
[2], p. 292) (usually given for the Fibonacci numbers, but certainly true for the sequence

U, as well, as the reader can check easily), U;_1Uj1q — Ul2 = (—l)l, we get the fourth

identity. O

Corollary 11. In general, we have
U0l = U |

(n—l)p—i—j—lald (n—1)(I4+p)+i—1
=1

J

for any 1,1, p.

5 Order of Q,(a,b) modulo p

Let a,b € Z and p € Z prime. Using the recurrence among the entries of Q,(a,b), and

reasoning as in [4], we prove the following

Theorem 12. If e is the least positive integer (entry point) such that U, = 0 (mod p),

then

Qo (a,b) = (1) kDU, _1 Iy (mod p)

Qak+1(a,b)® = (—1)* L4y (mod p).

12



Moreover, Qn(a, b)4€ = I, (mod p). Furthermore, considering the parity of e, we have

Qn(a,b)* =1, (mod p) if e even
Qn(a,0)* =r""'I, (mod p) ife=3 (mod 4)
Qn(a,b)* =(—r)""'I, (modp)ife=1 (mod 4),

Uet1)/2

where r = Sy (mod p), so 7> = —1 (mod p).

Proof. Using (9), if U, =0 (mod p), then

(e)

() —
Ue,lam = Ue+1ai_l,j_1.

Since p divides neither U,_1 nor Uey; (otherwise it would divide U; = 1), we get
al(ej) =0 (mod p), if i # j,
ag,ei) = az(e—)l,z‘—l == aﬁ =U" ! (mod p).

Therefore

Qn(a,b)® = U::llln (mod p).
Using Cassini’s identity U;—1Uj4q — U12 = (1)}, for | = e, we get, if n = 2k,
n— — — k — J— e — J— e
Ue—ll = Ufljl = (Ue2—1) Ue—ll = (‘Uk Ue—ll = (—1)(k+1) Ue-1 (mod p),

since U2 ; = U2, ; = (—1)¢ (mod p). If n = 2k + 1, then

Url = U2 = (U2,)" = (-1 (mod p).

The previous two congruences replaced in Q(a,b)¢ = U:f:llln (mod p), prove the first
claim.

Lemma 3.4 of [3] implies

Ue1 = (—1)6;22 if e even

Uer=r(-1)2 ,72= -1 (mod p), if e odd.



Uer1y/2

The residue r in the previous relation is just r = Sy

(mod p). Thus, if e even,
then U2 ; = 1 (mod p), so Qu(a,b)* = I, (mod p), for any n. The remaining cases are

similar. O
Similarly, we can prove

Theorem 13. 1. If p|U,_1, then Qn(a,b)?~! = I, (mod p).

2. If p|Upy1, then Qax+1(a, b)PH = L1 (mod p) and Qox(a, b)PT = —Iy;, (mod p).

A consequence of Theorem 1 of [1] is

2

Lemma 14. For a prime p which divides f(x) = x* — ax — 1 for some integer x, the

sequence {Us}e, satisfying the recurrence U, = aU.—1 + Ue—2, has a period p—1 (mod p),

provided p is not a divisor of D = a® + 4.
Our final result is

Theorem 15. Let p be a prime divisor of x> —ax—1, for some integer x and ged(p, a®+4) =

1. Then, Q,(a,1)?~!1 = I,, (mod p).

Proof. Straightforward, using Lemma 14 and Theorem 3 or Theorem 12. O

6 Further Comments
We observed that netted matrices defined using three-term or four-term recurrences with
constant coefficients (we call these 3 or 4 —netted matrices) preserve a four-term recurrence

among the entries of their powers. We ask the question:

What is the order of the recurrence for higher powers of a 5-netted, etc., matrices ?.

14



We might attempt to prove that a k-netted matrix will preserve a k-term recurrence.
However, that is not true, and it can be seen from our work, since a two-term recurrence
is not preserved (see our first theorem). Our guess is that a k’*-netted matrix preserves
a k2-term recurrence among the entries of its higher powers. Our guess is based on work
already done and on many computer hours running examples. However, it is too early to

promote it to a conjecture.
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