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Abstract

In this paper, we show that the diophantine equation Fn = pa ± pb has only finitely many
positive integer solutions (n, p, a, b), where p is a prime number and max{a, b} ≥ 2.

1 Introduction

Recall that the Fibonacci sequence denoted by (Fn)n≥0 is the sequence of integers given by F0 =
0, F1 = 1 and Fn+2 = Fn+1 + Fn for all n ≥ 0.

There are many papers in the literature which address diophantine equations involving Fi-
bonacci numbers. A long standing problem asking whether 0, 1, 8 and 144 are the only perfect
powers in the Fibonacci sequence was recently confirmed by Bugeaud, Mignotte and Siksek [4].
An extension of such a result to diophantine equations involving perfect powers in products of
Fibonacci numbers whose indices form an arithmetic progression was obtained in [9]. For example,
the only instance in which a product of consecutive terms in the Fibonacci sequence is a perfect
power is the trivial case F1F2 = 1.

In a different direction, there has been a lot of activity towards studying arithmetic properties
of those positive integers n which admit nice representations in a fixed base b > 1. For example,
finding all the perfect powers yq which are rep-units in some integer base x > 1 (with n ≥ 3 digits)
reduces to the diophantine equation yq = xn−1

x−1 . All solutions of this last diophantine equation are
still not known, although particular instances of it have been dealt with (see, for example, [8] for
the case q = 2, or [3] for the case x = 10).

2 Main Result

In this note, we prove the following theorem.

Theorem 1. The diophantine equation Fn = pa ± pb admits only finitely many positive integers
(n, p, a, b), where p is a prime number and max{a, b} ≥ 2.
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From the above theorem, it follows that there are only finitely many Fibonacci numbers which
are of the form 100 . . . 010 . . . 0 in some prime base p.

We write p and q for prime numbers, and c1, c2 . . . for positive constants which are effectively
computable. For a positive real number x we write log x for the natural logarithm of x. Finally,
we use the Vinogradov symbols � and � with their usual meaning.

3 The Proof

We shall always assume that a ≥ b. If a = b, we then get the equation Fn = 2pa (note that in the
case of the equation Fn = pa − pb the instance a = b yields n = 0, which is not convenient), and
one can infer (see [4, 11]) that this equation implies n = 2, 6. Since F2 = 1, F6 = 8, one gets the
only solution (n, p, a, b) = (6, 2, 2, 2), in the case of a = b. Hence, we assume that a > b. Consider
first that p = 2. Since

Fn =
αn − βn

α− β
,

where α = (1+
√

5)
2 and β = (1−

√
5)

2 , it follows that the given equation is of the form

1√
5
αn − 1√

5
βn = 2a ± 2b. (1)

In this case, the above equation is an S-unit equation in four terms which is nondegenerate (see
[6]). Thus, it has only finitely many positive integer solutions (n, a, b). In fact, the main theorem
of [6] shows that the above equation has at most 2 exp(236 · 313) positive integer solutions (n, a, b).

It is not hard to see that all the solutions (n, a, b) of the above equation (1) are effectively
computable. Indeed, first of all, from the above equation we get that 2b||Fn. By results from [7],
it follows that 3|n and n is odd if b = 1, and n = 2b−23m holds with some integer m coprime to
6 if b ≥ 3 (the case b = 2 is impossible). Hence, b ≤ 2 + log(n/3)/ log 2 < 2 log(2n). Assume now
that n is large. In this case, we may rewrite equation (1) as∣∣∣∣ 1√

5
αn − 2a

∣∣∣∣ =
∣∣∣∣ 1√

5
βn ± 2b

∣∣∣∣ < 2b+1. (2)

Since b < 2 log(2n), the above inequality shows that 2a ≈ 1√
5
αn, therefore a ≈ c1n, where c1 =

log α
log 2 ≈ 0.69. In particular, n/2 < a < n holds for large values of n. Equation (2) now implies that∣∣∣(√5)−1αn2−a − 1

∣∣∣ ≤ 2−a+b+1. (3)

By a standard application of linear forms in logarithms (see [1]), it follows that the left hand side
of the above inequality (3) exceeds exp(−c2 log n), where c2 is some absolute constant. Hence, we
get the inequality

−c2 log n < −a + b + 1,

therefore
a < c2 log n + b + 1 < c2 log n + 2 log(2n) + 1,

which together with the fact that a > n/2 implies that n is bounded by an effectively computable
constant c3.

The above argument can also be used to deal with any fixed prime number p. That is, an
immediate application of results on S-unit equations shows that if p is fixed, then the diophantine
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equation Fn = pa ± pb has only finitely many positive integer solutions (n, a, b), and the theory of
linear forms in logarithms can be used to find an explicit upper bound on the largest such solution.
So, from now on we shall assume that p > p0, where p0 is a constant to be determined later

We now write n(p) for the index of apparition of p in (Fn)n≥0 and e(p) for the exponent of
apparition; i.e., pe(p)||Fn(p) and p does not divide Fm for any m < n(p). Since

Fm =
αm − βm

α− β
,

we have
Fm =

∏
1≤k<m

(α− e
2πik

m β).

We write
Φm =

∏
1≤k<m

gcd(k,m)=1

(α− e
2πik

m β).

By the principle of inclusion and exclusion

Φm =
(αm − βm)∏

p|m(α
m
p − β

m
p )
·

∏
p<q
pq|m

(α
m
pq − β

m
pq )∏

p<q<r
pqr|m

(α
m

pqr − β
m

pqr )
. . . . (4)

Using now the trivial fact that the inequalities

α` − β` ≥ α` − |β|` = (α− |β|)(α`−1 + α`−2|β|+ · · ·+ |β|`−1) ≥ α`−1

and
α` − β` < 2α` < α`+2

hold for every positive integer `, we then get, by (4), that the inequalities

Φm ≥ α
(m−

∑
p|m

m
p

+
∑

p<q
pq|m

m
pq
−... )−3·2ω(m)−1

= αφ(m)−3·2ω(m)−1
(5)

and

Φm ≤ α
(m−

∑
p|m

m
p

+
∑

p<q
pq|m

m
pq
−... )+3·2ω(m)−1

= αφ(m)+3·2ω(m)−1
(6)

hold, where we use φ(m) and ω(m) to denote the Euler function of m and the number of distinct
prime factors of m, respectively.

We now note that by the definition of the order of apparition, we have that pe(b)|Φn(p), n(p)|n
and e(p) ≤ b. Moreover, since pb||Fn, it follows easily that n = n(p)pb−e(p)m, where m ≥ 1 is
coprime to p. We also record that since pa ± pb is always even, it follows that 3|n.

Our next goal is to show that if n is large and p > p0, then the inequality

b

a
<

3
4

(7)

holds.

With the above notations, we have

pa−b ± 1 =
Fn

pb
=

Fn(p)pb−e(p)m

pb−e(p)Fn(p)

·
Fn(p)

pe(p)
.
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Assume first that (m− 1) + (b− e(p)) > 0. In this case,

pa−b ± 1 ≥
Fn(p)pb−e(p)m

pb−e(p)Fn(p)

≥ α
n(p)pb−e(p)m−n(p)−2−(b−e(p)) log p

log α ,

where we used the known fact that the inequality α`−2 < F` < α` holds for all ` ≥ 1. It is now
easy to see that the inequality

n(p)pb−e(p)m− n(p)− 2− (b− e(p))
log p

log α
≥ n(p)

2

holds whenever (m − 1) + (b − e(p)) > 0 provided that p > p0. Indeed, if b − e(p) > 0, we then
write x = b− e(p), and rewrite the above inequality as

n(p)(pxm− 1.5) > 2 + x
log p

log α
.

Since n(p) ≥ 1 and m ≥ 1, the above inequality is implied by

px > 3.5 + x
log p

log α
, (8)

and this inequality clearly holds for all x ≥ 1 provided that p ≥ p0. To compute p0, we first take
it to be such that the function

x 7−→ px − 3.5− x
log p

log α

is increasing for x ≥ 1. The derivative of this function is

(log p)
(

px − 1
log α

)
≥ (log p)

(
p− 1

log α

)
and this last expression is always positive is p ≥ 3. Thus, if p ≥ 3, then inequality (8) will hold for
all x ≥ 1 provided that it holds at x = 1, and this last inequality holds whenever p > 8. Thus, we
may take p0 ≥ 11.

If on the other hand b− e(p) = 0, but m ≥ 2, then the above inequality just becomes

n(p) > 2 + n(p)/2,

which is equivalent to n(p) ≥ 4, which holds whenever p > F4 = 3. This shows that we can take
p0 = 11.

Thus, if (m− 1) + (b− e(p)) > 0, we have proved that

pa−b ± 1 ≥ α
n(p)

2 >
√

Fn(p) ≥ p
b
2 ,

which shows that b < 2(a− b) + ε holds with any ε > 0 provided that a is large enough. Choosing
n to be large enough and ε = 1, we get that b < 2(a− b) + 1 ≤ 3(a− b), therefore 4b < 3a. This
gives b/a < 3/4, which proves inequality (7) in this case.

From now on, we assume that n(p) = n. In this case, e(p) = b, and we get, by inequality (6),

pa−b ± 1 =
Fn

pb
≥ Fn

Φn
≥ αn−φ(n)−2−3·2ω(n)−1

.
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Thus,
pa−b ± 1 ≥ αn−φ(n)−2−3·2ω(n)−1

,

therefore the inequality

pa−b > αn−φ(n)−2−3·2ω(n)−1 − 1 > αn−φ(n)−3−3·2ω(n)−1
(9)

holds for large n, while
pb ≤ Φn ≤ αφ(n)+3·2ω(n)−1

. (10)

Since 3|n, we get that
φ(n)

n
=

∏
q|n

q − 1
q

≤ 2
3
, (11)

therefore (n− φ(n)) ≥ φ(n)/2. Since 3 · 2ω(n)−1 < 3 τ(n) ≤ nε holds for all ε > 0 and for all large
enough values of n (here, τ(n) is the number of divisors of n), while φ(n) � n/ log log n holds for
all n > ee, we easily get that the above inequality (11) implies that

n− φ(n)− 3− 3 · 2ω(n)−1 >
1
3

(
φ(n) + 3 · 2ω(n)−1

)
(12)

holds for large values of n. Comparing (12), (9) and (10), we get the inequality

(a− b) >
b

3
,

leading to b/a < 3/4, which proves inequality (7) in this case as well.

We now rewrite our diophantine equation as∣∣∣∣ 1√
5
αn − pa

∣∣∣∣ =
∣∣∣∣ 1√

5
βn ± pb

∣∣∣∣ < 2pb < 2 (pa)3/4 .

The above inequality implies that pa and 1√
5
αn are very close one to another when n is large, and

therefore the inequality ∣∣∣∣ 1√
5
αn − pa

∣∣∣∣ <

(
max

{
1√
5
αnpa

})4/5

holds for large values of n. An argument of Shorey and Stewart [12] based on lower bounds for
linear forms in logarithms, now shows that there exists an absolute constant c4 such that a < c4.
Since a > b, we may assume that both a and b are fixed. We may now set X = p, and look at the
more general equation

Fn = Xa ±Xb, (13)

in integer unknowns (n, X) with n positive.
We recall that in [10], all polynomials P (X) ∈ IQ[X] of degree ≥ 2 such that the diophantine

equation Fn = P (X) admits infinitely many integer solutions (n, X) have been completely classi-
fied. Such polynomials are related to the Chebyshev polynomials. Instead of applying the above
result, we will just prove that a polynomial of the form Xa ±Xb, where a > b, does not have this
property.

Inserting the equation Fn = Xa ±Xb into the well-known identity

L2
n = 5F 2

n ± 4,
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where (Ln)n≥0 is the companion Lucas sequence given by L0 = 2, L1 = 1 and Ln+2 = Ln+1 + Ln

for all n ≥ 0, we get the equation
L2

n = f(X),

where f(X) = 5(Xa+εXb)2±4, where ε ∈ {±1}. By a well-known result of Siegel, the diophantine
equation Y 2 = f(X) has only finitely many integer solutions (X, Y ) provided that f(X) ∈ IQ[X]
has at least three simple roots. We now show that all roots of our polynomial f(X) are simple
(note that the degree of f(X) is 2a ≥ 4). Indeed, if x is a double root of f(x), then x satisfies both
the equation f(x) = 0 and the equation f ′(x) = 0. Since f ′(x) = 10(xa + εxb)xb−1(axa−b + εb), it

follows easily that the only possibility is axa−b + εb = 0. This gives x = ζ(−εb/a)
1

(a−b) , where ζ is
some root of unity of order a− b. Inserting this into the equation f(x) = 0, we get

∓4 = 5x2b(xa−b + ε)2 = 5x2b

(
ε(a− b)

a

)2

,

which leads to (
∓4
5

)
·
(

a

ε(a− b)

)2

=
(
−εb

a

) 2b
a−b

· ζ2b.

Taking absolute values and then squareroots of both sides of the above identity we get

2√
5
·
(

a

a− b

)
=

(
b

a

) b
a−b

. (14)

From homogeneity of the expression, we may assume that in the previous equation a, b are coprime.
Further, we rewrite (14) as

2a−baa = (a− b)a−b bb 5(a−b)/2,

which implies that a, b have the same parity and a − b ≥ 2. Moreover, 5 divides a. By simple
divisibility considerations, we derive that 5 divides either b or a−b. That is a contradiction with the
assumption that (a, b) = 1. Hence, our polynomial f(X) has only simple roots, which, via Siegel’s
Theorem, shows that equation (13) has only finitely many integer solutions (n, X) whenever b < a
are fixed positive integers.

Theorem 1 is therefore completely proved.

4 Comments

Recall that if r and s are coprime integers with rs 6= 0, ∆ = r2 + 4s 6= 0 and such that the roots
γ, δ of the quadratic equation

x2 − rx− s = 0

have the property that γ/δ is not a root of 1, then the sequences (un)n≥0 and (vn)n≥0 of general
terms

un =
γn − δn

γ − δ
and vn = γn + δn

are called Lucas sequences of the first and second kind, respectively.

Arguments similar to the ones used in this paper combined with standard arguments from
the theory of linear forms in logarithms of algebraic numbers (see [13]) lead to the following
generalization of Theorem 1.
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Theorem 2. Let (wn)n≥0 be a Lucas sequence of the first or second kind, respectively. Assume
further that ∆ > 0. Then the diophantine equation wn = pa ± pb has only finitely many positive
integer solutions (n, p, a, b) with p a prime number and max{a, b} ≥ 2.

A similar result as the one above holds with the Lucas sequence (wn)n≥0 replaced by a classical
Lehmer sequence, for the definition of which we refer the reader to the papers [2].

Note that our Theorem 2 above does not cover the case in which ∆ < 0. We would like to
propose this case as an open problem.

Problem. Let (un)n≥0 be a Lucas sequence with complex conjugate roots. Prove that the dio-
phantine equation un = pa ± pb has only finitely many positive integer solutions (n, p, a, b) with p
a prime number and max{a, b} ≥ 2.

Finally, it would be nice to remove the condition that p is a prime number from the statements
of Theorems 1 and 2. However, we have no idea how to approach such problems, although it
is likely that one may be able to use the ABC conjecture to establish conditional proofs of such
statement.
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