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Abstract

In this paper, we consider a generalization of binomial coefficients, called C—
nomial coefficients, dependent upon a sequence {u,}n,, with indices in arithmetic
progressions. We obtain a general recurrence relation and a generating matrix, and
point out some new relationships between these coefficients and the generalized Pascal
matrices. Further, we obtain generating functions, combinatorial representations, and
many new interesting identities and properties of these coefficients.

1 Introduction

Given that binomial coefficients are very important tools in combinatorics, much effort
has been devoted to generalize these objects. We mention here the work of Bachmann [1],
Carmichael [3], Fontené [6], Ward [25], as well as the more recent [7, 9, 13, 19, 20, 22, 23].

We define the generalized C—nomial coefficients formed with the terms of a sequence
C={Cp}n: forn>m>1

|:n:| . 0102.. Cn
m C (0102 N Cnfm) (01C2 e Cm)

with [g}c = ["]C = 1. One can define the nth C-factorial by C,,! = C1C5...C,. When

n.
. . . i . .
C,, = F,, is the Fibonacci sequence, the numbers [Tkn] F= % are called Fibonomials,
m - n—m:-

and if C, = (¢" —1)/(g—1), the numbers || . (qm(;l_)'l')'.(?g;k_zfl) are called g-binomial,
or Gaussian coefficients.

Bachmann [1, p. 81], Carmichael [3, p. 40], and Jarden and Motzkin [13], all showed
that if u = {uy }» is a Lucas sequence; that is, if ug = 0, u; = 1 and satisfies the recurrence
Up+2 = Aunt1 + Bu, for all nonnegative integers n with some nonzero integers A and B
such that the quadratic equation 22 — Az — B = 0 has two distinct roots o and 3 whose




ratio is not a root of unity, then all the C—nomial coefficients are integers (by abuse
of notation, we will call all such coefficients C—nomials, if the sequence is not special,
but understood from context). The Fibonomial coefficients are particular cases of this
instance with A = B = 1. When A = ¢+ 1 and B = —¢q, where ¢ > 1 is some fixed
integer, the C—nomial coefficients become the g-binomial coefficients.

The Fibonomial coefficients satisfy the relation

n n—1 n—1
= I'm+1 +Fn—m—1 .
m| g m |p m—1]p

We now take the case of a Lucas sequences with A € Z,B = 1, say u, and its
companion vy,

Up = Alp_1 + Up—2 (1)
Uy = Avp_1 + Vp_2
where ug =0, u1 = 1 and vg = 2, v1 = A, respectively, for all n > 2.
There are some relationships between the Fibonomial coefficients (for more details see
(2, 4, 10, 21, 17]), and the generalized Pascal matrix P,, which is the n x n right-justified
matrix whose (i, j) entry is given by

J—1 itj—n—1
P,).. = AV .
(Pu)ij (j+i—n—1>

In [9], Hoggatt considers the C—nomial coefficients with indices in an arithmetic pro-
gression. For A fixed, he defined the numbers (for m > n)

{n} _ ULU - - - Uy,
m u,k (ukuzk Ce uk(n_m)) (ukUQk e ukm) ’

which we call k : C-nomial coefficients (or generalized C-nomial coefficients, if k is not
specified). It is straightforward to show that they satisfy the following recurrences:

n n—1 n n—1

= U u — —
mJ km+1 m ok k(n—m)—1 m—1 wh
n n—1 n n—1

= U — u _ .
m) ok kel m-Juk Ky m—1 uk

When the sequence {uy,}, is understood from the context, we will write {:1} ., instead of
{"} .. When k = 1, the coefficient {"} _ is reduced to ["] .
u,k mJu,l mlu

Let a, 8 be the roots of the associated equation 2 — Az — 1 = 0. As a special case of
[17], we have that for r > 1 and n > 1,

and

Urn = Urlp(pn-—1) + (_1)T+1 Ur(n—2) (2)

Urn = UrUp(n—1) + (_1)T+1 Ur(n—2)-



Using the sequence {v, }, the authors of [17] define the n x n generalized Pascal matrix
P, (v,) as follows:

P, (v,) = <qu;+j—n—1 (=1)r+D (=) (Z - 1))
n—=17//1<ij<n

and then show that for all m > 0, the trace

tr (P (v,)) = “™,

Uy
Observe that P, (v1) = P,. As an example,

0 0 0 0 0 1

0 0 0 0 (_1)r+1 vy

0 0 0 1 2(-1)""w, 02

P, = b

6(1)7’) O O (_1)7‘-‘1‘1 SUT 3 (_1)T+1 fU,g UE

0 1 4= 602 4(=1)Te3 ot

(1) By, 10(=1)"1 2 1003 5(—1)"Ted Wf

Moreover, they derived that the eigenvalues and the characteristic polynomial of P, 11 (v;)
are

arn’ ar(n—l)ﬁr, e arﬁr(n—1)75rn' (3)

and

n—1 n
Prn(z) = (a: _ ajrﬂ(nfjfl)r) _ 1Y (—1)rii=D)/2 {”} i 4
() JH) ZZ(; (=D (=1 i (4)
where the coefficient {?}T is our generalized r : C—nomial coefficients.

In [18], we defined the recursive analogue of the entries of the Lehmer matrix and then
formulated its determinant via the Fibonomial factorials (or F—factorials).

In this paper, our purpose is to find generating matrices for generalized r : C—onomial
coefficients {;}r and derive a linear recurrence relation for the generalized r : C—nomial
coefficients. We obtain new general identities, generating functions, combinatorial repre-
sentations for them and their sums by matrix methods.

2 Generalized C—nomial coefficients

In this section, we fix a Lucas sequence u,, as in (1) and derive a recurrence relation and
generating matrix for the generalized C-—nomial coefficients. The case k = 2 and r = 1,
was investigated in [14, 15].

First, we define the sign function

s (i,r) :{ E—l)“‘”“‘m if r is odd,

—1)"! if r is even,



and extend the generalized C—nomial coefficients by

0 if m>mnandn >0,
{n} = s(m,r) it m>nandn <0,
m r UrU2y ... Unr m § n.

(uruzr...umr) (Urt2r - U(n—m)r)

For the sake of compactness, we shall use the following notations, for fixed k with 1 <

1<k+1:
) n+k n-+i—2
anJ_S(l,r) {kl+]‘}r{ 1 —1 }r (6)

As we will be using it later, recall the following identity from [24, p. 176]
Fn+m =Fpn1F, + FanJrl,

which generalizes (for the sequence {u,}), for any integers k,m,n and positive integer
r>0
UrkUr(ntm) = UrmUr(ntk) T (=1 Urntiy(p—m)- (7)

Now we give the following result.

Lemma 1. Forn >0, 1 <4<k and for odd r,
a1,ian1 + (=1 anit1 = any1,
and for even r,
a1,40n,1 — Gni+1 = Gp414,
where ay,; be as before.
Proof. The proof for r odd can be found in [14]. Assume r is even. We simplify the
equality a1 ;an,1 — Gnit1 = Gny14, reducing it to
Up (k1) Upr(nti) T UrnUp(k—it1) = Urillp(n+k+1)-
By taking £k — k + 1 in (7), we obtain the second claim of our lemma. O

For k,r > 1, we define the (k + 1) x (k + 1) companion matrix G, and the matrix
H,, ;. as follows:

a1l a12 ... G1k+1
1
Grp = . . and
0 10 -
an 1 an2 s Ap, k+1
Gp—-1,1 an-1,2 ... An—1k+1
Hn,r,k = . . .
| n—k,1 OGn—k2 .- Gn_kk+1

We say that the matrix G,y is the generalized C-nomial matrix (with indices in the
arithmetic progression =0 (mod k)).
Now we give our main result of this section.



Theorem 2. For all n,r > 0,
n — H
r,k n,rk-

Proof. We use induction on n. The case of n = 1 follows from the definitions of the
matrix H, ,; and k : C-nomial coefficients. Suppose that the equation holds for n > 1.
Now we show that the equation holds for n + 1. First, we write

GZ?,F = G, Gy, = GrpHp k-
From Lemma 1 and matrix multiplication, we get
G;‘;l =GrHprp = Hygt ks
and the theorem is shown. ]

It is valuable to note that when k = 1, we obtain the following fact (see [16]):

1\l
Gl 1= Ur ( 1) and Hn 1.1 = uT(n+1) Urn .
' 1 0 " Urn Up(n—1)

When A =r =1, we get the following well known fact:

. 1 1 o Fn—‘,—l Fn
G1,1 = |: 10 :| and Hn,l,l = |: Fn anl :| .

When A =1, r =3,k = 2, we get the matrix G3 > and its nth power as

Fy Py 1 F3(n+1)F3(nt2) F35, F3(p,42) _ BnF340)
. F F5Fg F3F: F3Fg
Ga o — 13 03 0 and H _ F3nﬁ3(n+l) F3(n71)F§(n+l) _ F3n—1)F3n
3,2 n,3,2 Fslg 55 FsFg
0 1 0 F3(n—1)F3n F3(n—2)F3n _ Fn—2)F3(n-1)
F3Fg F3F3 F3Fg

The case A =1,r =1 and k = 2 can be found in [15].
From the companion matrix G/ j, we give a linear recurrence relation for the C'-nomial
coefficients.

Corollary 3. For n,k > 0, the C—nomial coefficients satisfy the following order-(k + 1)

linear recursion
k+1

an+1,1 = g a1,i0n—i+1,1
i=1

or, equivalently,
{n+l’:+1}r = 8(1,7") {kzl}v"{nzk}r +S(2’T) {zj% T{nJrl]:il}r
oo s () (MM, s (L) (B

Proof. Since a1 = {"Zk}r and using matrix multiplication, by equating the (1, 1) entries
in the equation Hy , . Hy, 1 = Hyy1,k, the claim follows. ]



All identities in the next corollary can be obtained from a property of the ma-
trix multiplication in Hy11,1 = HyrpHir gy Hygmpek = HyppoHpmper and Hyqy o =
Hy o riHi—my g for n,m >0 and ¢t > gq.

Corollary 4. For n,r > 0, the following identities hold:

Gp—1,1 = Qn k41,

Amtnt1—ij = Yort) Gng1—ig@my1-t; for allm > 0,
npti1ig = ot G g1 imGt_gr1ij fort >0 and t > g,
On+1,1 = Q1,10n,1 + Gn 2,

An+1,k+1 = An, 101 k+1,

Apy1,i = G1,i0n,1 + Qg1 for 2 <i < k.

3 The eigenvalues of the matrix G,

In this section we determine the eigenvalues of the matrix G, ;. Since G is a companion
matrix, its characteristic polynomial, f, (z), can be easily derived.
Thus we have the following result, whose proof is immediate.

Proposition 5. Forn,k,r > 0,

k+1
for @ =S (—s () {’“ * 1} £

t=0 t
where the sign function s (t,r) is as in (5).

Here clearly

Ce(tr) = (=)D if s odd,
) (-1 if r is even,

and for odd r > 0 and n, k > 0,

k+1
fraa) = 3 (-1 [E I e

t=0 t
and even r > 0,
k+1
(k+1 _
fr,k (Z) _ Z (_1)1 { . } karl t.
t=0 r
According to [5, 8, 9, 12], the nth powers of Fibonacci numbers satisfy the following

auxiliary polynomial
Crlo) =3 (pfervrz ] o
F1

i=0
In [2, 5], the authors show that the characteristic polynomial of the Pascal matrix
H,, (p) is also equal to the polynomial C,, () = fi; () and so Cy, (x) = h1y (x) = fi i (2).
Consequently, we have the following result.



Proposition 6. Let o, = (p:l: V p? +4> /2. The characteristic roots of Cpy1(x) =
—1)7 am, (<1 gmti ) fm =2k -1,
(o= yigmy if m

{(=DF, (=1 am2, (-1y 6’”*23}],:0 o ifm=2k

fim (x) are:

As a general case of Proposition 6, in [17] we considered the generalized Pascal matrix
P, (V,) and then gave its characteristic polynomial h,,, (z) as in (3). It is clear that the
characteristic polynomials of the generalized k : C—nomial matrix G, and the generalized
Pascal matrix Pyy1 (v,) are the same. Also we know that the all roots of the polynomial
from [17], that is, the eigenvalues (clearly, distinct) of the matrix G, are

O/’k’ a’r(k—l)ﬁr, e arﬂr(k—l)’ BTk'
Alternatively, we may give the following proposition.

Proposition 7. Let o, 8 = (p +p?+ 4) /2. The eigenvalues of Gy, are:

{(_1)j7“ ar(kf2j), (_l)jT Br(kaj)}jzo o ifk — 9 — 1,

{(_Utr’ (_1)j7" ar(k—?j)’ (_1)jT Br(k—%) P ka‘ — 9t.

As an example, when k = r = 4, we have

ai —bl C1 —d1 1 Qp, —bn Cn —dn Ap—1
1 0 0 0 0 ap-1 —bp_1 cpo1 —dp_1 ap—2
Gia=| 0 1 0 0 0| and Hyga=| an—2 —bp2 cn_2 —dp—2 an3
0 0 1 0 0 n-3 —byp3 cp_3 —dp3 an_4
0 0 0 1 0 n—4 —bn_a cpg —dp—a an_s

where ap = {"}"},, bn = {"3 "} {1 en = {7311, {73 hdn = ("1 {5700
The characteristic polynomial and the roots of G4 4 are given by

Fa) = 3 (-1 {5}4x5

=0

and \s = a'% Ay = 816, A3 = a8, Xy = 88, A\ = 1 where o, 8 = (p:l: \/p? +4) /2, and so,
the matrix Hs (v4) has the same eigenvalues as the matrix Gy 4.
If we take k = 4 and r = 3, then

aiq b1 —C1 —d1 1 Qp, bn —Cp, —dn Ap—1
10 0 0 0 ap-1 bp1 —cpo1 —dp1 ap—2
Gza=| 0 1 0 0 O and Hy34=| an—2 bn2 —chp2 —dnp_2 an-3
0 0 1 0 0 pn-3 bp-3 —cp3 —dp3 an_4
0 O 0 1 0 n—4 bn_a —cpg —dp—a anp_s



where an = {"1}3, bo = {751 {T}s o0 = {"3{" bas dn = {"T715{"57 )5 The
characteristic polynomial and the roots of G34 are given by

5
faa(z) = Z (—1)ii+D/2 {5} i
t)3

=0

and )\5 = 0612,)\4 = 512’ /\3 = —046,)\2 = —56,)\1 = 1.
Generalizing this discussion, we can give the following result.

Corollary 8. Forn,k,r > 0,

k+1 k+1
[[@=2)=> (-stt- 1)){’“ Jtr 1} okt

i=1 t=0

In [4], Cooper and Kennedy show that

Ukn,
tr (P (v1)) = Tk ,
n

where H,, (p) is the generalized Pascal matrix. This was extended in one direction by us
(along with G.N. Stanica) in [17] to show

tr (P! (v,)) = “ui”

Since the matrices H,, . and P} ; (v,) have the same eigenvalues, we also get

Uk
tr (Hn,r,k:—l) = n’
r

which easily implies the next result.
Theorem 9. Forn > 0,

tr (Hprk) = Z (=)™ v(g—2iynr + 3 <1 + (—1)k> :
=0

From Proposition 7, we explicitly find the eigenvalues of the generalized &k : C—nomial
matrix.

4 The diagonalization of G, ; and the generalized Binet for-
mula

In this section we diagonalize the matrix G, and then derive the Binet formula for the
r : C—nomial coefficients {TIZ}T Let A1, A2,..., Ap4+1 be the eigenvalues of G . Since the
eigenvalues are all distinct, we can diagonalize G, j.



We define the (k+1) x (k+ 1) Vandermonde matrix V' and diagonal matrix D =
diag (M1, A2, ..., Ag+1) as shown:

SRV N
: : : A9
V=1 23 ... a2, | adD= .
D YD VIR Y \
1 1 1 1 ktl

Since \; # A\j for 1 <4,5 <k +1,detV #0.
Let V;-(z) is the (k + 1) x (k + 1) matrix obtained from the transpose V' by replacing
the jth column of V by w; where

n—itk+1 yn—itk+1 n—i+k+1 1T
A Ay oA ] .

w; = [ k+1

Now we give the Binet formula for the generalized r : C—nomial coefficients. The case
r =1 is given in [14]. The cases r > 1 can be easily obtained similar to the case r = 1.
Theorem 10. For n,r,k >0, and a, s as in (6), then
det (Vj(i))
An—it1,j = W
Let Vj(ei) be a (k+ 1) x (k + 1) matrix obtained from the Vandermonde matrix V' by

replacing the jth column of V by e; where V' is defined as before and e; is the ith element
of the natural basis for R™, that is,

B k k k k
Al o e )\j—l 0 )\]+1 o )\k+1
k—it1 kil \k—it] k—it1
YRR s N e Vi
—1 —1 —1 —1
—i— —i— —i— —i—
Ak D B U Vi PR G
A1 Aj_l 0 Aj+1 R VS
1 10 1 ... 1 ]
il

®
.

(e)

J

Let qu’) = ‘ w7 Where the (k+1) x (k+ 1) matrices Vj(ei) and V are defined as before.
We give the following theorem, whose proof is straightforward (the case r = 1 is given
in [14], and the remaining cases, r > 1 can be similarly obtained).

Theorem 11. Let A1, Mg, ..., A\g11 be the distinct roots of kTl fal’la:k - a172$k—1 — =
a1,,T — a1 g+1 = 0. For any integer n and 1 <i < k+1,

= (2)
i) \ntk
“nvizij >‘§L+ :
j=1



10

For example, when A = 1, we get o, § = (1 + \/5) /2. Fork=2r=3and A=1,the

roots of z3 — %xQ — %x +1=0are vy =a’y =35~y = —1. By some computations,
we get
1 _ 1 (1 _ 1 (1) _ 1
@ i m—2) 2T =)z BT G (i)
2 _ _ Y2473 (2 _ y1+73 (2 _ _ 11i+72
@ =)= 2T e =) 9B (2=73) (1 —3)
3 _ Y273 B _ _ Y173 3) _ Y172
N =) —2) L2 =) (=) BT o= (=)

Thus, by Theorem 11 and some arrangements, we get

F. F. = ILF 7" 7 (—1)"+2
3t I3nt2) = I3 | i) T emwte—n) T e )
_ Fonyi2+ Fonye + Fo (—=n)"
10 ’
and
_ (v2t+ya)p 2 (1+ys)vy 2 (y1+72)75 2
Fsnlynya) = I35 <_(”/1—72)(711—v3) T o) (72—“13)(“/13—73)>

F(ny2) — Fon — Fi2 (—1)"
40 ’

5 Sums and a generating function for the generalized C—
nomial coefficients
In this section, we consider the sum of the generalized r : C—nomial coefficients by matrix

methods. For this sum, we define a new matrix by extending G, j, (8). Take the (k + 2) x
(k 4+ 2) matrices

10 ... 0 1 0 0
! Sur
Tr,k = 0 G7"7k and Wn,r,k = . I
. : n,rk
I 0 | Snfk:,r
where S, , is given by
n—1 n—1 )
Snr = _ain=>_ {*'},
i=0 i=0

Then we have the following result.

Theorem 12. For n,r,k > 0,
mn — W
T,k n7"n7k'



11

Proof. Since Sp41, = ap1 + Sp, and by Theorem 2, we write the matrix recurrence
relation W, ., = W1, 4Tk By the induction method, we write W, = Wy, T "
From the definition of W, i, we obtain Wy, ; = Trl,k and so W, ;1 = T[fk, and the proof
is complete. ]

From Proposition 7, we know that the polynomial f,; has root 1 for even r and
k =0 (mod4). Expanding det (A2 — T} ) with respect to the first row, it is easily
seen that the matrix 7, ; has also the eigenvalue 1. Thus the matrix 7, has a double
eigenvalue for even r and k = 0 (mod4). For odd r and k£ # 0 (mod 4), we can diagonalize
the matrix 7. and so we derive an explicit formula for the sum.

Define a (k + 2) x (k + 2) matrix M as shown:

-1
where § = (1 — Zfill a1,i> and the Vandermonde matrix V is defined as before.

It is easy to see that T).,M = MD;, where D1 = diag(1,A1,...,A\g41). By the
Vandermonde matrix V, computing det M with respect to the first row shows det M =
det V.

Theorem 13. For n,k >0, k #0 (mod4) and odd r >0
Gn1+an2+ -+ apg+1 — 1
St ar; -1

Proof. Since M is invertible, M_lTnkM = D1, that is, T, is similar to D;. Thus we
write )M = M D?. By Theorem 12, W, ., M = MD?. Equating the (2,1)th elements
of Wy, ;M = M D7 and from a matrix multiplication, the proof follows. O

Sn,r =

From Theorem 13, for r = k = 3 and n > 0, one may obtain

n n n—4-: n n—4-: n n
Y WO LR ML) O g M e U e
3 13 {3}3+{2}3_{1}3_{0}3_1
Next, we display a generating function for the generalized C—nomial coefficients. De-
fine

=0

g (i,2) = a; + 1@ + ag;a” + az;x® + - + ap " + -

where ay,; is defined as before. The proof of the following proposition is rather straight-
forward and it is left as an exercise to the reader.

Proposition 14. For 1 <i:<k+1land1 <t <k

(i, 2) = 0T (ati = Yt G mGi—m,i) 7
A 1-— (1171:1} — (117215'2 e — 01,k+1$k+1 :



12

For example, when ¢ = 1 in Proposition 14, we get, for odd r,

o0

> e
n=0
1

= 1_ {k—li;_l}rx_ Zi—i}rxg 4t (_1)k(k+1)/2 {k—{l}riﬂk-i- (_1)(k+1)(k+2)/2xk+1

and for even r

[e.o]

> {"e

n=0

1
PN R (U P L)

For k=r=3 and i =1, we get

i {n+3} " = 1 ]
=0 2 L- {§}3$ - {‘21}3332 + {?}31‘3 +

Similarly, one can obtain a plethora of other identities by taking other values of the
involved parameters.
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