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Abstract

Uplink grant-free non-orthogonal multiple access (NOMA) is a promis-
ing technology for massive connectivity with low latency and high energy
efficiency. In code-domain NOMA schemes, the requirements boil down
to the design of codebooks that contain a large number of spreading
sequences with low peak-to-average power ratio (PAPR) while main-
taining low coherence. When employing binary Golay sequences with
guaranteed low PAPR in the design, the fundamental problem is to con-
struct a large set of n-variable quadratic bent or near-bent functions in
a particular form such that the difference of any two is bent for even n
or near-bent for odd n to achieve optimally low coherence. In this work,
we propose a theoretical construction of NOMA codebooks by apply-
ing a recursive approach to those particular quadratic bent functions
in smaller dimensions. The proposed construction yields desired NOMA
codebooks that contain 6 · N Golay sequences of length N = 24m for
any positive integer m and have the lowest possible coherence 1/

√
N .
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1 Introduction

The massive connectivity of wireless devices is a fundamental aspect of

machine-type communications [19], which must accommodate a large num-

ber of devices while ensuring minimal control overhead, low latency, and low

power consumption for delay-sensitive and energy-efficient communication.

Non-orthogonal multiple access (NOMA) [4, 7] has emerged as a solution

for enabling massive device connectivity in 5G wireless systems. By permit-

ting multiple devices to share common resources without scheduling, uplink

grant-free NOMA is a promising approach to achieving massive connectivity

with low latency and high energy efficiency [24]. In grant-free code-domain

NOMA, a codebook comprises user-specific spreading sequences assigned to

all devices, enabling on-demand activation while minimizing signaling over-

head. In this NOMA scheme, the codebook should satisfy several key criteria:

a large number of spreading sequences to support massive connectivity, low

peak-to-average power ratio (PAPR) of each sequence for improved energy

efficiency, low coherence for better performance in multiuser detection, and

a small alphabet size to facilitate efficient hardware implementation. Con-

sidering these criteria simultaneously is challenging although the design of

large sequence sets with low correlation has been extensively researched in the

literature [9, 10, 16].

Golay complementary sequences [12] are a pair of sequences that have

zero aperiodic correlation sum at all nonzero shifts, ensuring that each Golay

sequence has PAPR upper bounded by 2 (see Subsection 2.2). The utility

of Golay sequences in controlling the PAPR of orthogonal frequency division

multiplexing (OFDM) schemes has been recognized since the 1950s. In 1999

Davis and Jedwab [8] established a fundamental connection between Golay

sequences and Reed-Muller (RM) codes: all existing binary Golay sequences of

length 2n correspond to cosets of the first-order RM codes in the second-order

binary RM codes, where the coset representatives are n-variable quadratic

Boolean functions of algebraic normal form Qπ(x) =
∑n−1

i=1 xπ(i)xπ(i+1), where

x = (x1, . . . , xn) ∈ Fn
2 and π is a permutation on the set {1, 2, . . . , n}.

Such binary sequences were later referred to as Golay-Davis-Jedwab (GDJ)

sequences in the literature.

In code-domain NOMA scheme, Yu [24] proposed a NOMA codebook

design where the codebook is in the form of a spreading matrix having GDJ

sequences as its columns (see Definition 2.6). In the design, each spread-

ing sequence has PAPR upper bounded by 2. Meanwhile, an optimally low

coherence of the codebook can be derived by choosing a set of L permuta-

tions {π1, . . . , πL} on {1, 2, . . . , n} such that for any two distinct permutations
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πl1 , πl2 , the quadratic function Qπl1
(x) + Qπl2

(x), x ∈ Fn
2 , is bent for even n

and near-bent for odd n (see Definition 2.1). As a result, one obtains a NOMA

codebook that contains L · 2n binary spreading sequences of length 2n with

PAPR upper bounded by 2 and has an optimally low coherence, where L is

termed the overloading factor of the codebook. For supporting massive connec-

tity, the key task is then to make the overloading factor L as large as possible.

In [24] Yu considered a computer search, which quickly became infeasible when

n is larger than or equal to 9. Tian, Liu and Li in [22] proposed a graph-based

approach that yields NOMA codebooks with overloading factor L = 4. Very

recently, Liu et al. [15] used the quadratic Gold functions to generate NOMA

codebooks of overloading factor L up to p−1
2 , where p is the minimum prime

factor of n+1 for even n (respectively, n for odd n). This approach can yield a

relatively large overloading factor for carefully chosen n, especially when n+1

or n is an odd prime. On the other hand, the set size drops dramatically when

the minimum prime factor of n + 1 for even n (respectively, n for odd n) is

small. For example, for positive integers n such that n modulo 6 equals 2 or

3, the minimum factor of n + 1 or n is 3, and then L = 1; similarly, when n

modulo 10 equals 4 or 5, the corresponding loading factor L is only 2.

Following Yu’s construction [24], this paper aims to derive NOMA code-

books with overloading factors as large as possible. For the simplicity of

presentation, two permutations π, ρ on the set {1, 2, . . . , n} will be referred to

as compatible in this paper, denoted as π ▷◁ ρ, if the corresponding quadratic

function Qπ(x) + Qρ(x) is bent (respectively, near-bent) when n is even

(respectively, odd). The central mathematical problem in this paper is to con-

struct a set of mutually compatible permutations of {1, 2, . . . , n} of set size

L as large as possible. This problem will be studied from the perspective of

Walsh-Hadamard spectra of the involved quadratic Boolean functions.

In this paper, we propose a recursive construction of large compatible sets

of {1, 2, . . . , n}, termed a compatible set, for infinitely many n. We denote by

Sn the set of all permutations of {1, 2, . . . , n}, and by ISn the set of all permu-

tations that are compatible with the identity permutation In of {1, 2, . . . , n}.
We start by investigating the conditions under which a permutation in ISn+m

can be derived from a permutation π in ISn and a permutation ρ in ISm

(see Theorem 3.5). This allows us to obtain a list of permutations in ISn+4

from those in ISn and IS4. After a comprehensive analysis of compatible sets

in dimension 4, we show that all those compatible sets can be recursively

extended to a compatible set of the same size in dimension 4m for any m ≥ 2

(see Theorem 3.11). Consequently, this yields NOMA codebooks of 6·24m GDJ
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sequences with optimally low coherence 2−2m, which complements the result

in [15].

The remainder of this paper is organized as follows. In Section 2 we recall

basic and auxiliary results, and introduce the main research problems. In

Section 3, we first investigate a general extension method for deriving per-

mutations compatible with the identity permutation in Subsection 3.1; we

then conduct a comprehensive analysis of compatible permutations in dimen-

sion 4 in Subsection 3.2; and finally, in Subsection 3.3, we present a recursive

construction of compatible sets in dimension 4m. The work is concluded in

Section 4.

2 Preliminaries

Below we recall some basics of Boolean functions [5], spreading matrices in the

context of NOMA schemes [24], and discusses the design of NOMA codebooks.

Subsection 2.1 contains the Boolean-function material used in the proofs,

whereas Subsection 2.2 records only the communication-theoretic background

needed to formulate the codebook-design problem in NOMA schemes.

2.1 Boolean functions

Let n be a positive integer. Denote by Fn
2 the n-dimensional vector space over

the finite field F2. There is a natural one-to-one correspondence φ between the

set {0, 1, . . . , 2n−1} and Fn
2 , namely, for an integer j with 0 ≤ j < 2n, one has

φ(j) = (j1, . . . , jn) ∈ Fn
2 with j = j1 + j2 2 + · · · + jn 2

n−1. We shall identify

an integer j ∈ {0, 1, . . . , 2n− 1} as its corresponding vector φ(j) and use them

interchangeably when the context is clear. For k = 1, 2, . . . , n, we will use ek
to denote the k-th row of the n× n identity matrix over F2.

An n-variable Boolean function is a function from Fn
2 to F2. It can be

represented by the truth-table as (f(0), f(1), . . . , f(2n − 1)) or by the unique

algebraic normal form as

f(x) =
∑

I⊆{1,...,n}

aI

(∏
i∈I

xi

)
,

where the sum is taken modulo 2 and x = (x1, x2, . . . , xn) ∈ Fn
2 . The algebraic

degree of f(x) is defined by deg(f) = max {|I| : aI ̸= 0}, where |I| denotes the
size of I (with the convention that the zero function has algebraic degree 0).

An n-variable Boolean function is said to be linear when it is of the form

Lc(x) = c1x1 + c2x2 + · · ·+ cnxn for a vector c = (c1, c2, . . . , cn) ∈ Fn
2 , and is

said to be quadratic when its algebraic degree is two.
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Definition 2.1. The Walsh-Hadamard transform of an n-variable Boolean

function f(x) at a point c ∈ Fn
2 is given by

Wf (c) =
∑
x∈Fn

2

(−1)f(x)+Lc(x).

The set of Walsh-Hadamard coefficients Wf (c) for all c ∈ Fn
2 is called the

Walsh-Hadamard spectrum of f(x). The function f(x) is said to be bent if its

Walsh-Hadamard spectrum is {±2n
2 } for even n, and said to be near-bent if

its Walsh-Hadamard spectrum is {0,±2n+1
2 } for odd n.

For a quadratic n-variable Boolean function Q(x), its bilinear mapping

is given by B(x, y) = Q(x + y) + Q(x) + Q(y). The kernel of the bilinear

mapping of Q(x) is defined by VQ = {y ∈ Fn
2 : B(x, y) = 0 for any x ∈ Fn

2},
and the rank of Q(x) is given by r = n − dimF2(VQ) (dimF2(VQ) denotes the

dimension of the vector space VQ over F2). In addition, the bilinear mapping

B(x, y) of a quadratic function Q(x) can be characterized by its corresponding

symplectic matrix B, which is defined as an n×n binary matrix such that for

1 ≤ i, j ≤ n, the entry B(i, j) = 1 if and only if B(x, y) contains the term xiyj ,

or equivalently, xixj occurs in the quadratic function Q(x). Consequently, the

rank of a quadratic function Q(x) is identical to the rank of the corresponding

symplectic matrix B [17]. It is a well-known fact (see [17, p. 441] or [18, Ch.

16]) that the Walsh-Hadamard spectrum of Q(x) depends upon its rank only,

precisely,

WQ(c) =
∑
x∈Fn

2

(−1)Q(x)+Lc(x) =

{
±2n− r

2 , if Q(x) = 0 for all x ∈ VQ,

0, otherwise.
(1)

For a quadratic bent function, we introduce a condition that will be used

in subsequent discussions.

Definition 2.2. Let n ≥ 4 be an even integer, and let i, j be integers with

1 ≤ i < j ≤ n. A quadratic bent function Q(x) on Fn
2 is said to satisfy the

Walsh-Hadamard condition (WHC) on (i, j) if∏
α,β∈F2

WQ(c+ αei + βej) = 22n, ∀ c ∈ Fn
2 ,

where ei and ej denote the i-th row and j-th row, respectively, of the n × n

identity matrix over F2.
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2.2 NOMA codebooks from complementary sequences

For a complex-valued sequence a = (a0, . . . , aN−1), its aperiodic autocorre-

lation Ca(τ) at a shift τ , where τ is an integer with |τ | < N , is defined as

follows:

Ca(τ) =

{∑N−τ−1
i=0 aia

∗
i+τ , 0 ≤ τ < N,∑N+τ−1

i=0 ai−τa
∗
i , −N < τ < 0,

where a∗i denotes the complex conjugate of ai. A pair of sequences a,b of

length N is called a Golay complementary pair [12] if they satisfy

Ca(τ) + Cb(τ) = 0 (2)

for any integer τ with 0 < |τ | < N .

Each sequence of such a complementary pair is called a Golay complemen-

tary sequence.

Definition 2.3. For a unimodular sequence a = (a0, a1, . . . , aN−1) with |ai| =
1 for 0 ≤ i < N , the peak-to-average power ratio (PAPR) of the associated

OFDM signal is defined by

PAPR(a) =
maxt∈[0,1)

∣∣∣∑N−1
i=0 aie

2π
√
−1 it

∣∣∣2
N

.

Note that ∣∣∣∣∣
N−1∑
i=0

aie
2π

√
−1 it

∣∣∣∣∣
2

= N +
∑

0<|τ |<N

Ca(τ)e
2π

√
−1tτ .

For a Golay complementary pair (a, b), due to their complementary property

as in (2), one obtains PAPR(a) + PAPR(b) = 2. This indicates that each

Golay complementary sequence has PAPR upper bounded by 2 since the value

of PAPR is always non-negative. This low-PAPR property is precisely the

reason why Golay complementary sequences are useful for PAPR control in

multi-carrier OFDM schemes. In 1999 Davis and Jedwab [8] established a

fundamental relation between binary Golay complementary pairs of length 2n

and quadratic Boolean functions of particular forms as below.

Lemma 2.4 ([8, Th. 3]). Let π be a permutation of {1, 2, . . . , n} and

Qπ(x) =

n−1∑
i=1

xπ(i)xπ(i+1).
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Let c = (c1, c2, . . . , cn) ∈ Fn
2 and

f c
π (x) = Qπ(x) + Lc(x) =

n−1∑
i=1

xπ(i)xπ(i+1) +

n∑
i=1

cixi.

For ϵ, ϵ′ ∈ F2, define the functions

a (x) = f c
π (x) + ϵ,

b (x) = f c
π (x) + xπ(1) + ϵ′.

Let a = (a0, a1, . . . , a2n−1),b = (b0, b1, . . . , b2n−1) be two sequences associated

with the functions a(x) and b(x) given by aj = (−1)a(φ(j)) and bj = (−1)b(φ(j)),

respectively, for 0 ≤ j < 2n. Then the sequences a and b form a binary Golay

complementary pair of length 2n.

For compressed sensing-based joint channel estimation and multiuser detec-

tion in uplink grant-free NOMA, Yu [24] proposed a codebook in the form of

a spreading matrix, which should have low coherence to minimize interference

and a large number of columns to accommodate sufficiently many user devices.

We first recall the coherence of a spreading matrix.

Definition 2.5. Given an N × K matrix Φ over the complex field C, the

coherence of Φ is given by

µ(Φ) = max
1≤k1 ̸=k2≤K

|⟨ak1
,ak2
⟩|

∥ak1∥2 ∥ak2∥2
,

where ak1
,ak2

are the k1-th, k2-th columns of Φ, respectively, and the notation

⟨a,b⟩ =
∑N−1

i=0 aib
∗
i denotes the inner product between two sequences a and b,

and ∥a∥2 =
√
⟨a,a⟩ is the L2-norm of a sequence a. The ratio K/N is called

the overloading factor of the matrix Φ.

In [24], Yu proposed a framework for designing the uplink grant-free NOMA

scheme based on the complementary sequences in Lemma 2.4, referred to as

the GDJ sequences in the literature. Here we recall the basics of the frame-

work in [24]. Arrange all the GDJ sequences associated with the quadratic

functions f c
π(x) = Qπ(x)+Lc(x), where c ∈ Fn

2 , in a spreading matrix column

by column, where the columns are indexed by c. Then we obtain a 2n × 2n

orthogonal spreading matrix, in which any two columns indexed by c1, c2 are

orthogonal (since their inner product is equal to
∑

x∈Fn
2
(−1)Lc1+c2

(x), which

vanishes at any different indices c1, c2 ∈ Fn
2 ). Observe that for any sequence s
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associated with the function a(x) = f c
π(x)+1 or b(x) = f c

π(x)+xπ(1)+ ϵ′ with

ϵ′ ∈ F2 as in Lemma 2.4, the column s′ indexed by the vector c or c + eπ(1)
(which differs from c at the π(1)-th position) in the existing spreading matrix

satisfies |⟨s′, s⟩| = 2n, which is the highest coherence. This indicates that one

cannot add more GDJ sequences derived from the same permutation π into

the existing spreading matrix. To further widen the spreading matrix while

maintaining low coherence, Yu [24] adopted more permutations of {1, 2, . . . , n}
and proposed the following non-orthogonal spreading matrix.

Definition 2.6. Consider L distinct permutations π1, . . . , πL of {1, . . . , n}.
Let N = 2n and define an N×LN non-orthogonal spreading matrix as follows:

Φ =
1√
N

[Φ1, . . . ,ΦL] , (3)

where for each 1 ≤ ℓ ≤ L,

Φℓ =
[
a(0)πℓ

,a(1)πℓ
, . . . ,a(N−1)

πℓ

]
N×N

is a column-wise orthogonal matrix consisting of GDJ sequences a
(c)
πℓ associ-

ated with the n-variable quadratic functions f c
πℓ
(x) = Qπℓ

(x) + Lc(x) as in

Lemma 2.4, where c runs through all vectors in Fn
2 .

The coherence of the above spreading matrix can be characterized in the

following way [24, Th. 1].

Lemma 2.7. Let Φ be an N × LN spreading matrix defined as in (3). For

1 ≤ ℓ1 ̸= ℓ2 ≤ L, and πℓ1 , πℓ2 ∈ {π1, . . . , πL}, let Bℓ1,ℓ2 be an n × n binary

symplectic matrix defined as follows: for 1 ≤ i, j ≤ n, Bℓ1,ℓ2(i, j) = 1 if and

only if the quadratic form Qπℓ1
(x)+Qπℓ2

(x) contains the term xixj. Then the

coherence of the spreading matrix Φ is given by

µ(Φ) =
1√
2rmin

, where rmin = min
1≤ℓ1 ̸=ℓ2≤L

rank (Bℓ1,ℓ2) . (4)

To have a low coherence of the above spreading matrix, it is desirable to

keep rmin as large as possible. Since each matrix Bℓ1,ℓ2 is a skew-symmetric

matrix over F2, which has the maximum rank n for even n (respectively, n− 1
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for odd n), the coherence µ(Φ) has the following lower bounds:

µ(Φ) ≥

 1√
2n

for even n,

1√
2n−1

for odd n.
(5)

From Definition 2.6, the coherence of the spreading matrix Φ in (3) can be

characterized by the Walsh-Hadamard transforms of the quadratic Boolean

functions Qπℓ1
(x) + Qπℓ2

(x). In the language of the Walsh-Hadamard trans-

form, for 1 ≤ ℓ1 ̸= ℓ2 ≤ L, the quadratic function Qπℓ1
(x)+Qπℓ2

(x) in Lemma

2.7 with rank r has Walsh-Hadamard spectrum {0,±2n− r
2 }. Define

W (Φ) = max
1≤ℓ1 ̸=ℓ2≤L

max
c∈Fn

2

|WQπℓ1
+Qπℓ2

(c) | . (6)

Then we have

W (Φ) =
2n√
2rmin

, where rmin = min
1≤ℓ1 ̸=ℓ2≤L

rank
(
Qπℓ1

(x) +Qπℓ2
(x)
)
,

which gives a characterization of coherence of the spreading matrix Φ in terms

of Walsh-Hadamard transforms as follows:

µ(Φ) =
W (Φ)

2n
. (7)

Equivalently, the equality in (5) is achieved when the quadratic function Qπℓ1
+

Qπℓ2
(x), for any 1 ≤ ℓ1 ̸= ℓ2 ≤ L, is a bent function for even n, and a near-bent

function for odd n.

2.3 Discussions of the NOMA codebook design

In this subsection we discuss the advantages of Yu’s construction of NOMA

codebooks and the research problems that require further investigation.

Low PAPR and Small Alphabet. Constructing spreading sequences with

low PAPR is generally challenging. The GDJ sequences are binary sequences

which have low PAPR upper bounded by 2 independent of their sequence

lengths.

Optimally Low Coherence. Consider a generic N × K complex-valued

matrixΨ in which each column has L2 norm
√
N . According to the well-known

Welch bound [23], the coherence of Ψ satisfies

µ(Ψ) ≥

√
K −N

(K − 1)N
.
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Matrices that achieve the equality in the Welch bound have various applica-

tions in communications. However, it is rather challenging to construct them

for K ≥ N + 2 even without the restriction of low PAPR (see [10, 21] and

references therein). When N = 2n and the entries of Ψ take values ±1, each
column of Ψ can be associated with a certain n-variable Boolean function. In

this case, the coherence of Ψ can be characterized by the Walsh-Hadamard

transform at the zero point for n-variable Boolean functions as shown in (7).

Consequently, when K > N , the coherence of Ψ satisfies µ(Ψ) ≥ 1√
N
, since

for any nonlinear n-variable Boolean function, the maximum magnitude of its

Walsh-Hadamard coefficients is at least 2
n
2 [5, 6]. Furthermore, when columns

of Ψ are associated with quadratic Boolean functions, the coherence of Ψ for

odd n satisfies µ(Ψ) ≥
√

2
N as in (5). We see that the two lower bounds on the

coherence of matrices Ψ that are generated from n-variable Boolean functions

are close to the generic Welch bound
√

K−N
(K−1)N on generic complex-valued

matrices in the case of K = LN , where the Welch bound becomes
√

1
N+N−1

L−1

.

The spreading matrix Φ in Definition 2.6 has an attractive property: the

coherence of Φ can take a low value (close to the Welch bound) when the

symplectic matrix Bℓ1,ℓ2 for any 1 ≤ ℓ1 ̸= ℓ2 ≤ L has a largest possible rank,

namely, n for even n or n− 1 for odd n.

Overloading Factor. The spreading matrix Φ in (3) is required to have an

overloading factor L = K/N as large as possible to accommodate sufficiently

many devices.

Interestingly, this problem was also raised earlier by Paterson [20] in the

context of algebraic coding theory, where he considered GDJ sequences for

OFDM codes and gave a relatively trivial upper bound on L for even n. More

specifically, for any quadratic function Qπ(x) =
∑n−1

i=1 xπ(i)xπ(i+1), its corre-

sponding symplectic matrix B with B(i, j) = 1 if and only if xixj occurs in

Qπ(x) has the following property: its first row has a zero as its first entry

and Hamming weight either 1 or 2. This implies that there are at most

(n−1)+
(
n−1
2

)
=
(
n
2

)
different choices of the first row of B. For the GDJ-based

construction under consideration, the sum of two relevant symplectic matrices

is required to have rank n for even n, so one can have at most
(
n
2

)
symplectic

matrices with different first rows. Consequently, there are at most
(
n
2

)
permu-

tations on {1, 2, . . . , n} that are mutually compatible. This gives the following

upper bound on the overloading factor of the spreading matrix Φ in Definition

2.6 that has the lowest coherence 2−
n
2 :

L ≤ n(n− 1)/2. (8)
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This upper bound for n = 4 can be easily confirmed to be tight. How-

ever, it appears far from being tight for large values n ≥ 6 according to the

experimental results as in [15, Table III].

Based on the above analysis, natural, albeit challenging, problems arise.

Main Problem 1. Let N = 2n with n ≥ 6 and Φ be the N × LN spreading

matrix given in Definition 2.6.

(i) Give an improved upper bound (tighter than the Paterson bound in (8)) on

the overloading factor L such that the spreading matrix Φ can maintain

the optimally low coherence

µ(Φ) =

 1√
2n

for even n,

1√
2n−1

for odd n.

(ii) Construct a spreading matrix Φ with a large overloading factor L for

infinitely many n.

3 A Construction by Permutation Extension

This section is dedicated to a recursive construction of NOMA codebooks in

dimension 4m for positive integers m ≥ 2. After the introduction of basic

notations and results, Subsection 3.1 considers the derivation of permuta-

tions compatible with the identity permutation and Subsection 3.2 analyzes

compatible sets in dimension 4. These two subsections prepare results for

Subsection 3.3 which recursively constructs compatible sets of size 6 from

dimension 4 to higher dimensions 4m for m ≥ 2.

Denote by In the identity permutation and by Sn the set of all permutations

of {1, 2, . . . , n}. As is customary, we write a permutation as π = [i1, i2, . . . , in]

to mean that π is defined by π(1) = i1, π(2) = i2, . . . , π(n) = in. Given a per-

mutation π = [i1, i2, . . . , in], we refer to the permutation π̃ = [in, in−1, . . . , i1]

as its reverse.

We introduce the notion of compatible permutations below.

Definition 3.1. Two permutations π1, π2 in Sn are said to be compatible,

denoted by π1 ▷◁ π2, if the corresponding quadratic function Qπ1(x)+Qπ2(x) =∑n−1
i=1 xπ1(i)xπ1(i+1) +

∑n−1
i=1 xπ2(i)xπ2(i+1) is bent for even n and near-bent

for odd n. In addition, a subset S ⊂ Sn is called a compatible set if any two

permutations in S are compatible.
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It is desirable to have a compatible set with set size as large as possible.

We first give some basic properties for compatible permutations.

Lemma 3.2. Let π̃, π−1 denote, respectively, the reverse and compositional

inverse of a permutation π in Sn. Then for any two permutations π, σ ∈ Sn,

we have:

(i) σ ▷◁ π if and only if σ ▷◁ π̃;

(ii) In ▷◁ π if and only if In ▷◁ π−1;

(iii) π ▷◁ σ if and only if In ▷◁ σ−1 ◦ π, where ◦ is the composition operator.

Proof It is easy to see that Qπ(x) = Qπ̃(x), so Qσ(x) +Qπ(x) and Qσ(x) +Qπ̃(x)

represent the same function, which implies claim (i). It can be observed that

QIn(x1, . . . , xn)+Qπ(x1, . . . , xn) = Qπ−1(xπ(1), . . . , xπ(n))+QIn(xπ(1), . . . , xπ(n)),

which means that QIn +Qπ and QIn +Qπ−1 have the same Walsh-Hadamard spec-

trum. This implies claim (ii). Finally, with (y1, . . . , yn) =
(
xσ−1(1), . . . , xσ−1(n)

)
,

we have

QIn(x1, . . . , xn) +Qσ−1◦π(x1, . . . , xn) =
n−1∑
i=1

(xixi+1 + xσ−1◦π(i)xσ−1◦π(i+1))

=

n−1∑
i=1

(yσ(i)yσ(i+1) + yπ(i)yπ(i+1))

= Qσ(y1, . . . , yn) +Qπ(y1, . . . , yn),

which implies claim (iii) when the Walsh-Hadamard transforms of the above

quadratic functions are considered. □

By Lemma 3.2 (i), it is readily seen that the relations π ▷◁ ρ, π ▷◁ ρ̃, π̃ ▷◁ ρ

and π̃ ▷◁ ρ̃ are equivalent. In addition, it follows Lemma 3.2 (ii) and (iii) that

π ▷◁ σ if and only if In ▷◁ π−1 ◦ σ. Without loss of generality, we can always

assume that a compatible set S ⊂ Sn contains the identity permutation In
(since one can obtain In by applying the inverse of a permutation to all the

others in a compatible set). From now on, we will focus only on compatible

sets containing In. For ease of presentation, we denote by ISn the set of all

permutations in Sn that are compatible with In, i.e.,

ISn = {π ∈ Sn |π ▷◁ In} .

Below we consider an approach to constructing permutations compatible

with In+m from permutations in ISn and ISm for positive integers n and m.
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3.1 Extending permutations from ISn and ISm to ISn+m

This subsection considers extending a permutation π ∈ ISn with another

permutation ρ ∈ ISm to obtain a permutation in ISn+m. This sets a good

starting point for constructing compatible sets in (n + m) variables. We will

consider the following extension

πρR = [π(1), . . . , π(n), ρ(1) + n, . . . , ρ(m) + n]. (9)

For the above extension, it can be verified that for π, σ ∈ Sn and ρ, ϱ ∈ Sm,

(πρR) ◦ (σϱR) = (π ◦ σ)(ρ ◦ ϱ)R. (10)

In particular, taking σ = π−1 and ϱ = ρ−1, we have (πρR) ◦ (π−1(ρ−1)R) =

In+m, indicating

(πρR)−1 = π−1(ρ−1)R. (11)

The following lemma discusses the compatibility between two of such permu-

tations in ISn+m.

Lemma 3.3. Suppose two permutations π1ρ
R
1 and π2ρ

R
2 are compatible with

In+m. Then

π1ρ
R
1 ▷◁ π2ρ

R
2 if and only if (π−1

1 ◦ π2)(ρ
−1
1 ◦ ρ2)R ▷◁ In+m.

Proof The statement follows directly from Lemma 3.2 (iii), (10) and (11). □

In this paper we are mainly concerned with the case of even dimensions.

Note that there are only two permutations in S2, namely I2 and Ĩ2, and Ĩ2 is

not compatible with I2. For the above extension, then, the cases where n = 2

or m = 2 cannot lead to useful compatible permutations in ISn+m. We will

discuss extensions for n,m ≥ 4.

In Definition 2.2 we introduced the WHC for quadratic bent functions.

Below we discuss when WHC can be satisfied, which will be frequently used.

Let n be a positive integer, and i, j be two integers with 1 ≤ i < j ≤ n.

Let u, v ∈ F2 and define a flat Ωu,v = {(x1, . . . , xn) ∈ Fn
2 : xi = u, xj = v}.

It is clear that Fn
2 can be partitioned as Fn

2 = Ω0,0 ⊔ Ω0,1 ⊔ Ω1,0 ⊔ Ω1,1. For

a quadratic function Q(x), we denote the (n − 2)-variable Boolean function

Q|xi=u,xj=v(x) (which is obtained by restricting Q(x) on the flat Ωu,v) for

short as Q|u,v(x̂), where x̂ ∈ Fn−2
2 denotes the vector obtained by removing
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xi, xj from x in Fn
2 . For instance, assuming n = 4, (i, j) = (1, 3) and Q(x) =

x1x2 + x1x4 + x2x4 + x3x4, we obtain Q|0,0(x̂) = Q|x1=0,x3=0(x) = x2x4, and

similarly Q|0,1(x̂) = x2x4 + x4, Q|1,0(x̂) = x2x4 + x2 + x4 and Q|1,1(x̂) =

x2x4 + x2, where x̂ = (x2, x4). Note that for n = 4, the restriction functions

for certain quadratic functions Q(x) can have algebraic degree one; e.g., for

Q(x) = x1x2+x1x3+x1x4+x3x4 and (i, j) = (1, 3), all the restriction functions

Q|u,v(x̂) have algebraic degree one. For fixed integers i, j with 1 ≤ i < j ≤ n,

the functions Q|0,0(x̂),Q|0,1(x̂),Q|1,0(x̂),Q|1,1(x̂) are decompositions of Q(x)

as discussed in [3, Sec. V].

For an even integer n, the following proposition discusses the relation

between the Walsh-Hadamard transforms of a bent function Q(x) and its

decompositions Q|u,v(x̂) for u, v ∈ F2 with respect to certain 1 ≤ i < j ≤ n.

Proposition 3.4. Let n ≥ 4 be an even integer and i, j be integers with

1 ≤ i < j ≤ n. Assume Q(x) is a quadratic bent function on Fn
2 , and Q|u,v(x̂) =

Q|xi=u,xj=v(x), where u, v ∈ F2, denotes one of the four components of the

decomposition of Q(x) for fixed i and j. Then for any c ∈ Fn
2 , the Walsh-

Hadamard transforms WQ(c) and WQ|u,v
(ĉ), where ĉ is obtained by removing

ci, cj from c ∈ Fn
2 , satisfy one of the following:

(i) three of |WQ|u,v
(ĉ)| are zero and the remaining one equals 2

n
2 ; this is

equivalent to
∏

α,β∈F2
WQ(c+ αei + βej) = 22n, the WHC on (i, j); or

(ii) |WQ|u,v
(ĉ)| = 2

n−2
2 for all u, v ∈ F2 with three of them having the same

sign and the remaining one having the opposite sign; this is equivalent to∏
α,β∈F2

WQ(c+ αei + βej) = −22n,
where ei, ej are as given in Definition 2.2.

Proof According to the definition of Q|u,v(x̂), the Walsh-Hadamard transform of

Q(x) at c ∈ Fn2 satisfies

WQ(c) =
∑
x∈Fn

2

(−1)Q(x)+Lc(x)

=
∑

xi,xj∈F2

∑
x̂∈Fn−2

2

(−1)Q(x)+cixi+cjxj+Lĉ(x̂)

=
∑

u,v∈F2

∑
x̂∈Fn−2

2

(−1)Q|u,v(x̂)+ciu+cjv+Lĉ(x̂)

=
∑

u,v∈F2

(−1)ciu+cjvWQ|u,v
(ĉ)

= WQ|0,0(ĉ) + (−1)ciWQ|1,0(ĉ) + (−1)cjWQ|0,1(ĉ) + (−1)ci+cjWQ|1,1(ĉ)

= ±2
n
2 .

(12)
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In a similar manner, for α, β ∈ F2, we have

WQ(c+ αei + βej) =
∑
x∈Fn

2

(−1)Q(x)+(ci+α)xi+(cj+β)xj+Lĉ(x̂)

=
∑

u,v∈F2

(−1)(ci+α)u+(cj+β)vWQ|u,v
(ĉ),

which gives
WQ(c)

WQ(c+ ei)

WQ(c+ ej)

WQ(c+ ei + ej)

 =


1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1




WQ|0,0(ĉ)

(−1)ciWQ|1,0(ĉ)

(−1)cjWQ|0,1(ĉ)

(−1)ci+cjWQ|1,1(ĉ)

 . (13)

Note that when n = 4, the quadratic function Q|u,v(x̂) for all u, v ∈ F2 can have

algebraic degree one or two, and when n > 4, the functions Q|u,v(x̂) for all u, v ∈ F2

are quadratic. We start with the case where n = 4 and Q|u,v(x̂) has algebraic degree

one for each u, v ∈ F2.
When n = 4 and Q|u,v(x̂) has algebraic degree one, it is well known that the

Walsh-Hadamard transforms WQ|u,v
(ĉ) equals 2n−2 or −2n−2 at one point ĉ and

equals zero at all the remaining points ĉ ∈ F22. In addition, it follows from (12) that

for any c ∈ Fn2 ,

WQ|0,0(ĉ) + (−1)ciWQ|1,0(ĉ) + (−1)cjWQ|0,1(ĉ) + (−1)ci+cjWQ|1,1(ĉ) = ±2
n
2 .

For n = 4, one has n − 2 = n/2 = 2 and four choices of ĉ in Fn−2
2 . Thus, for each

ĉ ∈ F2
2, three of WQ|0,0(ĉ),WQ|1,0(ĉ),WQ|0,1(ĉ),WQ|1,1(ĉ) are equal to zero and the

remaining one is equal to ±2
n
2 . Without loss of generality, for a point c ∈ Fn

2 , we

assume WQ|0,0(ĉ) = WQ|1,0(ĉ) = WQ|1,1(ĉ) = 0, and WQ(c) = (−1)cjWQ|0,1(ĉ) =

±2
n
2 . Then, according to (13), for the given point c, it follows that

WQ(c)

WQ(c+ ei)

WQ(c+ ej)

WQ(c+ ei + ej)

 =


1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1




0

0

(−1)cjWQ|0,1(ĉ)

0

 =


1

1

−1

−1

·(−1)cjWQ|0,1(ĉ),

which implies ∏
α,β∈F2

WQ(c+ αei + βej) = ((−1)cjWQ|0,1(ĉ))
4 = 22n.

When n ≥ 4 and Q|u,v(x̂) is a quadratic function on Fn−2
2 for any u, v ∈ F2,

it is easily seen that Q|u,v(x̂) for all u, v ∈ Fn
2 have the same quadratic terms.

Let r be the rank of Q|u,v(x̂). Note that r is even since it is equal to the rank of

the symplectic matrix of Q|u,v(x̂) that is skew symmetric. It follows from (1) that

WQ|u,v
(ĉ) ∈ {0,±2(n−2)− r

2 }. Furthermore, the derivative Q(x + a) + Q(x) for any

nonzero a ∈ Fn
2 is linear, thus balanced, that is, it takes the values 0 and 1 equally

often. According to [3, Theorem V.4, Equality (33)], we have

W 2
Q|0,0(ĉ) +W 2

Q|0,1(ĉ) +W 2
Q|1,0(ĉ) +W 2

Q|1,1(ĉ) = 2n. (14)
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This together with (12) implies that the rank r can be either n−4 or n−2. Moreover,

when r = n − 4, three of WQ|u,v
(ĉ) for u, v ∈ F2 are zero and the remaining one

equals ±2
n
2 ; when r = n − 2, for u, v ∈ F2 all (−1)ciu+cjvWQ|u,v

(ĉ) = ±2
n−2
2 ,

where three of them have the same sign and the remaining one has the opposite sign

(otherwise it contradicts (12)).

When r = n − 4, similarly to the discussion for the case where Q|u,v(x̂) has

algebraic degree one for n = 4, one can assume that given c ∈ Fn
2 , WQ|u,v(ĉ) = ±2

n
2

for a certain pair (u, v) ∈ F22, we can then apply (13) to obtain∏
α,β∈F2

WQ(c+ αei + βej) = ((−1)cjWQ|u,v(ĉ))
4 = 22n.

This proves the first claim and implication in Case (i).

When r = n− 2, again by (13), we have∑
α,β∈F2

WQ(c+ αei + βej) = 4WQ|0,0(ĉ) = ±2
n+2
2 .

Since WQ(c+αei + βej) = ±2
n
2 for all α, β ∈ F2, it follows that three of them have

the same sign and the remaining one has the opposite sign, which implies∏
α,β∈F2

WQ(c+ αei + βej) = ((−1)cjWQ|u,v(ĉ))
4 = −22n.

This proves the first claim and implication in Case (ii).

The equivalence follows from the fact that only the first claim in i) and ii) are

possible; therefore, the Walsh-Hadamard condition implies the first claim in (i), and

the corresponding negated condition implies the first claim in (ii). □

As shown in Proposition 3.4, a quadratic bent function Q(x) satisfies the

WHC on (i, j), where 1 ≤ i < j ≤ n, if and only if the decomposition functions

Q|u,v(ŷ) satisfy the properties in Case (i).

Now we are ready to present the first main theorem below.

Theorem 3.5 Let n,m ≥ 4 be even, and let π ∈ ISn, ρ ∈ ISm and define

f(x) = Qπ(x) + QIn(x), g(y) = Qρ(y) + QIm(y), respectively. Then the per-

mutation πρR is compatible with In+m if and only if one of the following

conditions holds:

(i) (π(n)− n)(ρ(1)− 1) = 0; or

(ii) (π(n) − n)(ρ(1) − 1) ̸= 0 and at least one of f(x) and g(y) satisfy the

WHC on (π(n), n), (1, ρ(1)), respectively.

Proof For the permutation πρR ∈ Sn+m, we denote a Boolean function h(x, y) =

QπρR(x, y)+QIn+m
(x, y) on Fn

2 ×Fm2 . From the definition of πρR, it follows directly
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that

h(x, y) =

n−1∑
i=1

(xπ(i)xπ(i+1) + xixi+1) + xπ(n)yρ(1) + xny1

+

m−1∑
j=1

(yρ(j)yρ(j+1) + yjyj+1)

= f(x) + g(y) + (xπ(n)yρ(1) + xny1).

(15)

The Walsh-Hadamard transform of h(x, y) at a point (a, b) ∈ Fn2 × Fm
2 is given by

Wh(a, b) =
∑

(x,y)∈Fn+m
2

(−1)f(x)+g(y)+La(x)+Lb(y)+(xπ(n)yρ(1)+xny1). (16)

Below we shall investigate the condition such that |Wh(a, b)| = 2
n+m

2 , for all (a, b) ∈
Fn×m
2 according to the values of ρ(1) and π(n).

For Case (i), we consider three subcases, namely, π(n) = n and ρ(1) = 1; π(n) ̸= n

and ρ(1) = 1; π(n) = n and ρ(1) ̸= 1.

Subcase 1. π(n) = n and ρ(1) = 1: In this subcase, we have h(x, y) = f(x)+g(y).

It follows from (16) that

Wh(a, b) =
∑

(x,y)∈Fn+m
2

(−1)f(x)+g(y)+La(x)+Lb(y) = Wf (a)Wg(b) ∈ {±2
n+m

2 },

which implies h(x, y) is bent, and then πρR ▷◁ In+m.

Subcase 2. π(n) ̸= n and ρ(1) = 1: In this subcase, we have h(x, y) = f(x) +

g(y) + y1(xπ(n) + xn). Then,

Wh(a, b)

=
∑
x∈Fn

2

(−1)f(x)+La(x)

 ∑
y∈Fm

2
y1=0

(−1)g(y)+Lb(y) + (−1)xn+xπ(n)
∑

y∈Fm
2

y1=1

(−1)g(y)+Lb(y)

 .

For simplicity, we denote

G0(b) =
∑

y∈Fm
2

y1=0

(−1)g(y)+Lb(y), G1(b) =
∑

y∈Fm
2

y1=1

(−1)g(y)+Lb(y).

Then we have

Wh(a, b) = Wf (a)G0(b) +Wf (a+ en + eπ(n))G1(b) (17)

and

G0(b) +G1(b) = Wg(b) = ±2
m
2 .

Since the Boolean functions g(y) + Lb(y) for y1 = 0 and y1 = 1 have the same

quadratic terms, it follows from (1) that G0(b), G1(b) ∈ {0,±2m−1− r
2 } for an even

integer r with 0 ≤ r ≤ (m − 1). By the equality G0(b) + G1(b) = ±2
m
2 , it is

clear that the product of G0(b) and G1(b) must be zero, i.e., (G0(b), G1(b)) ∈
{(0,±2

m
2 ), (±2

m
2 , 0)}, since if |G0(b)| = |G1(b)| = 2

m
2 −1, then r = m, which is not
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possible for functions on m − 1 variables, and the other possibilities sum to zero.

Each of these cases implies that Wh(a, b) ∈ {±2
n+m

2 } and then πρR ▷◁ In+m.

Subcase 3. π(n) = n and ρ(1) ̸= 1: In this subcase, we have h(x, y) = f(x) +

g(y) + xn(y1 + yρ(1)). As in the case where π(n) ̸= n, ρ(1) = 1, letting

F0(a) =
∑
x∈Fn

2
xn=0

(−1)f(x)+La(x), F1(a) =
∑
x∈Fn

2
xn=1

(−1)f(x)+La(x),

one has

Wh(a, b) = Wg(b)F0(a) +Wg(b+ e1 + eρ(1))F1(a).

Following similar arguments as in the previous subcase, we have (F0(a), F1(a)) ∈
{(0,±2

n
2 ), (±2

n
2 , 0)}, which implies |Wh(a, b)| = 2

n+m
2 and then πρR ▷◁ In+m.

Case (ii). For (π(n)−n)(ρ(1)−1) ̸= 0, we have h(x, y) = f(x)+g(y)+(xπ(n)yρ(1)+

xny1). In this case, we need to investigateWh(a, b) by explicit evaluations on y1, yρ(1)
or on xn, xπ(n).

Considering the explicit values of y1, yρ(1) in the calculation of Wg(b), we have,

for any u, v ∈ F2,∑
yρ(1)=u
y1=v

(−1)g(y)+Lb(y) = (−1)bρ(1)u+b1v
∑

ŷ∈Fm−2
2

(−1)gu,v(ŷ)+Lb̂(ŷ)

= (−1)bρ(1)u+b1vWgu,v (b̂),

where gu,v(ŷ) is the restriction of g(y) on Ωu,v = {y ∈ Fm2 : y1 = u, yρ(1) = v},
and ŷ, b̂ are the vectors obtained by removing the 1-st and ρ(1)-th entries of y and

b in Fm
2 , respectively. For simplicity, denote Gu,v(b) = (−1)bρ(1)u+b1vWgu,v (b̂) and

F̃u,v(a) = Wf (a + ueπ(n) + ven) for u, v ∈ F2, where eπ(n), en are the π(n)-th,

respectively, the n-th row of the dimension-n identity matrix.

Then

Wg(b) = G0,0(b) +G0,1(b) +G1,0(b) +G1,1(b) = ±2
m
2 (18)

and

Wh(a, b)

=
∑

(x,y)∈Fn+m
2

(−1)f(x)+g(y)+La(x)+Lb(y)+(xπ(n)yρ(1)+xny1)

=
∑
x∈Fn

2

(−1)f(x)+La(x)
∑

y∈Fm
2

(−1)g(y)+Lb(y)+(xπ(n)yρ(1)+xny1)

=
∑
x∈Fn

2

(−1)f(x)+La(x)
[
G0,0(b) + (−1)xnG0,1(b)

+(−1)xπ(n)G1,0(b) + (−1)xπ(n)+xnG1,1(b)
]

= G0,0(b)F̃0,0(a) +G0,1(b)F̃0,1(a) +G1,0(b)F̃1,0(a) +G1,1(b)F̃1,1(a).

(19)

Similarly, for (a, b) ∈ Fn+m
2 and u, v ∈ F2, define

G̃u,v(b) = Wg(b+ uε1 + vερ(1)) and Fu,v(a) = (−1)aπ(n)u+anvWfu,v
(â),
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where ε1, ερ(1) are the first and ρ(1)-th row of the m × m identity matrix over F2.
By the symmetry of f(x) and g(y) in h(x, y), we have

Wh(a, b) = F0,0(a)G̃0,0(b) + F0,1(a)G̃0,1(b) + F1,0(a)G̃1,0(b) + F1,1(a)G̃1,1(b).

Below we investigate the necessary and sufficient condition to have |Wh(a, b)| =

2
n+m

2 , for all (a, b) ∈ Fn+m
2 .

According to Proposition 3.4, for even m ≥ 4, the values of Gu,v(b) as b ranges

through Fm
2 can be divided into two subcases: three of Gu,v(b) are zero and the

remaining one is ±2
m
2 , which is equivalent to the fact that g(y) satisfies the WHC

on (1, ρ(1)); all Gu,v(b) are equal to ±2
m−2

2 with three of them having the same sign

and the fourth one having the opposite sign.

For the first subcase, it is easily seen that

G0,0(b)F̃0,0(a) +G0,1(b)F̃0,1(a) +G1,0(b)F̃1,0(a) +G1,1(b)F̃1,1(a) = ±2
n+m

2

since only one term in the sum is nonzero.

For the second subcase, for any u, v ∈ F2 and (a, b) ∈ Fn+m
2 , we have

|Gu,v(b)| = 2
m−2

2 and |Gu,v(b)F̃u,v(a)| = 2
n+m−2

2 .

Denote ηu,v(a, b) = Gu,v(b)F̃u,v(a)/2
n+m−2

2 for u, v ∈ F2. Then

G0,0(b)F̃0,0(a) +G0,1(b)F̃0,1(a) +G1,0(b)F̃1,0(a) +G1,1(b)F̃1,1(a) = ±2
m+n

2

if and only if for any (a, b) ∈ Fn2 , (η0,0(a, b), η0,1(a, b), η1,0(a, b), η1,1(a, b)) ∈
{±(1, 1, 1,−1),±(1, 1,−1, 1),±(1,−1, 1, 1),±(−1, 1, 1, 1)}. That is to say, for any

(a, b) ∈ Fn
2 , three of the η0,0(a, b), η0,1(a, b), η1,0(a, b), η1,1(a, b) have the same sign,

and the fourth one has the opposite sign. Therefore, Wh(a, b) = ±2
m+n

2 if only if∏
u,v∈F2

Gu,v(b)Wf (a+ ueπ(n) + ven) = −22n+2m−4, (20)

which, by the fact that
∏

u,v∈F2
Gu,v(b) = −22(m−2), is equivalent to∏

u,v∈F2

Wf (a+ ueπ(n) + ven) = 22n, for any a ∈ Fn
2 ,

i.e., f(x) satisfies the WHC on (1, ρ(1)).

Combining the above two subcases, we see that in the case of(π(n) − n)(ρ(1) −
1) ̸= 0, if one of f(x) and g(y) satisfies the WHC, then h(x, y) is bent on Fn+m

2 .

In addition, when none of them satisfies the WHC, according to Proposition 3.4

(ii), the decompositions of f(x) and g(y) are all bent functions. In this case, since∏
u,v∈F2

Gu,v(b) = −22(m−2) and
∏

u,v∈F2
Fu,v(a) = −22(n−2), it is easy to verify

that h(x, y) cannot be bent. The desired claims in Case (ii) thus follow. □

Below we provide a theorem for n,m ≥ 4, odd n and even m, about the

extension. Since the proof is rather similar to the prior one, we omit it.

Theorem 3.6 For integers n, m ≥ 4 with odd n and even m, let π ∈ ISn,

ρ ∈ ISm and define f(x) = Qπ(x)+QIn(x) and g(y) = Qρ(y)+QIm(y). Then

πρR is compatible with In+m if one of the following conditions holds:
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(i) ρ(1) = 1; or

(ii) (ρ(1)− 1)(π(n)− n) ̸= 0 and for any (a, b) ∈ Fn+m
2 ,∏

u,v∈F2

Wgu,v
(b̂)Wf (a+ ueπ(n) + ven) ∈

{
0,−22n+2m−6

}
,

where b̂ is the dimension-(m − 2) vector derived from b by removing its

first and ρ(1)-th entries.

In the following subsection we conduct a comprehensive analysis of com-

patible sets for n = 4. The analysis discusses relations and properties of all

permutations in IS4 and lists all maximal compatible sets in dimension 4.

These results are useful for the recursive construction in Subsection 3.3.

3.2 Compatible sets for n = 4

When n = 4, by an exhaustive search we obtain all the permutations that are

compatible with the identity permutation I4 as below:

ρ1 = [3, 2, 4, 1], ρ2 = [2, 4, 1, 3], ρ3 = [3, 4, 1, 2], ρ4 = [2, 4, 3, 1],

ρ5 = [3, 1, 4, 2], ρ6 = [1, 3, 4, 2], ρ7 = [4, 2, 1, 3], ρ8 = [2, 1, 4, 3],

ρ9 = [4, 1, 3, 2], ρ10 = [2, 3, 1, 4], ρ11 = [1, 4, 2, 3], ρ12 = [3, 1, 2, 4].

Among these permutations, it is easily seen that

ρ11 = ρ̃1, ρ5 = ρ̃2, ρ8 = ρ̃3, ρ6 = ρ̃4, ρ12 = ρ̃7, ρ10 = ρ̃9 (21)

and

ρ5 = ρ−1
2 , ρ−1

3 = ρ3, ρ8 = ρ−1
8 ,

ρ7 = ρ−1
1 = ρ21, ρ9 = ρ−1

4 = ρ24, ρ11 = ρ−1
6 = ρ26, ρ12 = ρ−1

10 = ρ210.
(22)

By Lemma 3.2 (i)-(ii) and Equations (21)–(22), the following three chains of

permutations are compatible with I4:

ρ1
rev←→ ρ11

inv←→ ρ6
rev←→ ρ4

inv←→ ρ9
rev←→ ρ10

inv←→ ρ12
rev←→ ρ7

inv←→ ρ1,

ρ2
rev←→ ρ5

inv←→ ρ2,

ρ3
rev←→ ρ8

inv←→ ρ8
rev←→ ρ3.

By Lemma 3.2 (iii), π ▷◁ π−1 if and only if In ▷◁ π2, where π2 = π◦π. Then, by
Equation (22), ρ1 ▷◁ ρ7, ρ4 ▷◁ ρ9, ρ6 ▷◁ ρ11, ρ10 ▷◁ ρ12, creating four examples of

compatible sets of size 3. More work is needed to get a compatible set of larger
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size in which any two permutations are compatible. Starting from each of these

pairs, one needs to find a new permutation compatible with the existing ones

from the remaining permutations, and repeat this process to obtain maximal

compatible sets for n = 4.

For instance, starting from ρ1, ρ7, one can first add ρ3 since the permuta-

tions ρ−1
1 ◦ ρ3 = ρ7 ◦ ρ3 = ρ6 and ρ−1

7 ◦ ρ3 = ρ1 ◦ ρ3 = ρ9 are compatible with

I4. This gives us a compatible set {I4, ρ1, ρ3, ρ7}. To add a new permutation,

say ρ, we need to choose ρ ∈ IS4 and check whether it is compatible with the

existing permutations ρ1, ρ3, ρ7.

To facilitate the calculation, we provide Table 1 to look up ρ−1
i ◦ ρj for

1 ≤ i, j ≤ 12, where “0” indicates ρ−1
i ◦ ρj = I4, “−” indicates ρ−1

i ◦ ρj ̸∈
{ρ1, ρ2, . . . , ρ12} (i.e., ρ−1

i ◦ ρj is not compatible with I4), and k in the entry

of the i-th row and j-th column in Table 1 indicates ρ−1
i ◦ ρj = ρk. Since

(ρ−1
i ◦ ρj)−1 = ρ−1

j ◦ ρi, Table 1 gives all information about the compatibility

between permutations in IS4. From Table 1, for any ρi, ρj , one can easily verify

whether ρ−1
i ◦ ρj belongs to IS4. It is readily seen that the two permutations

ρ2, ρ5 are not compatible with any permutation in IS4. Furthermore, since

Qπ(x) = Qπ̃(x), no permutation π can be compatible with its reverse π̃.

Continuing with the compatible set {I4, ρ1, ρ3, ρ7}, we see that ρ6 is com-

patible with the existing permutations in this set since ρ−1
6 ◦ ρ1 = ρ4,

ρ−1
6 ◦ ρ3 = ρ10 and ρ−1

6 ◦ ρ7 = ρ3, yielding a compatible set {I4, ρ1, ρ3, ρ7, ρ6}.
For the remaining permutations ρ2, ρ4, ρ5, ρ8, ρ9, ρ10, ρ11, ρ12, from Table 1 we

see that ρ2, ρ5 should be excluded instantly, and that, due to mutual incom-

patibility, ρ1 excludes ρ11, ρ3 excludes ρ8, ρ6 excludes ρ4, and ρ7 excludes

ρ12. Hence, we can further add ρ9 or ρ10 to the compatible set, leading to

{I4, ρ1, ρ3, ρ7, ρ6, ρ9} or {I4, ρ1, ρ3, ρ7, ρ6, ρ10} (as the first two in Table 2).

Since ρ9 is incompatible with ρ10, no more permutations can be added to these

two compatible sets. As a matter of fact, according to the upper bound (8) by

Paterson [20], they are maximal compatible sets for n = 4.

As shown in Table 1, the two permutations ρ2, ρ5 are not compatible with

any permutations in IS4. For each permutation ρi ▷◁ I4, either ρi or its reverse

ρ̃i can be included in a compatible set. Therefore, there are in total 32 compati-

ble sets for n = 4, which are listed in Table 2. They have the maximum size due

to the upper bound in (8). Note that all these maximal compatible sets give

the same spreading matrix Φ defined in (3) (under a permutation of Φl in Φ)

since for each permutation ρ ∈ IS4 taken from a compatible set, the spreading

sequences ajρ and ajρ̃ are identical due to the fact that Qρ(x) = Qρ̃(x).

At the end of this section, we discuss the difficulty of the Main Problem 1.
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1 2 3 4 5 6 7 8 9 10 11 12

1 0 - 6 10 - 9 1 4 3 8 - 11

2 - 0 - - - - - - - - - -

3 11 - 0 7 - 12 4 - 10 9 1 6

4 12 - 1 0 - - 8 11 4 6 7 3

5 - - - - 0 - - - - - - -

6 4 - 10 - - 0 3 9 12 7 6 8

7 7 - 9 8 - 3 0 10 6 4 12 -

8 9 - - 6 - 4 12 0 1 11 10 7

9 3 - 12 9 - 10 11 7 0 - 8 1

10 8 - 4 11 - 1 9 6 - 0 3 10

11 - - 7 1 - 11 10 12 8 3 0 9

12 6 - 11 3 - 8 - 1 7 12 4 0

Table 1: Compositions ρ−1
i ◦ ρj for 1 ≤ i, j ≤ 12

{I4, ρ1, ρ3, ρ6, ρ7, ρ9} {I4, ρ1, ρ3, ρ6, ρ7, ρ10} {I4, ρ4, ρ7, ρ8, ρ10, ρ11}
{I4, ρ3, ρ4, ρ7, ρ10, ρ11} {I4, ρ6, ρ8, ρ9, ρ11, ρ12} {I4, ρ3, ρ6, ρ9, ρ11, ρ12}
{I4, ρ1, ρ6, ρ8, ρ10, ρ12} {I4, ρ1, ρ3, ρ6, ρ10, ρ12} {I4, ρ1, ρ6, ρ7, ρ8, ρ10}
{I4, ρ3, ρ4, ρ10, ρ11, ρ12} {I4, ρ4, ρ8, ρ10, ρ11, ρ12} {I4, ρ1, ρ3, ρ4, ρ10, ρ12}
{I4, ρ6, ρ8, ρ10, ρ11, ρ12} {I4, ρ6, ρ7, ρ8, ρ9, ρ11} {I4, ρ4, ρ7, ρ8, ρ9, ρ11}
{I4, ρ3, ρ6, ρ7, ρ9, ρ11} {I4, ρ1, ρ4, ρ8, ρ9, ρ12} {I4, ρ1, ρ3, ρ4, ρ9, ρ12}
{I4, ρ3, ρ4, ρ9, ρ11, ρ12} {I4, ρ3, ρ4, ρ7, ρ9, ρ11} {I4, ρ3, ρ6, ρ10, ρ11, ρ12}
{I4, ρ4, ρ8, ρ9, ρ11, ρ12} {I4, ρ1, ρ4, ρ7, ρ8, ρ9} {I4, ρ1, ρ3, ρ4, ρ7, ρ9}
{I4, ρ1, ρ3, ρ4, ρ7, ρ10} {I4, ρ6, ρ7, ρ8, ρ10, ρ11} {I4, ρ3, ρ6, ρ7, ρ10, ρ11}
{I4, ρ1, ρ4, ρ7, ρ8, ρ10} {I4, ρ1, ρ4, ρ8, ρ10, ρ12} {I4, ρ1, ρ6, ρ7, ρ8, ρ9}
{I4, ρ1, ρ3, ρ6, ρ9, ρ12} {I4, ρ1, ρ6, ρ8, ρ9, ρ12}

Table 2: All the 32 maximal compatible sets for n = 4.

Remark 3.7. The Main Problem 1 can be reformulated as a clique problem.

Define a graph Gn such that a vertex in Gn denotes a permutation in Sn

and an edge between two vertices in Gn represents that the corresponding two

permutations in Sn are compatible. Recall from Lemma 3.2 (iii) that π ▷◁ σ if

and only if In ▷◁ (π−1 ◦ σ). Hence the graph Gn is an undirected regular graph

with n! vertices (where each vertex has the same number of neighbours). In

practice, edges in Gn can be created by first calculating ISn and then drawing

an edge between two vertices π and ρ if π−1◦σ ∈ ISn (as done for n = 4 in this

section). In essence, the Main Problem 1 asks to determine or approximate

the size of the maximum clique in the regular graph Gn and to find an L-clique

in Gn with L as large as possible.

Note that determining the size of the maximum clique in an arbitrarily

given graph is NP-hard, and that there does not even exist any polynomial-time

N1−ϵ-approximation algorithm (which, upon the input of a graph G of N ver-

tices, outputs a clique of size that is always at least the maximum clique size of
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G divided by N1−ϵ) for any constant ϵ [13]. Similarly for regular graphs, it was

shown in [1] that there exists no polynomial-time algorithm that approximates

the maximum size of cliques in a regular graph within a factor of N1/2−ϵ for

any constant ϵ. In the theory of computational complexity, existing results show

that determining or even approximating the maximum clique size of a regu-

lar graph is NP-hard. Computationally, the Bron-Kerbosch algorithm, which

is one of the most efficient algorithms that lists all maximal cliques in a graph

G of N vertices, has worst-case running time O(3N/3) [2].

For the specific regular graph Gn derived from Sn, with the rapid growth of

N = n! as n increases, we believe that the Main Problem 1 is computationally

intractable for relatively small integers n larger than 10. For instance, for

n = 7, the regular graph G has in total 5040 vertices with degree 3857 for each

vertex. The authors of [14] included search results for 4 ≤ n ≤ 9 with the

Bron-Kerbosch algorithm, where they provided only partial search results for

n = 7, 8, 9.

3.3 Extending compatible sets from n = 4 to n = 4m

In this subsection we shall recursively construct compatible sets in dimension

4m for any positive integer m ≥ 2. We first consider extending a permutation

π ∈ ISn with a permutation ρ taken from IS4 = {ρ1, ρ2, . . . , ρ12}, based on

the conditions in Theorems 3.5 and 3.6.

Proposition 3.8. Let π be a permutation in ISn. Then the permutation

πρR is compatible with In+4 for any ρ in the set {ρ3, ρ4, ρ6, ρ8, ρ9, ρ11} =

{[3, 4, 1, 2], [2, 4, 3, 1], [1, 3, 4, 2], [2, 1, 4, 3], [4, 1, 3, 2], [1, 4, 2, 3]}.

Proof By Theorems 3.5 and 3.6 Case (i), it is readily seen that πρR ▷◁ In+4 for

ρ = ρ6, ρ11 since ρ6(1) = ρ11(1) = 1. For the other permutations, we have

Qρ3(y) +QI4(y) = y2y3 + y4y1,

Qρ4(y) +QI4(y) = y1y2 + y2y3 + y2y4 + y3y1,

Qρ8(y) +QI4(y) = y2y3 + y1y4,

Qρ9(y) +QI4(y) = y1y2 + y3y4 + y4y1 + y1y3.

For each permutation ρ ∈ {ρ3, ρ4, ρ8, ρ9}, it can be easily verified that the function

g(y) = Qρ(y) + QI4(y) restricted on yρ(1) = i, y1 = j for any i, j ∈ F2 is a linear

function on F2
2, implying that the condition in Theorems 3.5 and 3.6 Case (ii) is

satisfied. It thus follows that πρR ▷◁ In+4. □
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We now focus on the case of even n, and we study the extensions on the

right with the remaining permutations ρ1, ρ2, ρ5, ρ7, ρ10, ρ12 in IS4. For this

case, the following conditions will be needed.

Proposition 3.9. Let π ∈ ISn with π(n) ̸= n. Then for a permutation ρ ∈
{ρ1, ρ2, ρ5, ρ7, ρ10, ρ12}, the permutation πρR is compatible with In+4 if and

only if f(x) = Qπ(x) +QIn(x) fulfills the WHC on (π(n), n).

Proof Note that for ρ ∈ {ρ1, ρ2, ρ5, ρ7, ρ10, ρ12}, the quadratic functions Qρ(y) +

QI4(y) are given as follows:

Qρ1(y) +QI4(y) = y1y2 + y1y4 + y2y4 + y3y4,

Qρ2(y) +QI4(y) = y1y2 + y1y3 + y1y4 + y2y3 + y2y4 + y3y4,

Qρ5(y) +QI4(y) = y1y2 + y1y3 + y1y4 + y2y3 + y2y4 + y3y4,

Qρ7(y) +QI4(y) = y1y3 + y2y3 + y2y4 + y3y4,

Qρ10(y) +QI4(y) = y1y2 + y1y3 + y1y4 + y3y4,

Qρ12(y) +QI4(y) = y1y3 + y2y3 + y2y4 + y3y4.

The calculations for all ρ in the set are similar, and we will take ρ = ρ1 = [3, 2, 4, 1]

as an instance. In this case, letting π′ = πρR, f(x) = QIn(x) + Qπ(x), and g(y) =

Qρ1(y) +QI4(y), we have

h(x, y) = QIn+4
(x, y) +Qπ′(x, y) = f(x1, . . . , xn) + g(y1, y2, y3, y4) + xπ(n)y3 + xny1

= f(x1, . . . , xn) + y1y2 + y1y4 + y2y4 + y3y4 + xπ(n)y3 + xny1.

For g(y) = y1y2 + y3y4 + y2y4 + y4y1, the function gi,j(ŷ) = g|y3=i,y1=j =

y2y4 + j(y2 + y4) + iy4 contains the quadratic term y2y4 for any (i, j) ∈ F2
2. Since

π(n) ̸= n, the permutation π′ is compatible with In+4 if and only if the condition in

Theorem 3.5 (ii) is satisfied. Below we investigate the explicit value of the product

in Theorem 3.5 (ii).

Denote

Why
(a, b) =

∑
x∈Fn

2

(−1)h(x,y)+La(x)+Lb(y) = (−1)Lb(y)
∑
x∈Fn

2

(−1)h(x,y)+La(x).

Table 3 lists the values of Why
, for all y ∈ (y1, y2, y3, y4) ∈ F4

2, where α = (−1)b1 ,

β = (−1)b2 , γ = (−1)b3 , and δ = (−1)b4 .

From Table 3, the Walsh-Hadamard transform of h at (a, b) can be expressed as

follows:

Wh(a, b) =
∑
y∈F4

2

Why
(a, b)

=Wf (a)(1 + δ + β(1− δ)) +Wf (a+ eπ(n))γ(1− δ + β(1 + δ))

+Wf (a+ en)α(1− δ − β(1 + δ))

+Wf (a+ en + eπ(n))αγ(1 + δ − β(1− δ)).
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y1 y2 y3 y4 Why (a, b)

0 0 0 0 Wf (a)

0 0 0 1 Wf (a)δ

0 0 1 0 Wf (a+ eπ(n))γ

0 0 1 1 Wf (a+ eπ(n))γδ(−1)

0 1 0 0 Wf (a)β

0 1 0 1 Wf (a)βδ(−1)

0 1 1 0 Wf (a+ eπ(n))βγ

0 1 1 1 Wf (a+ eπ(n))βγδ

1 0 0 0 Wf (a+ en)α

1 0 0 1 Wf (a+ en)αδ(−1)

1 0 1 0 Wf (a+ en + eπ(n))αγ

1 0 1 1 Wf (a+ en + eπ(n))αγδ

1 1 0 0 Wf (a+ en)αβ(−1)

1 1 0 1 Wf (a+ en)(−1)αβδ

1 1 1 0 Wf (a+ en + eπ(n)(−1)αβγ

1 1 1 1 Wf (a+ en + eπ(n))αβγδ

Table 3: The Walsh-Hadamard transform of h

Recalling the expression of Wh(a, b) from (19) as below,

Wh(a, b) = G0,0(b)F̃0,0(a) +G0,1(b)F̃0,1(a) +G1,0(b)F̃1,0(a) +G1,1(b)F̃1,1(a),

where F̃i,j(a) = Wf (a+ ieπ(n) + jen) for i, j ∈ F2, we see that

G0,0(b) = (1 + δ + β(1− δ)), G1,0(b) = γ(1− δ + β(1 + δ)),

G0,1(b) = α(1− δ − β(1 + δ)), G1,1(b) = αγ(1 + δ − β(1− δ)).

Notice that∏
i,j∈{0,1}

Gi,j(b) = α2γ2((1 + δ)2 − β2(1− δ)2)((1− δ)2 − β2(1 + δ)2)

= −((1 + δ)2 − (1− δ)2)2 = −24.

Thus, it follows from Theorem 3.5 (ii) that h(x, y) is bent if and only if f(x) satisfies

the WHC ∏
i,j∈{0,1}

F̃i,j(a) = 22n.

Similarly as ρ = ρ1, the functions gi,j(ŷ) for i, j ∈ F2 are all bent. Hence for ρ ∈
{ρ2, ρ5, ρ7, ρ10, ρ12}, πρR ▷◁ In+4 if and only if f(x) satisfies the WHC. □

For even n, Theorem 3.5, Proposition 3.8 and Proposition 3.9 characterize

the required properties of π ∈ Sn when it is extended with ρi ∈ IS4 on the

right side. For odd n, we have Theorem 3.6 and Proposition 3.8. Below we

shall investigate how one can obtain permutations in S4m for m ≥ 2 that are

compatible with I4m, when π is picked from IS4.
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We start with the case of m = 2. For the 12 permutations in IS4, by a

routine calculation, the sets of ρi for 1 ≤ i ≤ 12 such that f(x) = QI4(x) +

Qρi
(x) satisfies the WHC are given as follows,

SWHC = {ρ1, ρ3, ρ8, ρ9, ρ10, ρ12}.

Below we shall recursively extend the permutations in IS4 except for ρ2, ρ5
(which cannot be extended multiple times), thereby obtaining permutations

in IS4(m+1) for m = 1, 2, 3, . . . . Denote by

πρRm = π

m︷ ︸︸ ︷
ρR · · · ρR

the right extension on π with ρ by m times. When π = ρ, we denote πρRm as

ρRm+1 . We have the following result.

Theorem 3.10 Let IS4 = {ρ1, ρ2, . . . , ρ12}. Then, for any ρi ∈ IS4 \ {ρ2, ρ5}
and any integer m ≥ 2, the permutation ρRm

i is compatible with I4m.

Proof By Proposition 3.8, if ρi ∈ {ρ3, ρ4, ρ6, ρ8, ρ9, ρ11}, then ρ
Rm−1

i ▷◁ I4(m−1)

immediately implies ρRm
i ▷◁ I4m. For the permutations ρ10, ρ12, since ρ10(4) =

ρ12(4) = 4, it follows from Theorem 3.5 (i) that the permutations ρRm
10 =

ρ10(ρ
Rm−1

10 )R and ρRm
12 = ρ12(ρ

Rm−1

12 )R are compatible with I4m.

We will prove the statement for the remaining permutations ρ1, ρ7, by induction

on m. We start with the discussion for ρ1.

For m = 2, it is clear that

ρR2
1 = ρ1ρ

R
1 ▷◁ I8.

Suppose ρRk
1 is compatible with I4k for an integer k with 2 ≤ k < m. Then we need

to show that ρ
Rk+1

i is compatible with I4(k+1). By Proposition 3.9, the assumption

ρRk
1 ▷◁ I4k implies that the bent function

fk(x) = Q
ρ
Rk
1

(x) +QI4k (x)

satisfies the WHC on (π(4k), 4k), where π = ρRk
1 . This implies that for any a ∈ F4k

2 ,

Wfk (a+ e4k + eπ(4k))

Wfk (a)
=

Wfk (a+ e4k)

Wfk (a+ eπ(4k))
. (23)

Below we shall show that the bent function

fk+1(x) = Q
ρ
Rk+1
1

(x) +QI4(k+1)
(x)

satisfies the WHC on (π′(4(k + 1)), 4(k + 1)), where π′ = πρR1 = ρ
Rk+1

1 . Note that

for integers j = 1, 2, . . . , 4k, π′(j) = π(j).
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Recall from the proof of Proposition 3.9 that

Wfk+1
(a) = (1 + δ)

(
Wfk (a) + αγWfk (a+ e4k + eπ(4k))

+β(γWfk (a+ eπ(4k))− αWfk (a+ e4k))
)

+ (1− δ)
(
β(Wfk (a)− αγWfk (a+ e4k + eπ(4k)))

+γWfk (a+ eπ(4k)) + αWfk (a+ e4k)
)

= (1 + δ)
(
Wfk (a)(1 + ϵαγ) + βWfk (a+ eπ(4k))(γ − ϵα)

)
+ (1− δ)

(
βWfk (a)(1− ϵαγ) +Wfk (a+ eπ(4k))(γ + ϵα)

)
,

where a = (a1, a2, . . . , a4k+4), a = (a1, a2, . . . , a4k), α = (−1)a4k+1 , β =

(−1)a4k+2 , γ = (−1)a4k+3 , δ = (−1)a4k+4 , and ϵ denotes the division in (23) and

takes the values ±1. Therefore,

Wfk+1
(a+ e4(k+1) + eπ′(4(k+1)))

= (1− δ)
(
Wfk (a)(1− ϵαγ) + βWfk (a+ eπ(4k))(γ + ϵα)

)
+ (1 + δ)

(
βWfk (a)(1 + ϵαγ) +Wfk (a+ eπ(4k))(γ − ϵα)

)
.

From here, it is clear that Wfk+1
(a + e4(k+1) + eπ′(4(k+1))) = βWfk+1

(a). In the

same way,

Wfk+1
(a+ eπ′(4(k+1))) = (1 + δ)

(
Wfk (a)(1− ϵαγ) + βWfk (a+ eπ(4k))(γ + ϵα)

)
+ (1− δ)

(
βWfk (a)(1 + ϵαγ) +Wfk (a+ eπ(4k))(γ − ϵα)

)
,

while

Wfk+1
(a+ e4(k+1))) = (1− δ)

(
Wfk (a)(1 + ϵαγ) + βWfk (a+ eπ(4k))(γ − ϵα)

)
+ (1 + δ)

(
βWfk (a)(1− ϵαγ) +Wfk (a+ eπ(4k))(γ + ϵα)

)
.

It follows, therefore, that Wfk+1
(a + eπ′(4(k+1))) = βWfk+1

(a + e4(k+1)). This

implies that fk+1(x) fulfills the WHC on (π′(4(k + 1)), 4(k + 1)). Therefore, ρ
Rk+1

1

is compatible with I4(k+1).

As for the permutation ρ7, we have ρ−1
7 = ρ1. According to (11), it follows that

(ρ7ρ
R
7 )−1 = (ρ−1

7 )(ρ−1
7 )R = ρ1ρ

R
1 and recursively, (ρRm

7 )−1 = ρRm
1 . Thus it follows

from Lemma 3.2 (ii) that ρRm
7 ▷◁ I4m. □

In the following, we present a way to extend a maximal compatible set in

dimension 4 (which has size 6) to a size-6 set in any dimension 4m for m > 1,

by recursively adding a shift of itself.

Theorem 3.11 Given any maximal compatible set Π in dimension 4, the set

{ρRm : ρ ∈ Π} is a compatible set in dimension 4m for any integer m ≥ 2.
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Proof Let π, σ ∈ Π. We know that π ▷◁ σ and π, σ ̸∈ {ρ2, ρ5}. We shall show πRm is

compatible with σRm , equivalently, (πRm)−1 ◦ σRm ▷◁ I4m.

From π ▷◁ σ, we know π−1 ◦σ ▷◁ I4 and σ−1 ◦π ▷◁ I4. Without loss of generality,

we may assume π−1 ◦ σ ▷◁ I4. According to (11) and (10), we have

(πRm)−1 ◦ σRm = (πRm−1πR)−1 ◦ σRm

= ((πRm−1)−1(π−1)R) ◦ σRm

= ((πRm−1)−1(π−1)R) ◦ (σRm−1σR)

= ((πRm−1)−1 ◦ σRm−1)(π−1 ◦ σ)R

= ((πRm−2)−1 ◦ σRm−2)(π−1 ◦ σ)R2

= . . .

= (π−1 ◦ σ)Rm ,

where the second equality follows from (11) and the fourth equation follows from (10).

Notice that π−1 ◦ σ is compatible with I4, π
−1 ◦ σ is neither ρ2 nor ρ5 (as shown

in Table 1). It follows from Theorem 3.10 that (π−1 ◦ σ)Rm is compatible with I4m,

implying (πRm)−1 ◦σRm ▷◁ I4m, and then πRm ▷◁ σRm . Since π, σ are freely chosen

from Π, one can easily see that the set {ρRm : ρ ∈ Π} is a compatible set. □

According to Table 2, Theorem 3.11 yields 32 compatible sets each

consisting of 6 permutations in S4m for all integers m ≥ 2.

Remark 3.12. For dimension 4m, it is possible to consider other types of

extension. For other extensions than repetition, to ensure newly extended per-

mutations are still compatible, one needs to check the required condition as

in Lemma 3.3. Specifically, when π ▷◁ σ and they are extendable by ρi, ρj,

respectively, if both ρ−1
j ◦ ρi and ρ−1

i ◦ ρj require the WHC, then π−1 ◦ σ or

σ−1 ◦ π must satisfy the corresponding WHC. Depending on the choice of per-

mutations, additional checks may be required in the recursive extension. Some

examples are given in Tables 8 and 9 in Appendix A.

In Appendix A, we present several examples of compatible sets comprising

six permutations in dimension 4m for m = 2, 3, 4.

4 Conclusion

In this paper, we propose a recursive construction of a codebook for uplink

grant-free NOMA using GDJ sequences. The contributions are twofold: we

establish the necessary and sufficient condition for a permutation of type πρR

to be compatible with In+m when π is compatible with In, and ρ is com-

patible with Im, respectively; and we recursively extend compatible sets of
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4-dimensional permutations to compatible sets of 4m-dimensional permuta-

tions. As a result, any compatible set in dimension 4 can be extended to a

compatible set of the same size in dimension 4m. The proposed approach

allows for constructing many NOMA codebooks of 6N GDJ sequences of length

N = 24m and the lowest possible coherence 1/
√
N for integers m ≥ 1. Our

results complement the work of [15] regarding the construction of NOMA code-

books with large overloading factors, whereas the problem of improving the

general upper bound remains open.

List of Abbreviations

NOMA Non-Orthogonal Multiple Access
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Table 4: Example maximal compatible sets for n = 4 (base case).

Set Permutations (1-indexed)

Π1
{[1, 2, 3, 4], [3, 2, 4, 1], [3, 4, 1, 2],
[1, 3, 4, 2], [4, 2, 1, 3], [4, 1, 3, 2]}

Π2
{[1, 2, 3, 4], [2, 3, 1, 4], [3, 4, 1, 2],
[2, 4, 3, 1], [4, 2, 1, 3], [1, 4, 2, 3]}

Π3
{[1, 2, 3, 4], [1, 3, 4, 2], [1, 4, 2, 3],
[2, 3, 1, 4], [3, 4, 1, 2], [4, 2, 1, 3]}

Table 5: Self-recursive extension on Π1 for m = 2.

Base πk ∈ Π1 Extended πR2
k = πk · πR

k

[1, 2, 3, 4] [1, 2, 3, 4, 5, 6, 7, 8]

[3, 2, 4, 1] [3, 2, 4, 1, 7, 6, 8, 5]

[3, 4, 1, 2] [3, 4, 1, 2, 7, 8, 5, 6]

[1, 3, 4, 2] [1, 3, 4, 2, 5, 7, 8, 6]

[4, 2, 1, 3] [4, 2, 1, 3, 8, 6, 5, 7]

[4, 1, 3, 2] [4, 1, 3, 2, 8, 5, 7, 6]

Table 6: Self-recursive extension on Π1 for m = 3.

Base πk ∈ Π1 Extended πR3
k = πR2

k · πR
k

[1, 2, 3, 4] [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]

[3, 2, 4, 1] [3, 2, 4, 1, 7, 6, 8, 5, 11, 10, 12, 9]

[3, 4, 1, 2] [3, 4, 1, 2, 7, 8, 5, 6, 11, 12, 9, 10]

[1, 3, 4, 2] [1, 3, 4, 2, 5, 7, 8, 6, 9, 11, 12, 10]

[4, 2, 1, 3] [4, 2, 1, 3, 8, 6, 5, 7, 12, 10, 9, 11]

[4, 1, 3, 2] [4, 1, 3, 2, 8, 5, 7, 6, 12, 9, 11, 10]

Table 7: Self-recursive extension on Π1 for m = 4.

Base πk ∈ Π1 Extended πR4
k

[1, 2, 3, 4] [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]

[3, 2, 4, 1] [3, 2, 4, 1, 7, 6, 8, 5, 11, 10, 12, 9, 15, 14, 16, 13]

[3, 4, 1, 2] [3, 4, 1, 2, 7, 8, 5, 6, 11, 12, 9, 10, 15, 16, 13, 14]

[1, 3, 4, 2] [1, 3, 4, 2, 5, 7, 8, 6, 9, 11, 12, 10, 13, 15, 16, 14]

[4, 2, 1, 3] [4, 2, 1, 3, 8, 6, 5, 7, 12, 10, 9, 11, 16, 14, 13, 15]

[4, 1, 3, 2] [4, 1, 3, 2, 8, 5, 7, 6, 12, 9, 11, 10, 16, 13, 15, 14]

A.3 Recursive mixed-extension examples

Exhaustive search reveals that one can also obtain compatible sets of size 6 by

mixed extension: extending each permutation in one compatible set on the right

with permutations from another compatible set. Suppose ΠA is a compatible

set in dimension 4m1 and ΠB is another compatible set in dimension 4m2. We
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start with a candidate set ΠAΠ
R
B = {πρR : π ∈ ΠA, ρ ∈ ΠB}, which contains

in total |ΠA| · |ΠB | permutations in dimension 4(m1+m2). This set is then fed

into a function in our implementation, which outputs all maximal compatible

sets for the given input. The search is pruned recursively: once a candidate

permutation is selected, all remaining permutations incompatible with it are

discarded, so one does not enumerate all subsets of the input set. For the input

pair (ΠA,ΠB) = (Π1,Π3), our script finds all maximal compatible sets arising

from this mixed-extension input; in dimension 8 this yields four compatible sets

of size 6. We include these data only as illustrative examples of the recursive

method, not as a classification of all compatible sets in higher dimensions.

Taking (ΠA,ΠB) = (Π1,Π3) as in Table 4, one can obtain four compatible

sets in dimension 8 of size 6. Table 8 gives an example for m = 2.

Table 8: An example of mixed extension for m = 2.

π ∈ Π1 ρ ∈ Π3 Extended πρR

[1, 2, 3, 4] [1, 2, 3, 4] [1, 2, 3, 4, 5, 6, 7, 8]

[2, 4, 3, 1] [1, 4, 2, 3] [2, 4, 3, 1, 5, 8, 6, 7]

[3, 2, 4, 1] [3, 4, 1, 2] [3, 2, 4, 1, 7, 8, 5, 6]

[3, 4, 1, 2] [2, 3, 1, 4] [3, 4, 1, 2, 6, 7, 5, 8]

[4, 1, 3, 2] [1, 3, 4, 2] [4, 1, 3, 2, 5, 7, 8, 6]

[4, 2, 1, 3] [4, 2, 1, 3] [4, 2, 1, 3, 8, 6, 5, 7]

Take ΠA as the compatible set in Table 8 and ΠB as Π3 again. Similarly,

one obtains several compatible sets of size 6. Table 9 gives an example for

m = 3.

Table 9: An example of mixed extension for m = 3.

π ∈ ΠA ρ ∈ Π3 Extended πρR

[1, 2, 3, 4, 5, 6, 7, 8] [1, 2, 3, 4] [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]

[2, 4, 3, 1, 5, 8, 6, 7] [1, 4, 2, 3] [2, 4, 3, 1, 5, 8, 6, 7, 9, 12, 10, 11]

[3, 2, 4, 1, 7, 8, 5, 6] [3, 4, 1, 2] [3, 2, 4, 1, 7, 8, 5, 6, 11, 12, 9, 10]

[3, 4, 1, 2, 6, 7, 5, 8] [2, 3, 1, 4] [3, 4, 1, 2, 6, 7, 5, 8, 10, 11, 9, 12]

[4, 1, 3, 2, 5, 7, 8, 6] [1, 3, 4, 2] [4, 1, 3, 2, 5, 7, 8, 6, 9, 11, 12, 10]

[4, 2, 1, 3, 8, 6, 5, 7] [4, 2, 1, 3] [4, 2, 1, 3, 8, 6, 5, 7, 12, 10, 9, 11]

Experimental results demonstrate that the mix-extension method can gen-

erate many compatible sets of size 6 in a dimension of 4m form ≥ 2. It is worth

noting that one is not necessarily restricted to extending a compatible set by

another compatible set. Instead, one may extend a set of permutations with

another set of permutations. Starting from n = 4, among all permutations in
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IS4, one can get a candidate set of 169 permutations in dimension 8, which

leads to 1936 compatible sets of size 6 in dimension 8. This type of extension

can continue with larger m.

The theoretical analysis of the recursive mixed-extension approach appears

complicated by using the technique in this paper. We shall further develop

new methods for those cases in our future work.

A.4 Summary of recursive construction parameters

The recursive construction generates NOMA codebooks of size K = 6N for

all dimensions n = 4m, where each sequence has length N = 2n and PAPR

upper bounded by 2.

Table 10: Properties of NOMA codebooks from the recursive construction.

m Dim. n Len. N #Sequences K Coherence µ(Φ) Overloading Factor L

1 4 16 96 1/4 6

2 8 256 1,536 1/16 6

3 12 4,096 24,576 1/64 6

4 16 65,536 393,216 1/256 6

All codebooks achieve the optimal coherence 1/
√
N as shown in (5), and the

construction maintains a constant overloading factor L = 6 for all dimensions

n = 4m with m ≥ 1.
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