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Abstract

In this paper we use algebraic curves and other algebraic number theory methods to show the
validity of a permutation polynomial conjecture regarding f(X) = X9W=D+l 4 o xPq 4
X97tP=! on finite fields qu, q = pk, from [A. Rai, R. Gupta, Further results on a class of
permutation trinomials, Cryptogr. Commun. 15 (2023), 811-820].
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1 Introduction

Let F, be the finite field with g = p* elements. We denote by [ the multiplicative group
of nonzero elements of I, and by IF,[X] the polynomial ring in the indeterminate X over a
finite field IF;. A polynomial f € F,[X]is called a permutation polynomial if the equation
f(X) = a has exactly one solution in F, for each a € F,.

Permutation polynomials with a few terms are of great importance due to their applications
in cryptography and coding theory. The classification of the simplest kind of permutation
polynomials, i.e., monomials is well known. However, a complete classification of permu-
tation binomials and trinomials is not yet known. A lot of research has been done in this
direction in recent years and the reader may refer to [9], and the references therein.

Permutation trinomials with Niho exponents over Iqu, thatis, F(x) = x +ax51@-D+1 4

Bx52@=D+ where 51, 57 are integers and coefficients o, § € {—1, 1} have been studied
extensively, and the reader can easily find many references on these polynomials. An inter-
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esting problem in this direction is to determine the permutation behaviour of polynomials of
the form

fup(X) = X91P=D+ g xPa 4 gxa+r-] (1.1)
over F 2, where ¢ = p* for some positive integer k and odd prime p; and af € IF;.
In [10], Hou completely characterized the permutation behaviour of the polynomial f, g
when the characteristic of the underlying finite field is 3. Bai and Xia [3] looked at the
permutation property of the polynomial fi —j over F 2, g = pk, for p = 3, 5, showing that
it is a permutation if and only if & is even. In [6], Gupta and Rai considered the permutation
behavior of f, 1 when the characteristic of the underlying finite field is 5 and showed that

when k > 1 then f, 1 is a permutation polynomial if and only if « = —1 and k is even.
In a subsequent article [13] the authors showed that in the case of characteristic 7, f, 1 is
a permutation polynomial if and only if either« = —3 and k = l;ore = —1 and k = 2.

Moreover, the authors showed that when p > 3 and k = 1 then f, 1 is a permutation
polynomial if and only if « = —3. For p > 7 and k > 1, the authors proposed the following
conjecture.

Conjecture 1.1 Let g = p*, where p > 7 is a prime, k > 1. Then, for o € FZ and k > 1,
the trinomial
F(X) = X9P=DF 4 g xpa 4 xatr—]

is a permutation polynomial over ]qu if and only ifa = —1 and k = 2.

It is the intent of our paper to completely prove this conjecture.

2 Preliminaries

We now recall some basic facts on curves/surfaces over (finite) fields. For more details, we
refer to [7, 8], or the reader’s favorite algebraic geometry book. As customary, for a field I,
we denote by Fits algebraic closure, and by P (IF) (respectively, A™ (IF)) the m-dimensional
projective (respectively, affine) space over the field F. Solutions of polynomial equations
(systems) form what we call algebraic hypersurfaces (varieties). An algebraic hypersurface
defined over a field IF' is called absolutely irreducible if the associated polynomial is irreducible
over every algebraic extension of F. An absolutely irreducible F-rational component of a
hypersurface defined by a polynomial F is an absolutely irreducible hypersurface, associated
to a factor of F defined over F.

In two dimensions, C is an affine curve over a field F if it is the zero set of a polynomial
F(X,Y) € F[X, Y]. A projective curve C over a field I is the zero set of a homogeneous
polynomial F(X,Y, Z) € F[X, Y, Z]. The polynomial F is the defining polynomial of C.

Given two plane curves .A and B and a point P on the plane, the intersection number
I(P, AN B) of Aand B at the point P can be defined by seven axioms. We do not include
its precise and long definition here. For more details, we refer to [5] and [8] where the
intersection number is defined equivalently in terms of local rings and in terms of resultants,
respectively. Intuitively, the intersection number counts the number of times the two curves
intersect at P.

Consider an affine point P = (&, ) of a plane curve C : F(X,Y) = 0. We write

FX+a,Y+pB)=FX,Y)+ (X, Y)+ -+ Fg(X,Y), 2.1
where each F; (X, Y) is either the 0-polynomial or homogeneous of degree i. The multiplicity

mp(C) of C at P is defined as the smallest integer i such that F; (X, Y) # 0in(2.1). A singular
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point of multiplicity m is said to be an m-fold singular point. For an m-fold singular point
P = (a, B), let £(X, Y) be a linear factor of Fy,(X,Y) in (2.1). Then{(X — o, Y — ) =0
is called a tangent line of C at P and it intersects C with multiplicity larger than m at P.
An m-fold singular point is said to be ordinary if all the tangent lines at it are distinct (i.e.
F,, (X, 7Y) is separable).

Concerning the intersection number of two curves at a point, the following classical result
can be found in most textbooks on algebraic curves.

Lemma 2.1 Let A and B be two plane curves. For any affine point P, the intersection number
satisfies the inequality
I(P,ANB) = mp(A)mp(B),

with equality if and only if the tangents at P to A are all distinct from the tangents at P to B.
‘We now recall Bézout Theorem [8, Theorem 3.13], which will be used later.

Theorem 2.2 (Bézout Theorem) Let Cy,Cr be two projective plane curves of degrees dy,
respectively, dp. IfC1 and C» do not have a common component, then the sum of the intersection
multiplicities at their common points is

Z I(P,CiNC) =dds.
PeCiNCy

Finally, we will make use of the following version of the celebrated Hasse-Weil theorem.

Theorem 2.3 (Aubry-Perret bound [2, Corollary 2.5]) Let C C P"(IF,) be an absolutely
irreducible curve which is a complete intersection of (n — 1) hypersurfaces of degrees
di,...,dy_1 and set d = ]_[;’:_ll d;. Then the number C(Fy) of F,-rational points of C
inP"(IF,) satisfies

g+1—-d—1)d—-2J7<#CFH<qg+1+d—-Dd—-2yq. (22
Weil’s Theorem [11, Theorem 5.41] will be needed later.

Theorem 2.4 [11, Theorem 5.41] Let x be a multiplicative character of ¥y of order s > 1
and a polynomial f € F,[x]withd distinct roots in its splitting field over F. If f(x) is not of

the form c(h(x))e, celFy, h € Fylx], £ > 1, then, for every a € F, ‘erIFq X(af(x))’ <
d—-1)/q.
We shall also use the following result of [4] (we make some small changes to fit our
purpose).
Lemma 2.5 [4, Theorem 3] Let p be a prime, £ be a non-negative integer, and the polynomial
F(X) = X" — AX — B € F¢[X], A # 0. Let d = gcd(€, n), m = £/d and Try be the
m—2
relative trace from ¥ ¢ to F ,a. For 0 <i <m — 1, define t; = Z p”(j+1). Putay = A and
j=i
pn(r+l),] r i
Bo=B.Ifm > 1, thenforl <r <m—1,weleta, =A ?"-1 and B, = ZAS"BP
i=0
r—1 l

where s; = Zp"(j"‘]),foro <i<r—1,ands, =0.
j=i
(i) If a—1 = 1l and By—1 # O then the trinomial F has no roots in F pn.
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(ii) If au—1 # 1 then F has a unique root, namely x = lﬂmi_l
— Um—1
(iii) If ay—1 = 1, Bu—1 = 0, F has pd roots in ]sz given by x + 81, where § € ]de, T
is fixed in F ¢ with "=l = A (that is, a (p" — 1)-root of A), and, for any ¢ € F;K,
1 m—1 i _ )
satisfying Try(c) # O then x = T © ; ]Z:Ocp”/ Al pP",

3 The proof of the conjecture for k > 4

We consider first k > 4. Consider again the polynomial
f(X)=xP7Datl 4 g x4 X971 € F o [X],

where o € F; andg = pk, k > 4, p an odd prime. It is well-known [1, 12, 15] that f(X) =
XtP=(x@=D@e=2) 4 g x @D~ 4 1) permutes F 2, since ged(q + p — 1, ¢* — 1) = 1,
if and only if
ga(X) = XITP I (XP72 4 axP~! 4 17!
permutes [tgy1 = {a € qu a?t! = 1}. We can restrict our investigation to those o such
that o + 2 # 0, otherwise g4 (1) = 0, and so, it cannot be a permutation on j4+1. For any
X € Ug+1,
L (P72 axPTl 1)
xP2 4 axP—1 4+ 1
_ 2 (/)P +a(1/x)P~' +1
xP2 faxr~1 41
x+a4xP!
xP~l 4 axP 4+ x°
We shall need below the well-known fact that g1\ {1} = {(t +i)/(t —i) : t € Fy,i9 =
—i}. Consider

ga(x) = xP

FoX,Y) =X 4+a+XP Hy?P M 4aY? +7)— ¥ +a+ Y Hx? ' +aXx? + X)
= a(XP7lYP—XPYP L4 XYP — XPY +a(Y — X)P4+YP 7 —xP 4y —X).

It is readily seen that g, permutes 141 if and only if there exist no pairs (x, y) € ,ufi L1

x # y, such that Fy (x, y) = 0. The polynomial F{" (X, Y) := Fy(X,Y)/(X — Y) defines
a curve Cy in A2 (qu) that is qu—birationally equivalent to the curve D, C A? (Fy) defined
by

Ga(X, vy = XD 2D a<X+" Y+i>.

2i(Y - X) X—i'Y—i

Such a birationality does not preserve the [, -rationality of points nor of components of the
two curves in general, but sends (x, y) € p,g 41 1nCy into (x,y) € Fg in D, and vice-versa
and preserves the number of absolutely irreducible components of the two curves. Thus, the
curve D, is absolutely irreducible if and only if so is Cy .

We aim now at proving that the curve C, is absolutely irreducible. First we compute the
set of singular points of Cy. There are two points at infinity, namely Poo = (1 : 0 : 0) and
Oc = (0 : 1 :0) and tangent lines at these (p — 1)-fold singular points are ¥ = 5 with
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P '+ n+a=0and X =& with 77! + & + o = 0. We are interested in bounding the
multiplicity of the intersection of two possible components passing through them. Consider
the point Q. Let F (X, Y, T) be the homogenized companion polynomial of Fy(X,Y).
Now

Fy(X,1,Y) = a(XP~! — XP 4 XyP=2 — xPyr—2
+a(l — XP)yyP—l 4y — xplypr 4 y2r=2 _ xy?r=2)

and we need to investigate the point (0 : O : 1) for the curve F, (X, 1,Y) = 0. The tangent
lines are X = £Y with €7~ + & + o = 0. If they are all distinct then (0 : 0 : 1) (and so
Qo) 1s an ordinary point and the multiplicity of the intersection of two potential components
through it is at most (p — 1?2 /4 (see Lemma 2.1). More precisely, this also shows that if
the components have r| and r, tangent lines through (0 : O : 1) (respectively) then the
multiplicity of intersection would be precisely ri7;.

Let X = £Y be arepeated tangent at (0 : 0 : 1). This implies 26 +« = Oand 772 = 1.In
particular £ # 1 otherwise « = —2, a contradiction. Since the homogeneous part of degree
pin Fy(X,1,Y) is a(—X? + Y7?), the condition § # 1 yields (X —£Y) t (—XP +YP) =
(X — Y)P. If the two potential components through (0 : O : 1) defined by

GX,Y)=G6X,Y)+ G 1(X,Y)---

and
HX,Y)=HX,Y)+G+1(X,Y)---

share the tangent line X — &Y = Othen (X — &Y) | G4(X,Y) and (X —&Y) | H-(X,Y)
and thus

(X =&Y) | Go1 (X, H(X,Y) + G(X, V)G, 1 (X, Y) = (X = Y)P,

a contradiction. Thus the repeated tangent lines (if any) at (0 : 0 : 1) must be tangent lines
of a unique (presumed) component through it and thus the two components do not share any
tangent line through (0 : 0 : 1). As above, this shows that the multiplicity of the intersection
of the two assumed components through it is at most (p — 1)?/4, again by Lemma 2.1. As
before, this also shows that if the components have r; and r; tangent lines through (0 : 0 : 1)
(respectively), then the multiplicity of the intersection would be precisely 7.

Concerning the affine singular points of Cy, they are contained in the set of affine singular
points of the curve éFa(X, Y) = 0 and thus they satisfy

e — _XPT2YP 4 YP 4 XPT2— 1= (YP — D1 - XP72) =0
e = yp2XP — XP —YP2 4 1= (XP - 1)(1—YP72) =0.

1
o
1
o

In particular, no affine singular points belong to XY = 0 (that can be seen easily: if X = 0,
for example, then ¥ = 1, and so, F,(0, 1) = o + 2 # 0, a contradiction). Also note that
FOE])(X, Y) satisfies

FOX, X)=a(X?P2—XP —XP 24 ) =a(X — DP(XP2—1)

and thus the only possibly singular point on the line X = Y is (1 :1:1).
We consider a number of cases.

1. X = 1. Since
1
—Fy(1,Y)=YP —YP L yP Y 4P —1)+YP 14y —1 = (@+2)(YP 1),
o

then Y = 1, since o # —2.
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2. Y = 1. As above, this yields X = 1, since o # —2.
3. X #1#Yand XP~% = 1 = YP~2, This yields

1 _ 2 2 2 _ 2 2 _ w2 _ _
F,X,Y)=XY" - XY+ XY - XY4+a " —X)+Y -X+Y-X

o

=X -V2XY+a(X+Y)+2)=0.

By the considerations above, we can assume that X # Y and thus we are left with
the condition 2XY + «(X + Y) 4+ 2 = 0. Raising it to the power p and using again
XP=2 = 1 = YP72 one gets 2X?Y? 4 a”(X* + ¥Y?) + 2 = 0. Combining the two
conditions it is readily seen that there are at most 4 singular points of this type, since
o # —2.Let (u, w), u, w ¢ {0, 1}, u # w, be a singular point. Then

1
—Fo(X +u,Y +w) i=ul 3w —1DPX?— (u— DPwP3y2 ...,
o

Thus (u, w) is an ordinary double point and the intersection multiplicity of the two
presumed components of C, is at most 1.

To conclude the investigation of the singular points of C,, we need to consider (1 : 1 : 1).
First, we compute

éFa<x+1,y+1> =X+DP'P+ D) -+ DPTNXP 4+
+XYP +YP + X —YXP —XP —Y +aY — X)P
++DPT X+ )P Y =X
=X+ ly? —(y + )P IxP
+XYP +YP —YXP — XP 4 (Y — X)P
=@+ =X+ YP(X* =X 4. = xP2 4 x0T

—XP(Y2 Y3 4. —yP 2Pl
Thus, ﬁ Fy(X+1, Y+1) can be written in degree increasing homogeneous components
as
Yp72 _ Xp72
((X+2)(Y—X)p_l +X2Y2W+ .

This showsthat (1 : 1 : 1) isanon-ordinary (p—1)-fold singular point. Also, two presumptive
factors of the above polynomial must have the following shape

LX,Y)=€-Y=X) + L (X, Y)+ Lrpp(X, Y) + -

and
MX,Y):i=m- (Y = X)P ' 4 My (X, Y) 4+ Myt (X, V) -

where L; and M; are homogeneous polynomials of degree i or the zero polynomial, 0 < r <
p—Litm=a+2#0.

These two factors correspond to two components £ : L(X —1,Y — 1) = 0 and M :
M(X —1,Y —1) = 0 of C, passing both through (1 : 1 : 1). By the properties of the
intersection multiplicities,

I(0:0:1),(LX,Y)=0 N MX,Y)=0)=I1(1:1:1),LNM).
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Since L(X, Y)YM(X,Y) = ﬁFa(x +1, Y+ 1),

mLy 1 (X, V)(Y = X)P~ 17 4 0(Y = X)' M), (X, ¥) =0

and

yr=2 — xr2
(Y =X) Mp_r i1+ L1 (X, VI)Mp_ (X, Y)+m-(Y =X)P "L 5(X, Y) = XZYQW.

If r # (p — 1)/2 then from the first condition either
(Y = X) | Mp_p (X, Y)or (¥ — X) | L41(X,Y)
and thus from the second equality
-2 _ Xp72

Ypr
Y —X) | X*y?
Y —X

9

a contradiction.

Thus, if two components of C, pass through (1 : 1 : 1) then such a pointisa (p — 1)/2-
fold singular point for each of them and M (112 = —mL(p+1)2(X, Y)/L. Also, arguing
as above, the same contradiction arises if (Y — X) | M(p11),2(X, Y)L(p11)/2(X, Y). Thus,
in the following, we assume that (Y — X) { M(p+1)/2(X, Y)L(p+1)/2(X, Y). Note that since
(1:1:1)isa(p — 1)/2-fold singular point for each of the components, the degree of each
of them is at least (p — 1)/2 4 1.

This also tells us that the multiplicity of intersection of £ and M at (1 : 1 : 1) is precisely
(p* — 1)/4. In fact, by another property of the intersection multiplicities, such a number
equals

I(0:0: 1), (LIX,Y)=0N(MX,Y)=0)=I1(0:0:1),(L(X,Y)=0NM(X,Y) =0)),
where M'(X,Y) := M(X,Y) —mL(X,Y)/t. Now,
M'(X,Y) := M(X,Y) —mL(X, )/t
= (Mpy1)2(X,Y) —mLpyn2(X,Y)/0)
+Mp+3)2(X, Y) —mLpi3)2(X, Y)/0) + - -
= =2mLp+1y2(X, V)€ + (Mp43)2(X, Y) —mLpy3)2(X, Y) /) + -+,

and
I(0:0: 1), (L(X,Y)=0 N (M(X,Y)=0)) = (p2 - 1)/4

since L(X,Y) = 0and M’'(X, Y) = 0 do not share any tangent line at the origin as
GCD(L(pinp(X, V), (Y = X)P~D2) = 1.

We are now in position to prove that C, is absolutely irreducible.
By way of contradiction, let

eV Xy 4. =0,
e xplonyrslon 2

be two (not necessarily irreducible) components of C,. They do not share any component,
since otherwise the number of singular points of C, would be infinite, a contradiction.
They intersect, by Bézout Theorem, in precisely

(ri+r)p—1-r+p—-1-n)
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points counted with multiplicity. In addition, Cél) and Céz) must intersect at singular points
of Cy. We already proved that the only singular points of C, are (1 : 0: 0), (0 : 1 : 0), and
(1 :1:1) together with at most four other affine ordinary double points. We also showed
that the multiplicity of the intersection of C((xl) and Cé,z) at(1:0:0),(0:1:0)is in total

ri(p—1=r)+nrn(p-1-r).

If at least one between Cé]) and Céz) does not pass through (1 : 1 : 1) then the sum of their
intersection multiplicities is

rp—l—r)+nrn(p-—l-rn+d<ritr)p—1l-—ritp—1-—r),

a contradiction.

Thus, Cé]) and Céz) intersect at (1 : 1 : 1). As we have already observed, since the only
possibilityisthat (1 : 1 : 1)isa (p—1)/2-fold singular point for each of the components, their
degreeisatleast (p—1)/2+1.Thus,r;+r2 > (p—1)/2and p—1—r1+p—1—rp > (p—1)/2,
yielding (p — 1)/2 <r; +r2 <3(p —1)/2.

Since the curve Cy, is fixed by (X, Y) +— (Y, X) eitherithas only two absolutely irreducible
components (and they can be either switched or fixed by (X, Y) +— (Y, X)) or it possesses
more than two absolutely irreducible components and they can be rearranged into two larger
ones fixed by (X, Y) — (¥, X).

That is to say, we can assume that either ry = rporry = p — 1 —ra.

Iftri =r,from(p—1)/2 <ri+r <3(p—1)/2,wehave (p—1)/4 <r1 <3(p—1)/4
and thus, from p > 7, (p> — 1)/4 +4 < 2r;(p — 1 — ry). This yields

r(p—1—r)+ri(p—1—r)+(p*=1/4+4 < 2ri(p— 1 —r))+2r(p — 1 —r1)
=4ri(p — 1 —r1) = deg(C") deg(C?),

a contradiction to Bézout Theorem.
Suppose now ri = p — 1 — rp. Since r{(p — 1 — r1) < (p — 1)?/4, and, from p > 7,
(P> = 1D/4+4 < (p—1?%/2,

n(p—1=r)+r(p—1=—r+@ = D/4+4 = (p= 122+ (> = Dj4+4
< (p—1? = deg(C{") deg(c?),

contradicting Bézout Theorem.
The argument above shows that the curve C, is absolutely irreducible. We put together
the above discussion.

Theorem 3.1 Let o € F and g = P, k>4, p > 7 prime. Then the trinomial
F(X) = X9P=DF1 4 g xpa 4 xatr—]
is not a permutation polynomial over ]Fqg.

Proof As already observed if o = —2 then g, (1) = 0 and thus g, does not permute jiy1.
Suppose now that @ 7% —2. The curve C, is absolutely irreducible and so is Dy. Since Dy
is defined over I, and of degree p — 1, Theorem 2.3 tells us that it possesses at least

PP 1—(p—2)(p—3)pt?

IF;-rational points in P? (IF4) and at most 2(p — 1) of them belong to the line at infinity or to
X —Y =0.Since k > 4,

Prri—p-2(p-3p"*—2(p-1)>0.
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Thus there exists a pair (X, y) € ]Fzzi,f # y,suchthat g, ((x+i)/(x—i)) = go ((V+i)/(F—1))

and therefore g, does not permute 1ty 1. This shows that f(X) is not a permutation over

Fa. O
q

4 Proof of the conjecture fork = 3

The cases k = 2, 3 require separate approaches by different algebraic number theory methods.
Notice that f can be written as

fX) = aXP! 4 Tr(X9TP71) = (aXP + Tr(X9H P14,

where Tr is the relative trace map from F 2 to Fy given by Tr(X) = X7 + X, 0 € F 3 \ F)
(though our proof here covers this case, as well, it is straightforward to show thatif o € I,
the conjecture is true). Note that (¢ X? + Tr(X1? Tr=1))a jsa permutation polynomial if and
only if a X? +Tr(X9tP “Disa permutation polynomial. Therefore, in what follows, we shall
consider the permutation property of the polynomial

fX) =aXP +Te(X9TP7"), o e F}.

Recall that fis a permutation on F 2 if and only if for any g € F 2, equation f(X) = g has
exactly one solution in F 2.
Thus, for k = 3, we consider the equation

aXP +Te(XP Py = g xP 4 xP 4=l 4 xp' =+l — g 4.1

.. 3
Raising to the p3 power, we get (we use below the fact that o € ]Fps, X € Ipr,, so, o =
a, X" = X)

aXP' 4 xPrl g xpter Z o’ 4.2)

(4.1) and (4.2) imply
a(XP —XP)+g—g" =
We use the transformation g +— h”, o — P, obtaining

XV —X—-B=0,

P _

where B = (we use the usual convention that x b = x22in Fg, for some

p-power Q).

We apply Lemma 2.5 to Xfl’3 —X—-B=0,andson =3,¢{ =6,d = gcd(n, ) =3,
A =1, m = 2. Thus, o;—1 = o1 = 1, and therefore, either the equation has no roots or it
has p3 roots, which are of the form x + 7, where § € IFps, Tisa (p3 — 1)-root of 1 (thus,
we can merge them into A € F3), and for any (fixed) ¢ € F 2 = F ;6 with Tr(c) # 0, then

(using BP = —B)

i 3

1 ! 3; 3i 1 3 3 —cP" B
x = o Z Zcp BP = T (CB + (c—}-cp )Bp ) = T

i=0 \j=0
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We can safely take ¢ = 1, since Tr(1) = 2 # 0, so x = —B/2. We take such a solution
X =—-B/2+ X, € F,3 and plug it into (4.1) and attempt to find two values of A for some
fixed h satisfying (4.1), or no value of A for such an 4. We therefore obtain

)3 4
g\ () () (<) (5
B’ (—7 + A”) +

+ z =h?.
(-7 +2) (-5 +»")

Surely, A = g (hence X = 0) is a solution only for # = 0. Using B’73 = —B, k”3 = A, we

get

—B2(BB +2h)P + 8ABPT! 4402 (BB + 2h)P + 24P B> (B —2)? — 8112 2 + B)P =0,

that is,
b2 BE(B=2)P o BB+ 5 Brt! B*(Bf +2h)" _ 0. @3
42+ p)7 22+p)7 e+pr 82+ p)Yr S
We divide by B”*2 and using the substitution y = %, we obtain
b2 (B=2P . BEF, 1 B+H" _, 44)

ag+or” T 2p+r” T Bror’ T 8B+2p

We now either need to show that for some 4, we have no solutions, or find some

outside F 3 for which we have at least two values of y satisfying yp3 = —y. Replacing
3
B=" ﬁfh, above, we get (reverting back to « = B” and using the notation ¢ := (hl’4 +

hPY/(h?" — hP))

1 1 ot 1 ot
p+2 P P 2 _
- - - + — Y
v 7 T e+’ T 2@+ T @2 T8w@r2)
or
1 —4pu (1= 2u)t (1 =21
yrt? - 2 y? - 5 yi—uy+ — =0 4.5)

where © = (so, pa = 1 — 2p). We just need to find some h ¢ Fpa such that the
o

+2
previous equation has no solutions or it has more than one.

One wonders if the simplest approach would work, that is, find some /4 such that t = 0.
Surely, if h”3 = —h, then t = 0, and (4.5) becomes
1—4u
4

Surely, y = 0 is a root. Now, assuming y # 0, we remove one copy of y and divide the
above equation of y”*!. Relabeling % — y, we obtain

yPt?— y? —uy =0. (4.6)

I I N
du u
We now let ¢ € F 3 such that ¢ A (there are many such examples, like ¢ = —1,

or ¢ = 6g° +2g* +2g% 4+ 10g + 5g + 5, where g is a primitive root in F,e, p = 11,
defined via the primitive polynomial x® + 3x* + 4x3 + 6x2 4 7x + 2). We look for y such
that y? = ¢y (and so, our choice of ¢ renders y/’3 = —y, which is needed).
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The above displayed equation now becomes

1—4u 1
y2<§+ 1 >=f,
H Jz

thatis 2 = m' Assuming that 4(¢ — 1)+ 1 is not a perfect square in ¥ 3, then there
are values of y # 0 satisfying (4.6). In what follows, we use 1(a) to denote the quadratic
character of a, that is, n(a) = 0, if 0, ands n(a) = 1, if a # 0 is a square, respectively,

n(a) = —1,if a is not a square in ;.

We will argue now that given u = o%‘_z € F 3 \F),, we can always find ¢ with n(¢) = —1
such that n(4(¢ — 1) + 1) = —1. Thus, we need to show that the below sum is nonzero,
namely,

2 2 (1-0@) (196G D) =

selFy,

o= (s~ 1)+ Con(ee-vutne)] =

{E]Fq {E]Fq

g+ n(@e¢-u+ne)].

tely

ENT.

where we used the fact that { +— 4(¢ — 1)u + 1 is linear and consequently, in the mid-
dle two sums, half the terms are +1 and half are —1. For the last expression above to

vanish, we need n((4({ - D+ 1);) = —1, regardless of ¢{. We will now make use of

Theorem 2.4. Observing that (4(Z — 1) + 1)Z is not the square of a linear polynomial
in Z, and taking x = n, the quadratic character (of order 2), the Weil’s bound renders

‘erFq n((4(§ — D+ l);‘)’ < ./q, and the above displayed equation cannot vanish.

What we thus showed is that regardless of u = ﬁ € ]F;, we can find some ¢ € F, with

n() = —1lsuchthaty = £ /m are roots of (4.6), assuming that y? = ¢y (so,
Y =2y?).

We now look more closely at the condition y2” = ¢2y2. Forafixed ¢ with ¢P°+P+1 = —|
(hence ¢ € F,), the previous condition renders the equation in u,
¢ -1 ¢ -1
uf — w+ =0 4.7)
grer =D AR =)
—1
We apply again Lemma 2.5 withn = 1,d = 1,m = 3, A = zfi B =
¢=@gr =1
£ -1
—————— Thus,
4¢2(¢P = 1)
wy = APHPHL — 2222020
2 . —2p2=2p=2 (2P 4+2p+2 _ |
ﬂ2 — Zss;bp — A'YOB-FASIBP +ASZB[)2 — ¢ (C ) =0,

i 4¢ -1

since so = p? + p, s1 = p%, 5o = 0. Consequently, (4.7) has exactly p roots, regardless of
the value of ¢ satisfying ¢7°+P+1 = —1.
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We next get a lower bound for the number of p satisfying all these conditions. Now, if

2
(4.7) holds for two different £, ¢ (with the known conditions ¢/ 7*! = —1,i = 1,2), by
subtracting the corresponding (4.7), we obtain a linear equation in ux, and hence there exists
at most one such p that may satisty (4.7) for two different ¢’s. Therefore, the set of all u

2
satisfying the imposed conditions has cardinality atleast p+(p—1)+---+2+1 = P ; P .

This is surely a rough estimate, and a computation reveals that. For example, if p = 11, the set
of p satisfying all the imposed conditions is of cardinality 522, compared with the cardinality
of F, that is, 1330.

We collect the prior major observations in the next theorem.

Theorem 4.1 Let ¢ = p3, where p is prime. For any =2 # a € Fy, and ¢ € F, with

{PZ'H’H = —lsuchthatn(z) = —1(nis the quadratic character onF ), and z := 1+ 45}5;21)

satisfying zP % = z, the trinomial
F(X) = X9P=DF1 4 g xpa 4 xatr-]
is not a permutation polynomial over I 2.

We included the prior result since one might wonder if + = 0 would be sufficient to show
the conjecture for k = 3, but as one sees above, while it covers some ground, it cannot cover
the entire set of «’s.

However, below, for every « (hence ), we shall find some value of /& for which the prior
equation has no solutions y (with y”3 = —y). We first show that there exists 7 # 0 such
that 7 := (1 — 2u)t satisfies TP = —T. For that, we will show the existence of 2 # 0 such
that

1/p 14+¢
) ,thatis,hp3+ﬁh20,

WP 4 h T

W —h (1 —2u

where { = (ﬁ) v (observe that A +¢ = 0). The prior displayed equation has a nonzero

root if we can show that the linearized polynomial X7 *+aXisnota permutation (since then
the dimension of the kernel is greater than 1, and a nonzero root exists). .

We know [14] that a linearized polynomial of the form L(x) = x” + ax € Fn

is a permutation polynomial if and only if the relative norm NF[’" /F a (a) # 1, that is,

(—1)"/‘111(1’"_1)/(1’([_1) # 1, where d = ged(n, r). Inourcase, r =3,n = 6,anda = i%[.

But we quickly see that since I7a + ¢ = 0, the norm is 1 and consequently the mentioned
binomial is not a permutation (since the corresponding polynomial is linearized, then the
kernel has dimension at least one, and so, we have at least p roots). Thus, regardless of «,
such an h exists (in fact, exactly p3 roots, all given by a hg, where a € F 3 and ho # 0) that
will render T with T? = —T (note that w := T2 € Fp).

We will next show that the following equation

1—4un T T
Y-y = Sy + o =0 4.8)
has no solution y in F ¢ satisfying yP } = —y, or it has more than one.
Observe that since yp3 = —y # 0, we have that y? = ¢y, where ¢ = y?~! and
;PZ‘H’“ = —1. We now fix some ¢ € FF > with §P2+P+1 = —1 and look for y? = ¢y.
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We will show that regardless of what ¢ is, there exists no y or there are more than one
satisfying (4.8). We thus consider

T 1—4u T
3 2
y) = - —y = y—uny+—=0.
gly) =gy 21/ | ¢ ]

If the above equation has no solution y with y? = ¢y, we are done. If it has one solu-
tion in F >, we will actually show that it has more than one. Since the characteristic
p # 2,3, we can easily solve the equation (we used SageMath, here) using classi-
cal formulas (we use y;, i = 1,2,3, to denote the roots in some extension of Iqu),
and obtain (for easy writing, and also because it will be useful later, we use D :=

13
(T(—lSCZM—%Z-H8{/L+w)+\/w(—9;“2(2lt+l)+18lu+w)2—({2(3—12M)+12{u+w)3) )
4—3

1 2(—14+/=-3)(*G — 12p) + 120 p + o) AT
y1_24<— o —2(1—«/—3>D+? ,
1 (2(=14+V=3) (2B - 120) + 120 p + ) AT
J/2—24< e —2<1+\/—3)D+? :
(PG -12w)+ 12 p+ o T
73—8( D2 +D+—>.

4.9)

We note that 1 +4/—3 € qu (since the splitting field of x2 + 3 is either F,,or sz, which is
a subfield of qu). We assume that at least one of these roots in (4.9) are in ]qu. Thus, at least

one of yl.p ’ +7y; = 0 holds. Via the quadratic reciprocity, we observe that if a = £4/—3, then
a? =a,when p =1 (mod 6),anda” = —a, when p =5 (mod 6); since the computations
are similar, sure, with different expressions that are common to all factorizations, without
loss of generality, we consider only the case of a” = a,so p = 1 (mod 6). We fully simplify

the expressions yl.p " + ¥, and we infer that at least one of the following must vanish, namely
(07" +D) (¢
(DP3 + D) (—1 n —3) (981)!’3“ + BC(—4Lp+ ¢ +4p) + a))) . (410
(07" +0) (s

(1+v53)

1)

3
we also see that the roots are distinct. If DP’ + D = 0, then all y; satisfy yl.p +v; =0, and

Z(Dp3+l+12u—3>—12§u—w>,
2

(DP3+1 —12u 3) +120u+ w) :

where 6 = (observe that 024+60+1= 0). As a side note, from the above relations,

. .. 3 .
S0, if one root is in F P65 all roots are there. If DP” + D # 0, then the second parenthesis
in one of the prior expressions must vanish. Therefore, regardless of which one does vanish,

DP’*! must be in F 3 (note that ged(pP+1,p° —1)=2),s0D € F 6. Thus, there exist
a, b e ]sz such that D?> = aD + b, ab # 0. Without loss of generality, we assume that

y1 €F - Now, from the expression of D, we infer that
D3 =D(@aD +b)=(a®>+b)D+ab=aD+b; =Tci +/d,
—182%u — 9% +18¢u +
;-3

a1:(a2+b),b1:ab;£0,cl:

)
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L 6@ (92 Qu 4 ) + 180+ @)’ — (PG~ 121 + 120+ w)’)
1 —
;2

3

with all parameters in [F P and we can write

alzb + b% + c%w +aj(aay +2b1)D —2c1(b1 +a1D)T = d,,
or,

Daj (aay +2by — 2¢1T) + a%b + b% + c%w —2bia1T =d,.

If aj = 0, then D3 = ab € F . Since 3| p* — 1, for p = 1 (mod 6), and so, DP’ ~! =
(DS)(1’3_1)/2 = 1, therefore D € Fps. Now, weleta; # 0.Ifc; = 0,thena;D+b; = Jdi,
which by squaring (and replacing D> = a D +b), we get b(a* +3a’b +b*) +a(a® +b) (a> +
3b)D =d,,s0 D € F 3, unless a® + 3b = 0, but then b(a* + 3a*b + b*) = 0 would imply
b = 0 = a, a contradiction to a; # 0.

We can now assume that ajc; # 0. Thus, the coefficient of D in the prior displayed

. . . _ w+u T _ v D)wa—vT)
equation is not zero (since 7 ¢ F,3), and so D = otoT = e
wivelon T — A 4 BT, for A = “3=4URe B = U2L41b) and y; =

2 2 2 2 2 2
d; — a%b — b% — c%a), vi = 2bic1, upy = aj(aay + 2by), v, = —2ajc;.

Plugging this back into a1 D + by = Tc + +/dj, expanding, separating the radical and
squaring, to get rid of it, we obtain the following equation involving 7 and coefficients in
F p3s

21 (B3 + o — dy) i (a®b + 6a*b? + a® (106° + i — dy) + b (30> — 2w — 3d,))
(a2 +b) ((@® + 3ab)? — 4clw) (a2 +b) (@3 + 3ab)? — 4clw)

=0.

Note that the denominator is not zero, since we assumed that a; 7# 0 and if the second
parenthesis were zero, then T'> = w would be a square in F 3 and that is also not possible.
Since 1, T" are independent over F 3, their coefficients must be zero. We further simplify
and find that the only values of ¢y, J/dj are in fact

— dy — b3
Ml = d = ————-
a=0 ! a(a2+3b)’ or

6 4 6a*b + 9a2b? 4 2b3 — 2d
C1=i\/a+a + 9a + l,\/dT=

1 2
o Ea (a + 3b) .

Going diligently through all these simple cases, we infer that D, or D> € F 3 (this last one
can happen when ¢; = 0, but then D = 4D (since gcd(p3 +1, p3 — 1) = 2), which

under the condition that D? ’ + D # 0, renders also that D € F p3). Regardless of the case,
we always get that D € F p3, but then all of y; € F 3, and so, we cannot have any of them

3
satisfy yl.p + y; = 0, unless that particular y; = 0, but that is impossible, since T # 0.
We put together the previous discussions in the next theorem (recall, and easy to show,
that if o € {0, —2}, the polynomial is easily shown to be a non-permutation).

Theorem 4.2 Let g = p3, where p is a prime. Then, for o € Iy, the trinomial
F(X) = X9P=DF1 4 g xpa 4 xatr-]

is not a permutation polynomial over F .
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5 Proof of the conjecturefork =2, a = —1

We start with showing the permutation property of the polynomial when k =2, ¢ = —1.
Theorem 5.1 Let g = p2, where p is a prime. Then the polynomial
f(X) = x49(p=D+1 _ xpq 4 yqtr-1
is a permutation polynomial on F 2.
Proof As for the prior case of k = 3, we just need to consider the equation
aXP + Tr(XP 4P~y = g XP 4 XPHP=l o xP P Z o (5.1)
where ¢ € F 4. Raising to the p? power, we get (we use that @ € F,2, X € Fp, so,
01”2 =q, X”4 =X)
3 2 3 2 3
aXP 4 XVl x P = (5.2)
Combining (5.1) and (5.2), we get
w(XP' = XP) 4+ hP —hP’ =0,

Of course, if « = —1, we get the equation (X + h)l’2 = (X+4+h),s0o0X+he€ sz. We
need to show that the original equation has a unique root for any #, to infer the necessity
of the claim of the conjecture (if k = 2, « = —1). We thus write X = u — h, h = gl/p,
u e sz, and replace into (5.1).If h € sz, then X € Isz and so, the original (5.1) simplifies
tou? —h? = u? (since ul’=1 = 1), and so, u = 0 is the unique solution. Let & € IFP4 \]sz
Note that if 0 # u is a root of (5.1), then u” = ¢u, where ”*! = 1. To show that the

root of (5.1) is unique, we fix { € I > with ¢P+1 = 1 and show that there exists only one
u vanishing (5.1) such that u” = ¢u. That would show the permutation property of our
polynomial.

When u? = ¢u, (5.1) transforms into
hp3+2 + h2p2+p +u <§. (_h2172 + hp2+l o hZ) ) (hp3+l + hp2+p))
) : (5.3)
+u (¢ (7 h) + 0P 4 1) — s =0,
Raising to the p-power, we obtain
P20 g2l gy ( Ry Y ( 210’ hP+‘) th)
+ u? (52 (hp2 + h) +¢ (hf’3 + h")) et =0.
Multiplying the second equation by ¢ and subtracting it from the first we obtain
th3+2 + §h2p2+p _ h2p3+p2 _ p2prtl +u (—2§h”3+1 +h2p3 _ hp3+17
_gzhz,,z " §2h!’2+1 _ Z;h,,zﬂ, +2§h1’3+l’2 N Y Ly e h2§2> =0,

and if the coefficient of u is nonzero, we get the solution
7{h1’3+2 _ {h2p2+17 + h2p3+p2 + h21)+1

—2{h1’3+1 4+ h2 —ppitp — §2h2p2 + §2h1’2+1 _ 2§hp2+p + 2§hp3+]92 +20hPH! 4 h2p — hzgz’
5.4

u=
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hence uniqueness of the solution of (5.1) in [F 2 If the coefficient of u is zero, then we must
h2p3+p2+h2p+l
W32 g2 p
if nonzero).
Using the above expression of ¢ into the conditional expression u” = ¢u, we infer that
3 2

R2P7 P74 p2rtl B? 3 2 2
ul=l = ———— == BP~! where B = h?"t2 + p2P°+P = H 4+ HP" for

hP°+2 o p2p=+p B

2 .
H = h2P"tP_Thus, u = Be, where ¢ € IF,. We need to find the values of € such that this

u satisfies (5.1). Observe that B = H + H”Q, for H = W2+, Plugging u = Be back
into (5.1) and simplifying, we obtain that the only possible values is € = 0, so u = 0, but

then h2P*+P” 4 p2r+1 = 0, from (5.3), and that is impossible since ¢ # 0. O

have ¢ = # 0 (it is easy to check that this ¢ satisfies the required {7+ = 1,

6 The proof of the conjecture fork = 2, a # —1

We now assume o # —1 and show that the polynomial is not a permutation, when k = 2.
We use the transformation g — h”, o +— B?, obtaining

2
Pt _
XPZ—X—B=O, whereB:h 5 h.

Applying again Lemma 2.5 to X P _X-B= 0, we infer that the solutions must be of
the form X = —B/2+ A, 1 € F 2, and plugging this into (5.1), we attempt to find at least
two values of A for some fixed & satisfying (5.1), or no value of A for such an #.

‘We therefore obtain
2 3
(-2 +07) (-5 4a) (=5 4a7) (-4 49)

B?
B? (——+AP>+ + =hP.
2 (=5 +2) (-5 +u)

Note that A = g (hence X = 0) is a solution only for # = 0. Using B = —B, = A,
we get, after simplifying, and using the substitution y = %,

b2 B=DF . BERP 1 B+3r

_ = 1
ag+or” T 2p+r” T Bror’ T8+ D

2
Replacing B = hp—_h, and using the notation ¢t := (h’73 + hp)/(hf”3 — h?) (note that

B
t”2 =—t,and u = a%rz), we get
1—4n (1 —2u)t (1 —2u)t
yPte — y? — v —ny+-——0—=0. (6.2)
4 2 8
The same argument we used for k = 3 shows that there exists 4 such that T = (1 — 2u)t
satisfies T? = —T # 0 (here, we use o« # —1), and the equation becomes
1—4up T T
L —=0. 6.3
x Vv omrrtg (6.3)
1
where ;t = Y which is the same equation as for the k = 3 case, sure, with the parameters

o
satisfying other conditions. Note that T' € F .
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We will now show that for some 4 outside F 2, we have at least two values of y satisfying
2
vy =—v.
As for the prior case of k = 3, we can assume that y satisfies y? = ¢y, where ¢ 77! = —1
(so that y”2 = —y). We now fix ¢ with cPtl = —1 and we write (6.3) as
T , 1—-4u

T
3
_ 1,2 _ — 6.4
gy 7Y n gy /w+8 (6.4)

(1+v=3)
(1-v=3)
—D?¢2%0 4+ DCOT + DeT + 1202 — 3¢% — 120 — o
6Dc2(0 + 1) ’
—D%¢2 + DCOT + DCT + 12820 — 3220 — 1200 — Ow
2= 6DC2(6 + 1) :
D224+ D¢T — 12820 + 322+ 120 p 4w
6D¢? '

whose solutions are of the form (below, we let 6 = € IF‘,,3 ;note that 02 +6+1 = 0),

V1=

V3

We rewrite the above expressions as (we use 91? = —0)
G4+ L 44 + )
= D
0PG4+ +4p) )
= D2
3(4pu+i+4w to T 1
= D+—=D — ,
De? +D+ c —I—azD +as

for the obvious a, a3 € F 2> where

T 1
671 +D92+E =D92+9025 + as,

T 1
6> + D6 + 7 = DO + 02a25 + as, (6.5)

6y3

D3 =T¢3(=180%w — 922 + 180 1w + w)

o (~92Qu + 1)+ 18cu + )} — (226 — 1200 + 1204 + )]
=Tc + \/cT,

for the obvious ¢y, d; € F »2- Note that0 £ D3 e F Pt (since we assume that at least one root
exists). Also, at least two of the roots are distinct, as one can see from the following argument.
If y1 = y» (similar arguments will work if other two roots are equal), then D = %2, and so,
yI=y2 = (92 +60)D+ a3 =—D + a3 # 2D + a3 = y3 (unless D = 0, but that is easily
assessed to be impossible). Thus, if one of the roots is in P then D € F P and the other
roots will be in IF,,4, as well.

Without loss of generality (the computations are absolutely similar), we assume that

yi € F 1. Using the fact that (6y1)”" = (6y1), we get

4 1
e(DP —D) <0—a274> -0
pri+l
If DP4 = D, then if our equation has a root in Fp4 for that given ¢, then it must have
all roots in IFp4 (since now D € IFP4). if p»* # D, then pri+l — %2 S ]sz. Because
74—]
3|p* — 1, for p > 3, and D* € Fu, then DP'+1 = DDV~ = P2(D)*5 € Fp,

and therefore, D% € IFp4. Since D3 € Fp4 we conclude D € Fp4, yet again. But then
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_ 0’D’+0ay ; ; 1 i
from 12y = 5 + a3 implies that 5 (and therefore, D) must be in F P unless
02D + far = 0, but then D? ¢ sz, rendering D € IFP4, yet again.
‘We summarize our discussion in the next theorem.

Theorem 6.1 Let g = p2, where p is a prime. Then, for —1 # «a € Iy, the trinomial
F(X) = X9P=DF1 4 o xpa 4 xatr-]

is not a permutation polynomial over ]qu.
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