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Abstract

Starting with the multiplication of elements in F2
q which is consistent with that

over Fq2 , where q is a prime power, via some identification of the two environ-

ments, we investigate the c-differential uniformity for bivariate functions F (x, y) =

(G(x, y), H(x, y)). By carefully choosing the functions G(x, y) and H(x, y), we

present several constructions of bivariate functions with low c-differential unifor-

mity, in particular, many PcN and APcN functions can be produced from our con-

structions.
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1 Introduction

The differential attack, introduced by Biham and Shamir in [5], is one of the most

fundamental cryptanalytic approaches targeting symmetric-key primitives. The ability of

a cryptographic function applied in the S-box to resist the differential attack is quantified
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by the so-called differential uniformity [18]. In [7], the authors proposed a new type of

differential by utilizing modular multiplication as a primitive operation which can be used

to attack some known ciphers such as a variant of the IDEA cipher. Very recently, moti-

vated by their work, Ellingsen et al. [11] introduced a new concept called multiplicative

differential (and the corresponding c-differential uniformity) in the following way.

Definition 1.1. Let Fpn denote the finite field with pn elements, where p is a prime and

n is a positive integer. For a function F : Fpn → Fpn and c ∈ Fpn, the (multiplicative)

c-derivative of F with respect to a ∈ Fpn is defined as

cDaF (x) = F (x+ a)− cF (x),

for all x ∈ Fpn. For b ∈ Fpn, we define c∆F (a, b) = # {x ∈ Fpn , cDaF (x) = b} and call

c∆F = max {c∆F (a, b) : a, b ∈ Fpn, and a ̸= 0 if c = 1}, the c-differential uniformity of

F . In this case, F is said to be (c, c∆F )-uniform.

Note that if c = 0 or a = 0, then cDaF (x) is a shift of the function F and if c = 1 and

a ̸= 0, then cDaF (x) becomes the usual derivative. Therefore, the concept of c-differential

uniformity can be seen as the generalization of that of the classical differential uniformity.

Similarly to the classic case, F is called a perfect c-nonlinear (PcN) function if c∆F = 1

and an almost perfect c-nonlinear (APcN) function if c∆F = 2. Bartoli and Timpanella

in [3] proposed the concept of β-planar functions, which is just the PcN function with

respect to c = β.

Ellingsen et al. [11] investigated the c-differential uniformity of some well-known PN

functions and the inverse function. Inspired by their work, this topic has been extensively

studied in the past years. Researchers proposed several constructions of functions with low

c-differential uniformity, such as the AGW criterion, cyclotomic method, the perturbing

and swapping method, as well as the switching method [2, 12, 15, 17, 21, 22, 23, 25, 26, 27].

In [1], it was shown that the graph of a PcN function corresponds to a difference set in

a quasigroup, hence providing the first application of the c-differential uniformity (recall

that difference sets give rise to symmetric designs, used in the construction of optimal self

complementary codes, among other applications). Moreover, it was suggested in [1] that

the post-whitening keys in an even number of rounds (like in the higher-order differential

cryptanalysis) will disappear, when the round keys are connected via some of the constants

c in the higher order c-derivatives, or if just one of the sequence of derivatives is the

classical one. Further, in a very recent manuscript by Pal and Stănică [19] it was shown
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that the boomerang uniformity for an odd APN function in odd characteristic equals its

c-differential uniformity when c = −1, if the function is a permutation, otherwise it is

the maximum of the (−1)-DDT entries, disregarding the first row/column. This indicates

that our work may have implications in the classical differential uniformity area.

In [9], Carlet constructed new classes of APN functions by employing the bivariate

function. This method was later used to construct other classes of APN functions and

has turned to be effective to give rise to a new family of APN functions [8, 10, 16, 24,

28]. A natural problem is to investigate how the c-differential uniformity of the known

APN bivariate functions behaves. The computational data shows that the c-differential

properties of these APN functions are not good, in general. This motivates us to study low

c-differential uniformity by virtue of bivariate functions F (x, y) ∈ Fq[x, y]. By utilizing

the 1-to-1 correspondence between F2
q and Fq2 , we firstly characterize the multiplication

over F2
q and then give a definition of the c-differential uniformity of F (x, y), which is

consistent with the c-differential uniformity in univariate form. This is somewhat different,

in general, from the approach of [20], where the c-differential uniformity was taken as the

maximum for each bivariate component. Based on the newly defined concept of the c-

differential uniformity in this paper, we present an infinite class of bivariate functions and

the upper bound of the c-differential uniformity is given for any c = (c1, c2) ∈ F2
q\{(1, 0)}.

By employing some well-known cryptographic functions, such as the Gold function and

the inverse function, we propose some concrete examples and investigate the c-differential

uniformity explicitly in any characteristic. Furthermore, we propose several classes of

functions with low c-differential uniformity for any c = (c1, c2) ∈ F2
q\{(1, 0)}. In addition,

by fixing c = (c1, 0) ∈ Fq\{1} × {0}, we derive other five classes of bivariate functions

with low c-differential uniformity. It is worth noting that many PcN and APcN functions

can be produced from our constructions.

Throughout this paper, we assume q = pm for a prime p and a positive integer m, and

we denote by Fq, the finite field with q elements. For l |m, we denote by Trml , the relative

trace function from Fpm to Fpl , defined by Trml (x) =
∑m/l−1

i=0
xpli .

2 Preliminaries

Let χ be the quadratic character of Fq when q is odd, namely, for any α ∈ F∗
q, χ(α) = 1

if α is a square, χ(α) = −1 if α is not a square. We denote by SQ and NSQ, the set of

square elements and non-square elements in F∗
q, respectively. Throughout this paper, we
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select some t ∈ Fq which satisfies Trm1 (t) = 1 when q is even and 1 − 4t ∈ NSQ when q

is odd. Below we recall basic results on the factorization of low-degree polynomials over

t ∈ Fq.

Lemma 2.1 ([4]). Let m be a positive integer, p a prime number and q = pm. Then:

(1) The equation x2 + ax+ b = 0, with a, b ∈ F∗
q and q even, has two solutions in Fq if

and only if Trm1
(

b
a2

)
= 0, and no solution, otherwise.

(2) The equation x2 + ax + b = 0, with a, b ∈ Fq and q odd, has two (respectively,

one) solutions in Fq if and only if the discriminant a2 − 4b ∈ SQ (respectively,

a2 − 4b = 0).

The factorization of a quartic polynomial over a finite field F2m can be given in terms

of the roots of a related cubic equation. Let f(x) = x4 + a2x
2 + a1x + a0 with a0a1 ̸= 0

and g(y) = y3 + a2y + a1 with the roots r1, r2, r3. When the roots exist in F2m , we

set wi = a0r
2
i /a

2
1, 1 ≤ i ≤ 3. If a polynomial f is factored as a product of irreducible

polynomials of degrees a, b, c, . . ., we write that as f = (a, b, c, . . . , ).

Lemma 2.2 ([14]). Let f(x) = x4 + a2x
2 + a1x + a0 ∈ F2m [x] with a0a1 ̸= 0. The

factorization of f(x) over F2m is characterized as follows:

(1) f = (1, 1, 1, 1) ⇔ g = (1, 1, 1) and Trm1 (w1) = Trm1 (w2) = Trm1 (w3) = 0;

(2) f = (2, 2) ⇔ g = (1, 1, 1) and Trm1 (w1) = 0,Trm1 (w2) = Trm1 (w3) = 1;

(3) f = (1, 3) ⇔ g = (3);

(4) f = (1, 1, 2) ⇔ g = (1, 2) and Trm1 (w1) = 0;

(5) f = (4) ⇔ g = (1, 2) and Trn1 (w1) = 1.

With the natural 1-to-1 correspondence between Fq2 and F2
q with respect to some

primitive element in Fq2 , below we consider the multiplication between elements in F2
q,

which induces a multiplicative isomorphism between Fq2 and F2
q. Based on the multipli-

cation operation, the c-differential uniformity of a bivariate function can be investigated

in terms of a system of two bivariate equations.

According to Lemma 2.1, one can verify that

tc22 + (1− c1)c2 + (1− c1)
2 ̸= 0, (2.1)
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for any (c1, c2) ∈ F2
q\{(1, 0)}. Besides, it can be easily checked that the quadratic polyno-

mial f(x) = x2+x+t is irreducible over Fq. Let β ∈ Fq2\Fq be a root of f(x), then we can

extend Fq to Fq2 based on the basis {1, β}. Also, Fq2 and F2
q are in 1-to-1 correspondence

under the mapping

φ(x, y) = z = x+ βy; z ∈ Fq2 , x, y ∈ Fq. (2.2)

From (2.2), x, y ∈ Fq can be expressed by z ∈ Fq2 as

x =
βz − βz

β − β
, y =

z − z

β − β
, (2.3)

where z is the Galois conjugate of z, i.e., z = zq. Therefore,

φ−1(z) = φ−1(x+ βy) = (x, y) =

(
βz − βz

β − β
,
z − z

β − β

)
.

For any z1 = φ(x1, y1), z2 = φ(x2, y2), we have

φ−1(z1 · z2) = φ−1 ((x1 + βy1)(x2 + βy2))

= φ−1(x1x2 + β(x1y2 + x2y1) + β2(y1y2))

= φ−1(x1x2 − ty1y2 + β(x1y2 + x2y1 − y1y2))

= (x1x2 − ty1y2, x1y2 + x2y1 − y1y2) .

To be consistent with the multiplication over Fq2 , we can define the multiplication over

F2
q as

(x1, y1) · (x2, y2) = φ−1 (φ(x1, y1) · φ(x2, y2)) = (x1x2 − ty1y2, x1y2 + x2y1 − y1y2).

Let F (x, y) = (G(x, y), H(x, y)) be a bivariate function from F2
q to itself, where both

H(x, y) and G(x, y) are bivariate functions from F2
q to Fq. Based on the multiplicative

definition over F2
q as above, we next give a proper definition of the c-differential uniformity

of F (x, y).

Definition 2.3. Let F (x, y) = (G(x, y), H(x, y)) be a bivariate function from F2
q to F2

q,

where H(x, y) and G(x, y) are bivariate functions from F2
q to Fq. The c-differential equa-

tion Dc,aF (x, y) = b with a = (a1, a2), b = (b1, b2), c = (c1, c2) ∈ F2
q is given in the

following system of equations{
G(x+ a1, y + a2)− c1G(x, y) + tc2H(x, y) = b1,

H(x+ a1, y + a2)− (c1 − c2)H(x, y)− c2G(x, y) = b2.
(2.4)
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We define the c-Differential Distribution Table (DDT) entry at (a, b) as

c∆F (a, b) = #
{
(x, y) ∈ F2

q : Dc,aF (x, y) = b
}

and the c-differential uniformity of F as c∆F = max {c∆F (a, b) : a, b ∈ F2
q, and a ̸= (0, 0)

if c = (1, 0)} (we say that F is (c, c∆F )-uniform).

It should be noted that the 1-to-1 correspondence between the univariate and bivariate

representations of F (x, y) is given by

F (z) = H

(
βz − βz

β − β
,
z − z

β − β

)
+ β G

(
βz − βz

β − β
,
z − z

β − β

)
. (2.5)

To prove our results, we need the following lemmas.

Lemma 2.4 ([6]). Let m, k be two positive integers with gcd(m, k) = d. Let p be a

prime, q = pm and r = [Fq : Fpgcd(m,k) ] be the degree of the extension. Then the polynomial

f(x) = xpk+1 + ax + b has exactly 0, 1, 2 or pd + 1 roots in Fq, when a, b run through

F∗
q. In particular, the number of b ∈ F∗

q such that xpk+1 + x + b = 0 has exactly pd + 1

solutions in Fq is p(r−1)d−pϵd

p2d−1
, where ϵ = 0 if r is odd and ϵ = 1, otherwise.

Remark 2.5. Note that if r = 2 in Lemma 2.4, then p(r−1)d−pϵd

p2d−1
= 0 and therefore, there

is no a ∈ F∗
q such that xpk+1 + x+ a = 0 has pd + 1 solutions in Fq.

The c-differential uniformity of the inverse function f(x) = x−1 and Gold function

f(x) = xpk+1 has been completely described. Below, we recall the results which can be

used to simplify our proof of the main results in our paper.

Lemma 2.6 ([12])). Let q = 2m, m ≥ 2, c ∈ Fq and F : Fq → Fq be the inverse function

defined by F (x) = xq−2. We have:

(1) If c = 0, then F is P cN (this is equivalent to F being a permutation).

(2) If c = 1, the differential uniformity of F is 2, when m is even, and 4, when m is

odd.

(3) If c ̸= 0 and Trm1 (c) = Trm1 (1/c) = 1, the c-differential uniformity of F is 2 (and

hence F is APcN).

(4) If c ̸= 0 and Trm1 (1/c) = 0, or Trm1 (c) = 0, the c-differential uniformity of F is 3.
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Lemma 2.7 ([12, 19])). Let q be odd and c ∈ Fq. Let F : Fq → Fq be the inverse function

defined by F (x) = xq−2. We have:

(1) If c = 0, then F is P cN (this is equivalent to F being a permutation).

(2) If c ̸= 1, and χ(c2−4c) = 1 or χ(1−4c) = 1, the c-differential uniformity of F is 3.

(3) If c = 1 and χ(−3) = 0, the c-differential uniformity of F is 3.

(4) If c = 1 and χ(−3) = 1, the c-differential uniformity of F is 4.

(5) In all other cases, the c-differential uniformity of F is 2.

3 The main results

In this section, we mainly focus on the bivariate functions of the form F (x, y) =

(G(x, y), H(x, y)) . We will investigate the c-differential uniformity properties of F for

certain functions G,H, and present several families of bivariate functions with low c-

differential uniformity. It is worth noting that many PcN and APcN functions can be

produced from our constructions.

3.1 Functions with low c-differential uniformity for any c ∈ Fq2

Firstly, we consider the bivariate function F (x, y) of the form F (x, y) = (g(x), h(y) +

g(x)), for some univariate g, h. According to Definition 2.3, the c-differential uniformity

of F (x, y) is given by{
g(x+ a1)− (c1 − tc2)g(x) + tc2h(y) = b1,

g(x+ a1)− c1g(x) + h(y + a2)− (c1 − c2)h(y) = b2.
(3.1)

We first give the upper bound about the c-differential uniformity of F (x, y) as follows.

Lemma 3.1. Let F (x, y) = (g(x), h(y) + g(x)) and c = (c1, c2) ∈ F2
q\{(1, 0)}. If g(x) is

differentially (c1 − tc2, δ1)-uniform and h(x) is differentially (c1 − (1 − t)c2, δ2)-uniform,

then c∆F ≤ δ1δ2. In particular, c∆F = δ1δ2 when c2 = 0.

In particular, if g(x) is a linearized polynomial over Fq and h(y) is a permutation

polynomial over Fq in Lemma 3.1, then we have the following result.
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Theorem 3.2. Let q = pm and F (x, y) = (L(x), h(y) + L(x)), where L(x) is a linearized

permutation polynomial, h(y) is a permutation polynomial over Fq. Let c = (c1, c2) ∈
F2
q\{(1, 0)} and denote A = (c1 − c2)(1 − c1 + tc2) + tc2(1 − c1) and B = 1 − c1 + tc2.

If AB = 0, then F (x, y) is a PcN function; If AB ̸= 0 and A
B
∆h = δ, then F (x, y) is

differentially (c, δ)-uniform.

Proof. By Equation (3.1), we need to solve the following system of equations{
(1− c1 + tc2)L(x) + tc2h(y) = b1 − L(a1), (3.2)

(1− c1)L(x) + h(y + a2)− (c1 − c2)h(y) = b2 − L(a1), (3.3)

where (a1, a2), (b1, b2) ∈ F2
q. If c = (c1, c2) = (0, 0), it can be easily checked that c∆F = 1.

We assume now that c = (c1, c2) ̸= (0, 0) and B = 1− c1 + tc2.

Case I: If B = 0, then c2 ̸= 0 due to (c1, c2) ̸= (1, 0). From Equation (3.2) and h(y)

permuting Fq, we can see that y is uniquely determined by a1, b1. Moreover, for a fixed

y satisfying (3.2), there is exactly one solution x to Equation (3.3) due to L(x) being a

linearized permutation polynomial. Thus, we have c∆F = 1.

Case II: If B ̸= 0, by Equation (3.2), then

L(x) =
b1 − L(a1)− tc2h(y)

B
. (3.4)

Substituting Equation (3.4) into Equation (3.3), we get

h(y + a2)−
(
c1 − c2 +

tc2(1− c1)

B

)
h(y) = b2 − L(a1)− (1− c1)

b1 − L(a1)

B
.

Since b1 and b2 run through Fq, it is equivalent to considering

h(y + a2)−
A

B
h(y) = b3 (3.5)

with A = (c1− c2)(1− c1+ tc2)+ tc2(1− c1) and b3 ∈ Fq. Note that L(x) is a permutation

polynomial, which implies that x can be uniquely determined by y from (3.4). Therefore,

in this case, the number of solutions of Equations (3.2)-(3.3) is equivalent to that of

Equation (3.5). Now, we focus on solving Equations (3.5). Firstly, we claim that A
B
̸= 1.

Suppose A
B

= 1, then (1 − c1)tc2 = (1 − c1 + c2)(1 − c1 + tc2), which can be reduced to

tc22+(1−c1)c2+(1−c1)
2 = 0. This is impossible due to (c1, c2) ̸= (1, 0) and Equation (2.1).

Further, we can see that Equations (3.5) always has only one solution when A = 0. When

AB ̸= 0, then F (x, y) is differentially (c, δ)-uniform, since A
B
∆h = δ.
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Remark 3.3. From the proof above we can see that when L(x) is an s-to-1 linearized

polynomial in Theorem 3.2, we can derive the following result:

(1) If AB = 0, then c∆F = s;

(2) If AB ̸= 0 and A
B
∆h = δ, then c∆F ≤ δs.

According to the result in Theorem 3.2, we can construct many functions with low

c-differential uniformity from the known functions. Moreover, PcN and APcN functions

can be derived in our constructions. By employing inverse functions and Gold functions,

the following corollaries can be directly obtained by Lemmas 2.6 and 2.7.

Corollary 3.4. Let q = 2m with m ≥ 3 being a positive integer and F (x, y) = (L(x), y−1+

L(x)), where L(x) is a linearized permutation polynomial over Fq. Let c = (c1, c2) ∈
F2
q\{(1, 0)} and denote A = (c1 + c2)(1 + c1 + tc2) + tc2(1 + c1) and B = 1 + c1 + tc2.

(1) If AB = 0, then F (x, y) is a PcN function;

(2) If AB ̸= 0, then F (x, y) is differentially (c, 3)-uniform when Trm1 (
A
B
) · Trm1 (BA ) = 0;

otherwise, F (x, y) is an APcN function.

Corollary 3.5. Let q = pm with m being a positive integer and p being an odd prime,

F (x, y) = (L(x), 1
y
+ L(x)), where L(x) is a linearized permutation polynomial over Fq.

Let c = (c1, c2) ∈ F2
q\{(1, 0)}. Denote A = (c2 − c1)(1 − c1 + tc2) − tc2(1 − c1) and

B = 1− c1 + tc2. Then:

(1) If AB = 0, then F (x, y) is a PcN function;

(2) If AB ̸= 0, when A
B

= 4, 4−1 or A
B

(
A
B
− 4
)
∈ NSQ and A

B
(B
A
− 4) ∈ NSQ, then

F (x, y) is an APcN function; when A
B
̸= 4, 4−1, A

B

(
A
B
− 4
)
∈ SQ, or A

B
(B
A
−4) ∈ SQ,

F (x, y) is differentially (c, 3)-uniform.

Example 3.6. Let q = 24 and t = w3, where w is a primitive element of Fq. Then

f(x) = x2 + x+ t is an irreducible polynomial over Fq[x]. Let F (x, y) = (x, y−1 + x) and

c = (c1, c2) ∈ F2
24\{(1, 0)}. Magma experiments show that when (c1+c2+

tc2(1+c1)
1+c1+tc2

)(1+c1+

tc2) = 0 or (c1, c2) = (0, 0), F (x, y) is PcN; when
(
c1 + c2 +

tc2(1+c1)
1+c1+tc2

)
(1 + c1 + tc2) ̸= 0

and (c1, c2) ̸= 0, F (x, y) is differentially (c, 3)-uniform if Trm1

(
c1 + c2 +

tc2(1+c1)
1+c1+tc2

)
= 0 or

Trm1

((
c1 + c2 +

tc2(1+c1)
1+c1+tc2

)−1)
= 0; otherwise, F (x, y) is APcN. It is consistent with the

result in Corollary 3.4.
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Example 3.7. Let q = 23. Then f(x) = x2+x+1 is an irreducible polynomial over Fq[x].

Let F (x, y) = (x2 + x, y−1 + x2 + x) and c = (c1, c2) ∈ F2
23\{(1, 0)}. Magma experiments

show that when (c1 + c2 +
c2(1+c1)
1+c1+c2

)(1+ c1 + c2) = 0 or (c1, c2) = 0, F (x, y) is differentially

(c, 2)-uniform; otherwise, F (x, y) is (c, 6)-uniform which is consistent with the result in

Remark 3.3.

Theorem 3.8. Let F (x, y) = (L(x), yp
k+1+αy+L(x)), where L(x) is a linearized permu-

tation polynomial, k < m is a positive integer and α ∈ Fq. Let c = (c1, c2) ∈ F2
q\{(1, 0)}.

(1) When m ̸= 2k, if α = 0 and 1−c1+tc2
tc22+(1−c1)c2+(1−c1)2

∈ Fpgcd(m,k), then c∆F = gcd(pk +

1, pm − 1). Otherwise, we have c∆F = pgcd(m,k) + 1.

(2) When m = 2k, if α ̸= 0 and 1−c1+tc2
tc22+(1−c1)c2+(1−c1)2

∈ Fpk , then c∆F = 2. Otherwise, we

have c∆F = pk + 1.

Proof. By Definition 2.3, it is sufficient to solve the system of equations{
(1− c1 + tc2)L(x) + tc2y

pk+1 + tc2αy = b1, (3.6)

(1− c1 + c2)y
pk+1 + a2y

pk + (ap
k

2 + α(1− c1 + c2))y + (1− c1)L(x) = b2, (3.7)

where a2, b1, b2 ∈ Fq. Note that 1 − c1 + tc2 and 1 − c1 cannot be zero simultaneously.

Otherwise, we can infer that (c1, c2) = (1, 0), which contradicts the assumption. Next, we

discuss the above system of equations by splitting the analysis into two cases.

Case I: 1 − c1 + tc2 = 0. Then there are at most gcd(pk + 1, pm − 1) solutions y ∈ Fq

satisfying Equation (3.6) when α = 0 and at most pgcd(m,k) + 1 solutions when α ̸= 0 by

Lemma 2.4. Further, for each y, Equation (3.7) has exactly one solution x ∈ Fq due to L(x)

being a permutation polynomial. Since b1 runs over Fq, one has c∆F = gcd(pk+1, pm−1)

for α = 0. When α ̸= 0, we can see that if m = 2k, then c∆F = 2 again by Lemma 2.4

and otherwise, c∆F = pgcd(m,k) + 1.

Case II: 1 − c1 + tc2 ̸= 0. For this case, L(x) = b1−tc2yp
k+1−tc2αy

1−c1+tc2
by Equation (3.6).

Substituting L(x) into Equation (3.7), one gets

A1y
pk+1 + A2y

pk + A3y + A4 = 0, (3.8)

where A1 = tc22+(1− c1)c2+(1− c1)
2, A2 = (1− c1+ tc2)a2, A3 = (1− c1+ tc2)a

pk

2 +αA1

and A4 = b1(1− c1)− b2(1− c1 + tc2). Note that A1 ̸= 0 from Equation (2.1).

When α = 0, Equation (3.8) has at most gcd(pk+1, pm−1) solutions in Fq if (
A2

A1
)p

k
=

A3

A1
. When α ̸= 0, Equation (3.8) has at most pgcd(m,k) + 1 solutions if m ̸= 2k by Lemma

10



2.4 and also at most pk + 1 solutions if m = 2k which is possible by choosing a2 = 0 and

b1, b2, properly.

Similarly, when α ̸= 0, observe that if 1−c1+tc2
tc22+(1−c1)c2+(1−c1)2

/∈ Fpgcd(m,k) , then there always

exists a2 ∈ Fq such that (A2

A1
)p

k
= A3

A1
. Therefore, by Lemma 2.4, one has that the above

equation has at most pgcd(m,k)+1 solutions for the case m ̸= 2k. If m = 2k, it has at most

pk + 1 solutions when 1−c1+tc2
tc22+(1−c1)c2+(1−c1)2

/∈ Fpk , otherwise, it has at most two solutions.

The result follows by combining Cases I and II, which completes the proof.

Remark 3.9. It is well known [11] that gcd(2k +1, 2m − 1) = 2gcd(2k,m)−1
2gcd(k,m)−1

and when p > 2

and m
gcd(m,k)

is odd, gcd
(
pk + 1, pm − 1

)
= 2. Therefore, one can see from Theorem 3.8

that when m ̸= 2k, m
gcd(m,k)

is odd, if α = 0 and 1−c1+tc2
tc22+(1−c1)c2+(1−c1)2

∈ Fpgcd(m,k), then F (x, y)

is PcN when p = 2 and APcN when p > 2.

Example 3.10. Let q = 24 and t = w3, where w is a primitive element of F24. Then

f(x) = x2 + x + t is an irreducible polynomial over F24 [x]. Let F (x, y) = (x, y5 + αy +

x) and c = (c1, c2) ∈ F2
24\{(1, 0)}. Magma experiments show that when α ̸= 0 and

1+c1+tc2
tc22+(1+c1)c2+(1+c1)2

∈ F22, F (x, y) is APcN; otherwise, F (x, y) is differential (c, 5)-uniform

which is consistent with the result in Theorem 3.8.

Example 3.11. Let q = 33 and t = w2, where w is a primitive element of F33. Then

f(x) = x2 + x + t is an irreducible polynomial over F33 [x]. Let F (x, y) = (x, y10 + αy +

x) and c = (c1, c2) ∈ F2
33\{(1, 0)}. Magma experiments show that when α = 0 and

1−c1+tc2
tc22+(1−c1)c2+(1−c1)2

∈ F3, F (x, y) is APcN; otherwise, F (x, y) is differential (c, 4)-uniform

which is also consistent with the result in Theorem 3.8.

In the following, we present another class of bivariate functions F (x, y) which is dif-

ferent from that of Lemma 3.1.

Theorem 3.12. Let α ∈ F∗
q, F (x, y) = (x+y, xpiy+αxyp

j
) and c = (c1, c2) ∈ F2

q\{(1, 0)}.
Denote A =

{
(c1, c2) ∈ F2

q\{(1, 0)} : c2 ̸= 0 and Trm1

(
1−c1
tc2

)
= Trm1

(
(1−c1+c2)(c1−1)

tc2
− c2

)
=

0
}
. Then:

(1) If α = −1 and (i, j) = (0, 1), then c∆F ≤ p + 1 for c ∈ {(c1, 0) : c1 ∈ Fq\{1}};
c∆F ≤ q + p− 1 for c ∈ A and c∆F ≤ 2p, otherwise;

(2) If α = −1 and (i, j) = (0,m− 1), then c∆F = q + p− 1 for c ∈ A, and c∆F ≤ 2p,

otherwise;
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(3) If α ̸= −1 and (i, j) = (1, 1) or (i, j) = (m − 1,m − 1), then c∆F ≤ p + 1 for

c ∈ {(c1, 0) : c1 ∈ Fq\{1}}, and c∆F ≤ p2 + p, otherwise.

Proof. We only give the proof for the case (i, j) = (1, 1), since the other cases can be

similarly proved. Let c = (c1, c2) ∈ F2
q\{(1, 0)}. It is sufficient to solve the following

system of equations{
tc2(x

py + αxyp) + (1− c1)x+ (1− c1)y = b1, (3.9)

(1 + c2 − c1)(x
py + αxyp) + a2x

p + αa1y
p + (αap2 − c2)x+ (ap1 − c2)y = b2, (3.10)

where (a1, a2), (b1, b2) ∈ F2
q. When c2 = 0, then we have c1 ̸= 1 due to (c1, c2) ̸= (1, 0)

and x = b1
1−c1

− y from Equation (3.9). Replacing it into Equation (3.10), we obtain an

equation whose degree is actually p + 1 due to α ̸= −1. Thus, we have c∆F ≤ p + 1.

Next, we assume that c2 ̸= 0. Multiplying Equation (3.9) by −1+c2−c1
tc2

and then adding

it to Equation (3.10) gives us

a2x
p +B1x+ αa1y

p +B2y = b3, (3.11)

where B1 = αap2−c2− (1+c2−c1)(1−c1)
tc2

, B2 = ap1−c2− (1+c2−c1)(1−c1)
tc2

and b3 = b2− b1(1+c2−c1)
tc2

.

By Equation (2.1), we can see that a2 and B1 cannot be zero at the same time.

Case I: a2 = 0. In this case, we have B1 ̸= 0 and x = b3−B2y−αa1yp

B1
from Equation (3.11).

Substituting it into Equation (3.9), we get an equation in y only, whose highest degree

is p2 + 1 when a1 ̸= 0. When a1 = 0, then we have B1 = B2 and x = b3
B1

− y from

Equation (3.11). Combining this expression with Equation (3.9) gives an equation about

y whose highest degree is p + 1 due to α ̸= −1. Thus, there is at most p2 + 1 solutions

for Equations (3.9)-(3.10).

Case II: a2 ̸= 0. If B1 = 0, then xp = b3−B2y−αa1yp

a2
. Similarly as in Case I, by taking

p-th powers on both sides of Equation (3.9) and then eliminating xp, we can derive an

equation in y only, whose highest degree can reach p2 + p. Thus, Equations (3.9)-(3.10)

has at most p2 + p solutions. If B1 ̸= 0, then multiplying Equation (3.11) by − tc2
a2
y and

adding it to Equation (3.9) gives

(tc2αy
p − B1tc2

a2
y + 1− c1)x− αtc2a1

a2
yp+1 − B2tc2

a2
y2 + (1− c1 +

b3tc2
a2

)y = b1. (3.12)

Subcase (II-1): If there exists y1 such that tc2αy
p
1 − B1tc2

a2
y1 + 1 − c1 = 0, then

Equation (3.12) has solutions if and only if b1 = −αtc2a1
a2

yp+1
1 − B2tc2

a2
y21 + (1− c1 +

b3tc2
a2

)y1

and for such y1, Equation (3.9) has at most p solutions on x.
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Subcase (II-2): If y satisfies tc2αy
p − B1tc2

a2
y + 1 − c1 ̸= 0, then x can be uniquely

expressed by y from Equation (3.12). Replacing x by y in Equation (3.11), we can obtain

an equation with the highest degree being p2 + p. Thus, Equations (3.9)-(3.10) has at

most p2 + p solutions in this case.

When Subcases (II-1) and (II-2) happen simultaneously, then we have

x =
αtc2a1

a2
yp+1 + B2tc2

a2
y2 − (1− c1 +

b3tc2
a2

)y + b1

tc2αyp − B1tc2
a2

y + 1− c1

=
αtc2a1

a2
(yp+1 − yp+1

1 ) + B2tc2
a2

(y2 − y21)− (1− c1 +
b3tc2
a2

)(y − y1)

tc2α(yp − yp1)− B1tc2
a2

(y − y1)
.

from Subcase (II-2). Dividing by y − y1 on both sides of the above equation and then

substituting it into Equation (3.11) derives an equation with the highest degree being p2.

Therefore, one can see that Equations (3.9)-(3.10) has also at most p2 + p solutions when

Subcases (II-1) and (II-2) happen at the same time. Based on the above analysis, one

can conclude that c∆F ≤ p2 + p. This completes the proof.

Example 3.13. Let F (x, y) = (x + y, xpiy + αxyp
j
) and c = (c1, c2) ∈ F2

24\{(1, 0)}.
Magma experiments show that

(1) If α = 1 and (i, j) = (0, 1), then c∆F = 3 for c ∈ F24; c∆F = 17 for those

c = (c1, c2) which satisfy c2 ̸= 0 and Tr41
(
1+c1
tc2

)
= Tr41

( (1+c1+c2)(c1+1)
tc2

+ c2
)
= 0.

Otherwise, c∆F = 4.

(2) If α = 1 and (i, j) = (0, 3), then c∆F = 17 if c = (c1, c2) satisfies c2 ̸= 0 and

Tr41
(
1+c1
tc2

)
= Tr41

( (1+c1+c2)(c1+1)
tc2

+ c2
)
= 0 and otherwise, c∆F = 4.

(3) If α = w and (i, j) = (1, 1) or (i, j) = (3, 3), where w is a primitive element in F24,

then c∆F = 3 for c ∈ F24 and otherwise, c∆F = 6.

Example 3.14. Let F (x, y) = (x + y, xpiy + αxyp
j
) and c = (c1, c2) ∈ F2

33\{(1, 0)}.
Magma experiments show that

(1) If α = −1 and (i, j) = (0, 1) or (i, j) = (0, 2), then c∆F = 4 for c ∈ F33; c∆F = 29

for those c = (c1, c2) which satisfy c2 ̸= 0 and Tr31
(
1−c1
tc2

)
= Tr31

( (1−c1+c2)(c1−1)
tc2

−c2
)
=

0. Otherwise, c∆F = 6.

(2) If α = w and (i, j) = (1, 1) or (i, j) = (2, 2), where w is a primitive element in F33,

then c∆F = 4 for c ∈ F33\{1} and otherwise, c∆F = 12.
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If F is a function from Fq2 to Fq × Fq, by a similar process as before, we can also

derive the expression of the c-differential equation of F . Let n = 2m. In the following,

we present another class of functions that have low c-differential uniformity by using the

inverse function.

Theorem 3.15. Let H(x) = Trnm
(
γ
x

)
, where γ /∈ Fq. Let F (x) = (Trnm(x), H(x)) and

c = (c1, c2) ∈ F2
q\{(1, 0)}. Then c∆F ≤ 6. More precisely, if c = 0, then F is APcN; if

c ∈ {(c1, c2) : c1 = 1 or c2 = 0 or (1 − c1)(c1 − c2) = tc22}, then c∆F ≤ 4 and otherwise,

c∆F ≤ 6.

Proof. By Definition 2.3, in order to determine the c-differential uniformity for c =

(c1, c2) ∈ F2
q\{(1, 0)}, it is sufficient to calculate the maximum number of solutions in

Fq2 of the following system of equations{
(1− c1)Tr

n
m(x) + tc2H(x) = b1, (3.13)

H(x+ a)− (c1 − c2)H(x)− c2Tr
n
m(x) = b2 (3.14)

when a and b = (b1, b2) run over Fq2 and F2
q, respectively.

Case I: c2 = 0. In this case, c1 ̸= 1 due to c ̸= (1, 0). Since H(x) = Trnm
(
γ
x

)
, then

Equation (3.14) can be reduced to

γq

xq + aq
+

γ

x+ a
− c1γ

q

xq
− c1γ

x
= b2. (3.15)

On the other hand, from Equation (3.13), one has that all the solutions of Equation (3.13)

can be expressed as y + x0, where yq + y = 0 and x0 is a solution of Equation (3.13). If

System (3.13)-(3.14) has one solution, either x = 0 or x = −a, without loss of generality,

we may assume that x = 0 is a solution of (3.13)-(3.14). Then (3.15) becomes

γq

−y + aq
+

γ

y + a
+

c1(γ
q − γ)

y
= b2

which has at most three solutions in the set {y ∈ F∗
q2 : y

q + y = 0}. The case that x = −a

is a solution of (3.13)-(3.14) can be similarly approached. If x = 0 and x = −a are the

solutions of System (3.13)-(3.14), simultaneously, then aq+a = 0 and so, Equation (3.15)

becomes
γ − γq

y + a
+

c1(γ
q − γ)

y
= b2

which has at most two solutions in the set {y ∈ F∗
q2\{−a} : yq+y = 0}. If both x = 0 and

x = −a are not the solutions of (3.13)-(3.14), then by replacing x with y + x0, (3.15) has
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at most four solutions since yq + y = 0. Therefore, one can conclude that System (3.13)-

(3.14) has at most four solutions in this case. In particular, when c = 0, i.e., c1 = 0, it can

be proved that F (x) = b for any b ∈ F2
q has at most two solutions, by the above analysis.

Case II: c2 ̸= 0. Since H(x) = Trnm
(
γ
x

)
and a, b = (b1, b2) run over Fq2 and F2

q,

respectively, it is equivalent to solve the following system of equationsA1Tr
n
m(x) + Trnm(

γ

x
) = b1, (3.16)

A2Tr
n
m(x) + Trnm(

γ

x+ a
) = b2, (3.17)

where A1 = 1−c1
tc2

and A2 = (1−c1)(c1−c2)
tc2

− c2. One should note that A1 ̸= A2, which is

obvious by Equation (2.1). On the other hand, if x = 0 (or x = −a, respectively) is a

solution of System (3.16)-(3.17), then b1 = 0 and b2 = Trnm(
γ
a
) (or b1 = −A1Tr

n
m(a) −

Trnm(
γ
a
) and b2 = −A2Tr

n
m(a), respectively). Firstly, we claim that x = 0 and x = −a

(a ̸= 0) cannot be the solutions, simultaneously. If System (3.16)-(3.17) has the solutions

x = 0, x = −a (a ̸= 0) at the same time, then b1 = −A1Tr
n
m(a) − Trnm(

γ
a
) = 0 and

b2 = Trnm(
γ
a
) = −A2Tr

n
m(a). It implies (A1 − A2)Tr

n
m(a) = 0. Thus, we have Trnm(a) =

0 due to A1 ̸= A2. Further, we can obtain that b1 = −Trnm(
γ
a
) = 0. Observe that

Trnm(
γ
a
) = γ

a
+ γ

a
= γ−γ

a
since Trnm(a) = 0. Thus, one has that Trnm(

γ
a
) = γ−γ

a
= 0, which

is impossible when a ̸= 0 due to γ /∈ Fq. Now, we assume that x ̸= 0 and x ̸= −a. Then

System (3.16)-(3.17) can be reduced to{
A1Tr

n
m(xx

2) + b1xx+ Trnm(γx) = 0, (3.18)

A2Tr
n
m(xx

2 + ax2) +B1xx+B2x+B2x+B3 = 0, (3.19)

where

B1 = Trnm(aA2)− b2,

B2 = aaA2 + γ − ab2,

B3 = Trnm(aγ)− aab2.

Next, we consider the above system of equations case by case.

Subcase I: A1 = 0. In this subcase, we have A2 ̸= 0. When b1 = 0, then x = −γq−1x

from Equation (3.18) and then Equation (3.19) becomes

A2γ
q−1(γq−1 − 1)x3 + ((aγq−1A2 −B1)γ

q−1 + aA2)x
2 + (B2 −B2γ

q−1)x+B3 = 0.

The above equation has at most 3 solutions in Fq2\{0, −a} due to A2γ
q−1(γq−1 − 1) ̸= 0.
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When b1 ̸= 0, then x(b1x + γ) = −γx by Equation (3.18). Note that b1x + γ ̸= 0.

Otherwise, if b1x+γ = 0, one then has x = 0 which contradicts the assumption. Therefore,

one can obtain that x = − γx
b1x+γ

. Substituting this expression into Equation (3.19) renders

(ab1 − γ)b1A2x
4 + C1x

3 + C2x
2 + C3x+B3γ

2 = 0,

where

C1 = (γ − γ)γA2 + 2ab1γA2 − b1γB1 + b21B2,

C2 = Trnm(aγ)A2 − γγB1 − b1γB2 + 2b1γB2 + b21B3,

C3 = −γγB2 + γ2B2 + 2b1γB3,

which has at most 4 solutions when a, b = (b1, b2) go through Fq2 and F2
q, respectively.

Subcase II: A2 = 0. By letting x = y − a, System (3.16)-(3.17) becomes
A1Tr

n
m(y) + Trnm(

γ

y − a
) = b1 + A1Tr

n
m(a),

Trnm(
γ

y
) = b2.

Since x ̸= 0, −a, then y ̸= 0, a. And therefore, the equation has at most 4 solutions, as

proved in Subcase I.

Subcase III: A1A2 ̸= 0. System (3.19)× A1 − (3.18)× A2 implies

A1A2Tr
n
m(ax

2) + (A1B1 − b1A2)xx+ Trnm((A1B2 − γA2)x) + A1B3 = 0. (3.20)

When a = 0, we have B1 = −b2, B2 = γ and B3 = 0. Further, Equation (3.20) is reduced

to

(1− (A1b2 + A2b1)x)x+ (A1 − A2)γx = 0.

Observe that 1− (A1b2 + A2b1)x ̸= 0. Otherwise, one has x = 0 due to (A1 − A2)γ ̸= 0,

which contradicts the assumption x ̸= 0, −a. Hence, we have

x =
(A1 − A2)γx

1− (A1b2 + A2b1)x
.

Substituting the above equation into Equation (3.18) renders a quartic equation. It implies

that System (3.18)-(3.19) has at most 4 solutions in Fq2\{0, −a}, in this case.

When a ̸= 0, (3.20)× x− (3.18)× aA2 gives that

(D1x
2 +D2x−D3)x = −E1x

3 + E2x
2 + E3x, (3.21)
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where

D1 = A1B1 − b1A2 − aA1A2, D2 = A1B2 − (γ + ab1)A2, D3 = aγA2

and

E1 = aA1A2, E2 = γA2 − A1B2, E3 = aγA2 − A1B3.

If there exists x0 ̸= 0,−a such that D1x
2
0 + D2x0 − D3 = 0, then Equation (3.21)

has x0 as one of its solutions only if −E1x
3
0 + E2x

2
0 + E3x0 = 0, which is equivalent to

−E1x
2
0 + E2x0 + E3 = 0 due to x0 ̸= 0. One should note that there are at most two x0’s

that satisfy D1x
2
0+D2x0−D3 = 0 and −E1x

2
0+E2x0+E3 = 0. Let x1 ∈ Fq2\{0, −a} be

a solution of System (3.18)-(3.19) with D1x
2
1 +D2x1 −D3 ̸= 0. When there are exactly

two x0’s which satisfy this condition, then D1x
2 + D2x − D3 = µ(−E1x

2 + E2x + E3)

for some µ ∈ F∗
q2 . Then we have x1 = x1

µ
and further, Equation (3.18) has at most two

solutions in F∗
q2 . When there is only one x0 which satisfies the above condition, we then

have

x1 =
−E1x

3
1 + E2x

2
1 + E3x1

D1x2
1 +D2x1 −D3

=
E2(x

2
1 − x2

0) + E3(x1 − x0)

D1(x2
1 − x2

0) +D2(x1 − x0)

=
E2(x1 + x0) + E3

D1(x1 + x0) +D2

.

Substituting the above expression into Equation (3.18) renders a quartic equation, which

has at most 4 solutions when a runs over F∗
q2 and b ranges over F2

q. Therefore, we conclude

that System (3.18)-(3.19) has at most 5 solutions in Fq2\{0, −a}, when this case happens.

If there is no x ∈ Fq2\{0, −a} such that D1x
2 +D2x−D3 = −E1x

2 + E2x+ E3 = 0,

we then have

x =
−E1x

3 + E2x
2 + E3x

D1x2 +D2x−D3

.

Similarly, by replacing it into Equation (3.18), we obtain an equation with the highest

degree 7, namely,

A1E1(E1 −D1)x
7 + L1x

6 + L2x
5 + L3x

4 + L4x
3 + L5x

2 +D3(γD3 − γE3)x = 0, (3.22)
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where

L1 = A1(D1E2 −D2E1 − 2E1E2)− b1D1E1,

L2 = A1(E2(E2 +D2) + E3(D1 − E1) + E1(D3 − E3))

+b1(D1E2 −D2E1) +D1(γD1 − γE1),

L3 = A1(E3(D2 + E2) + E2(E3 −D3)) + b1(D1E3 +D2E2 +D3E1)

+γ(D1E2 −D2E1) + 2γD1D2,

L4 = A1E3(E3 −D3) + b1(D2E3 −D3E2) + γ(D2
2 − 2D1D3)

+γ(D1E3 +D2E2 +D3E1),

L5 = γ(D2E3 −D3E2)− 2γD2D3.

Obviously, Equation (3.22) has at most 6 solutions in F∗
q2 . Therefore, System (3.18)-(3.19)

has at most 6 solutions in Fq2\{0, −a}, when this case happens.

From Subcases I-III, we can see that System (3.16)-(3.17) has at most 4 solutions in

when Fq2\{0, −a}, when A1A2 = 0, and at most 6 solutions in when Fq2\{0, −a}, when
A1A2 ̸= 0.

Recall that x = 0 and x = −a (a ̸= 0) cannot be the solutions of System (3.16)-

(3.17), simultaneously. Assume that x = 0 is a solution of (3.16)-(3.17), then b1 = 0

and b2 = Trnm(
γ
a
). By Subcase I, one can easily check that the System (3.16)-(3.17) has

at most 3 solutions in F∗
q2 due to b1 = 0. Similarly, the System (3.16)-(3.17) has also

at most 3 solutions in Subcase II. As for Subcase III, since B3 = Trnm(aγ) − aab2 =

Trnm(aγ) − aaTrnm(
γ
a
) = 0 and further, γD3 − γE3 = aγγA2 − γ(aγA2 − A1B3) = 0.

Hence, one can see that Equation (3.22) has at most 5 solutions in F∗
q2 . It implies that

the System (3.16)-(3.17) has at most 6 solutions in Fq2 when x = 0 is a solution of

System (3.16)-(3.17).

Assume that x = −a (a ̸= 0) is a solution of (3.16)-(3.17), then b1 = −A1Tr
n
m(a) −

Trnm(
γ
a
) and b2 = −A2Tr

n
m(a). When A1 = 0, we have γ

x
= µ − γ

a
and µ + µ = 0 from

Equation (3.16). Therefore, Equation (3.17) becomes

A2Tr
n
m(

aγ

aµ− γ
) + Trnm(

aγµ− γ2

a2µ
) = −A2Tr

n
m(a).

The above equation can be further reduced to

A2(
aγ

aµ− γ
− aγ

aµ+ γ
) +

aγµ− γ2

a2µ
+

aγµ+ γ2

a2µ
= 0,
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which has at most 3 solution in {µ ∈ Fq2 |µ+ u = 0 and µ ̸= γ
a
}. The case A2 = 0 can be

similarly proved. Therefore, when A1A2 = 0, System (3.16)-(3.17) has at most 4 solutions

in this case. When A1A2 ̸= 0, let x = y − a, then System (3.16)-(3.17) becomes
A1Tr

n
m(y) + Trnm(

γ

y − a
) = −Trnm(

γ

a
),

A2Tr
n
m(y) + Trnm(

γ

y
) = 0.

According to the analysis for the case that x = 0 is a solutions of (3.16)-(3.17), we

can derive that the above system of equations has at most 5 solutions in F∗
q2 , that is,

System (3.16)-(3.17) has at most 5 solutions in Fq2\{−a} when x = −a is a solution of

System (3.16)-(3.17). This completes the proof.

3.2 Functions with low c-differential uniformity for c ∈ Fq

On one hand, it is difficult to find new bivariate functions whose c-differential uni-

formity is always low for any c ∈ F2
q. On the other hand, due to the complexity of the

c-differential equation of bivariate functions F (x, y), generally speaking, it is not easy to

determine the c-differential uniformity for F (x, y). However, if we select c = (c1, 0), then

System (2.4) is reduced to{
G(x+ a1, y + a2)− c1G(x, y) = b1,

H(x+ a1, y + a2)− c1H(x, y) = b2,
(3.23)

which seems more hopeful to deal with. Thus, in what follows, we aim to construct more

low c-differential uniformity functions F (x, y), including PcN and APcN functions with

respect to c ∈ Fq\{1}.

Proposition 3.16. Let F (x, y) = (g(x), H(x, y)) with H(x, y) = h1(x)L1(y) + γ1h2(x) +

γ2L2(y), where γ1, γ2 ∈ Fq, g(x), hi(x) are functions from Fq to Fq and Li is a linearized

polynomial over Fq for 1 ≤ i ≤ 2. Let c = (c1, c2) ∈ F2
q\{(1, 0)} and γ2 ̸= 0. If g(x) is a

PcN function with respect to some c ∈ {(c1, 0) : c1 ∈ Fq\{1}} and L2(y)+γL1(y) is either

2-to-1 or permutation for any γ ∈ Fq, then c∆F ≤ 2.

Proof. Note that c ∈ Fq\{1}. Thus, one has c = (c1, 0) for some c1 ̸= 1. For any

a = (a1, a2), b = (b1, b2), the c-differential equation of F (x, y) can be expressed as{
g(x+ a1)− c1g(x) = b1,

(h1 (x+ a1)− c1h1(x))L1(y) + γ2(1− c1)L2(y) = b′
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by Equation (3.23), where

b′ = b2 − γ1 (h2(x+ a1)− c1h2(x))− γ2L2(a2)− h1(x+ a1)L1(a2),

which is linear on b2. Since g(x) is PcN and L2(y) + γL1(y) is 2-to-1 or permutation for

any γ ∈ Fq, then g(x+ a1)− c1g(x) = b1 has exactly one solution for any a1, b1 ∈ Fq and

there are at most two solutions for the second equation. Then the result follows.

Remark 3.17. Note that if h1 is a non-zero constant polynomial in Proposition 3.16,

namely, F has the form F (x, y) = (g(x), h(y) + f(x)), where f(x) is any polynomial over

Fq[x] and h is not necessarily a linearized polynomial. In this case, we can check that if

g is (c, δ1)-uniform and h is (c, δ2)-uniform for the same c ∈ Fq\{1}, then F is (c, δ1δ2)-

uniform. Therefore, if we choose g and h such that both of them are either PcN or APcN,

then the c-differential uniformity of F is at most 4. Based on the known PcN and APcN

functions, an abundance of new classes of PcN and APcN functions can be produced by this

way. For instance, let g(x) = x
pk1+1

2 and h(y) = yp
k2+1 with p > 2, 2m

gcd(2m,k1)
and m

gcd(m,k2)

are odd, then g is PcN and h is APcN for c = −1 by [17, Theorem 3 and Theorem 6]. By

selecting f at random, Magma experiments always show that F (x, y) = (g(x), h(y)+f(x))

is APcN with respect to c = −1.

Next, we give certain examples to prove the existence of functions in Proposition 3.16.

Example 3.18. Let q = 2m and g(x) be any linearized permutation polynomial over

Fq. Let L2(x) = x and h2(x) = x2k with gcd(k,m) = 1. Obviously, one can easily

check that L2(x) + γh2(x) is a permutation when γ = 0 or 2-to-1 when γ ̸= 0. Selecting

γ1L1(x) = x2 + x or γ1 = 0, h1(x) = x−1 or h1(x) = x2k+1, Magma always shows that

F (x, y) is APcN for c ∈ Fq\{1}.

Example 3.19. Let q = 3m with m odd and F (x, y) = (x
3k+1

2 , y3 + γy), where k is even

and γ is a square element in F∗
q. Then one has g(x) = x

3k+1
2 is PcN with respect to c = −1

from [17, Theorem 6] and y3 + γy permutes Fq. Magma experiments show that F (x, y) is

PcN for c = (−1, 0). This is consistent with the result in Proposition 3.16.

By employing quadratic functions and linearized polynomials, we present two classes

of functions as below.

Proposition 3.20. Let q = pm and F (x, y) = (xpk+1 + γyp
k+1, L(x + y)), where L is

a linearized permutation polynomial over Fq and γ ∈ Fq\{−1}. Let c ∈ {(c1, 0) : c1 ∈
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Fq\{1}} and d = gcd(pk + 1, pm − 1). If c, γ ∈ Fpgcd(m,k), then F is (c, d)-uniform.

Otherwise, F is (c, pgcd(m,k) + 1)-uniform.

Proof. According to Equation (3.23), it suffices to determine the maximum number of

solutions of {
(x+ a1)

pk+1 + γ(y + a2)
pk+1 − c1x

pk+1 − c1γy
pk+1 = b1, (3.24)

(1− c1)L(x+ y) + L(a1 + a2) = b2, (3.25)

when a = (a1, a2), b = (b1, b2) run over F2
q. From Equation (3.25), we have y =

L−1
(

b2−L(a1+a2)
1−c1

)
− x. Replacing it into Equation (3.24) gives that

A1x
pk+1 + A2x

pk + A3x+ A4 = 0, (3.26)

where

A1 = (1 + γ)(1− c1), A2 = a1 − (b′2 + a2 − c1b
′
2)γ,

A3 = ap
k

1 − ((b′2 + a2)
pk − c1b

′pk
2 )γ, A4 = ap

k+1
1 + ((b′2 + a2)

pk+1 − c1b
′pk+1
2 )γ − b1

with b′2 = L−1
(

b2−L(a1+a2)
1−c1

)
. Note that A ̸= 0 due to c1 ̸= 1 and γ ̸= −1. If c, γ ∈

Fpgcd(m,k) , then
(

A2

A1

)pk
= A3

A1
and further, one has

(
x+

A2

A1

)pk+1

−
(
A2

A1

)pk+1

+
A4

A1

= 0,

which is a shift of xpk+1. Thus, F (x, y) is (c, d)-uniform in this case.

If c, γ /∈ Fpgcd(m,k) , there always exist A1, A2, A3 such that
(

A2

A1

)pk
̸= A3

A1
, since a and b

are arbitrary. Let x = B1z + B2 with B1 =

(
A3

A1
−
(

A2

A1

)pk)pm−k

and B2 = −A2

A1
, then we

have

zp
k+1 + z +

A1B
pk+1
2 + A2B

pk

2 + A3B2 + A4

A1B
pk+1
1

= 0

which has 0, 1, 2 or pgcd(k,m) + 1 solutions by Lemma 2.4. When m ̸= 2k, since the

constant term of the above equation is linear on b1, the value p
gcd(k,m)+1 is achievable by

Lemma 2.4. When m = 2k, again by Lemma 2.4, we can see that the above equation has

at most two solutions. However, returning to Equation (3.26), we always have (a1, a2),
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(b1, b2) ∈ F2
q such that A2 = A3 = 0, when a1 = a2 = b2 = 0. Thus, Equation (3.26) has

at most pk + 1 solutions when m = 2k in this case.

Note that pgcd(k,m) + 1 ≥ gcd(pk + 1, pm − 1). Then the result follows by the above

analysis, which completes the proof.

Remark 3.21. Recall that gcd(2k + 1, 2m − 1) = 2gcd(2k,m)−1
2gcd(k,m)−1

and gcd
(
pk + 1, pm − 1

)
= 2

if p > 2 and m
gcd(m,k)

is odd. Therefore, one can obtain that if c, γ ∈ Fpgcd(m,k) with

c ̸= 1, γ ̸= −1 and m
gcd(m,k)

is odd, then F is PcN when p = 2 and APcN when p > 2.

Example 3.22. Choosing q = pm = 26, k = 2 and L(x) = x, then d = gcd(pk + 1, pm −
1) = 1. When γ ∈ Fp2\{1}, Magma shows that F in Proposition 3.20 is PcN for any

c ∈ Fp2\{1} and F is (c, 5)-uniform when c ∈ Fq\Fp2.

Example 3.23. Choosing q = pm = 33, k = 2 and L(x) = x3 + x. For any γ ∈ Fq\{2},
Magma shows F is (c, 4)-uniform when c ∈ Fq\{1}.

Proposition 3.24. Let q = pm and F (x, y) =
(
xy,
∑m

i=1 γi(xy)
pi + L(x+ y)

)
, where L

is a linearized permutation polynomial over Fq and γi ∈ Fq for 1 ≤ i ≤ m. If γl ̸= 0

only for l ∈ {i1, i2, . . . , it}, where 1 ≤ t ≤ m and let d = gcd(i1, i2, . . . , it,m), then F is

APcN for c ∈ Fpd\{1}. In particular, if γi = 0 for all 1 ≤ i ≤ m, then F is APcN for

c ∈ {(c1, 0) : c1 ∈ Fq\{1}} and F is always APcN for c = (0, 0) regardless of the values

of γ′
is.

Proof. Let c ∈ {(c1, 0) : c1 ∈ Fq\{1}}. By Equation (3.23), the c-differential equation of

F (x, y) can be written as
(1− c1)xy + a2x+ a1y + a1a2 = b1, (3.27)
m∑
i=1

γi

(
((x+ a1)(y + a2))

pi − c1(xy)
pi
)
+ (1− c1)L(x+ y) = b2 − L(a1 + a2). (3.28)

By taking pi-th power on both sides of (3.27) for 1 ≤ i ≤ m in turn, (3.28) can be reduced

to
m∑
i=1

γi

(
cp

i − c
)
(xy)p

i

+ (1− c)L(x+ y) = b2 − L(a1 + a2)−
m∑
i=1

bp
i

1 γi.

Let γij ̸= 0 for 1 ≤ j ≤ t and γl = 0 for l /∈ {i1, i2, . . . , it}. Since d = gcd(i1, i2, . . . , it,m)

and c ∈ Fpd\{1}, the above equation can be reduced to

(1− c)L(x+ y) = b2 − L(a1 + a2)−
it∑

i=i1

bp
i

1 γi.
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Thus, y can be uniquely determined by x, that is,

y = L−1

(
b2 − L(a1 + a2)−

∑it
i=i1

bp
i

1 γi

1− c

)
− x.

Substituting it into Equation (3.27), then we can obtain a quadratic equation which has

at most two solutions in Fq and it can attain two solutions when choosing a, b, properly.

For example, if a1 = a2 = b1 = 0 and b2 ̸= 0, then Equation (3.27) has the form x2+tx = 0

with t ̸= 0, which has exactly two solutions for any c ∈ Fq.

In particular, if γi = 0 for all 1 ≤ i ≤ m or c = 0, it is immediate that F is APcN by

the above analysis. This completes the proof.

Example 3.25. Let q = 2m and F (x, y) =
(
xy, (xy)2

4
+ (xy)2

2
+ x+ y

)
. Magma exper-

iments show that F is an APcN function for c ∈ F22 and c ̸= 1.

As constructed in Theorem 3.15, if F is a function from Fq2 to Fq × Fq, we can give

the following results (the first one can be similarly proved as in Theorem 3.15).

Proposition 3.26. Let H be a function from Fq2 to Fq and F (x) = (Trnm(x), H(x)). Let

c = (c1, c2) ∈ F2
q\{(1, 0)}.

(1) When H(x) = Trnm

(
γxpk+1

)
with γq + γ ̸= 0, if gcd(k,m) = 1, then c∆F (x) ≤ 6; if

c ∈ {(c1, 0) : c1 ∈ Fq\{1}}, then F (x) is (c, pgcd(k,m) + 1)-uniform;

(2) When H(x) = xq+1, then F (x) is APcN for c ∈ {(c1, 0) : c1 ∈ Fq\{1}}.

Remark 3.27. In Proposition 3.20, F (x, y) has the univariate form F1(z) =
1

(β−β)
pk+1

((βpk+1+

γ)zp
k+1 + (β

pk+1
+ γ)zp

k+1 − (β
pk

β + γ)zzp
k − (ββpk + γ)zp

k
z) + βL( (β−1)z−(β−1)z

β−β
), while

F from Proposition 3.26(1) has the univariate form F2(z) = βγzp
k+1+βγzp

k+1+ z+ z by

Equation (2.5). We can see that F1(z) is not equal to F2(z). Recall that the c-differential

uniformity of a given function F (x) is preserved through F ◦ L (note that it is not pre-

served through L1 ◦ F ◦L2 for affine permutations L1 and L2) and is not invariant under

EA-equivalence and CCZ-equivalence mentioned in [12]. Therefore, we claim that F of

Proposition 3.26(1) is not equivalent to the function F of Proposition 3.20. So do the

functions F of Proposition 3.26(2) and of Proposition 3.24.

Proposition 3.28. Let H be a function from Fq2 to Fq and F (x) = (xq+1, H(x)). Let

c = (c1, 0) ∈ Fq\{1} and U = {x ∈ Fq2 : xq+1 = 1}. Then F is (c, δ)-uniform if

H(x+a)−c1H(x) = b2 has at most δ solutions on βU+ a
c1−1

for any β ∈ Fq2 and b2 ∈ Fq.
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Proof. To complete the proof, we need to prove F (x + a) − cF (x) = b has at most δ

solutions for any a ∈ Fq2 and b = (b1, b2) ∈ F2
q. By Equation (3.23), one has (x+ a)q+1 −

c1x
q+1 = b1. Let x = y + a

c1−1
, then yq+1 = b1(c1−1)−caq+1

(c1−1)2
, which always has solutions with

the form y = βU , β ∈ Fq2 and βq+1 = b1(c1−1)−caq+1

(c1−1)2
. This completes the proof.

Example 3.29. Let q = 24 and H(x) = Trnm(x
5) and c = (c1, 0). Magma experiments

show that F in Proposition 3.28 is APcN if c1 ∈ F22\{1} and otherwise, F is (c, 6)-

uniform.

4 Conclusions

In this paper, we mainly focused on the construction of bivariate functions in Fq[x, y]

with low c-differential uniformities. By analyzing the relationship between bivariate func-

tions and univariate functions, we proposed a new concept of the c-differential equation

for bivariate functions. By virtue of some known functions, such as the Gold function, the

inverse function, the trace function and linearized polynomials, we presented four classes

of bivariate functions with low c-differential uniformity for any c ∈ F2
q\{(1, 0)} while sev-

eral classes of bivariate functions with low c-differential uniformity for c ∈ Fq\{1} × {0}.
In particular, PcN and APcN functions could be found from our constructions. Besides,

this adds to the very few known classes of PcN functions in even characteristic (there are

only two non-trivial classes of such, besides sporadic examples).
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