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Abstract

In this note we use a connection with algebraic curves to show the validity
of a conjecture of [A. Rai, R. Gupta, Further results on a class of permutation
trinomials, Cryptogr. Commun. (2023)], if the dimension of the underlying field is
greater than 8.
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1 Introduction

Let FF, be the finite field with ¢ = p* elements, where p is a prime number and k is a
positive integer. We denote by F; the multiplicative group of nonzero elements of F,
and by F,[X] the ring of polynomials in indeterminate X over finite field F,. Let f be a
function from the finite field [F, to itself. It is well-known, due to Lagrange’s interpolation
formula, that f can be uniquely expressed as a polynomial f € F [X]/(X?— X). A
polynomial f € F,[X] is called a permutation polynomial (PP) if the induced mapping
¢ — f(c) permutes the elements of F,. The general study of permutation polynomials
started with Hermite [5] who considered the case of prime fields whereas permutation
polynomials of arbitrary finite fields were first studied by Dickson [3]. The simplest kind
of permutation polynomials are monomials. A monomial X" permutes F, if and only
if ged(n,q — 1) = 1. However, the classification of binomials and trinomials is more
difficult. For a brief survey of permutation binomials and trinomials, we refer to [7] and
the references therein.
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Recently, Rai and Gupta [9] studied permutation trinomials over finite fields of odd
characteristic and proposed the following conjecture.

Conjecture 1. Let ¢ = p*, where p > 7 is a prime. Then, for o € F7 and k > 1, the
trinomial
f(X) = X =D+ o xPe L xate-l

is a permutation polynomial over F .2 if and only if « = —1 and £ = 2.

In this note we shall use algebraic curves methods to show that the above conjecture
is true for k£ > 4. The note is organised as follows. In Section 2, we recall some definitions
and results that will be used in the subsequent sections. In Section 3, we shall give the
sketch of the proof of the conjecture for k > 4.

2 Preliminaries on algebraic curves

In this section, we shall first recall some basic facts on curves/surfaces over (finite) fields.
For more details, we refer to [4, 6], or the reader’s favorite algebraic geometry book. As
customary, for a field F, we denote by F its algebraic closure. We denote, by P™(F)
(respectively, A™(IF)) the m-dimensional projective (respectively, affine) space over the
field F. Solutions of polynomial equations (systems) form what we call algebraic hyper-
surfaces (varieties). An algebraic hypersurface defined over a field I is called absolutely
irreducible if the associated polynomial is irreducible over every algebraic extension of F.
An absolutely irreducible F-rational component of a hypersurface defined by a polynomial
f is an absolutely irreducible hypersurface, associated to a factor of f defined over F. In
two dimensions, C is an affine curve over a field F if it is the zero set of a polynomial
f(X,Y) € F[X,Y]. The polynomial f is the defining polynomial of C.

Given a curve C : f(X,Y) = 0, with f(X,Y) € F[X,Y], the set of F-rational points
of C in A*(FF) is the the set of points (zg,y0) € A?(F) such that f(zg,yo) = 0. This
definitions extends to curves defined in P?(FF).

Given two affine plane curves C and C’, a rational map ¢ : C — C' is defined by

fl,y) g(z,y)
= (G i)

for some f, g, h € F[X,Y], F any field, satisfying that ~ does not vanish on C. We say that
C and C’ are birationally equivalent if there are rational maps ¢; : C — C' and ¢5 : C' — C
such that ¢; o ¢ and ¢4 0 ¢ are the identity maps on C’ and C. A birational equivalence
does not preserve the set of F'-rational points, if F/ C F, nor the degree of the curves, but
preserves the absolute irreducibility and the number of absolutely irreducible components.

We now recall Bézout’s Theorem [6, Theorem 3.13], which will be used in the proof of
the conjecture.

Theorem 2 (Bézout’s Theorem). Let C;,Cy be two projective plane curves of degrees
dy, respectively, dyo. If C; and Cy do not have a common component, then the sum of

Boolean Functions and their Applications (BFA) 2024 2



A CONJECTURE ON PERMUTATION TRINOMIALS

multiplicities of their common points (on the algebraic closure of F) is

Z m(P,Cl ﬂCg) = dldg.

PeCinCy

A crucial point in our arguments will be the celebrated Hasse-Weil theorem. Here, we
propose a slightly modified version that is more suitable for our purposes.

Theorem 3 (Aubry-Perret bound). [2, Corollary 2.5] Let C C P?(F,) be an absolutely
irreducible curve of degree d. Then its number of IF,-rational points C(F,) satisfies

g+ 1—(d—1)(d—2)\/g<#C([F,) <qg+1+(d—1)(d—2)/q. (1)

3 The sketch of the proof of the conjecture

We only briefly treat here the sufficiency for £ > 4. Consider the polynomial
F(X) = XPDe+l 4o xPa o X o+l ¢ o[ X,

where a € F; and ¢ = p¥, k> 1 and p is an odd prime. It is well known [8, 10, 1] that
f(X) = Xotr=L(Xa=De=2) 4 o X@=Dr-D 4 1) permutes Fy2 if and only if ged(q + p —
1,¢*—1)=1and

ga(X) = Xq+p—1(Xp—2 +aXxP Tty 1)61—1
permutes ji,41 := {a € F2 | a?™ = 1}. We can restrict our investigation to those « such

that a + 2 # 0, otherwise g,(1) = 0, and so, it cannot be a permutation on f,1. Notice
that for any = € pig41,

R Y,
“ 2P~ 4+ Pt 41
I e
22 4 axP~t 4+ 1
ozt a+a!
e

We shall need below the well known fact that

t+1 . .
o\ 11} = {2 e Fio =i}
Consider
F X,Y) == (X +a+XPHyPl4aY?P4+Y) = (Y +a+YPH(XP! £ aXP 4+ X)

a(XPTIYP — XPYPT 4 XYP — XPY + oY — X)PP+YP - XPT 4+ YV — X)),

It is readily seen that g, permutes pi,41 if and only if there exist no pairs (x,y) € ,ug 1
x # y, such that F,(x,y) = 0. The polynomial Fc(yl)(X, Y):=F,(X,Y)/(X —Y) defines
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a curve C, in A*(F2) that is F 2-birationally equivalent to the curve D, C A*(F,) defined
by

XY = (X —i)(Y — 1) a(X—i—z' Y+z')_

2i(Y — X) X—i'Y —i

The above equation is obtained considering the birationality

(X.Y) (X+z‘ Y+i)

X—47Y—i

applied to the curve F,(X,Y) = 0 and then removing from it the image of component
(X —Y) = 0 (this is not a component of C,). Such a birationality does not preserve
the I, -rationality of points nor of components of the two curves in general, but sends
(z,y) € poy, in Cy into (7,7) € F, in D, and viceversa and preserves the number of
components of the two curves. Thus, the curve D, is absolutely irreducible if and only
if so is C,. In the full paper, we show that the curve C, is absolutely irreducible (we are
skipping the proof here due to page limit, but it will be part of the full paper).

Theorem 4. Let o € F}, and ¢ = p¥, k>4, p> 7 prime. Then the trinomial
f(X) = X =D+ o xPa 4 xatp-l
is not a permutation polynomial over Fg.

Proof. As already observed if & = —2 then g,(1) = 0 and thus g, does not permute f1,41.
Suppose now o # —2. To demonstrate the absolute irreducibility of the curve C,,
we can analyze the set of singular points and the multiplicity of the intersection of two
putative components of C, at these points. A contradiction is then obtained using Bézout’s
Theorem. Since C, is absolutely irreducible and so is D,,. Since D,, is defined over I, and
of degree p — 1, Hasse-Weil bound (see Equation (1)) tells us that it possesses at least

PP+ 1—(p—2)(p— 3)p"?

FF,-rational points in P*(F,) and at most 2(p — 1) of them belong to the line at infinity or
to X —Y = 0. Since k£ > 4,

PP+1—(p—2)(p-3p"7-2p-1) >0.

Thus there exists a pair (7,7) € F7, T # g, such that go(T+1)/(T—1) = ga((F+1)/([H—1))
and therefore g, does not permute pi,41. This shows that f(X) is not a permutation over
Fz. O
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