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Abstract
In this paper we consider a (non)congruence generalizing the so-called good/bad numbers
introduced by Moree (Acta Arith LXXX 3:197–212, 1997) and give asymptotics for their
counting functions. In addition, we give heuristics for some conjectured bounds on primes
belonging to such a class.
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1 Introduction

Carlitz [1] showed that all permutation polynomials over Fq , where q > 2 is a power of a
prime, are generated by the inverse permutation polynomials xq−2 and some affine functions
ax + b (0 �= a, b ∈ Fq ). Building upon that result, in a recent work [2], concentrating on
the inverse function, x �→ x2

n−2 in F2n (the finite field of dimension n over the two-element
prime field F2), the congruence n−1

2ν2(n−1) ≡ 2s3k (mod 2n − 1) was used to show that for
such an n, the inverse power permutation in F2n has a decomposition into affine, quadratic
and cubic power permutations of length k + s + ν2(n − 1). Here ν2(m) is the exponent
of 2 in the factorization of a positive integer m. Decomposing permutation polynomials
into power permutations of small weight is quite useful in reducing hardware needs in the
implementation of symmetric cryptographic algorithms, with or without countermeasures to
side channel attacks.
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If k = 0, above, the integers n are called good, and if the congruence does not happen,
they are called bad (see [3] for estimates). Here, we let S = {2, 3} and define a positive
integer n as S-bad if

n − 1

2ν2(n−1)
�≡ 2s3k (mod 2n − 1), (1)

and if the congruence holds, we call them S-good. We show that the S-bad numbers form a
set of asymptotic density 1. Thus, most positive integers are S-bad. Surely, the concept and
results can be further extended to any finite set of primes S.

2 Our result

Let A be the set of positive integers n ≥ 1 such that the congruence

n − 1

2ν2(n−1)
≡ 2s3k (mod 2n − 1) (2)

holds with some integers k and s. LetA(x) = A∩ [1, x]. For a real number x and a positive
integer k wewrite logk x for the kth iterate of the logarithm log x := max{ln x, 1}, where ln x
is the natural logarithm. We use the notations O, o,	,
 with their customary meanings.

We let
(
a
p

)
(or, (a|p)) denote the Legendre symbol of an integer a with respect to the odd

prime p, which equals 1,−1, if a is a nonzero quadratic residue, respectively, non-residue,
modulo p, and it is 0 if p divides a. We will show the following estimate.

Theorem 1 The estimate

#A(x) 	 x

(log2 x)1+o(1))

holds as x → ∞.

We will point out later that there are, surely, infinitely many good integers. However, we
conjecture that the sum of reciprocals of the good integers is convergent, but our estimate is
not strong enough to infer such a result.

3 The proof of theorem 1

Let x be a large positive real number and n ≤ x . Write n = 2am + 1, where a ≥ 0 and m is
odd. Let y := 
2 log3 x�. The set A1(x) of positive integers n ≤ x such that a ≥ y is the set
of positive integers n ≤ x such that n ≡ 1 (mod 2y). The number of such n is

#A1(x) 	
⌊ x

2y

⌋
+ 1 ≤ 2x

2y
= O

(
x

(log2 x)2 ln 2

)
= o

(
x

(log2 x)1.1

)

as x → ∞. From now on we assume that n /∈ A1(x). We let I = [2, t], where

t := (log x)1/2

(log2 x)1/4
.

Let ε > 0 and let A2(x) be the set of n ≤ x having less than L := 
ε log3 x� prime factors
q ≤ t . We estimate the cardinality of A2(x). Let L ′ < L and q1 < · · · < qL ′ be L ′ prime
numbers in [2, t]. Let d be a positive integer built up only of q1, . . . , qL ′ . We count the
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positive integers n ≤ x such that d is the part of n consisting of primes q ≤ t . If d has a
prime power divisor of exponent at least y, then there is a prime q ≤ t such that qy | n. As
in the case of A1(x), for fixed q the number of such n ≤ x is

	 x

q y
	 x

(log2 x)1.1
.

This we multiply with a factor of L to account for all the possible q’s and get

#A2,1(x) 	 xL

(log2 x)1.1
= o

(
x

log2 x

)
.

Here,A2,1(x) stands for the subset ofA2(x) of n’s such that d is divisible by a prime power
of exponent at least y. Assume now that the exponent of each q in d is at most y and let
A2,2(x) be the set of such n’s. Then

d ≤ t yL = (log x)O((log3 x)
2) = xo(1)

as x → ∞. Writing n = d�, we need to count � ≤ x/d free of primes q ≤ t . The number of
such integers � is

x

d

∏
q≤t

(
1 − 1

q

)
	 x

d log t
	 x

d log2 x
.

We now sum up over d’s getting a sum of

#A2,2(x) 	 x

log2 x

∑
q|d⇒q≤t
ω(d)≤L

1

d

	 x

log2 x

∑
k≤L

1

k!

⎛
⎝∑

q≤t

∑
u≥1

1

qu

⎞
⎠

k

	ε

x

log2 x

1

L!
(
log3 x + O(1)

)L

	ε

x

log2 x

(
e log3 x + O(1)

ε log3 x

)ε log3 x

	 x

(log2 x)1−ε log(e/ε)+o(1)

as x → ∞. Assume n /∈ A1(x) ∪ A2(x). Then n has at least 
ε log3 x� prime factors q ≤ t .
Let A3(x) be the set of such n ≤ x such that at least L1 := 
0.5ε log3 x� of such primes
are in fact smaller than or equal to log2 x . Let q1 < · · · < qL1 ≤ log2 x be L1 such prime
factors of n. The number of n ≤ x divisible by q1 . . . qL1 is at most

x

q1 · · · qL1

.

Summing up over all possibilities of q1 < · · · < qL1 we get a count of

#A3(x) 	 x
∑

q1<···<qL1≤log2 x

1

q1 . . . qL1

	 x

L !

⎛
⎝ ∑

q≤log2 x

1

q

⎞
⎠

L1
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	 x

L1!
(
log4 x + O(1)

)L1

	 x

(
e log4 x + O(1)

0.5ε log3 x

)0.5ε log3 x

= x

(log2 x)
O(ε log4 x)

= o

(
x

log2 x

)
.

From now on, n /∈ A1(x) ∪ A2(x) ∪ A3(x). Such n ≤ x is divisible by K = 
(log3 x)2/3�
primes in [log2 x, t]. Let q1 < · · · < qK be primes, all in [log2 x, t], and assume q1, . . . , qK
are all divisors of n. For 1 ≤ i < j ≤ K let pi, j be a primitive prime factor of 2qi q j − 1. As
i < j vary, pi, j vary as well so they are all distinct. So are the qi s. Let A4(x) be the set of
n ≤ x for which q1, . . . , qK , p1,2, . . . , pK−1,K are not all distinct. Then there is qk which
is a primitive prime factor of 2qi q j − 1 for some i < j both in {1, . . . , K }. Thus, qk ≡ 1
(mod qiq j ). The number of such n ≤ x divisible by qiq jqk is

	 x

qiq jqk
.

Summing up over all qk ≤ t which are congruent to 1 (mod qiq j ) we get a count of
x

qiq j

∑
qk≤t

qk≡1 (mod qi q j )

1

qk
	 x log3 x

(qiq j )2
.

Summing up the above over all qi ∈ [log2 x, t] and q j ∈ [log2 x, t], we get a count of

#A4(x) 	 x log3 x

⎛
⎝ ∑

q>log2 x

1

q2

⎞
⎠

2

	 x log3 x

(log2 x)2(log3 x)2
= o

(
x

log2 x

)

as x → ∞. Assume now that n /∈ A1(x) ∪ A2(x) ∪ A3(x) ∪ A4(x). Assume that n is not
S-bad. Write n = 2am + 1 and fix a ≤ y. Then

m ≡ 2s3k (mod 2n − 1).

In particular,

m ≡ 2s · 3k (mod 2d − 1)

for any d | n. In particular this is so when d = qiq j for i < j both in {1, . . . , K }. Then
2qi q j ≡ 1 (mod pi, j ), therefore (2|pi, j ) = 1 holds for all 1 ≤ i < j ≤ K . Suppose first
that k is even. Then (m|pi, j ) = 1. This shows that m ≡ −2−a (mod qi ) and in addition
(m|pi, j ) = 1 for all 1 ≤ i < j ≤ K . This puts m into (p − 1)/2 of the possible p
progressions modulo p for any of the p = pi, j and all 1 ≤ i < j ≤ K . Varying i, j , we get
that m ≡ −2−a (mod q1 · · · qK ) and m is in

1

2(
K
2)

∏
1≤i< j≤K

(pi, j − 1)

progressions modulo
∏

1≤i< j≤K pi, j . The fact that all these primes are different is because
n /∈ A4(x) and by the Chinese Remainder Theorem. The common modulus of these progres-
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sions is

≤ q1 · · · qK
∏

1≤i< j≤K

(2qi q j − 1)

< (log x)K (2t
2
)K

2 = exp

(
O

(
log x(log3 x)

4/3

(log2 x)1/2

))

= xo(1)

as x → ∞. The number of such n ≤ x is at most

x

2K (K−1)/2q1 · · · qk + (p1,2 − 1) · · · (pK−1,K − 1)

2K (K−1)/2
	 x

2K (K−1)/2q1 · · · qK .

We now sum up over q1, . . . , qK getting

x

2K (K−1)/2

∑
q1<···<qK≤t

1

q1 · · · qK 	 x

2K (K−1)/2

1

K !
(
log3 x + O(1)

)K

	 x

2K (K−1)/2

(
e log3 x + O(1)

(log3 x)2/3

)K

	 x

2K 2/2+O(K log K )
.

We now sum up over a ≤ y, getting a count of

#A5,1(x) 	 xy

2K 2/2+O(K log K )
= O

(
x

2K 2/2+O(K log K )

)
= o

(
x

log2 x

)

as x → ∞, where we wrote A5,1(x) for the set of n ≤ x not in ∪4
i=1Ai (x) for which

congruence (1) holds with some even k. The case of k being odd is similar and leads to a
comparable estimate. For this, we just need to distinguish 4 cases according to the classes
of pi, j modulo 8 and modulo 3. For example, if pi, j ≡ 1 (mod 8) and pi, j ≡ 1 (mod 3),
then (

3

pi, j

)
=

( pi, j
3

)
= 1

so again (m|pi, j ) = 1. If pi, j ≡ 1 (mod 8) but pi, j ≡ 2 (mod 3), then
(

3

pi, j

)
=

( pi, j
3

)
= −1,

from which, together with the fact that k is odd and (2|pi, j ) = 1, we get that (m|pi, j ) = −1.
Similar arguments apply to the remaining cases when pi, j ≡ 7 (mod 8) and pi, j ≡ 1, 2
(mod 3). The point is that knowledge of pi, j modulo 24 together with the existence of the
congruence m ≡ 2s3k (mod 2n − 1) determines the quadratic character of m modulo each
of pi, j which saves a proportion of 1/2 for each pi, j . The theorem follows since ε > 0 is
arbitrary with the worst (largest) upper bound being the one of A2,2(x).

4 Generalizations

Surely, one can ask whether such an estimate would be valid if one replaces 2, 3 in the
congruence above by other primes, or even by primes from a fixed finite set. In reality, a
similar argument shows the following.
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Theorem 2 Let p1, . . . , pk be primes, c be an integer and u = (um)m≥0 be a Lucas sequence.
Let s denote an S = {p1, . . . , pk}-unit, that is an integer whose only prime factors are among
{p1, . . . , pk}. Then the set of positive integers n such that n ≡ c + s (mod un) holds for
some S-unit s is of density 0. In fact, the counting function of such positive integers n ≤ x is
at most

x

(log2 x)1+o(1)

as x → ∞.

5 Heuristics for the case when n is prime

Our theorem (and method of proof) does not say anything about the case when n = p is
prime. Here, we make some considerations about primes p such that (1) holds for some
exponents k, s. Let B(x) be the set of such primes p ≤ x . We conjecture that B(x) is infinite
but quite thin. In fact, we conjecture that

log x 	 #B(x) 	 (log x)3. (3)

The rest of this section is devoted to heuristics in support of (3).
To start with, let us note that any number of the form n = 2s3k + 1 satisfies (1). The

number of such numbers up to x is O((log x)2). Almost certainly there are infinitely many
primes of the above form but the counting function of them is quite likely very small. Using
the heuristic that a random positive integer n is expected to be prime with a probability of
1/ log n, the expectation that n = 2s3k +1 is prime should be about O(1/(s+ k)). Summing
this up over n = 2s3k + 1 ≤ x , we get a count of O(log x). This already suggests that the
left inequality in (3) might hold, but there are additional candidates which we now explain.

Let us turn our attention to primes p such that 2p − 1 is prime (Mersenne primes).
Heuristics of Crandall and Pomerance [4] predict that the expectation that p has the property
that 2p − 1 is prime is O(log p/p). Summing this up over p ≤ x we get O(log x). We still
have to comment about (1). Well, if 3 is a primitive root modulo 2p − 1, then every nonzero
residue class is a power of 3. In particular, (p − 1)/2ν2(p−1) should be a power of 3 modulo
2p − 1 so (1) should hold for some k even with s = 0 (or any fixed value of s). One can ask
whether it is reasonable to conjecture that 3 is a primitive root modulo 2p − 1 often enough
once 2p − 1 is prime. Note that by quadratic reciprocity

(
3

2p − 1

)
= −

(
2p − 1

3

)
= −

(
1

3

)
= −1,

so 3 is not a quadratic residue modulo 2p − 1. Artin’s conjecture predicts that 3 should be
a primitive root modulo q for a positive proportion of primes q which is given by Artin’s
constant

A =
∏
q≥2

(
1 − 1

q(q − 1)

)
∼ 0.37 . . . .

The first 13 primes p such that 2p − 1 is prime are

2, 3, 5, 7, 13, 17, 19, 31, 61, 89, 107, 127, 521.

We ignore p = 2 since for it 3 is not invertible modulo 22 − 1. Of the remaining 12 values of
p, 8 of them (namely, {3, 5, 7, 17, 19, 89, 107, 521}) have the property that 3 is a primitive
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root modulo 2p − 1, which is a significantly larger proportion then predicted by Artin’s
constant. So, assuming that for a positive proportion of primes p such that 2p − 1 is prime,
also 3 is a primitive root, we get additional candidates for the left inequality in (3) to hold.

The Crandall–Pomerance heuristic can be extended to assume that 2p − 1 has � distinct
prime factors with probability (log p)�/(�!p). Summing this up to x we get O((log x)�/�!).
Taking � = 2, 3, we get a count of O((log x)3). We next give a heuristic that there are only
finitely many primes p such that ω(2p − 1) = � ≥ 4 and (1) holds for some k and s. This
heuristic leads to the upper bound in (3). So, write

2p − 1 = qα1
1 · · · qα�

� .

We know that qi ≡ 1 (mod p) for i = 1, . . . , �. Thus,

λ(2p − 1) = lcm[λ(qαi
i ) : 1 ≤ i ≤ �] = lcm[qαi−1

i (qi − 1) : 1 ≤ i ≤ �] | φ(2p − 1)

p�−1 .

In particular, the order of 3 modulo 2p − 1 is a divisor of φ(2p − 1)/p�−1. The order of
2 modulo 2p − 1 is p. Hence, the cardinality of the multiplicative subgroup H = 〈2, 3〉
generated by 2, 3 modulo 2p − 1 divides

φ(2p − 1)

p�−2

∣∣∣φ(2p − 1)

p2

assuming � ≥ 4. Thus, the “probability" that some invertible residue class modulo 2p − 1 is
in the above subgroup should be at most O(1/p2). Applying this to the fixed class p − 1 (or
to (p − 1)/2ν2(p−1)), we get that the probability that (1) holds for some k and s when � ≥ 4
is O(1/p2), and since

∑
p≥2 1/p

2 is convergent, perhaps there are only finitely many such
primes p altogether.
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