AN EVALUATION OF RATIONALLY WEIGHTED BINOMIAL SUMS VIA
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ABSTRACT. In this paper, we use differential and integral operators, as started by Scherk in
his 1823 Ph.D; thesis and rediscovered by Gauthier in 1995, to find closed forms of some
rationally weighted binomial sums and several generalizations. As consequences of Gauthier’s
approach, we prove some identities in the literature, for example, Epsteen (1904), Finkel
(1909), Greenstreet (1904), or, more recent ones (like Koshy’s book from 2018). In the course
of the proofs we naturally generalize the Stirling numbers of the second kind and express
some of our identities in terms of these numbers.

1. INTRODUCTION

We let Z,Q, R, C be the ring of integers, respectively, the fields of rational, real and complex
numbers.

Between 1904-1909, Epsteen [2], Finkel [3], and Greenstreet [9] proposed the following
weighted binomial sums identities:

n

;r—&l—l (Z) - 27:1_11
> (1) -2k
i(—l)’”(?) on=ry2 — 2 _ o,

The current authors were certain that there are other such problems proposed since the be-
ginning of the 20th century, and a quick search revealed that [7, Identities (1.46), (1.134)]
(see the similarity to our third equation in (3.3)), [8, Probs. 13, 14 on p. 63|, [10, Chapter
24, Exercises 1-2, 7-9; Chapter 25, Identities 25.1-25.4, 25.9-25.14, 25.18, 25.23, 25.25-25.26,
25.32, 25.34-25.36, Exercises on pp. 520-521], [17, Chapter IV, pp. 54-56, | contain examples
of such identities.

Besides proving identities, the method we use in this paper can also be used to provide
alternative proofs. For example, Theorems 4.1, 4.2 and 4.3 of [1] can be shown by taking the
generating function of the (even indexed) Fibonacci/Lucas, applying the differential operator
as in our paper and basic algebraic manipulations. These identities have the common form

Som_ya f(r), or >0 a” f(l ) ("), where a is a constant and f € Q[z] (or any other field of

coefficients, for that matter). In the first case, f(r) could involve the binomial coefficient, but
it is not necessary for our first result.

In this paper, we will describe a differential and integral operators’ method designed to
find closed forms for binomial sums with polynomial or rational weights, and as a byproduct,
we easily show the three identities above. The methods for dealing with these identities are
provided in Theorem 2.1 and 3.1. For expositional purposes, we explore some consequences
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of Theorem 2.1 (see Corollaries 2.3, 2.4, 2.6, 2.7, and 2.8) prior to stating and proving Theo-
rem 3.1.

2. A GENERAL RESULT

We were made aware by Koshy’s great book [10, Chapter 25, pp. 514-521] that the expres-
sion Y i, i’F; = (n+1)?Fp40 — (2n + 3)F, 14 + 2F, 16 — 8, and a similar one for the Lucas
sequence, were “developed algebraically by P. Glaister [6] of Univ. of Reading, England, and
by N. Gauthier [4] of The Royal Military College of Canada,” by using a differential opera-
tor technique. The differential operator method was developed in Scherk’s Ph.D. thesis [15]
written in the early 19th century. Scherk got his Ph.D. under Friedrich Wilhelm Bessel and
Heinrich Wilhelm Brandes and was the Ph.D. advisor for Ernst Eduard Kummer. Before we
proceed, we point out that Gauthier [5] showed (we slightly change notations to match our
indices in the theorem below) that

N r
Z krak = o Z az(»r) (x)N' — ag) (), where N > 0 is an integer and
k=0 i=0
My — r J\,m 0 _ _* >
- () Py} (1)e ) )l = ez 0

By a technique similar to the one of Scherk, or Gauthier, relying on the operator z—,

we will next slightly extend and re-write this result to point out a connection with Stirliﬁg
numbers.

First however we introduce some notation. Recall (see [8, pp. 257-267], or [14, Sect. 2.5.2,
pp. 150-152]) that a Stirling number of the second kind {Z} (or Stirling partition number) is
the number of ways to partition a set of r objects into k nonempty subsets. They satisfy the

r+1 r r . L. T 0 r
recurrences { i } = k{kz} + {k: B 1}, with boundary conditions {0} =0, {0} = {r} =

r

1
generalization of Stirling numbers of the second kind, which we call (generalized) s-Stirling
numbers of the second kind, defined by the recurrences

=1, r > 1. We introduce a sequence, denoted by {Z}s, which can be regarded as a

1
{TZ } =(r(s+1)—r+ k:){;} + {k: i 1} , with boundary conditions

{g} :0’{8}5 B {:E} - {1} =1 {Til}s =(r(s+1) —r+1){;}s,r > 1.

Pita-Ruiz, in an upcoming paper [13] announced in [12], embeds these sequences in a more
general class of generalizations and connects them further with the differential operator. Given
fixed integers k,s,r, we let the s-rising factorial of k be defined by (k)" = k(k + s)(k +
2s)---(k+ (r —1)s). We now state and prove the main result of this section (see Scherk’s
thesis [15], as well as Mohamaad-Noori [11], also, for the first identity).
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N
Theorem 2.1. Let N,r > 0 be positive integers, f(x Zakx where a;,0 < k < N are

k=0
arbitrary real numbers, and f© denotes the i-th derivative of f. Then

Z K agak = Z; {Z}xif(i) (), (2.1)

where the coefficients {Z} are the Stirling numbers of the second kind. For o fixed real number
s and integer r, we have

N r
Z (s,r ak$k+rs _ Z {Z} mrs+if(i)(x)’ (2.2)

=0 =0

where the coefficients {k}s are the generalized s-Stirling numbers of the second kind.

Proof. We let the operator Ay = xaa (see also [10, p. 515]). By differentiating f(z) =
T
N N

Z a,z” side by side and multiplying by z we obtain A(f) =af(x Z kayz®. Differen-
k=0 k=0
tiating again and multiplying by x, we get Aq(f) = Z,]X:O k%apz®. Continuing, for r > 1, we

obtain
r derlvatlves

Ar(f)=a (2(a(zf(z Zkﬂ"akaz

We now concentrate on the left hand side expression. We proceed to compute a few more
expressions to observe the pattern:

AL(f) =z f'(x),
No(f >—x2f”( ) +2f'(z),
As(f) =2 fO (@) + 322" (2) + o f (),
Ay(f) = a* fD(z) + 625 fO) + 722 f () + 2 f'(2).

In general, assuming that
Ar(f) = b2 O @) + 0D D @) 4 0Pt (@) + bV f (),
with by) = b7(~1) = 1, by differentiation and combining terms, we infer that
A (f) = 2" U (@) 4 ra” fO (@) + b Va1 ()
4 (= DD D) () 4 2 gr =1 pr=)
4B ) () (= )BT Dgr 2 )
+ 6220 (2) + 227 (@) + 27 [ (2) + 2 f ()
— LD () 4 (by_l) n r) 2" f)
I <(T 1) b7(nr72)) 2=
i ((r — )2 b7(nr—3)) 222
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+ (36 +62) 21D 4 (2 + 1) (@) + o f ().

By equating coefficients, we obtain the recurrences

+1
p(r) — p) pr=1) — (T
r—+1 = 70y + T ) )

e e U

b = (r = 2)b0 D) b (2.3)

b, = 36(3) 4 b
bgl =202 4 (1) = 9" — 1, (see Scherk [15]).

Observe that all these displayed identities in (2.3) are precisely the recurrences for the Stir-
ling numbers of the second kind (along with the right initial boundary conditions). Therefore,

the coeflicients bgk) = {’"J,gl}. The proof of the first claim of our theorem is shown.
We now proceed to provide the argument for the general case of Equation (2.2). In lieu of

0
the operator Ay = xa— that we used above, for a fized real number s, we can consider the
x

operator Ay = 2%t and apply a similar technique. Similarly, as in the first part, we obtain
x
that the coefficients of

AT (f (@) = As(AD(f(2))

(7"+1) 2r D (s+1) f(r+1( ) + a () 2r D (s+1) lf(r( )
Jra(r 1) D (s+1) 2f(r 1( )+
7(321:1:(’"“)(3“)’( @ (z) + 1 LD =T ¢ )

(with initial conditions Al = A,), satisfy the recurrences

ai’fgl = (r(s+1) —r 4 k¥ + %=V with boundary conditions
oV =alV =1, ol = (r(s + 1)~ + 1BV,
Therefore, the above sequence aq(lk) satisfies the recurrences (and the boundary conditions) of
our generalization of Stirling numbers of the second kind, and the proof of the theorem is
shown. 0

We can find the coefficients precisely {,:} in the recurrences of Theorem 2.1 via what is
known about the Stirling numbers of the second kind ([8, Chapter 6, pp. 257-267], or [14,
Section 2.5.2, pp. 150-152], and the references therein), or via discrete mathematics techniques
of solving non-homogeneous linear recurrences. We provide below the first few values and a
general formula for Stirling numbers of the second kind, via binomial coefficients. That way,
the interested readers can give their own particular identities specializing Theorem 2.2 with r
larger than 2.
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Proposition 2.2. In addition to the boundary conditions {8} =L{s}=0{}={}=1,
r > 1, we have

T r
() e

3141
{T} A 2r L forr >3,

3 2
101-2%=9 — 37 4 3.2n1
{Z} = G + , forr >4, and, in general

{Z} - ;i(—l)" <IZ) (k— i), forr > k.

As a corollary, we provide a proof for the identity of Greenstreet [9] (we changed slightly
the notation to match the parameters in Theorem 2.1).

N
Corollary 2.3. For all positive integers N, we have Z(—l)k (Z) oN=kE2 — N2 _9N.
k=1

Proof. We take r = 2, a,, = (]Z) and x = —1/2 in Theorem 2.1. Note that ZkN:[) (],X)xk =
(14 )N = f(z) and so, f'(z) = N(1 +2)¥ ! and f”(z) = N(N — 1)(1 + x)N~2 This implies

£ Qe (B (- B ()
:2N<<_;>{N<E)N_{+<—;>2NUV—1)(;>N4>

= N4+ N(N—-1)=N?-2N,

using {?} = {g} =1 (via Proposition 2.2). The claim is shown. O

In [10, Chapter 25|, there are several identities such as
N

> Fi=Fniz—1,
=1

N
ZiFi =NFnyo— Fnyz+2,

= (2.4)

N
> i*F;= (N +1)Fyy2 — (2N +3)Fynya + 2Fny6 — 8,
=1

N
D BF = (N+1)*Fyyo — (3N? + 9N + T)Fy1q + (6N + 12)Fy 46 — 6Fns + 50,
i=1
and the Lucas’ counterparts. We can easily provide a more general result having the above
examples as particular cases, by using Theorem 2.1. Since we shall use it later, we start with a
N

closed form for F(z) = Z Fiz" (one can easily get such a formula for any other second-order
i=0
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recurrence sequence), which can be easily shown by multiplying both sides by the denominator
(as the referee suggested),

N
) T — FN+1$N+1 _ FN.I'N+2
F = Frt = N > 1. 2.5
@)= F I N (25
=0
t N
Corollary 2.4. Lett > 0, N > 1 be integers, h(z) = ZANUT € Clz] and F(z) = ZFix’.
r=0 =0

Then

N t T
S hk) Rt =34 Y {’f }xipwx). (2.6)
k=0 r=0 =0 L

In particular, taking h(x) = 1,z,22, or 3, we obtain the four identities of (2.4).

Proof. Replacing h by its expression in the left-hand side of (2.6), we get
N

t t N
Z Z Ak Bk = Z A, Z k" Fja
r=0 k=0

k=0r=0
t T r
=) 4, gag ia Th 2.1.
Tz:; ZZ; {z }:U (x), via Theorem

Now, taking h(z) = 1 (thus, A9 = 1,4, = 0,7 > 1) in Equation (2.6), we simply obtain
Equation (2.5) and replacing x = 1, the first identity of (2.4) follows. Next, taking h(z) = z
(thus, Ag =0,4; =1,A, =0,r > 2), Equation (2.6) transforms into

N Lo
Z kFpat = Ay Z {i}xiF(i) (x) = aF'(x)

k=0 i=0
_z(Fy (N (2 +2—-1) +x—2) 2N 4 Py (N (22 +2-1) =22 = 1) 2V + 22+ 1)
B (22 +z — 1) ’
and replacing x = 1 above, we get the second identity of (2.4). The other identities follow in
a similar manner. O

We now proceed in providing a more general consequence of Theorem 2.1.
Theorem 2.5. For all positive integers N,r, we have (with the convention (N)o=1):

e (Dne 5 [

1=0
N r
AN r
>k (k:)Lk = Z {i}(N)ZLQN—i7
k=0 1=0
where (N); = N(N —1)---(N — i+ 1) is the falling factorial. In general, if {Up}tn is a

second order recurrence sequence satisfying Uyy1 = aUp +bUy—1 (for some initial conditions),
a,b € R, and {Vy,}n, its Lucas companion sequence, then

N N T r A
Z k" < 1 ) akbN_ka = Z {Z}(N)z a' Wop_s,
k=0

i=0
where W, = U, respectively, W,, = V,,.
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Proof. We shall apply Theorem 2.1 twice with a; = %(]IX)’ flx) = %(1 +2)V, for z = a,

respectively, x = . First, note that if f(z) = %(1 +2)V, then fO(z) = %(N),(l + )Nt

Subtracting the two identities of Theorem 2.1, corresponding to the above two cases, we obtain

i’“ ()r=FE oo -rarn)

Now, recall that a, 3 satisfy y> —y —1 =0, and so, a +1 = o2, B+ 1 = 2, which used in the
relation above renders

T

kiok" (3)m - 2; R B T

1=0

A similar argument works for the Lucas sequence, as well.

For the general case, we recall that U, = ﬁ (@™ — B"), Vi, = a™ + 8", where A = a® + 4b

is the discriminant, and o = %, b=a= #. We now apply Theorem 2.1 for f(x) =

ﬁ(b +ax)V, a = ﬁ(g)akb]v*k, and r = «, 5. Subtracting the left hand sides of the two

identities of Theorem 2.1 (for = «, ), we obtain

S () ot - ey

_ \/15 iv:k:" <JZ)akka (ak _ 5k>

By the same operation, noting that f)(z) = - (N); a’(b+ax)V " and b+ aa = o, b+aff =
(2, the right hand side becomes

>

L Z {r}(N)z (Oziai(b + aa)N*i — 5iai(b + aﬁ)N—i)

AT {f}(N)z- a' (V7 — g2

A similar argument works for the companion Lucas sequence V,,, as well. (]
Taking 1 < r < 4 in the theorem above, and using Proposition 2.2, we obtain the Fibonacci

counterpart of Lucas’ Theorem [10, p. 198]. Since the Lucas counterparts are similar we omit
displaying them.
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Corollary 2.6. For all integers N > 0, we have:

)Fk =NFon_1+ 3N(N - I)FQN_Q + N(N — 1)(N — 2)F2N_3,
)Fk = NFQN—I + 7N(N — 1)F2N—2 + 6N(N - 1)(N — 2)F2N—3
4 N(N = 1)(N = 2)(N — 3)Fon_a.

n

A reader suggested to also look at sums of weights ( k) multiplied by a polynomial A with
coefficients in C. To the end, we can easily show the following corollary, by splitting the sum
for each term and applying Theorem 2.5. The second part follows from Corollary 2.6 above,

N
N
along with the known identity Z (

k)Fk = Fyy [17, Formula (47) on p. 179, Appendix].
k=0

t
Corollary 2.7. Let N,t be positive integers with t < N/2, and h(x) = Z Aj:nj € Clz]. Then
§=0

N N t J j
Zh(k)(k>Fk = ZAj Z {i}(N)iFQNi.
k=1 7=0 i=0
4 .
In particular, if h(z) = ZAj:BJ € Clz], then
=0

al N N
Zh(k)(k>Fk = ApFon + (A1 + Aa + Az + A4)<1 >F2N_1
k=1

N
+ 2(A2 + 3A3 + 7144) ( 9 )FQN_Q

N N
+6(A3 +6A4) ( 3>F2N—3 + 2444 < 4 ) Fon_4.

The above identities can be further generalized, by replacing Fj by any second-order se-
quence Uy (with some initial conditions) raised to any power.

t
Corollary 2.8. Let r, N,t be positive integers and h(zx) = ZAjiL’j € Clz]. Let {Up}n be a
=0

second-order recurrent sequence satisfying Un+1 = aUy,+bUy,—1, where a, b, Uy, Uy are arbitrary
real numbers and the discriminant a® 4+ 4b # 0. Then

kzjzvoh(k:) <];f> Ulah = ;Aj ;ZO {Z};mio (2) A (—B)(N)s (O/ﬁr_g)i 1+ algr—ta)N—i

(=
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where a = 3(a + Va2 + 4b), 8 = (a — Va2 + 4b), A = Ula—_lg)fi’B _ Ula Uﬁoa'

Proof. We use one of the identities of [16, Theorem 9], namely

k=0 =0
N N N ¢ N t NN
Next, we write kZ()h(k:)(}g)U,: = kz:OjZOAij<k>U£ = jZOAijOkJ<k>U,:. We now

use Theorem 2.1 for the inner sum, obtaining
N 7 .
J r, k
>ow () ot =y {7}t
k=0 =0
Observe that

r

00) = 3 () 4By~ (a5 ) (1 o
=0
By putting everything together we get the claim. ([
3. AN INTEGRATION TECHNIQUE

Here, we apply a technique based upon antiderivatives to obtain more identities.

Theorem 3.1. For positive integers N, s, we have

N N+s s—1 '
Z ( ) ) 1—2 L (3.1)
— ( k:+1 (s) (N + 1) jzljg(NJrl)(s—y)
N
In general, let f(x Zakwk € Rlz]) and Ii(z /f Ydz, Ix(z) = /Il(ac)dx and

k=0
recursively, Iy(x) = / I_1dx be a sequence of antiderivatives starting from f (assuming all

are defined at 0). Then,

N s
I;(0)
> T = L) - Y (3.2)
s — NI
k::o k—l—l( = (s —7)
Proof. The claims will be shown by induction. Integrating both sides of the particular case of
N
the binomial formula Z ) (14 z)V, we obtain
k=0
N
Z - (I+x)V 1
— N +1 N+1

Integrating again, we get

al 1 n\ e (L+z)NH2 @ 1
(k+1)(k+2)(k>m T(NTD(N+2) N+l (N+D)(N+2)

k=0
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Assuming that Equation (3.1) is true for s (using the rising factorial (a)¥) = a(a+1)--- (a +
j—1) notation), we show it for s+ 1. Integrating the identity of (3.1) and using the integration

constant m, we obtain, after shifting the index from j + 1 to j in the last sum,
N N4s+1 s
Z 1 (”) RSt _ (1+x) _ 1 _ Z 1 L
+1 +1 7 i)
— (k+1)) \k (N + 1)) (N 4 1)+ = 3N+ 1)(s+1=7)

and so, the first claim follows using the principle of mathematical induction.
For the general case, integrating f repeatedly (we do a few more terms than required by
the induction principle, just to see better the pattern), and using our notations, we obtain

N

> = 1) - 1), (3:3)
N 1 k+2
kz_o e Iy(z) — I(0) — I1(0)z,
N 1 k+3 L2
L g B - B0 - B0 = (00

We now assume the claim true for s and show it for s+ 1. Integrating (3.2), and again shifting
the index from k£ + 1 to k in the last sum, we obtain

N s

1 k+s+1 IJ(O) +1—j
1 aN(et1) s = 1s _‘]g - Y s J
2 (e + 1)(s+1)“kx +1(2) = Is41(0) Z Grio”
= 7=1
s+1
_ Ij(o) s+1—j

j=1
therefore, our second claim follows via the principle of mathematical induction. The proof of
our theorem is shown. O

We provide below the proofs for the identities of Epsteen and Finkel. Furthermore, the
referee challenged us to find such an identity with &2 in the denominator, and we show one
such below (we prove it for any x).

Corollary 3.2. For all integers n, we have

<! (n) antl 1 ,
Z —_— = ————, respectively (3.4)
— k+1\k n+1

- 4 1(n =1
> (-1 1k<k> => (3.5)
k=1 k=1

n

1 (n LA . 1en1
P EEED DED DLITEROIED DE-) DE (36)

k=1 k=1 j=1 k=1" j=1
n n k
1 1 1
In particular, Z(—l)k_lﬁ (Z) = - Z -,
k=1 =1 " =Y
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Proof. Identity (3.4) follows by taking s = 1, = 1 in the first result of Theorem 3.1 (Equa-
tion (3.4) also follows from Equation (3.3)).
To show (3.5), we can redo Theorem 3.1 by taking an identity involving 2*~!, but we prefer

n
to avoid that by writing Z <Z> = (14z)" 1=z (1+2)"  +1+z)" 2+ +(1+z)+1),
k=1
and so, our sum becomes

n

E:(A)kl I+z2)" P+ A +2)" 2+ 4 (1+z)+1.

k=1

We now apply once the technique of Theorem 3.1 for f(z) = (1+2)" 1+ (1 +2)" 24+ --- +
(1+2) + 1, to obtain (recall that I; is any antiderivative of f),

n

k=1 k= 1
Taking x = —1, and multiplying the entire identity by —1, we obtaln (3.5).
To show (3.6), we write (3.7) in the form

n

() -0t

k=1 k=1
k—1
“Y e ()
7=0

and divide by x and apply again Theorem 3.1. We infer

n n k n k
1 /n\ 4 1 1 1 1
E il — E il (1 J_ - E :,'
= K <k>x pr il j( o) kI
= = = = j_
Taking = —1, we finally obtain
n n k
1 /n 1 1
z: 112 _ 7}:7
) kQ(k> ke j
k=1 k=1 j=1
The corollary is shown. O

4. FURTHER COMMENTS

In this paper we make use of techniques inspired by differential and integral operators
to derive some identities for weighted sums of various sequences. In the process we extend
previous identities and find a connection between these and (generalized) Stirling numbers.

The involved sums do not need to be finite and the results extend easily to series (see [10,

o0

9 _
Chapter 24|, where the differentiation technique is used to derive Z(k:Jrl)Fk k= M,
—x—z
k=1

among others), though they have to be absolutely convergent to allow for term by term inte-
gration/differentiation.

Finally, new identities can be derived by performing a combination of differential operators.
To be slightly more precise, we take a sequence of real numbers s1, so, ..., s, and the operator

0
A, = msiﬂa— and compose these as in Ay 5, s = Ay (A, (.. (Ag,)...)). We apply this
x
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to a suitably chosen identity, like (1 +z)" = >~} (Z) 2¥, to obtain new ones. We leave this
to the interested reader.

ACKNOWLEDGEMENTS

We would like to express our sincere appreciation to the editor for the prompt handling
of our paper and to the reviewer for his/her very careful reading, beneficial comments and
constructive criticism.

REFERENCES

[1] G. Dresden, Y. Xiao, Weighted Sums of Fibonacci and Lucas Numbers Through Colorful Tilings, Fi-
bonacci Quart. 60 (2022), no. 2, 126-135.
| S. Epsteen, Problem AL-218, American Math. Monthly, Vol. 11, No. 12 (Dec., 1904), p. 240.
| B. F. Finkel, Problem AL-320, American Math. Monthly, Vol. 16, No. 3 (Mar., 1909), p. 55.
] N. Gauthier, Fibonacci Sums of the Type > r™ Fp,, Math. Gazette 79 (1995), 364-367.
[5] N. Gauthier, Derivation of a formula for 3" rFz", Fibonacci Quart. 27:5 (1989), 402-408.
| P. Glaister, Golden Earrings, Math. Gazette 80 (1996), 224-225.
] H. W. Gould, Combinatorial identities;: A standardized set of tables listing 500 binomial coefficient
summations, Morgantown, 1972.
[8] R. Graham, D. Knuth, O. Patashnik, Concrete Mathematics: A Foundation for Computer Science (2nd
Ed.), Adison-Wesley, 1994.
[9] W. J. Greenstreet, Problem AL-195, American Math. Monthly, Vol. 11, No. 3 (Mar., 1904), p. 73.
[10] T. Koshy, Fibonacci and Lucas Numbers with Applications Vol. 1 (2nd Ed.), John Wiley & Sons, 2018.
[11] M. Mohammad-Noori, Some remarks about the derivative operator and generalized Stirling numbers, Ars
Combin. 100 (2011), 177-192.
[12] C. Pita-Ruiz, Generalized Stirling Numbers I, 2018, https://arxiv.org/pdf/1803.05953.pdf.
C. Pita-Ruiz, Generalized Stirling Numbers: Recurrence and Differential Operators, in preparation.
[14] K. H. Rosen, J. J Michaels, J. L. Gross, H. W. Grossman, D. R. Shier, Handbook of Discrete and
Combinatorial Mathematics, CRC Press, 2000.
[15] H. Scherk, De evolvenda functione (yd - yd - yd---ydzx)/dz"™ disquisitiones nonnullae analyticae, Ph.D.
thesis, University of Berlin, 1823.
[16] P. Stanica, Generating Functions, Weighted and Non-Weighted Sums for Powers of Second-Order Re-
currence Sequences, Fibonacci Quart. 41:3 (2003), 321-333.
[17] S. Vajda, Fibonacci & Lucas Number and the Golden Section - Theory and Applications, Ellis Horwood,
1989.

MSC2020: 11B37, 11B65, 26A24, 26B15.

SAN FrANcISCO VA MEDICAL CENTER, ADVANCED IMAGING RESEARCH CENTER, SAN FrANcisco, CA
94121, U.S.A.; CURRENT ADDRESS: UNIVERSITY OF ALABAMA, BIRMINGHAM, DEPARTMENT OF PSYCHOLOGY,
BirMmINGHAM, AL 35294, U.S.A.

Email address: mariastanica@berkeley.edu

NAVAL POSTGRADUATE SCHOOL, APPLIED MATHEMATICS DEPARTMENT, MONTEREY, CA 93943, U.S.A.
Email address: gstanica®nps.edu

NAVAL POSTGRADUATE SCHOOL, APPLIED MATHEMATICS DEPARTMENT, MONTEREY, CA 93943, U.S.A.
Email address: pstanica@nps.edu

12 VOLUME, NUMBER



