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9
10 ABSTRACT. We show that, under certain conditions, restricted and biased exponential sums and Walsh
. transforms of symmetric and rotation symmetric Boolean functions are, as in the case of non-biased
— domain, C-finite sequences. We also prove that under other conditions, these sequences are P-finite, which
2 is a somewhat different behavior than their non-biased counterparts. We further show that exponential
13 sums and Walsh transforms of a family of rotation symmetric monomials over the restricted domain
14 E,;={xeF; : wr(x) = j} (wt(x) is the weight of the vector X) are given by polynomials of degree
15 at most j, and so, they are also C-finite sequences. Finally, we also present a study of the behavior of
16 symmetric Boolean functions under these biased transforms.
17

18 1. Introduction

19

o An n-variable Boolean function is a function from F5 — [F,, where I, represents the field of two
o elements and I} is the vector space of dimension n over [F,. These functions have application to
. different scientific fields like coding theory, cryptography and information theory. The set of all
— n-variables Boolean functions is usually denoted by %,,.

— A Boolean function f € 9, can be regarded as a multi-variable polynomial called the algebraic
e normal form (or ANF for short) of f. To be specific, f can be viewed as

26 FX X)) =a0d ), aXi® Y, aXiX;d- San.aXi XXy,

o7 1<i<n 1<i<j<n

28 where ag,a;,a;j,...,ai2.., € 2 and @ represents addition modulo 2. The algebraic degree of a
29 Boolean function f is the degree of its ANF representation. The Hamming weight of a vector
30 X = (xp,...,%,) € [, which is usually denoted by wt(x), is the number of 1’s in x.

31 The (unnormalized) Walsh transform at a € ;5 of f € B, is defined as the real valued function

32 X)Pa-x
3 Wp(a) = Y (—1)/ 0%,

— x€F}
34
55 Where a- X represents the usual scalar product. We sometimes encounter in literature this transform

s normalized by the factor 27"/2 The nonlinearity of a Boolean function f € 4, is the distance from f
4, to the set of affine functions in n variables,

8 nl(f) = min dist(f’g),
39 g affine
40

i 2010 Mathematics Subject Classification. 05E05, 11T23, 11B37.
a1 Key words and phrases. biased Walsh transform, restricted Walsh transform, restricted domains, symmetric Boolean
42 functions, rotation symmetric Boolean functions, linear recurrences.
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1 where dist(f, g) is the Hamming distance (number of bits where they differ) between f and g. The
2 spectral amplitude of a Boolean function f, denoted by Spec(f), is defined by

Spec(f) = max Wy (a)l.
aclF)
The spectral amplitude of a Boolean function is related to its nonlinearity via the equation

nl(f) = 2"~ 2 Spec(f).

Highly nonlinear Boolean functions are desirable in some cryptographic applications. Boolean
"% functions with the highest nonlinearity, i.e. 2"~ — 2%/2=1 (n even) are known as bent functions. These
— functions were introduced in the mid 1960’s in [27]. Observe that an n-variable Boolean function f is

E bent if

.
=[2felefv]o]|a]s]e]

E 2n/2|Wf( a)| =1, forall a € F}.
E Another desirable property in cryptographic applications is balancedness. Order the elements of
— IE‘” lexicographically and denote xo = (0,0,...,0,0), x; = (0,0,...,0,1), ..., xpn_; = (1,1,...,1,1).

% The truth table of a Boolean function f € % is the vector [f(x0), f(X1),...,f(X2n_1)]. A Boolean
- function f is said to be balanced if the number of 0’s and the number of 1’s in its true table are the
oo Same, that is, wt(f) = 2"~ (wt(f) is the Hamming weight of f’s truth table).

o Balancedness of Boolean functions is often studied from the point of view of exponential sums. The
v exponential sum of a Boolean function f € %, is defined as

2 S(f) = X (-1,

24 x€F}

Z% Observe that the exponential sum of a Boolean function coincides with its Walsh transform at a = 0, that
o is, S(f) = W¢(0). Also, a Boolean function f is balanced if and only if S(f) = 0. For a comprehensive
— study of Boolean functions, please refer to [2, 5, 18].

—  Balancedness of some special classes of Boolean functions, like symmetric and rotation symmetric
0 Boolean functions, have been extensively studied and are an active area of research [1, 4,7, 8, 9, 14,
o 15, 16, 17, 19, 21, 24, 28, 29]. A Boolean function f € %, is symmetric if it is fixed under the action
> of the symmetric group S, of n symbols, that is, if

34
35 Itis a well-established result that every symmetric Boolean function f € %, can be identified with an

35 expression of the form

33 FXs(1)s- - Xom) = f(Xi1,...,Xy), forevery 6 € S,.

Z%LD f=enp, @ Den,,

39 where 0 < ky < kp < .-+ < kg are integers and e, ; represents the n-variable elementary symmetric
40 polynomial of degree k. For simplicity, we denote the linear combination on the right-hand side of (1.1)
41as ey, k|- Symmetric Boolean functions are useful in efficient implementations (thanks to their
42 symmetry), however, they may be vulnerable to attacks.
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A Boolean function f € A, is rotation symmetric if it is fixed under the action of the cyclic group
C,, of n elements, that is, if

f(XG(l)" .. 7X6(n)) = f(Xl, . ,Xn), for every o € C,,.

Rotation symmetric Boolean functions where introduced by Pieprzyk and Qu [26] (although, they did
appear before in the work of Filiol and Fontaine [20] as idempotents). As in the case of symmetric
Boolean functions, these functions have efficient implementations. However, Pieprzyk and Qu showed
that these functions are useful, among other things, in the design of fast hashing algorithms with strong
cryptographic properties. Let 1 < j; < --- < j; be integers. A rotation symmetric Boolean function of

jole|~]o]a]s]e]m]-

=

—
=
(@)
=k
=)
=

—_
—_

R fjyeens) = X1Xjy - Xjs © X0 Xy 10 X1 @ O XXy 1+ X1,

'2_ where the indices are taken modulo  and the complete system of residues mod n is {1,2,...,n}, is
'8 called a monomial rotation symmetric Boolean function on n variables. We say that R, 1jy,...js 18 along
% cycle if the period is n and a short cycle, if the period is a nontrivial divisor of n (we then make the
!> convention in the above displayed equation that we stop “shifting” indices if we encounter one of the

' previous terms, otherwise a short cycle would always sum to 0). The function
17

18 Rs 531 = X1XoX3 © X0 X3X4 © X3X4X5 B XaX5X1 © X5X1 X0
19 is an example of a long cycle, while

20

21 R47[3] =X X33 XXy

22 is an example of a short cycle.

23 It is known that under certain conditions, exponential sums and Walsh transforms of symmetric
24 Boolean functions and rotation symmetric Boolean functions are C-finite sequences [3, 7, 8, 10, 12,
25 13, 16, 17]. We say that a sequence {a(n)} of real numbers satisfies a homogeneous linear recurrence
26 with constant coefficients, or that it is C-finite, if there is a positive integer d and some constants

2 ¢p,...,cq € R, with ¢z # 0, such that

28
— d

2 (1.2) ZCga(n—f—f):O.
30 (=0

o Many classical sequences, like Fibonacci and Lucas numbers, are defined by this type of recurrences.
2 C-finite sequences are well-understood: solutions to a recurrence relation of type (1.2) are tied to roots

¥ ofa polynomial called the characteristic polynomial of the relation.

% We say that a sequence {a(n)} satisfies a homogeneous linear recurrence with polynomial co-

% efficients, or that it is holonomic or P-finite, if there is a positive integer d and some polynomials
% po(n),...,pa(n), with py(n) not identically zero, such that
37

38

d
(=0

40
e Classical examples of P-finite sequences include the factorial sequence {n!}, which satisfies

42 a(n+1)—(n+1)a(n) =0,
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the central binomial coefficients (Znn), which satisfy

(n+Da(n+1)—(4n+2)a(n) =0,

[n/2]
o= 2 ) ()
&k 1\2k) \k

(n+4)a(n+2)—2n+5)a(n+1)— 3n+3)a(n) =0.

— It is clear that every C-finite sequence is P-finite, but not the other way around. P-finite sequences were
. introduced (formally) by Stanley [30]. There are various celebrated results in this area of mathematics,
o and we mention here Zeilberger’s Algorithm [32], as a famous example. A great read about P-finite
-5 sequences is [31].

— In [3, 7] it was shown that exponential sums of symmetric Boolean functions are C-finite. To be
- specific, if 1 <kj <--- <k are integers and r = [logy (ks)| + 1, then {S(e, x,,..x,])} satisfies the
.5 fecurrence

and the Motzkin numbers

which satisfy

oo |~fofoafs]e]n]-

2'—1 ) or
" o) = X (=1 (% Jat),
18 - !

19 whose characteristic polynomial is given by

20 (X —2)@4(X — 1)Dg(X — 1)+ Do (X —1).
21

oo This result was later extended to exponential sums of perturbations of them in [8], to their Walsh
o3 transforms in [12] and to finite fields beyond I in [10, 11].

o4 In[13], Cusick showed that weights (equivalent to exponential sums) of rotation symmetric Boolean
o5 functions are also C-finite. This was later extended to Walsh transforms of these [12] and to other finite
o6 fields [10]. In the case of [10], their results were obtained using auxiliary functions which they called
o7 trapezoid function. These functions are defined as

= Lot ss) = X0 Xy - X DX Xy 11 X1 © - OXno 1= j Xy 4 - Xy +n—joXon-

29
0 Observe? that 'Tnj[ j1,rjs] 18 the expression before the rotation part of R,, ;1.
I In this article, we show that some of these results can be extended to both classes of Boolean
> functions over restricted and biased domains. Let f € %, and E C I}). Define the (scaled) restricted

exponential sum of f over E as

33

. S(fE) =}, (=)™

g xcE

% Similarly, define the (scaled) restricted Walsh transform of f over E at a as
" Wi(aE) = ¥ (~1)/ 05

38 xcE

39 Boolean functions over restricted domains have been a subject of study recently [6, 22, 23, 25],
40 especially in the context of the FLIP cipher. In general, when working over restricted domains, the
41 distribution is non-uniform, and the cryptographic properties of the involved Boolean function may
42 change significantly. In [22], the concepts of biased exponential sum and biased Walsh transform of a
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Boolean function were introduced. Let p(u) be a probability distribution on F5. If f € %, and a € F%,
then the biased Walsh transform of f at a is defined as

— (Observe that S8(f;p) = Wf(O;p).)

In this article, we show that, under certain conditions, restricted and biased exponential sums
—,_ and Walsh transforms of symmetric and rotation symmetric Boolean functions are, as is the case of
.. non-biased domain, C-finite sequences. However, we also show that under some other conditions,

14 these sequences are P-finite. This is a different behavior than their non-biased counterparts. In
15 Section 3 we show that exponential sums of a family of rotation monomials over the restricted domain
g nk = {Xx € F} : wt(x) = j} is given by a polynomial of degree j+ 1. That implies that they are also
;7 C-finite sequences. Finally, in the last section, we study the behavior of symmetric Boolean functions
under these biased transforms.

o
2

3 )
o Wf a;p) Z p(x fX)@ax
i xEIF"

5
s We are mostly interested in the biased exponential sum of f as defined by
a SP(fip) =Y p(x ),
i XGIE‘"

9

0

_A_A_A
O)I\J—‘

18

19

20

2. Recurrences over biased domain

' As in the case of regular exponential sums and Walsh transforms, under certain conditions, biased
?2_exponential sums and biased Walsh transforms are C-finite sequences. That is the case when the
23 probability distribution depends only on the first entry of x € F % and the argument is somewhat simple.

24 Let o € R be algebraic such that
25

— 1

26 o, T o' e (0,1),

27

og for every integer n > 1. Define, for x = (x,...,x,) € 5, the probability distribution
. o’ 0
an ; X1 =
0 (2.1) pa(¥)=<"

31 wr—o x=1
%2 and consider the biased exponential sum

33

3 SB(fira) = Y. pa(x)(—1)/®).

— n
35 xel?

36 Suppose that f,, € %, is such that the sequences
37

:ﬁ Z (_1)fn(07x) and Z (_l)fn(l’x)

39 n—1 n—1
0 xelfy " xely .
41 satisfy linear recurrences with constant coefficients whose characteristic polynomials are given by

g g0(X) and g1 (X), respectively. Suppose that Bi,...,B; are the roots of go(X) and 7,..., % are the
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roots of ¢ (X). Then,

j Z (-1 fn (0.x) Z n)B; and Z = Zr,lbsm))’snv
= -

~.

erFg*] l=1 xeF)™ !

‘6 where ay(n) and bs(n) are some polynomials in n. Observe that

7

8 S8 (fura) = Y, pa(x)(—1)/®

o xelFy

0 = Y pa0.0(=D0 4 Y pa(1x) (=11
" XEIF'?] XE]F371

= n F(0.%) 1 n F(1,%)
13 = o )y (-1)/® +<2nl—a> Y (—1/th
14 xeFy ! xeF? !

J

- @ T+ (211 _ a"> i}bzm)v;

-
(é)]

_A
o
|

17 o

% :ZJ‘, )(atBe)" +22bg () sz (ay)"

20
o1 That implies that {S?(f,; po)} satisfies linear recurrences with constant coefficients, that is, it is a
2> C-finite sequence. In the particular case when deg(a;) = deg(b;) = 0 for all s,7, i.e., when go(X) and
23 q1(X) do not have repeated roots, {S?(f,; pa)} satisfies the recurrence whose characteristic polynomial
o4 1S given by

25

26 lem (.uaﬁ] (X)a"'7.uaﬁj(X)7/~LaY1(X)v"-7“06%(X)a“771(x)7"'7“%()()) )

27
- Where 1, (X) represents the minimal polynomial of the algebraic number ®.

28
o Several known families of Boolean functions satisfy the above argument. That includes symmetric
0 Boolean functions, trapezoid Boolean functions, rotation symmetric Boolean functions and linear

a1 combinations and concatenations of them (degree fixed). Moreover, in the case of those families, the

5> argument can be extended to perturbations without too much effort. Suppose that f, € %, is either

33 Symmetric, trapezoid, rotation symmetric or a linear combination or concatenation of symmetric and

54 Totation symmetric Boolean functions. Let j < n be a fixed positive integer and F' € %;. The function
g f(X) @ F(X) is called a perturbation of f,,. If {SB(f,; p)} satisfies the above discussion, then, using
56 the same technique presented in [8], so does {S?(f, ® F;p)}. This, in turns, implies that the same
-, argument holds true if we replace SB(f,; p) by the biased Walsh transform Wflfl (a; p) (same conditions
s Onaasin [12]). '

a9 Observe that the argument can be extended further if the probability depends on more than one entry.

.o For instance, if o, @, 03 € R are algebraic numbers such that

37

41

1
— noo N N n n n
42 OCI,(XZ,(X3,2n_2—(xl—a2—0636(0,1),
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1 for all positive integer n, and define, for x = (x,x2,...,x,) € I}, the probability distribution
2 n
? o, X1 = O,XZ =0
4 OC;’, x1 =0, =1
— p(x)=¢
5 o5, x1=1,x=0
6
7

s then the same argument follows by requiring the corresponding four partial sums to be linear recurrent.
"y Having said that, for simplicity, we summarize the discussion when the probability depends on only
1o one entry. We gather the above discussion into the next theorem.

" Theorem 2.1. Suppose that f, € B, is one of the following

12
m D ey, k) (ki fixed),
w DT (j{ﬁxed),
5 B Ry, (i fixed),
o (4) a linear combination or concatenation of the previous three.

17 Suppose that a € Fé is fixed and that py(X) is defined as in (2.1). Then {Wan (a;pa)} satisfies a linear
18 recurrence with constant coefficients.

19 . . . . .
o Example 2.2. Consider the elementary symmetric Boolean polynomial e, 3 and the rotation symmetric
o Boolean polynomial

22 R, 23 = XiXoX3 @ X0 X3X4 @ - D Xy—2Xp—1X0 D Xn— 1 X X1 © X X1 X

23 ) .
r Let f,(Y,X1,...,X,) € $,+1 be the concatenation of R, 23 and ey 3, 1€

25 (Y, X) = (1©Y)R, 23(X) ©Ye,3(X).
2IfX:(x1,...,xg)GIF‘K,Wethenlet

: &),
2 px) =\

o 2[—,1—(\—6) , x1 =1

3

3% Consider the sequence {Wﬁl (05 p)} = {SB(fu:p)}. Observe that

34
3% (2.2) Z (—1)Ox) & — Z (—1)Rnp3) (x)

36 x€lFy x€lF}

s We know that the right-hand side of (2.2) satisfies the homogeneous linear recurrence whose character-
5o Istic polynomial is given X 32X —2 (see [10, 13]). Also

40

5(2‘3) Z (—1)00 L Z (—1)es

n n
42 xelF x€F}
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1 and again, we know that the right-hand side satisfies a homogeneous linear recurrence, i.e., the one
"2 whose characteristic polynomial is given by (X —2)(X? —2X —2) (see [7]). Therefore, {S?(f;p)}
'3 satisfies a linear recurrence with integer coefficients.

If we want to calculate an explicit recurrence, then we must study the roots of the polynomials
associated to (2.2) and (2.3). The polynomial X 3 _2X —2, which is associated to (2.2), is irreducible
over Q. Let B represents one of its roots. The roots of (X —2)(X? —2X —2) are 2,1 4. Thus, we
must find the minimal polynomials of

B2 1+i | 14i

77777717
V5 V5 s 2

[efe|~]o|o]s]

. These polynomials are given by

12 s (X) = 125X%—100X*+20X> —4,
13 V5

" X) = 5X*—4

14 H%( ) ,

o 4

6 N% (X) = 25X"+4,

7 mXx) = X—1,

% ,ulii(X) = 2X2—2X—|—1,

2E and the least common multiple of them is their product, i.e.

2 2 2

. 0X) = (X—-1)(2X*—2X+1)(5X*—4)

25 x (25%* +4) (125X° — 100X* +20X2 —4) .

24
25 This implies that {SB(f,; p)} satisfies the linear recurrence whose characteristic polynomial is Q, in
26 other words, Q(E)(S2(f,: p)) = 0, where E represents the shift operator, i.e., E(a,) = d,11.

27
—  There are other cases on which biased exponential sums of symmetric and rotation symmetric

2— Boolean functions are C-finite. A similar behavior is exhibited by symmetric Boolean functions when
— the probability distribution depends on the weight of x € IF/.

Z% Suppose that oc € R is an algebraic number and 0 < j < n be such that

32 1—a"(%)

— a", ——12 € (0,1),

34

45 forall n > 1. Define, for x € [F;, the probability distribution

63 () a”? WI(X) :j7
37 (2.4) pa (x) = 1-an(%) _
38 () otherwise.
- J

39
20 When jis fixed, the scaled biased exponential sum

(- () ert)
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1 1is C-finite. The argument for the proof of this claim is somewhat similar to the previous one. However,
> when the weight j is not fixed, we still get recurrences, but the coefficients are no longer constants.
3 Instead, they are polynomials in n. In other words, the sequences are holonomic or P-finite. We show
4 an example of the last claim.

= (D a24(n) <2n”) + (1 —a <2nn>) szé#(_l)(i) (2; )

g Since (—1)(2) and a>" are C-finite and A(n) and (2:) are P-finite, the terms

. (—1)® a2A(n) <2n”> and 1— a2 (2”>

n

5 LetA(n) =2% — (%), Ly o(n) = A(n) S8 (€2n,k; p(o?)) and consider the sequence {Ly ¢(n)},. Ob-
6 serve that

7

O Lia(n) = A(n) ¥, pe (0)(=1)2®

9 XG]F%”

10 2n(2n

- -«

; - @i § s (D ae g oo
15 wt(X)=n 27— ( n ) wi(X)#n

i

"

5

20
o1 are P-finite. On the other hand,

22

2 ZZ 1) <z,_¢> _ f(_l)(g)<27>_(_1>(z><zn>.

24 1=0,0+n J =0 J n

= The first term on the right-hand side of (2.5) is C-finite and we already know that the second term is
- P-finite. Since the sum and product of P-finite sequences is P-finite, {Ly o(n)} is P-finite. An explicit
s formula for its recursion can be obtained using Zeilberger’s Algorithm [32].

oo There are other instances for which we obtain P-finite sequences, but the argument is similar to the
S, one presented. Of course, for general probability distributions, we might not get recursions. In the next

o section we show that something similar happens for some restricted domains.

32

5 3. Recurrences over restricted domain

34 Boolean functions over restricted domains have been a subject of study recently. In particular, some
% cryptographic applications have been found over the restricted domain E,, ; = {x € [} : wt(x) = j},
36 see [6, 22, 25]. When E = E, ;, we relabel the restricted exponential sum and the restricted Walsh

%" transform as SU)(f) and W}j ) (a), respectively.

*®  The study of symmetric Boolean functions over the restricted domain E, ; is rather simple. In that

*°_ case, the scaled restricted exponential sum is given by
40

il SO (er) = (1)) <’;)
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1 Thus, it is given by a polynomial in n of degree j and so it satisfies the linear recurrence whose
2> characteristic polynomial is given by
(X —1)/+L

In this section we will show that a similar behavior is exhibited by R, 5 3
for n > j+k, is given by a polynomial in n variables of degree ;.

We start with trapezoid functions, which were introduced in [10]. Recall that if j; < --- < j; are
positive integers, then the trapezoid function is defined by

K] € %n’ that iS, S(J) (Rn,[273.,...,k])’

.....

3
+
o
°
7
8
9 Lot enis) = X1 Xy - X, 0X0 X 1 X1 @ O X 1= j Xjy n—jg -+ Xy 4n—ji Xin-

0" Consider the restricted exponential sum S (/) (Tn,[Z,...,k])~ Assign first the value 0 and then the value 1 to

" X,. Doing that produces
12 . X .
13 ST i) = ST o i) +SY Ty o, g B Xk Xu).

14 The process of assigning the 0, 1 values to a variable X; was referred [10] as turning the variable OFF
15 and ON, respectively. Now, by turning OFF and ON the variable X,,_| we get

© (-1)

17 ST o, g DXk 1 7+ Xn—1)

E =sU~ (T2, 4) + s=2) (T2, g PXn—tr1 - Xn2®Xy g+ Xn—2)-
;% Continuing with this process (as in [10]) we get

21 ST i) =SV (T o, i)

2 n-2k+3k=2

2 + ) ZS(J_S) (Ths1-s—2...4)

24 (.1 =2 s=1

25 SR ket e

PR — + —

26 + g;) (_1) ;{ AN (Tnfsff,[Z,....,k]) :
27 5=

-5 Equation (3.1) holds for S/) (T, 1) ©F (X)) when F(X) is a Boolean polynomial in the first r < k
o9 variables. With this information at hand, we are ready to prove the next series of results. We shall be
30 using the restricted support of a Boolean function, which is defined as

?Z suppnﬁj(f):{ernh,-:f(x): 1}.

32
5 It is not hard to see that, if f] and f, are Boolean functions, then the principle of inclusion and exclusion

e leads to

3 |supp, ;(f1 @ f2)| = |supp,;(f1)| + |supp, ;(f2)| — 2 |supp, ;(fi) Nsupp, ;(f2)|.

36
— Lemma 3.1. Let n, j and r be positive integers. Suppose that n > j > r and let f € 9B, be a polynomial.
8 Then, |supp,, ; (f )‘ is given by a polynomial in n of degree at most j.

3E Proof. We will prove the result for f of the form X;, --- X; & X, - - - Xj,,, where
40
— {i],...,is}U{hl,...,hg}:{1,2,...,r}.

41
42 The general case follows a similar argument.
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Let fi = X, ---Xj, and f, = Xj, --- Xp,, so that f = f1 D f> and

(3.2) |supp,, ;(f)| = |supp, ;(f1)| + |supp, ;(f2)| —2|supp, ;(f1) Nsupp, ;(f2)]-

Observe that f; returns 1 if and only if the value of each of the variables X;,,...,X; is 1. Therefore, if
x € E, j, then fi(x) = 1 if and only if the entries of x at the iy, ..., positions are 1. That means that
the other n — s entries of x are free and we need to position j — s ones on them. Therefore,

sopp, 1) = (727

J—S

~
W
W
~

ofe|~[ofo]s]o]n]-

10 Similarly,

m n—~{

iz (3.4) |supp,, ;(f2)| = <j_£>-

13

E Finally, x € E,, ; is in supp, ;(f1) Nsupp, ;(f2) if and only if its first r entries are 1. Therefore,

15 -
16 (3.5) |supp,, ;(f1) Nsupp, ;(f2)| = <’; _ :) :
17

18 Together, equations (3.2), (3.3), (3.4) and (3.5) imply

19 _ _ _y
- / j—s j—7 j—r

>, Which is a polynomial in n of degree at most j. The general case follows similarly. 0

23 Lemma 3.2. Let k > r be fixed integers and n be any integer such that n > 2k — 1. Suppose that F (X)

24 is a Boolean polynomial in the first r variables of Tu23,...k]- Then,
25
26 |supp,, (T, 23,...4) NSUpp,, 4 (F)|

27 .
— 1§ constant.
28

2E Proof. Recall that
30

?,T T2, =X1Xo - Xe®Xo X3+ K19+ OXyp— g1 Xn—k42 7+ Xn-

32 Therefore, if u has weight &, then 7,, [ 4j(u) = 1 if an only if exactly one of its terms is 1. Thus, it is
33 clear that if

Si uén):(07"'70717"'7170""70)7 1§£§I’l—k+1,
35 ——— N N —

— -1 k n—k—f+1

36

o7 then W ) )

38 SUpp;, (Tn,[2,3,...,k]):{ 1 W ,---,U,,fkﬂ}-
39

o By assumption, the polynomial F(X) is formed by adding terms of the form X;, ---X;, with i; <
o < iy < r (remember that r < k). Let us study

42 supp, i (T 2.3....4) NSUpp,, ¢ (Xiy -+~ X;, ) -
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1 Observe that X;, - - X;, returns 1 at ué") if and only if the entries of ugn) at positions iy, ..., are all 1.
2 By hypothesis on n, only on the vectors ugn),ugn), . ,ugf) the number 1 appears as the entry at position
3 ;. Therefore,
4 .
. |supp,, i (T 23,...4) Nsupp,x (X, - Xi,)| = i,
E and so ‘suppmk (T,,7[2737m7k]) nsupp,, (X, - -X,-,)’ is constant. The general case follows by applying the
7 principle of inclusion and exclusion. 0J

8

5 Lemma 3.3. Let 1 < k < j be integers. Suppose that F(X) is a Boolean polynomial in the first
10 1 <k variables of T,..5 3, .- Suppose that n > k+ j—1. Then S(j)(T,,7[2737m7k]@F(X)) is given by

11 a polynomial in n of degree at most j. In particular {S(j)(Tn7[2737...,k]€9F(X))}nzkﬂ satisfies the
12 homogeneous linear recurrence whose characteristic polynomial is given by

13 i
- _1\Jj+1
o (X —1)7+1.

15 Proof. The argument is by induction on j. Consider first S*) (Tn,[z
16

% s(k) (Tn,m?.__,k]@F(X)) = <Z> —2|suppn7k (Tn,[l,z,.._,k]@F(X)H.

S Recall that
20

®F (X)). Note that

-----

22

23 -2 ’SUPpn,k(Tn.,[Lz,...,k]) N Suppn,k(F(X)) )

QZ We know that ‘Suppmk(Tn,[l,Z,“.,k] @F(X))} =n—k+ 1. Lemma 3.1 implies that ‘suppmkF(X))] isa
25 polynomial in n of degree at most k and Lemma 3.2 implies that

21 (3.6) |supp,, 4 (T, 1.2, g ®F (X))| = [supp, s (T j12,...0) | + [supp,  (F (X))
|

26
27 |supp,, & (Tr12....41) Nsupp,  (F(X))|

28

oo is constant. Therefore, (3.6) is a polynomial in n of degree at most k. Since (Z) is a polynomial in n of

5o degree k, then it follows that Sk (T [1,2,.. 1) OF (X)) is a polynomial in n of degree at most k.

51 Suppose that for an arbitrary j we have that §() (T2,... 1) OF (X)) is given by a polynomial on n of

52 degree at most i for every k <i < j— 1. Then, by (3.1), SY)(T,, ;. y®F (X)) is given by a polynomial
33 in n variables of degree at most

fa n—2k+3k=2

® deg{ Y ) S(J_S)(Tn+1—s—l,[2,...,k] OF (X))

63 =2 s=1

87 k=2

(ﬁ =1 +deg (Z S(JS)(Tn+1sl,[Z,...,k]@F(X))> < 1+ (] - 1) = ]

39 s=1

40 This concludes the proof. O

41
42 We are now ready to prove the following result.
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i Theorem 3.4. Let j and k be fixed positive integers. Then S\ (Rn,[2,3,...,k])) Jorn > j+k, is given by
2 a polynomial in n of degree j. In particular, the sequence {SU) (Rn 23, k])} ] is C-finite and
3 s[e9 ey n21+
e satisfies the homogeneous linear recurrence whose characteristic polynomial is given by
5 (X =17,
6
- Proof. Using the method of turning variables OFF and ON yields
8 . . k=2 i k-l
o SRy 253.i) =SV (T ps,a) + 1SV Tcisips. @ Y [1X0 | +
10 i=1 I=15=1
" 3.7) J—2k+1 o ‘
12 Y (—UISUTNT i g @ F (X)),
E i=0
14 where F (X) =X1 X1 Xo®X1Xs - - - Xi—1. Lemma 3.3 and Equation (3.7) yield the result.
E 0
— Corollary 3.5. Let j and k be fixed positive integers. Suppose that F(X) is a polynomial in the first
3 & I <kvariables of R, 53, . - Then SU(R 23,4 T F (X)), forn> j+k—1, is given by a polynomial

19 in n of degree j. In particular, the sequence {S(j) (Rn 23,4 T F(X)) } ) is C-finite and satisfies
. b b A n>j+

20 the homogeneous linear recurrence whose characteristic polynomial is given by
21

2? (X — 1)/

2— Example 3.6. Consider the rotation symmetric R,;.[ 3 4. According to Theorem 3.4, § (© )( " [273,4}) is

o glvin by a polynomial of degree at most 6 (for n > 4+6— 1 =9). In other words, S© (R, 234) = f(n)
on Wt

2 f(n) = ag+ayn+axn* + azn® + agn* + asn® + agn®.
z: Solving the system

30 £(9)=5© (Ro.pp3.47) = 12

::% f(10) = $© (Ri0:2,34) =70

33 F(1) =SO(Ry1p3.4) =220

3 f(12) =5© (Ri2p34) =540

z% f(13) =5© (Ri3;p,34) = 1144

7 £(14) = SO (Rigp 3 4)) = 2191

Z% f(15) =S )(R15[234]) 3895,

‘E we find that

41 6 S 17n* 213 4817n%  265n
“ SO (R . _n _ - .
2 (Rup234) =730 " 28" 745 ~ 16 T 360 6
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A similar behavior is exhibited by S (6) (Rn;[27374] + X1 X, + X>X3), according to Corollary 3.5. In this
case,

n® nd  Snt Tnd 4847n%  316n
s (Rupsa X1 X0+ X0X3) = oo — =+ —— — ——+

720 48 ' 144 48 360 3 +234.

.....

given by a polynomial in n of degree at most j. We will not state that result as a theorem, as it is
included in Corollary 3.5. Also, some adjustments to the argument can be used to prove that we have

o
2
i
+
o
6 Observe that Corollary 3.5 implies that W( ) k]( a),forn>k+ j—1and a € F; with r < k, is also
7
0
9 the same behavior for other rotation symmetric Boolean functions. For example,
0

» (7) n’  Tn® 133n° 305n* 4063n° 35527n*  30406n
v We"  (a) = ——+ — + - +

5 n[2.3.5] 5040 720 720 144 180 180 35
13 where a = (1,0,1) and n > 11.

14 In the next section we study the asymptotic behavior of biased exponential sums of symmetric

E Boolean functions. We show that their behavior almost surely the same as the regular exponential sum.
16

17 4. Asymptotic behavior for symmetric Boolean functions

18
19

— 1116,

—_

— In this section we study the asymptotic behavior of symmetric Boolean functions under biased
oo exponential sums. It turns out that this behavior is related to the behavior of the regular exponential
2T sum of symmetric Boolean functions. In [7], it is showed that

22 1
5 @D lim S (en k) = co(k)

4 where co(k) is defined as (see [3])
25

26 12!
S (4.2) =5 Z;

28
29 Where r = |log, (k)| + 1. The constant cy(k) also appears in the behavior of symmetric Boolean

30 functions under biased exponential sums.

a1 We start with the behavior of S8(e,,x; p) when p(x) is defined by (2.4). Observe that the conditions
32 on (2.4) imply that o < 1/2. Consider the case of SB(ezmk; p), which is one of the cases when j is not
a3 fixed (the case when j is fixed follows in a similar manner). Observe that

34

2 Sensp)= L pED)N 4 Y px) (1)@
36 wt(X)=n wit (X)#n
37

S o) (55 F s

G
z _ -y <2n> n ( 22n( z ‘ ) <Z<—1>(i) (2;?) — (-1 (2:)) .
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The well-known inequality

implies

>
=
w
©)

’

S
e
~
[\) Pk
©| |
R)
—~
sy
— |~
¥
SN—" [S)
~__—
I ~
: [\
T
—
N—
—~
T
R
- ¥
Q v
|
Y
|
—
S~—
~
=
N—
7N
s ¥
~
N——

AAAA 4
[a[=[a[s][=]3]e]e|~]o]a]s|e]|r]|-~

(o]
I
8
—
)
[ ]
S| —
—~
i
[\*)
=
—
Ql\)
IS
N—
N—
~
I R
(e
—
-
S—
—~
T~
SN—
o
~ 3
\—/

|88 ][]
I
j:
=]
| —
=
Iy
Py
L
N—
o
~—
VR
L
N———

21

22 The same holds true if p(x) is defined as in (2.1), that is,
23 .
. tim 7 (e1,:) = co(K).

%> In other words, in both cases, the behavior of the elementary symmetric Boolean polynomial e,
25 under the biased exponential sum is dominated by c((k). Furthermore, in both cases, the elementary
27 symmetric Boolean polynomial e, is asymptotically not balanced if and only if k is a power of two.
28 That is, if k is not a power of two, then e,k can only be “sporadically balanced” under the probability
29 distributions considered so far. That is the same behavior when the domain is not biased.

80 This behavior might be a bit surprising. However, the next theorem reveals that it is somewhat
31 expected. That is, if you choose uniformly at random a probability distribution, then almost surely the
%2 biased exponential sum of ey k converges to co(k) as n increases.

33

34 Theorem 4.1. For each positive integer n, suppose that ag.")
35 random from the set of nonnegative real numbers such that

, j=0,1,....,n, were chosen uniformly at

36

o (43) Y o) (”) _1.
% =NV

39

10 Forx € F%, let the probability distribution be given by P (x) = aS-n), when wt(X) = j. Then, almost

41 Surely

= SB(en,k§P(”)) — co(k), as n — oo,
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Proof. Observe that

1
E ! N(n

B S¥(enisp™) =Y, p" ens® = ¥ o (1)) ( )

4 x€F} j=0 J

> Let r=|log, (k)| + 1. Recall that by Lucas’ Theorem,

6

B jEm2\ _ (i

L = d?2

8 ("07) =) e

% for every natural number m. Let ji,..., j; be all integers between 1 and 2" — 1 such that ( ) is odd.
— Then,

12 " < n

. SBlenisp™) = Z < ) 22 Y az(n)<t>

- j=0 =1t=jymod 2"

14

— n

15 = 1-2 a . .

16 Zlmgo Jrm (Je+m'2’>

17

— Since a§ ") were chosen uniformly at random such that (4.3) holds, then by the Law of Large Numbers
E n

> (n) < n ) 1 (n) (n) 1

20 a’orl . ~oso ) a; B B g

22 as n grows. This implies that

23

24 SPenisp™) = 1-2 a ( " )

e ( n, ) ZM;O Jet+m:2" ]4+m-2’

EE 1—r

27 — 1—2621521—&2

28 -

e = co(k)

30 as n grows. This concludes the proof. (]

31
32 The previous theorem tells us that if we chose a probability distribution p on the elements of I}

33 randomly, then almost surely
34
= 4.4) SB(emk;p) ~ co(k).

SE This, of course, does not mean that (4.4) holds for every probability distribution. We can design a
37 probability distribution that specifically targets the behavior of e, k.

38
5o Example 4.2. Recall that e, > 1(x) = 1 if and only if wr(x) =2"—1 (mod 2"). We can use this
4o information to design a probability distribution p such that

; 2)’71 -1

2 SP(enar—13p) 2 co(2"—1) :

2 / BT



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

RECURSIONS FOR MODIFIED WALSH TRANSFORMS 17
1 Suppose that & is a nonnegative real number. Let x € 5 and define
2 o n \ .
s o) J T+ 1)/211) Y (wtlgx))l’ ifwr(x) =0 (mod 2)
B AT ) TS (02,

- Choose j € {0,1,...,n}. There are ('}) vectors x € 3 such that wr(x) = j. Also, there are [(n+1)/2]
® integers j € {0,1,...,n} that are congruent to 0 (mod 2) and [n/2] that are congruent to 1 (mod 2).
% Therefore, (4.5) is a well-defined probability distribution on 5. Observe that this distribution is

19 designed in such a way that there is a different scale factor on the probability when wr(x) is even and

"I we know that every x € F % such that e, or_1 (x) = 1 lies in the case when wt(x) is odd.

2. Observe that

13

14 SB(enQr,];p) = Z p(x)(_l)en,zr,l(x)

m el

E = Z p(X)(_l)enlr—](x)
17 wt (x)=0 mod 2

8 + Y p(x)(—1)en2r-1)
1 wit(x)#£2"—1 mod 27; odd

20

- Y pnym®
- wt(x)=2"—1mod 2"

23 — a

v j_ozm’odza[(n+l)/21)+[n/ﬂ—i—l

25 1

n
2 +
2 j¢2"lgdzr;odda((n—i_l)/z-‘)"'_ [n/2]+1

— n
28 1

29 j—zr;modzr af(n+1)/2])+[n/2] +1°

30

o However, we know that

= #0<j<n:j=jo (mod2)} = [

34
. where jo € {0,1,2,...,2¢ —1}. Therefore,

36 ' B o n+1
37 Senzrip) = a(<n+1>/zw>+{n/zw+1[ 2 W

% 1 2"-3 [n—j—kl-‘

n—jo+1
2! ’

o NCICERYE R T R P
e 1 {n—Zr—i—Z—‘.

a2 T af(n+1)/2]) + [n/2] + 1 2r
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Since

1
o ) 1 n—j+1 1
il lim = ,
3 n—e [ (n+1)/2])+ [n/2] +1 2r 2r-lq+ 21
4 this closed formula implies
? 2r—2a + 2r—2 -1
=~ . GB S —
© S ez -1:P) = g e
7

— This limit is different than c¢(2") if and only if & # 1. In the particular case when r =2 and o = 0, the
° limitis 0 and S8 (en3;p) =0ifand only if n = 0,3 (mod 4). In other words, the elementary symmetric
% polynomial e, 3 is balanced over this biased domain when n = 0,3 (mod 4).

m 5. Concluding remarks

12
13 In this work we showed that under some conditions, biased and restricted exponential sums and Walsh
14 transforms of symmetric and rotation symmetric polynomials are C-finite or P-finite sequences. This is
15 a generalization of the known results for non-biased domains. We also showed that exponential sums
16 and Walsh transforms of some families of rotation symmetric monomials over the restricted domain
17 E,j={x €F} : wt(x) = j} (wt(x) is the weight of the vector x) are given by polynomials of degree
18 at most j. Finally, we also studied the asymptotic behavior of biased exponential sums of symmetric
19 Boolean functions and showed that their behavior is almost surely the same as the regular exponential
20 sum. We hope and expect to see applications of our results, as well as continued progress toward
21 covering other classes of functions, using our methods or new ones to fit the specific purpose.
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