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Abstract

In this paper we characterize the c-Boomerang Connectivity Table (BCT), ¢ # 0
(thus, including the classical ¢ = 1 case), for all monomial function x in terms of
characters and Weil sums on the finite field [ s for an odd prime p. We further sim-
plify these expressions for the Gold functlons x”+forall1 < k < n, and p odd. It is
the first such attempt for a complete description for the classical BCT and its relative
¢-BCT, for all parameters involved, albeit in terms of characters.
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1 Introduction and basic definitions

For the first time, in this paper we find a characterization of the boomerang con-
nectivity table and its uncle, c-boomerang connectivity table (c-BCT) [26], for all
monomial functions in terms of characters of the relevant finite field (all charac-
teristics). We further detail that characterization for the Gold functions x"*" for all
1 <k < n, where p is an odd prime. Since our method mostly relies on finding some
double Weil sums, it may have an interest beyond its applicability in the computa-
tion of the c-BCT.

For a positive integer n and p a prime number, we let [, be the finite field with p
elements, and U:* = F, \ {0} be the multiplicative group (for a # 0, we often write -
to mean the multlphcatlve inverse of a). We use IS| to denote the cardinality of a set s
and Z, for the complex conjugate. We call a function from [, to F, a p-ary function on
n variables. For positive integers n and m, any map F : F,, — [, is called a vectorial
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p-ary function, or (n, m)-function. When m = n, F can be uniquely represented as a
univariate polynomial over F,, (using some identification, via a basis, of the finite field
with the vector space) of the form F(x) = Zfzgl ax', a; € F,.. We define the absolute

trace Tr, : F,, — [, by Tr,(x) = Zf:ol x” (we will denote it by Tr, if the dimension is
clear from the context). The reader can consult [21] for more on this and related notions
in finite fields.

Given a vectorial p-ary function F, its derivative with respect to a € [, is the p-
ary function D, F(x) = F(x+ a) — F(x), for allx € [Fpn. For an (n, n)-function F,
and a,b € F,, we let Ap(a,b) =#{x€F, : D,f(x)=>b}. We call the quantity
op =max{Ag(a,b) : a,b € F,,a# 0} the differential uniformity of F. If 6 =,
then we say that F is differentially 6-uniform.

For the interested reader, we point to [5, 7, 8, 14, 22, 29] for a proper background on
Boolean and p-ary functions.

As a follow up to Wagner’s work [32] on the boomerang attack against block ciphers
(see also [1, 2, 17, 18]) and Cid et al. [11] who introduced the theoretical tool called the
Boomerang Connectivity Table (BCT) and Boomerang Uniformity, we defined in [26]
the c-Boomerang Connectivity Table (c-BCT) and analyzed some known perfect non-
linear as well as the inverse function in even and odd characteristics. The investigation
was continued in [27] for the swapped inverse function.

Let F be a permutation on IFp,, and (a,b) € [Fp,l X [Fp,l. We define the entries of the
Boomerang Connectivity Table (BCT) by

Bp(a,b) = #{x € F,,|F"'(F(x) + b) - F "' (F(x + a) + b) = a},

where F~!is the compositional inverse of F, and the boomerang uniformity of F is

= max, e, By(a, b). We also say that F is a fp-uniform BCT function. Surely,

Ag(a,b) =0,p" and Bp(a,b) = p" whenever ab=0. We know that 6 = 6y,
Pr = Pp-1, and for permutations, f, > 65 and they are equal for APN permutations.
We mention here that this concept became an object of study for many recent
papers [3, 4, 6, 19, 20, 24, 30, 33], to mention just a few.

Li et al. [19] (see also [24]) observed that

F(y)-F(x)=b
Fy+a)—-Fx+a)=0> |’

D,F(x)=band D,F(x+a)=b},

Br(a,b) = #{ (x,y) € b, X F,

= 2 #{xe e

7€

and therefore, the concept can be extended to non-permutations, since it avoids the
inverse of F.

Based upon our prior c-differential concept [15] (see also [16, 23, 25, 28, 31] for
very recent work on that topic), we extended this notion recently in [26] to the c-Boo-
merang Connectivity Table. For a p-ary (n, m)-function F : F,, — F,., andc € F,., the
(multiplicative) c-derivative of F with respect to a € [, is the function

DF(x) = F(x+ a) — cF(x), for allx € ..
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For an (n, n)-function F, and a,b € [Fp", we let the entries of the c-Difference Distri-
bution Table (c-DDT) be defined by Ax(a,b) = #{x € F,. : F(x+a)— cF(x) = b}.
We call the quantity

8p. =max { Ap(a,b)|a,b € F,. and a # 0 if c=1}

the c-differential uniformity of F. If 6 . = &, then we say that F is differentially (c, 6)
-uniform (or that F has c-uniformity &, or for short, F is 6-uniform c-DDT). We can
recover all the classical perfect and almost perfect nonlinear functions, taking ¢ = 1.
It is easy to see that if F is an (n, n)-function, that is, F' : [Fp,, - U:pn, then F is PcN if
and only if D, F is a permutation polynomial.

Further, for an (n, n)-function F, ¢ # 0, and (a, b) € [Fp” X [Fp”, we define [26] the
c-Boomerang Connectivity Table (c-BCT) entry at (a, b) to be

Bp(a,b) = #{

I +a) + b) — F'(cF(x) + b) = a}.

and the c-boomerang uniformity of F is fr . = Max, pef , Brla,b). If . . = p, we

also say that F is a f-uniform ¢-BCT function. We showed in [26] that we can avoid
inverses, thus allowing the definition to be extended to all (n, m)-function, not only
permutations. Precisely, the entries of the c-Boomerang Connectivity Table at
(a,b) € F,, X I, can be given by

Brla.b) = #{ () €F, xF, | FO)~cF0=b }

Fy+a)—c'Fix+a) =
= 2 #{x = [Fpn | CD},F(X) = b and cleyF(X+a) =p }

the ¢ — boomerang system
7€

The exact computation of the differential and/or boomerang uniformity and its rela-
tive with respect to ¢ seems to be quite difficult, even for monomials. It is the pur-
pose of this paper to characterize the c-BCT (c # 0) for all monomials x? in terms
of characters on the finite field F,,, where p is any prime number. We use that char-
acterization to further describe the ¢-BCT for all Gold functions X’ 1,1 < k < n, p
odd, and ¢ # 0. In particular, our result can be seen as a significant generahzatlon of
the known results, for p = 2, gcd(n, k) = 1, 2, in which case the boomerang uniform-
ity is 2, respectively, 4.

2 A description of the c-BCT of the power map x9 in terms
of characters onF,,

We concentrate here on the c-boomerang uniformity of the power maps x? over
finite field [Fp,,. Let G be the Gauss’ sum G(y, y) = ZZGP v (2) ¥ (z), where y,y,

are additive, respectively, multiplicative characters of [Fq, g =p". Below, we let

z71(@) = exp < ZnilHa) ) be the principal additive character, and y; (g7) = exp (M>

g—1
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be the k-th multiplicative character of F, 0 < k < g —2. We let y, be the genera-
tor of the cyclic group of multiplicative characters. We want to point out that we
obtained in [26] a characterization of the ¢-BCT via the Walsh transform (as Li
et al. [19] did for the classical boomerang uniformity, following Carlet’s
method [9] for the differential uniformity), however, that characterization is very
difficult to use in computation. Our Sage implementation achieved for all taken
examples a speed up of > 10 times for the current approach versus the Walsh
transform approach.

Theorem 1 Let F(x) = x? be a monomial function F,. ¢ =p", p a prime number. Let
cE [F; and b € . Then, the c-Boomerang Connectivity Table entry JBp(a, a’b) at

(a,a®b),0 # a,b e Fq, is given by
l(cAF(l,b) + o AR(LD)) + 1+ iz 2 (=0 + B)) Sy 5 S_ge_pets

q 9" o per, apo

with

Sep= 2, 11 (ax?) 1, (BG+ 1))

xXE IFq

q-2
L 6 100G 1) Y v (@ (e + 1)),

(g-1y k=0 xeF,
Proof For b # 0 and fixed ¢ # 1, the c-boomerang uniformity of x¢ is given by
max,er- Bp(l,b) where B(1, b) is the number of solutions in [Fq X [Fq, qg=p", of
Pt

the following system

¥ —cyl=b
+D—c'y+ 1) =b. (D

We know (and easy to argue) that the number N(b) of solutions (x;, ... ,x,) € [Fq", for
b fixed, of an equation f(x,,...,x,) =bis

Z Z n(a(fe,....x,) = b))

xp,...x,EF, a€F,

Y Y 2@ x )20,

x,,.A.,an[Fq )(E@

Mb) =
@)

RI= Q=

where [/F; is the set of all additive characters of F,, and y, is the principal additive
character of [Fq. Next, note that the number of solutions (x|, ... ,x,) € [F; of a system
fitxy,ooux,) = by, fL(x, ..., x,) = b, is exactly

% Y Y (@G5 = b)) (B e x) = by)).

Xpseens x,,E[Fq a,ﬂE[Fq
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For our system (1), we see that the number of solutions for some a, b fixed is
therefore

;C 2 2 Z x —cy —b)),}/l(ﬂ((x+l)d—c_'(y+1)d—b))

x,yeF, a.peF,

-1 Z Z 1(=bla+ B py (ex? + B+ D) gy (acy? + fe='(y + 1?)

2
x,yE[Fq a,ﬂE[Fq

- q_12 Y an=ba+p) Y a(ex +pac+ 1)) D (acy? + fet (v + 1)¥).

a,ﬂe[Fq xe[Fq yE[Fq

We now, rewrite the above expression as (the term g comes from a = f = 0)

qz.l\fb;c—q2= Z 1 (— ba)Z)(l ax? Z;{ acy

aE[F .p=0 xE[F yE[F
+ Y aEbn Y n(pa+ 1) Y (pe o+ 1)
a=0,p€F, xef, yeF,
+ Y b+ p) Y (e + pec+ 1Y)
apek,ap#0 et
- 2 n(aey! + pety+ 1))
YeF,
= 2 2l -af-p)
x,y€F, a€F,
DI AUl CER VR (RS V)
x,yequ ﬂE[Fq
+ Y b+ ) Y (e + poc+ 1))
a,peF,ap#0 xeF,
. Z a1 (acyd + Be1(y + 1)4)
YeF,
=ZZ}(1(a(xd—cyd_ +ZZ){1 - y—b))
x,y€F, a€F, xyeF, ek,
+ Y b+ p) Y (e + pec+ 1Y)
a,peF, a0 xeF,
- 2 n(aey! + pety+ 1))
yeF,
= g Ap(LD) +  ALD) + Y (D@ + PSS e pers
a,ﬂe[F,,,a/i#O

where S, ;= ¥.cr x1(ax? + p(x+1)7) (the last identity, involving the ¢-DDT

entries, follows from Equation (2)).
Further, [21, Equation (5.17)] relates the additive character y to the cyclic group
(of cardinality ¢ — 1) of all multiplicative characters y of [, via
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1 S g
o =—— FAE 12;, VOw@) = —— ]Z(; G, 1w, (W),

z€fFy
where G is the Gauss’ sum G(y, y) = Y, ;. w(2) y(z)- Using this, we get

Sep= 2, 11 (ax?) 1 (BGx+ 1))

xXE IFq

q-2

LSS 6 206 20w (@x ) (B + 1Y),

(g -1 ek, jk=0

from which we infer our last identity.

Remark 2 In the previous theorem and the next ones, we could have embedded the
differential entries .Ap(1,b), .1 Ag(1,b) into the character sums, but we wanted to
point out how the c-BCT entries depend upon the c-DDT entries.

Remark 3 Surely, we could have written the previous theorem for any function F,
but we simply wanted it for the Gold functions from the next section. We may come
back to that idea for other functions. Also, the case p = 2 will be treated in a sepa-
rate paper as the Weil sums results are rather different.

3 The ¢-BCT for all gold functions x?*+1, p odd

We will now use this approach to push even further the above result for the Gold
function. It is perhaps the first result of this type that computes the boomerang uni-
formity and its relative, the c-boomerang uniformity for all functions in this class
(we gave a lower bound in [26] the c-boomerang uniformity). We will, in fact, find
all entries in the c-BCT, including ¢ = 1, as well, for all ¢ # 0.

We shall make use of the following results from Coulter [12, 13] (we make slight
changes in notations and combine various results), who generalized a result of Car-
litz [10]. Let 1 < k < n, e = gcd(n, k), and 7 (A, B) = erﬁ X (Axpl”rl +Bx). We

let n = y,_,),, be the quadratic character of F,.
Theorem4 ([12]) Let g = p",n = 2m > 2, p and odd prime,1 < k < n, e = gcd(n, k).
Then:

(1) Ifn/eis odd, then

_ [ D)rpm@A) ifp=1 (mod 4)
74,0 = { (=1y='prir(A) ifp=3 (mod 4).

(2) Ifn/eis even, then
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m g-1 m
—1)e p™ if A+ # (=1)°
Fag=q e AT D
(=Dt prre if Are = (=1)e.
Theorem 5 ([13]) Let g =p"*, n > 2, p an odd prime, 1 < k < n, e = gcd(n, k). Let
fx) = AP X"+ Ax, for some nonzero A. The following statements hold:

(1) Iffis a permutation polynomial over F,, and x is the unique element such that
f(xy) = —=B",B # 0, then:
@) Ifg is odd, then

S (A,B) = (=1 an(-A) p@axs ") ifp=1 (mod 4)

(=118 fgn(=A) 7 (A ) ifp =3 (mod 4).

DR

X 1 R sl Y .
(where the solution x, = —% Z]F: o (CIYAT B

).
B )
(i) If = is even, then n = 2m, AP £ (=)< and

FAB) = (=D p" gyAaxy ).

(2) If fis not a permutation polynomial, then, for B # 0, /,(A,B) =0, unless,
fx =q:BPk has a solution x, (this can only happen lfg is even with n = 2m,
and Ar+1 = (=1)<), in which case

F(AB) = (=) pe g A,

The proof of our results are long and complicated, so we will split the analysis into
several cases ¢ = 1,c = —1, etc., and record each case in a separate theorem. The goal
in each case is to make more explicit the expressions of Theorem 1 for the Gold func-
tions. We shall use the properties of the involved characters to merge terms and trans-
forms the expressions in such a way to be able to use Theorems 4 and 5.

We need some notations below. For1 <k <n,leta, g € F L, ,0) = (a + p™ + (97 + p)x
and

2 = ((a,§) € B2 | L, 5 is not a permutation}

3
% = {(a,p) € [F;Z | L_yc—pc1 1S NOt @ permutation }. )
Further, let d = gcd(2k, n) and
Pl
(—1) (—ﬂpn_kw >"d_l =1 and
@ =q@p)eE? “ : @

Lyy0)=—-(f+ ﬁ”k) has a root x,
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(hence, L, 4 is not a permutation polynomial [34]). Observe that the left hand side
expression is just the relative norm from F,, to F; of the argument. Similarly,

p-1

@y etp \
'52/2 = (a, ﬁ) c I]:;nz ( 1) ( ac+ﬂc ) - 1 and R (5)
L_ge_per@) = (P + (Bc=Y") has a root x

—ac,—fc!

(hence, L_,. ! 118 not a permutation polynomlal)
We showed in Theorem 1 that .By(a, @’ “b) equals (we letg = p")

1 1
_(CAF(I’b) +c*1AF(]’b)) +1+ ) Z ){1(_b(a+ﬂ))Sa,ﬂ S—ac,—ﬁc’l’ (6)
4q a,pek, ap#0

where S, ;=Y ¢ 1 (ax,,m) 7 (ﬂ(x+ l)pk+1). Furthermore, we let 7, = ¥ ;¢
B P e

Zaﬂ;ﬁo A1 (=b(a + ﬂ))Sa,ﬂS—ac,—ﬂc*I'
We now concentrate on S, 4, for af # 0. Using the fact that y,(w’) = y,(u) for
ue [Fq, we compute

Sup= 3 1 (@ + B+ 1)l’k+1>

x€ Fq

(

= Y n((@+p 4 4 pr )
(
(

xeF,

= X w(@+p ) (07 ) o+ )

xeF,

X a(@+ o) (97 5) B+ )

XE [Fq

X (@m0 + prx+ )

xXE€ [Fq

=0 ® Y, n(@+p 0+ pyx).

xe[Fq

LetA=a+ f,B= ﬁ”n_k +p(recallaff #0). lfa=—p = ﬂ”"_k (the last identity can
only happen for g even, where e = gcd(n, k)), then Su’ﬂ = qy,(p) (there are p* —1
such nonzero fs, since f#0,p” " + =0 is equivalent to /! +1=0). If
a=—p+p"", then S w =0.Ifa £ —p = p"", then we use [12, Theorem 1 and

2] (observe that the case - = 0dd does not happen), obtaining that when - is even (thus,
n = 2m), then (with A = a+ f; we simplify a bit the original statement)

5, = { CDEP @) AR £ (DE
‘ (=D)H pme 1 (B) if AreT = (=)
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We next assume that @ # —f # 7. We shall now be using Theorem 5, which gives
explicitly the sum SAB)=F 11 (Ax”+!' + Bx) depending upon whether
L, s = AP X 4 Axis a permutation polynomial or not.

Now, it is known that a linearized polynomial of the form L,(x) = ¥’ + yx € Fp
is a permutation polynomial if and only if the relative norm NF JF, L) # 1, that i 1s
(=1 dy@"-D/ =D £ 1, where d = gcd(n, r). For our polynomial

L, ;(x) =(a+ ﬂ)xp' + (ﬁ”"ik + f)x, (dividing by a + § # 0) the previous nonper-
mutability condition becomes (with d = gcd(2k, n))

p't—1

' k vl
n + Pl
nF (X2 oy )
a+ /3
-1 n
Surely, there are p_l roots for the equation x»-' = (—1)4, forming a set 2 of cardi-
nallty We then see that for an arbitrary y € 27, and any f € F, s then there is a
=k 11—
unlque a € [, such that £ +ﬁﬂ =y, namely a = w Therefore, there are

<er—’ (p pa1rs (a, p) forming a set ¢ as in (3) (with the restrictions @ # —f # pr A)
such that L f is not a permutation (the reason that the number of pairs is not pre-
cisely 2 ;’d’__l is because more than one § may generate the same « if the linearized

n—k

x*"" + (1 — y)x is not a permutation polynomial). Let ./} C %] be as in (3) and (4).

Surely, if L, 4 is not a permutation on F, and L, ;(x) = —(f + ﬂ”k) has no root, then
S, ,=0.
ap
If L, 4 is not a PP (abbreviation of ‘ permutation polynomial”), but the linearized
equation has a root (hence, by Theorem 3, ° Z is even), then for all (a, f) € <7, (note
that the cardinality of ||| < £ (” _1)) then

Sep = CDE P 1B (@ + P ).

In addition, again, by Theorem 5, when ~is even and L, 4 is a permutation on F, and
X4p 18 the root of L, 4(x) = —(f + /3” )then

Sap = (—1)ip§xl(ﬂ)x1<(a + ﬁ)xi;l)

Finally, if 2 is odd and L «p 1S @ permutation on F, and x,; is the root of
Ly p(x) = ~(p + p7"), then S, equals

D" 2 (Bm—a = ) yy((@+ px "), &if p= 1 (mod 4)
(=1 Jg o (Pn(—a = p) yi((@+ '), &ifp =3 (mod 4).
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3.1 Thecasec=1
In the theorem below, <7, %] are defined as in Equations (3) and (4).

Theorem 6 Ler F(x) = x"*!, 1 <k <n, be the Gold Junction on F,., p and odd
prime,n>2,c=1and 0+#a,b € [F e The Boomerang Connectivity Table entry of

Fat(a a? +1b) 15 BF(CI a’ +1b) F(l b)+ 1 + T where:

@ If g is odd, then

ptl
T,=(-1"7p" Y xi(=ba+p).
(@he;
2= " —bA
(i) IfZeven, then, with A = @ + f and =2 @pEF xl ),
e AF‘+1 _ ( 1)_
Tb =(p2n+e _ 2p2n +pn> + (p2n+2e _pn+2c p +p )Zl

PN bt P Y (b B
(a.p)e, (@.pE,

,and —ca = cf, cf = (—cp)’

n—k n—k

Proof Observe that the conditions a = —f, —f = p*
are equivalent, when ¢ = 1.

First, if 'f isodd,and p =1 (mod 4),x # —f # ﬁpn_k and Ly is a permutation (as
well as, L_a,_,;) (recall that (a, f) € %,), then (since Xop = x_,,’_ﬂ),

SepS—ap =4 11(B)1(—a = B) 1 (@ + ) 1)

1 (=Pnla+p) x (= (0t+ﬁ)f;ﬂ ) =q(=1)",

and so,

T,=(=1"p" Y, x(=ba+p).

(a.p)EH

Similarly, in the same case, if p = 3 (mod 4), then (there are two extra copies of 1*"
rendering a factor of (—1)")

Sa,ﬂS—a,—ﬂ = (_l)nq ’1(_1) =4q

therefore,

T,=p" ). x(=bla+p).

(a.p)EH

Therefore, when g is odd, we can uniquely write this as
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T,=(-1'Tp" Y xi(=bla+p).
(@pe,

n—k

If 0#a=—p=p"" (there are p°—1 such roots f), so, 'f is even, then
Sa,ﬂ =4qx (ﬁ)9 S—a,—ﬂ = C])(](—ﬁ), and S0,

Tyo= ) b+ p)S, ;S .
O#a=—p=pr""

:p2" Z ){1(—b(a + ﬂ))xl(ﬂ))ﬁ(_ﬂ) :p2n(pe _ 1)
O;Ea:—ﬂ:ﬂﬁ"’k

Assume a # —f = ﬂPH, ) f is even. We observe that either both a + f#, —(a + f)

g-1 m
satisfy X»*+1 = (—1)<, or none will do. Furthermore,

g-1 m

o AR £ (=D)E
Sa,ﬂS—a,—ﬂ - { n+2e ‘i;l =
P f AR = (=1)%.

-1 m
Thus, if A#+1 = (—1)%, then
Ty, =p™* Y p(=ba+p)

a,f € F*
g-1 a m

A = (=1)%

=p" Y X n(=bd)
peF:

AAFT =)t
=pn+2e(pn _ 1)21

If A1 # (—1), A # 0 (since @ # —f), then
Tya=p" ), aba+p)=p'¢"-1) Y n(=bA)
a peF; AZ0

g=1 m 4L m
AP (1) e Arttl#(=1)e

=p"@" =D X n=bA) - Y p(=bA) -1
A€l g1 m
AAPFT =(=1)%

=—p"@" - D(1+%)).

Now, let a # —f # ﬁ”"ik and g even. Then (we assume that x,, is a root

of La!ﬂ(x)=—(ﬁ+ﬂpk), if it exists; observe also that —Xyp is a root for

L_y_p(x) = —((=P) + (=B)""), as well),
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[ if L, 5 is PP
SapS-a—p = { pre if Lyg is not PP.

In this case, then,

Toa=p"™ Y n(=bla+p)+p" Y, xi(=bla+p).

(a.p)e, (@.pE,
Thus, when g is even,
Tb = Tb,l + Tb,2 + Tb,3 + Tb,4'

The theorem is shown.

Remark 7 As an example, we took p =n =3,k =2, b =2, and easily found in less
than a second, using SageMath on a Macbook Pro I7 with 16GB of RAM, the set of
all pairs (a, ), such that @ # —f # ﬁ/’H and L, ; is a permutation, and computed the
value of By(a,23"*'a) = 2, via Theorem 6(i), for all a.

3.2 Thecasec = -1

Below, we take x, ; to be the root of L, 4(x) = —(ﬁpk + ), which always exists if
(a, p) € A, U % (defined in Equations (3) and (4)), and

=Y nbA), L= Y 4P

pri-1+1=0

®)

AAPH =(=1)

Theorem 8 Let F(x) = ka“, 1 < k < n, be the Gold function on [Fpn, p and odd prime,
n>2,c=—-land 0#a,b e F,- Let X,,%, as in Equation 8. The (—1)-Boomerang
Connectivity Table entry of F at (a,a”*'b) is Bp(a.a”*'b) = 5(,,AF(1,b)) +1+ q%T,,, where:

@ If g is odd, then

T,= ("5 Y ;(1<zﬁ —A(b + 2{5‘)).

(a.P)EH

(ii) Iff is even,
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T, = p' (" = DE, + (% - D, T,
2 Y n(2- @ (2 +b))

(a.p)e)
w0 Y n(28-@p(2¢;" +0)).
(@pe?;

Proof In this case, since ¢ = -1, S, ;=S
then

—ac,—fc~

w If = is odd and a # —f # g

(8.5)* =111 (2p —2a+ ﬁ)xftk;I) itL,,isPP,p=1 (mod 4),
(S.p) = (=1/p" 1, (213 —2a+ ﬁ)x';f;l) ifL,,isPP,p=3 (mod 4).
We then get, if L, s is a PP, then

L,=p" Y (2/3 —A(b + 2){;1)) ifp=1 (mod4),
(@.P)e
T,=(-p" Y 11(2/3 —A(b + 2{;‘)) ifp=3 (mod 4).
(@HEH ’

Therefore, if g is odd, then, we can write this uniquely as

T,=p Y x <2ﬂ —A(b + 2x§f;1>).

(@.pE,

When = s iseven, we will write T, =T,y + Tj,, + T),3 + T, 4 w1th the partial sum’s
expressmns defined below. If isevenand 0 # a = —f = p""”, then

2

T,o= D al=ba+p)(S,,)

Ota=—p=pr™
= p2n 2 1 (Zﬂ) _
.07 -141=0
If';' iseven (n=2m)and0 # a # —f = p¥", then

(S )2_ { n+2e){ (Zﬁ) 1fAP‘+l _( 1)’2
a,fp - .
P'x(2h) 1fAP"+1 + (_1) .

n—k

g-1 m
Thus, iff iseven,0 # a # —f = pP" " and Ar+1 = (—1)<, then
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Ty, =p"™ D 11(=bla + ), (2B)
a,p e [F;,ﬂp"—l +1=0
g-1 m
Ar+ = (=1)%
— pn+2e Z 21(=bA) Z nQ2p) = pn+2e2122.
AAFTT 1)t pp7=141=0

n—k

L
Ifg iseven,0 # a # —f = P and Aﬁq“_+l # (—=1)* (note that A # 0), then

Tys =p" D 1B = bla+ p))
apEF, P +1=0
A+ O,Ar%ll £ (=)
=p" Y a@p ), n(=bA)
BB 14+1=0 A#0
AR £ (=1)%

=% ) n(=bA)+1
AAFT =)t
=—p"5, (2, +1).
Now, we let g be even and @ # —f # ﬂ”"_k. Then (we assume that Xop is a root of
L, (x) = —(f + ), if it exists),

k . .
(S.,) = P”+ze)(1(2ﬂ))(1<2Ax§,;l) if L, 5 is not PP
a,fp - IE——
PP (24X ) L, is PP.

In this case, then,

Toa =0 Y, n(20-@+p (28" +0))

(a.p)E,

+p" Z X1<2ﬁ—(a+ﬁ)<2xi;l+b>>'

(@.pEP,

Therefore, if  is even, then
e
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T, =Ty, + Ty, + T35+ T,
=pE + P, - PIE(E + 1)
k
+p Y p(26- @+ p (2, +0))

(a.p)e,
w0 Y n(2p-@rp (2, +0))
(0.p)EY,
= P = D P~ DS,
+p  p(26- @+ p (2" +0))

(a.f)e

w0 Y n(28-@p(20;" +5)).

(a.pEY,

Our theorem is shown.

3.3 Thecasec® 1 = 1, cnot equal to +1

Since they were treated earlier, we assume here that ¢ # +1. In this case, the condi-
tions —f = B, and —c~' p = (—c~! By"" are equivalent. From here on until the end
of the subsection, we let A = a + #,A’ = —ca — ¢~ f. We will be using below that if

—pB = p7"" (which is the same as ﬁf’k‘ = —1, or, even further, p#*~! = —1); this can

happen only 1f - is even), then g P‘+1 = (- 1) This follows from the following com-
putation (let n = 2m 2et,s0t = —)

q-1

ﬁfTH — ﬁ(pe_])(pZe(z—l)+...+p23+l) _ (_l)t _ (_1)%

We let ,9,,%,,%, be defined as in Equations (3), (4), (5). We define
and use the notation

%3 = Topeprt 20 (A = ™)
(L) = Z Il(ﬂ—(a+ﬁ)x§f;1> ( ﬁc—1+(ac+ﬁc_1)xp:cl o~ )

(a,p)EL

q-1 m
Further, CqLC are themsets of (a, p) satisfying the conditions A»+1 = (—1)¢, respec-
tively, A’ r+1 = (=1)-.

Theorem 9 Let F(x) = xp 11 <k <n, be the Gold Junction on F,., p and odd
prime, n > 2, and ' 1=1,c# =+l The c- Boomerang Connectivity Table entry of

F at (a,a”*'b) is CBF(a,apk“b) = 2 (Dp(LD) + 1 Ap(1,5)) + 14 =Ty where:

@ If g is odd, then
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n(p—1)
T,=p"-1"% Y abA+p-ch)
(0.HEH N,

-n(AA") 1, (Ax{,’,f,';l + A )

—ac,—fc!
(i) Ifg is even (n = 2m),

T, =p"e(=D) T 4 p™ Y p(=bla+ A) (B =)
a,pecnC’
at—p=pr"
O#at—pc 240
n+e —1
-p Y b+ M) -ch)
a,peC/\C’
a—p=pr
0#a#—pc2#0
" Y (=bla+ )yl —c)
a,ﬂECnC_'
ag—p=pr"
O#a#—Pc2#0
+p =D Y (B = HA = b1+ )
pri=—1

a=—fc2

S 0 ) = P (A 0 D) U (A0 D)) + PE(P 0 ).

Proof We first assume that g is odd, n = 2m, e = gcd(n, k), and a # —f # ﬂ”"—k. As
before, the only relevant case is —ac # fc! # (=fc™ 1" and both Lyg L

> _ ac,—fc!
are permutations, surely on %; N %. Then, S, ;S 1 equals

—ac,—fc”

PHAAY 7B =g (A A ) =1 (mod 4)

P AN 7 (B = ) (AL A E ). ifp=3 (mod 4,

and so, T}, equals

n(p=1)

pi(=1)"2

k k
Y n(bA+ B0 = mAA) 1 (A At ).
(@M,
‘We continue now with g being even. If ¢ = —p = g™, then surely —ac # fc! = (==Y
Observe thatifa = —f = p7
the fact that ¢* = ¢, then (with m = te)

ek ras m ras m ol
k, then A’71 = (=De(c— c—l);’”l = (1)< (2 = 1+, Using
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(- 1),%1 = (% = P D@ )

e

. ' pe-l
<(C2 _ 1)pze(r—1)+,,,+pze+l >P -1 _ (H(c2 _ 1)p25(r—i))
i=1

t 2p2eti=D . _ l 2 "
e -0)  =(ITe-
i=1 i=1
€ 2 t
(@@= () -]
= 2 _ 1(p=1) = = =
=@-D < c2-1 > < c2-1 L

—1 m
s0 A/ = (=1)* holds automatically.
Recall that =y = ¥, 5 st 2 (A(1—c™")). When 2 is even, we will write

T,=T,, +T,, + T,3, with the partial sum’s expressions defined below. Thus, if g is

n—k

evenand a = —f = p"" (thus, —ac # fc™' = (—fc='y"™), then
SapS-aceper = P=D T g (B =),

and so,

Ty =p"" =D Y p(=bla+ By (B —ch)
0#a=—f
—p=pr
:pn+m+1(_1)%+l Z b2 (ﬂ(] _ C—l)) =pn+m+€(_1)%+123‘
0£—p=pr"™*

If = is even and a # —f = pP"™", there are two subcases: —ac # fc=! = (=pc~ ",

and —ac = e~ = (=B~ (this can only happen for @ = —fc~2). Here, for easy
g-1 m
writing, we let C,C’ be the set of (@, f) satisfying the conditions A»+1 = (=1)=,
—1 m
respectively, A’ = (=1)<. We write C /A C' = (C\ C)uU (C \ O for the symmet-
ric difference.
In the first subcase (& # —fc~2), we get

P (Bl =ch)) onCnC
SepS—ac—pe-1t = =" (1 =c)) onC A_C’
P(B—ch) onCnC.

We now look at the second subcase (¢ = —pfc~2). Note that in this case,

-1 m 4=l . .
Ar+1 = (=1)« reduces to (c2—1)»+ =1, and from our previous computation,

-1 m
Ar = (=1)* holds automatically.
Thus,
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Sa,ﬂS—lxc,—ﬂC‘l =p”;(1(—ﬂc )( 1)_+1 m+€}( (ﬂ)
= (=1 TP (B(L = 7YY,

and so,

Ty, =p™* ) xi(=bla+Mpd —c)
a,peCnC’
at—p=pr
0Fa#—pc2#0
—p™ Y n(=bla+ By (A - )
a,peC/\C
ag—p=pr"
O0#a#—Pc2#£0
" Y n(=bla+ ) —ch)
a,peCnC’
at—p=pr" "
O#a#—Pc 240
+p =D Y (B = ) (=b(B — Be)).
proi=—1
a=—pfc2

Next, when a# —f#p"", the case —ac=pc!# (—=fc Y renders
S_ge—pet = 0 Thus, it is sufficient to assume next, when g is even, that
a#—B#p"" and —ac # e # (=Bc™P"™. We first investigate the condition
from Equation (7) when L, ﬂ’L—aL _pc- are PP, under =1 =1, thatis, ¢! = 1. We
compute (n = dt = 2et, smce - is even), us1ng =p?=D 4 .. 4 p% 4+,

n_ n_

1
(ﬂc_l)pn—k n ﬁc_] ;ﬁ C_pu—kﬂpn—k n ﬁC_I ;ﬁ
ac + Pe! B ac + ﬁc‘l

p_ -1
Cl_pnfk pnfk + ]!d % + [)‘[ 1
=< ac2ﬂ+ﬁ : ﬂac2+ﬁﬁ - since p* = 1" = 1.

Pl

o=k n
Summarizing, L, 5, L_,,. _s.-1 are not PP if and only if ( % ) A (—1)4, respec-

p-1

tlvely,< p”2++ﬂﬁ ) (—1)5.
We are now ready to find the relevant products. Given the prior definition of the
sets o/, %, i = 1,2, we modify them to impose also a # fc~2, and write them as

o, %, i=1,2.First,

S

a,

5 ge—pet =p" ¥y (ﬂ —(a+ ﬁ)x‘if) ( ! + (ac + ﬂc_])xp:cl gt )

if neither L, g, L_,. _p.-1is PP (thus, (a, ) € o7, " n o7, "). Secondly,
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SupSeaeper = =P 11 (ﬁ —(a+ ﬂ)xff;l> < —pc™ + (ac+ ﬁc_l))c”:c1 g )

ift exactly one of L, 4, L_,. _p-1 is PP (thus, (a,p) € AR AT CCAREA)]
Lastly,

SapS-ac—per = P11 (ﬂ_(“""ﬂ)"i;l)x‘( pe! 4 ac+ pe, —ac, /ir >

ifboth L ,, L

a,p> ~—ac,—fc

With the notation

are PP (thus, (a, f) € %, N o).

W= Y n(p-@pal; ) (- + e+ pe ),

(a.p)EL

we obtain
Th,3 =P"+282($271 ! n %/) _pn+ez<(£/l N @2) U (%l n @1)) +pn2(@1 n %)
Therefore, when g is even, then

T, =T, +T), + T)3,

and the theorem is shown.

3.4 The general case (sketch)

We can surely find an expression for the c-BCT for -l # 1, but it is going to be
slightly complicated to write, although, as we mentioned, computing the boomerang
uniformity is a difficult endeavor, in general.

As in the previous results, for ¢ € [Fpn, -l # 0, the c-Boomerang Connectivity

Table entry of F(x) = "+ at (a, a” *1b) is

Br(a, aPk+1b) = cll(“AF(l’b) + CflAF(l,b)) +1+ %Tb,
q

where
T,=2, peF,apro X1(= bla+ $) Sy p5S_ge—pet

When 2 is odd, then T), is the same as for the case of Pl = =1, ¢ # %1, namely
(recall that A = a + B, A’ = —ca — c7' ), T, equals

rl(p 1

> abA+ A - Aa) g (A A,

pl(=1)" et
(@.PEPnZ,

For even =, we will not write the T, expressions, rather we will find just the products
Sa.pS—ac—pe-1» Which obviously determine the T}, expressions. The idea below is to
simply go through all possibilities of L, 45, L 1 being PP or not, and use the

—ac,—fc~
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relevant sets appropriately. There is no new idea in this approach rather a sketch of
the arguments used in the previous proofs.

When iseven, and a = —p = ", then Sap =" 11 (P), and either —ac = pe! = (—pc1y
in which case

nk

Sa,ﬂS—ac,—ﬂc“ = pZn)(] (ﬂ(l - C_l))’

or, —ac # fc=! # (=fc=H?"™, in which case, via Theorem 5, Sy pS- | equals

ac,—fc~

prmre(~ 1)+, (ﬂ(l — ™)+ (ac + e I)X’iac e 1>, (a,p) € %

PN (A -+ @etpe W) @p e

Similarly, when g is even, and —ac = fc! = (=YW, a £ —p # g
SepS- 1 equals

ac,—fc

D (B0 =D — @k B ). @) €
pnDE g (fa - —@pd,). @p e

If Ziseven, a # —f = " and —ac # ,Bc‘1 # (=B '™ (we let here and below

01,02 be the sets of (a, ) such that AP““ = (- l)e respectively, A’ﬂ“l =(- 1) )
then S, ;S 1 equals

—ac,—fc~

ey (ﬂ(] — )+ (ac+ pc” )x”; e ,), (a,B) € (C, N ) U(Cy N%h)
Pa(pa-cD+@+pe ), @petn

P (B0 =D+ e+ pe ) @hecna,

—ac,—fc~

Similarly, when g is even, a # —f # 7" and —ac # fc=! = (=fc "™, then
SapS 1 equals

—ac,—fc”

- (f =D - @+ P ). @h ECNA)UE Y
Pa(pi-ch-@pl)).  @petn
P (p - - @+ pl, ), @pECna.

Finally, if g is even, a#—f# " and —ac# fc! # (—fc '™, then
SepS- 1 equals

ac,—fc~
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g (5(1 —ch _szzl +A/xli:;_,,c,l ) (a,B) € (F, N ) U (P N )

pn+2€)(1 (ﬂ(] - C_l) - Axi,j;l + Alx]ikac,—ﬂc_l >’ (a’ ﬂ) < 'Q{l n %
(@.h) € Zn%,.

+1

(P - - A A’

ac,—pc1 )’

4 Concluding remarks

It would be interesting to see what the entries of the c-BCT are for other functions of
interest, like the known PcN or APcN (for all ¢ # 0). We hope to see other applica-
tions and refinements of our methods, as well as continued progress in computing
the c-differential and c-boomerang uniformity for other classes of functions.
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