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Abstract. In this paper, for a positive integer n ≥ 1, we look at the size and prime factors
of the iterates of the Ramanujan τ function applied to n.

1. Introduction

The Ramanujan τ -function τ(n) is given as the coefficient of qn in the expansion

q
∞∏
k=1

(1− qk)24 =
∑
n≥1

τ(n)qn,

where q = exp(2πız), with z in the complex upper half plane. It is well-known that τ is
a multiplicative function. That is, τ(1) = 1 and τ(mn) = τ(m)τ(n) holds for all coprime
positive integers m,n. Further,

τ(pa+2) = τ(p)τ(pa+1)− p11τ(pa) holds for all primes p ≥ 2 and integers a ≥ 0. (1)

In addition, |τ(p)| < 2p11/2 holds for all primes p. In particular,

τ(pa) =
αa+1
p − βa+1

p

αp − βp
holds for all a ≥ 1,

where αp, βp are the roots of the quadratic polynomial x2−τ(p)x+p11. Since its discriminant
(αp − βp)2 = τ(p)2 − 4p11 is negative, it follows that αp, βp are complex conjugates.

In this paper, we look at the dynamical system obtained by iteratively applying τ to a
positive integer n. There are two obstructions to doing so. The first obvious one is τ(n) is
negative for some n. For example, τ(2) = −24. To deal with this, we extend τ to negative
numbers by putting τ(n) := τ(|n|) for any nonzero integer n. A second more subtle obstruction
appears if τ(n) = 0 for some n. It is a conjecture of Lehmer that τ(n) 6= 0 for all n. This has
not yet been proved. If it is false, then there exists a prime p such that τ(p) = 0. We have
the following lemma.

Lemma 1. Assume that the Lehmer conjecture is false, namely that τ(n) = 0 for some integer
n. Then for every prime q, there exist aq such that τ(τ(qaq)) = 0.

To deal with this situation, we can also put, by definition τ(0) := 0. One obvious question

to ask is what happens with τ (k)(n) = τ (τ(· · · (τ(n)) · · · )) (the composition of τ with itself,
k times) for positive integers k and n. We conjecture that the set

Orbτ (n) := {τ (k)(n) : k ≥ 0} (2)

is infinite for all n > 1. In what follows we give some support to this conjecture. For a positive
integer m let P (m) be the largest prime factor of m.
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Proposition 1. Assume the Lehmer conjecture holds. Then for integers k ≥ 1 and n even,
we have P (τ (k)(n)) ≥ 3k−1 + 2.

In particular, if the set Orbτ (n) contains an even element and the Lehmer conjecture holds,
then Orbτ (n) is infinite. It remains to look at the situation when Orbτ (n) contains only odd
numbers. The smallest odd number (in absolute value) is 1. We have the following proposition.

Proposition 2. If |τ(n)| = 1, then n = 1.

From now on, we assume that n > 1, so |τ(n)| > 1 and that τ(n) is odd. It is then well-
known that n is a perfect square. Computations suggest that in this case |τ(n)| is much larger
than n. If this was true for all perfect squares n > 1, then in case Orbτ (n) contains only odd
numbers, the numbers

|n|, |τ(n)|, |τ (2)(n)|, , . . .

would form a strictly increasing sequence, so in particular Orbτ (n) would also be infinite. We
cannot prove that this is indeed so, but we can almost prove it (up to finitely many putative
exceptions) under the abc-conjecture.

Proposition 3. Assume the abc-conjecture and the Lehmer conjecture. There exists n0 such
that if n > n0 is a perfect square, then |τ(n)| > n. In particular, if Orbτ (n) contains only odd
numbers, then Orbτ (n) is infinite.

Further, let n be such that Orbτ (n) has at least cardinality k + 1 and assume the Lehmer
conjecture. Put

Orbτ (n, k) := {|n|, |τ(n)|, . . . , |τ (k)(n)|},
and assume that the elements in the above set are all distinct and nonzero. We ask whether
we can say something about the prime factors of the above numbers. Let

P (Orbτ (n, k)) := max{P (m),m ∈ Orbτ (n, k)}.

We have the following result.

Proposition 4. Assume k ≥ 1 is an integer. If the Lehmer conjecture holds and Orbτ (n, k)
has cardinality k + 1, then

P (Orbτ (n, k)) > log(k/2). (3)

Next, let S = {p1, . . . , ps} be a finite set of odd primes arranged increasingly and let P = ps
be the largest. We ask whether it is possible to compute the cardinality of the set of n such
that

τ(n) = ±pa11 · · · p
as
s for some integer exponents a1, . . . , as. (4)

By the multiplicativity of the function τ , it suffices to compute the number of solutions of the
form pa for some odd prime p and even positive integer a. If this number is denoted by Ω,
then clearly the total number of solutions of (4) is at most 2Ω.

Proposition 5. The number of solutions n = pa with a prime p and a positive even integer
a to the equation (4) is at most max{P, 11}6500(s+4).

Taking S = {3, 5, 7}, we have s = 3, P = 7 so equation (4) has at most 1145500 solutions
of the form n = pa for an odd prime p and a positive even integer a. We end up with a
computational result showing that in fact there is no such solution.

Proposition 6. There is no n > 1 such that τ(n) is odd and P (τ(n)) ≤ 10.
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This last result shows that in Proposition 5, the bound max{P, 11} can be replaced by P .
Indeed, either P ≥ 11, in which case the maximum is P , or P ≤ 10, in which case there is no
solution to equation (4) so the stated inequality holds anyway.

Our paper is much inspired by [13] where the authors have studied the set of positive
integers n such that n | τ(n) and on the way they derived congruences for the τ -function such
as τ(1000n) ≡ 0 (mod 64000) which holds for all positive integers n. The size of τ(n) for odd
n has also been studied in [14].

Independently, Balakrishnan, Craig and Ono showed in [1] that, for n > 1, τ(n) 6∈
{±1,±3,±5,±7,±691}, which was further generalized in [2] (by the same authors along with
Tsai) to additionally exclude τ(n) 6∈ {±13,±17,−19,±23,±37}. Under the Generalized Rie-
mann Hypothesis, it was also shown in [2] that

τ(n) 6∈ {±` : 41 ≤ ` ≤ 97,

(
`

5

)
= −1} ∪ {−11,−29,−31,−41,−59,−61,−71,−79,−89},

where
( ·
·
)

is the Legendre symbol.

2. Proofs

2.1. Proof of Lemma 1. Assume τ(n) = 0 for some n. Then there is a prime p with
τ(p) = 0. For q = p, we take aq = 2. Then τ(p2) = (τ(p))2 − p11 = −p11. Since 11 is odd,
τ(p11) is an integer multiple of τ(p), so it is zero. Hence, τ(τ(p2)) = 0. Assume next that
q 6= p. In particular, we may assume that τ(q) 6= 0. The sequence {τ(qa)}a≥0 is the shift of a
Lucas sequence. Namely, recall that by putting αq, βq for the roots of the quadratic

x2 − τ(q)x+ q11, (5)

we have

τ(qa) =
αa+1
q − βa+1

q

αq − βq
.

Further, the ratio αq/βq is not a root of unity. Indeed, assume it is. Then since it is also a
quadratic number, it follows that it is a root of unity of orders one of 1, 2, 3, 4, 6. It is not
possible that αq/βq = 1, since the discriminant τ(q)2 − 4q11 of the quadratic (5) is negative
so αq and βq are complex non-real and they are conjugates. It is also not possible that
αq/βq = −1, since we have assumed that τ(q) = αq +βq 6= 0. Thus, the order is one of 3, 4, 6.
Since

τ(qa) =
αa+1
q − βa+1

q

αq − βq
,

it follows that τ(qa) = 0 for some a ∈ {2, 3, 5}. However,

τ(q2) =
α3
q − β3

q

αq − βq
= α2

q + αqβq + β2
q = τ(q)2 − q11;

τ(q3) =
α4
q − β4

q

αq − βq
= (αq + βq)(α

2
q + β2

q ) = τ(q)(τ(q)2 − 2q11);

τ(q5) =
α6
q − β6

q

αq − βq
= (αq + βq)(α

2
q + αqβq + β2

q )(α2
q − αqβa + β2

q )

= τ(q)(τ(q)2 − q11)(τ(q)2 − 3q11),

so we see that if one of the above expressions is zero but τ(q) 6= 0, it follows that one of
τ(q)2 − bq11 is zero for some b ∈ {1, 2, 3}. This is impossible for b = 1 and for b ∈ {2, 3}
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it implies that q = b. So, q ∈ {2, 3}. However, one checks that α2/β2 is not a root of
unity of order 4 and that α3/β3 is not a root of unity of order 6. Hence, {τ(qa)}a≥0 is
almost a Lucas sequence, except that it might be that τ(q) and q11 are not coprime. Put
d := gcd(τ(q), q11) > 1. Thus, d = qλ. For q = 2, we have τ(2) = −24, so d = 8 and
λ = 3. For q = 3, we have τ(3) = 252 = 22 · 32 · 7, so d = 9 and λ = 2. For q ≥ 5, since

|τ(q)| < 2q11/2, it follows that qλ ≤ |τ(q)| ≤ 2q11/2 < q6, so λ ∈ {1, 2, 3, 4, 5}. Then writing
(γq, δq) := (αq/q

λ, βq/q
λ), we have

τ(qa) = qλa

(
γa+1
q − δa+1

q

λq − δq

)
.

Further, (λq, δq) are the roots of the quadratic x2 − (τ(q)/qλ)x + q11−2λ and τ(q)/qλ and

q11−2λ are coprime and γq/δq = αq/βq is not a root of unity. Thus,

τ(qa) = qλauq(a+ 1),

where {uq(m)}m≥0 is the Lucas sequence of roots (γq, δq). Now let again p be such that
τ(p) = 0. Let bp be the order of appearance of p in the sequence {uq(m)}m≥0. This is the
smallest positive integer k such that p | uq(k), which exists since p and q are coprime so the

last coefficient of the characteristic equation for {uq(m)}m≥0 which is q11−2λ is coprime to

p. It is known that bp divides p − e, where e =

(
τ(p)2 − 4p11

q

)
and

(
•
q

)
is the Legendre

symbol. Write

uq(bp) = pνpmp,

where νp ≥ 1 and mp is coprime to p. Let

cp :=

{
bp if νp ≡ 1 (mod 2);
pbp if νp ≡ 0 (mod 2).

Since

uq(pbp) = pνp+1m′p

for some integer m′p coprime to p, it follows that the exponent of p in uq(cp) is exactly
µp := 2bνp/2c+ 1 so it is odd. Now compute

τ(qcp−1) = qλ(cp−1)uq(cp) = qλ(cp−1)pµpMp,

where Mp ∈ {mp,m
′
p} is coprime to p. Thus, by multiplicativity,

τ(τ(qcp−1)) = τ(pµp)τ(qλ(cp−1)|Mp|)

and τ(pµp) is a multiple of τ(p) since µp is odd, so in particular τ(τ(qcp−1) = 0. This proves
the lemma with ap := cp − 1. �

2.2. Proof of Proposition 1. For a prime p we put νp(m) for the exponent of p in the
factorization of m. We use the fact that ν2(τ(n)) ≥ 3ν2(n) (see Lemma 2.1 in [11]). Thus, if

ν2(n) ≥ 1, then ν2(τ(n)) ≥ 3 and by induction on k we get that ν2(τ (k−1)(n)) ≥ 3k−1. Write

|τ (k−1)(n)| = 2ab, where a ≥ 3k−1 and b is odd. We look at the sequence {τ(2m)}m≥0. With
the notation from the proof of Lemma 1, we have (α2, β2) = 4

(
−3 +

√
−119, 3−

√
−119

)
.

Next, d = gcd(τ(2), 211) = 23, so (γ2, δ2) =
(
(−3 +

√
−119)/2, (−3−

√
−119)/2

)
. Further,

τ(2m) = 23mu2(m+ 1), where u2(m+ 1) =
γm+1

2 − δm+1
2

γ2 − δ2
.
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So, for us,

τ (k)(n) = τ(|τ (k−1)(n)|) = τ(2ab) = 23au2(a+ 1)τ(b),

where a+1 ≥ 3k−1 +1. The sequence {u2(m)}m≥0 is a Lucas sequence. Thus, by a celebrated
result of Bilu, Hanrot and Voutier [5], u2(m) has a primitive prime factor for m ≥ 31. This is
a prime p which does not divide u2(`) for any positive integer ` < m and does not divide the
discriminant −119 = −7 × 17 either. This prime p has the property that p ≡ ±1 (mod m).
In particular, p ≥ m − 1. Applying this to our situation, we get that u2(a + 1) is divisible
by a prime p ≥ a ≥ 3k−1 provided a + 1 ≥ 31. This last inequality holds for k ≥ 5 since
a ≥ 3k−1. For smaller values of k, we list u2(m) for all m ∈ {2, . . . , 30} and check that u2(m)
has a primitive prime factor for all such values of m (note that u2(m) is odd for all m ≥ 1).

Thus, τ (k)(n) is indeed divisible by a prime p ≥ 3k−1 for all k ≥ 1. If k ≥ 3, neither 3k−1

nor 3k−1 + 1 can be primes so p ≥ 3k−1 + 2. Thus, it suffices to prove that the inequality
p ≥ 3k−1 + 2 also holds for k = 1, 2. For k = 1, 2, since n is even (so, a ≥ 1), it follows that
the desired inequalities hold if P (τ(2a)) ≥ 3 for all a ≥ 1 and P (τ(2a)) ≥ 5 for all a ≥ 3. But
these are equivalent to the fact that P (u2(a + 1)) ≥ 3 for all a ≥ 1 and P (u2(a + 1)) ≥ 5
for all a ≥ 3, which are consequences of the fact that the odd number u2(m) has primitive
divisors for all m ≥ 2 together with the fact that u2(2) = −3. �

Remark. Stewart [16] showed that P (u2(n)) > n exp(log n/(104 log log n)) holds once n >

n0. With this result, we get that in fact the inequality P (τ (k)(n)) > 3k−1 exp(k/(104 log k))
holds under the same assumptions (that n is even and that the Lehmer conjecture holds) once
k > k0 is sufficiently large.

2.3. Proof of Proposition 2. Since τ(n) is odd, we may assume that n is an odd square.
By the multiplicative property of τ , it follows that we can reduce the problem at a prime
power pa‖n. Then τ(pa) = ±1 and a is even. If a = 2, then τ(p2) = τ(p)2 − p11. Thus, we
get x2 − y11 = ±1 with (x, y) := (τ(p), p), and this has no positive integer solutions (x, y)
since, from the solution of Catalan’s problem by Mihăilescu [12] we know that 32 and 23 are
the only consecutive perfect powers. Thus, a ≥ 4. Further, p and τ(p) are coprime for if not
then p | τ(pa) for all a ≥ 1, which is impossible. Thus,

τ(pa) = up(a+ 1) =
αa+1
p − βa+1

p

αp − βp
= ±1.

Since τ(p) and p are coprime it follows that the above equation signals up(a + 1) as a
member of a Lucas sequence without primitive divisors. Note that a + 1 ≥ 5 is odd.
These are classified in Table 1 in [5]. If (αp, βp) = ε((u +

√
v)/2, (u −

√
v)/2), where

ε ∈ {±1} and un = (αnp − βnp )/(αp − βp) does not have a primitive divisor for some n ≥ 5,
which is odd, then n ∈ {5, 7, 13}. Further, if b < 0, then for n = 5 we have (a, b) ∈
{(1,−7), (2,−40), (1,−11), (1,−15), (12,−76), (12,−1364)}, while if n = 7, 13 then (a, b) ∈
{(1,−7), (1,−19)}. However, for us, a = ±τ(p) and b = τ(p)2 − 4p11. Thus, we get a cer-
tain number of equations for p11 which we check that they have no convenient solution. For
example, (a, b) = (1,−7) gives τ(p) = ±1, −7 = τ(p)2 − 4p11 = 1 − 4p11, so 4p11 = 8, a
contradiction. �

2.4. Proof of Proposition 3. We start by analysing τ(pa) for odd primes p and even expo-
nents a. It turns out that if a is sufficiently large, then |τ(pa)| > p2a.

Lemma 2. If a > 1016 is even, then |τ(pa)| > p2a.
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Proof. We look again at the sequence {τ(pa)}a≥0. Let d := gcd(τ(p), p11). In the proof of
Lemma 1, we saw that if d > 1, then d = pλ for some λ ∈ {1, 2, 3, 4, 5}. Then it is easy to
prove by induction on a, via the recurrence formula

τ(pa+2) = τ(p)τ(pa+1)− p11τ(pa), valid for all a ≥ 0,

that pλa | τ(pa). Thus, if λ ≥ 3, then |τ(pa)| ≥ p3a > p2a holds for all positive integers a. If
λ = 2, then p2a | τ(pa) for all a ≥ 1. Further, putting (γp, δp) := (αp/p

2, βp/p
2) we get

τ(pa) = p2aup(a+ 1) for all a ≥ 1,

where up is the Lucas sequence as in Lemma 1. Thus, |τ(pa)| = p2a leads to up(a+ 1) = ±1.
If a = 2, we get

±1 = up(3) = γ2
p + γpδp + δ2

p = (γp + δp)
2 − γpδp = (τ(p)/p2)2 − p7,

which leads to the integer solution (x, y) := (τ(p)/p2, p) to the Diophantine equation

x2 − y7 = ±1,

which does not exist by Mihăilescu’s result [12]. If a ≥ 4, we get again that up(a + 1) is a
member of a Lucas sequence without primitive divisors and an investigation of Table 1 in [5],
as in the proof of Proposition 2, does not lead to any solutions. Thus, we may assume that
λ ∈ {0, 1}. Write again (γp, δp) := (αp/p

λ, βp/p
λ). Then we have

τ(pa) = pλaup(a+ 1) = pλa

(
γa+1
p − δa+1

p

γp − δp

)
.

Thus,

log |τ(pa)| = λa log p+ (a+ 1) log |δp|+ log |(γp/δp)a+1 − 1| − log |γp − δp|.

We need a lower bound for log |τ(pa)|. Since |γp − δp| ≤ 2|δp| = 2p11/2−λ, we get

log |τ(pa)| ≥ λa log p+a log |δp|− log 2+log |(γp/δp)a+1−1| ≥ 5.5a log p− log 2+log |ηa+1−1|,

where η := γp/δp. We need a lower bound for |ηa+1− 1|. Corollary 4.2 in [6] shows that if we
write D and h(η) for the degree and logarithmic height of η, respectively, then the inequality

log |ηa+1 − 1| > −1012D4(h(η) + 1) log(a+ 2)

holds (since |η| = 1). A better (sharper) inequality can be found in Lemma 5 in [17]. For us,
D = 2 and the minimal polynomial of γp/δp is

γpδp(x− γp/δp)(x− δp/γp) = (γpδp)x
2 − (γ2

p + δ2
p)x+ (γpδp),

and both η and its conjugate η = η−1 have absolute value 1, so

h(η) =
1

2
log(γpδp) =

(
11− 2λ

2

)
log p ≤ 5.5 log p.

Thus,

log |ηa+1 − 1| ≥ −1012 × 24(5.5 log p+ 1) log(a+ 2) ≥ −6.5× 24 × 1012 log p log(a+ 2).

Hence,

log |τ(pa)| ≥ log p

(
5.5a− 6.5× 24 × 1012 log(a+ 2)− log 2

log p

)
> 2a log p,

where the last inequality holds for all a > 1016. �
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So, we got that |τ(pa)| > p2a holds for all primes p ≥ 3 and all a > 1016. Here, we did not
need the abc-conjecture. We use the abc-conjecture to deal with the low range a ∈ [2, 1016].
Let us recall the abc-conjecture. For a nonzero integer m let

N(m) :=
∏
p|m

p,

be the algebraic radical of m.

Conjecture 1. For every ε > 0, there exists a constant C := Cε such that for all nonzero
coprime integers a, b, c with a+ b = c, we have

max{|a|, |b|, |c|} < CεN(abc)1+ε.

In fact, we will use the following consequence of it which is Theorem 5 in [9].

Theorem 1. Assume that the abc-conjecture is true. Suppose that f(x, y) ∈ Z[x, y] is homo-
geneous without repeated factors. Fix ε > 0. Then for any coprime integers n,m

N(f(m,n)) > cf,ε max{|m|, |n|}deg(f)−2−ε.

The constant cf,ε depends on f and ε.

We next prove the following statement.

Lemma 3. The abc-conjecture implies that for all even a ∈ [2, 1016] except for a = 6, the
inequality |τ(pa)| > p2a holds for p > Pa sufficiently large. For a = 6, the abc-conjecture
implies that |τ(p6)| > p9 holds for all p > P6 sufficiently large.

Proof. We start with a = 2. Then τ(pa) = τ(p)2−p11 = p2λ(x2
1−p11−2λ), where we put again

pλ = gcd(τ(p), p11), and x1 := τ(p)/pλ. Recall that we only consider the case λ ∈ {0, 1}. If
|τ(p2)| ≤ p4, we then get that |x2

1 − p11−2λ| ≤ p4−2λ. Consider the abc-equation a + b = c,
where a := x2

1, b := −p11−2λ. Then |c| ≤ p4−λ, a, b, c are coprime and max{|a|, |b|, |c|} =
|b| = p11−2λ. We get

p11−2λ �ε N(abc)1+ε �ε (|x1|p4−2λ)1+ε �ε (2p10.5−3λ)1+ε,

where we used the fact that |x1| = |τ(p)|/pλ ≤ 2p5.5−λ. Choosing ε := 0.01, we get that
p� 1. Thus, p ≤ P2 is bounded for a = 2.

Assume next that a ∈ [4, 1016] is even. Then

|τ(pa)| = paλup(a+ 1) = pλaFa(γp, δp),

where

Fa(X,Y ) =
Xa+1 − Y a+1

X − Y
= Xa +Xa−1Y + · · ·+XY a−1 + Y a.

The polynomial Fa(X,Y ) is symmetric in X and Y so it is of the form Ga(S, P ) for some
polynomial Ga ∈ Z[x, y], where we put S := X+Y, P := XY . In addition, as a polynomial in
S it is concentrated only in even monomials. This can be seen by simultaneously changing the
signs of X and Y (so, replacing (X,Y ) by (−X,−Y )). This does not change Fa(X,Y ) since
a is even and does not change P but changes the sign of S. Thus, Ga(S, P ) = Ga(−S, P )
so Ga(S, P ) = Ha(S

2, P ) for some polynomial Ha(x, y) ∈ Z[x, y]. The polynomial Ha is
homogenous of degree a/2. Let a = 4. Then one checks that

H4(S2, P ) = S4 − 3PS2 + P 2 = (S2 − 3P/2)2 − (5/4)P 2.

So, assume that |τ(p4)| ≤ p8. Then putting again x1 := τ(p)/pλ, we get

|τ(p4)| = p4λ|F4(γp, δp)| = p4λ|H4(x2
1, p

11−2λ)| = p4λ|(x2
1 − 3p11−2λ/2)2 − (5/4)p2(11−2λ)|.
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We thus get that

|(2x2
1 − 3p11−2λ)2 − 5p2(11−2λ)| ≤ 4p8−4λ.

We apply the abc-conjecture to the equation a + b = c, where a := (2x2
1 − 3p11−2λ)2 and

b := −5p2(11−2λ). The greatest common divisor D of these two numbers is either 1 or 5
because p does not divide a since p does not divide x1. Thus, applying the abc–conjecture to
the equation a1 + b1 = c1, where a1 := a/D, b1 := b/D, we get

p2(11−2λ) ≤ max{|a1|, |b1|, |c1|} �ε N(abc)1+ε ≤ (11p11−2λ×(5p)×(4p8−λ))1+ε � p(20−3λ)(1+ε)

and taking ε := 0.01, we get again that p ≤ P4 (both when λ = 0 and λ = 1).
Now assume that a ≥ 6. Then Ha(x, y) has degree a/2 ≥ 3. We apply Theorem 1 to it to

infer that

|τ(pa)| = pλa|Fa(γp, δp)| = pλa|Ha(x
2
1, p

11−2λ| �a,ε p
λa(p11−2λ)a/2−2−ε �a,ε p

5.5a−11(2+ε)+2λ(2+ε).

We want that |τ(pa)| > p2a. This will be so if

cHa,εp
5.5a−11(2+ε)+2λ(1+ε) > p2a,

where cHa,ε is the constant that comes from Theorem 1. This works for a ≥ 8 since we can
take ε := 0.01, and we see that it is enough that

p > c
−1/(3.5a−(2.01×11)
Ha,0.01 := Pa,

and the denominator of the exponent of cHa,0.01 is positive for a ≥ 8. It also works for a = 6
and λ = 1, but it fails for a = 6 and λ = 0, since then 3.5a + 2λ(2 + ε) = 21 < 11(2 + ε).
However, for a = 6, we can replace the lower bound |τ(pa)| > p2a by |τ(pa)| > p1.5a. This
works if 4a > 11(2 + ε) and this is satisfied with a = 6 and ε = 0.01. Thus, for a = 6, we get

p > c
−1/(24−2.01×11)
H6,0.01 := P6,

which is what we wanted. �

We are now ready to finish the proof of Proposition 3.

Proof of Proposition 3. For each a ∈ [2, 1016], we let Pa be such that if |τ(pa)| > p1.5a then
p ≤ Pa. Let

n0 :=
∏

2≤a≤1016

2|a

P aa .

Let n > n3
0 be an odd square. Write n = n1n2 where gcd(n1, n2) = 1, and n1 is built up of

prime powers pap such that |τ(pap)| ≤ p1.5ap . Then ap ≤ 1016 and p ≤ Pap . In particular,

n1 ≤ n0 < n1/3, so n2 > n2/3. Thus, since |τ(pap)| > p1.5ap for all prime powers pap dividing
n2, we get

|τ(n)| ≥ |τ(n2)| > n1.5
2 > (n2/3)1.5 = n,

which completes the proof. �
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2.5. Proof of Proposition 4. We may assume that k > 10 otherwise the left–hand side
of (3) is smaller than 2 and the inequality trivially holds by Proposition 2. If among the
elements of

L := {n, τ(n), . . . , τ (bk/2c)(n)} (6)

there is an even number, then with m := τ (bk/2c)(n), we have that m is even and Proposition 1
shows that

P (τ (k)(n)) = P (τ (k−bk/2c)(m)) ≥ 3k−bk/2c−1 + 2 ≥ 3k/2−1 + 2 > log(k/2) for k > 10,

and therefore P (Orbτ (n, k)) ≥ P (m) > log(k/2). Thus, we may assume that all numbers in
list L given at (6) are odd. We look at prime powers pa, where pa‖s for some number s from
list (6). Let ω be the number of such primes p and P be the largest. Then p’s are odd, a’s
are even. Further, by the Primitive Divisor Theorem and Table 1 in [5], each of up(a+ 1) for
a ≥ 4, contains a primitive prime factor q which does not divide up(b+ 1) for any even b < a.

This together with the fact that |τ(p2)| = p2λup(3) and |up(3)| > 1 is coprime to p, shows
that for a fixed p, there can be at most ω values of a. This shows that

k/2 ≤ #L ≤ ωω = eω logω ≤ epω < eP ,

where we use p1 < p2 < · · · for the sequence of all prime numbers and the fact that P > pω ≥
ω logω (see (3.12) in [15]). Hence, P ≥ log(k/2), as we wanted. �

2.6. Proof of Proposition 5. For technical reasons, we enlarge S and adjoin the primes
2, 5, 11 to it. So, we work with s but in the final answer we need to replace s by s + 3. We
write

Z∗S = {±pa11 · · · p
as
s : ai ∈ Z}.

We want to count the solutions (p, a) where p is an odd prime and a is an even integer to
τ(pa) ∈ Z∗S . Since τ(pa) = pλaup(a + 1) and up(m) has primitive divisors for all even m ≥ 4
(and |up(2)| > 1 is coprime to p), it follows that a can take at most s values and the largest
one satisfies a + 1 ≤ P − 1, so a + 1 ≤ P − 2, since a is even and P is odd. Thus, there are
at most P s values of the form τ(pa) with p ∈ S. From now on, we assume that p 6∈ S. In
particular, p - τ(p). Observe that

τ(pa) = up(a+ 1) =
αa+1
p − βa+1

p

αp − βp
.

Let q := P (a+ 1) and then

τ(pa) =

(
(α

(a+1)/q
p )q − (β

(a+1)/q
p )q

α
(a+1)/q
p − β(a+1)/q

p

)
up((a+ 1)/q).

Thus, putting (α1, β1) := (α
(a+1)/q
p , β

(a+1)/q
p ), we have that

τ(pa) = Fq−1(α1, β1)up((a+ 1)/q),

so we deduce that Fq−1(α1, β1) ∈ Z∗S . If q = 3, then

F2(α1, β1) = α2
1 + α1β1 + β2

1 = S2
1 − P1,

where S1 := α1 +β1 and P1 := α1β1. Since P1 = p11(a+1)/q, we get with (x, y) := (S1, p
(a+1)/q)

that
x2 − y11 ∈ Z∗S . (7)

If q = 5, then

F4(α1, β1) = (α1 + β1)4 − 3(α1β1)(α1 + β1)2 + α1β1 = (S2
1 − 3P1/2)2 − 5P 2

1 /4.
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Multiplying both sides above by 4× 510, we get

4× 510F5(α1, β1) = (55(2S2
1 − 3P1))2 − 511P 2

1 .

Since P1 = p11(a+1)/q, we can take (x, y) := (55 × (2S2
1 − 3P1), 5p2(a+1)/q) and get that

4× 510F5(α1, β1) = x2 − y11 ∈ Z∗S . (8)

Next, assume that q ≥ 7. We then have

Fq−1(α1, β1) = Hq−1(S2
1 , P1),

and Hq−1(x, y) is a homogeneous polynomial of degree (q− 1)/2 ≥ 3 which is irreducible (the
polynomial Hq−1(x, 1) is of degree φ(q)/2 = (q− 1)/2 and any of its roots spans the maximal

real subfield of the cyclotomic field Q(e2πi/q)). Thus, we get

Hq−1(x, y) ∈ Z∗S . (9)

Any solution (x, y) of (7) or (9) which is convenient for us must have y = p(a+1)/q, which a
power of a prime p. Since q is known, so is a. Any solution (x, y) of (8) which is convenient

for us must have y = 5p2(a+1)/q, so again p and then a are known. Thus, it suffices to count
the number of such solutions. For (7) and (8), we write

x2 = y11 +A,

where A = ±pa11 · · · pass . In the case of (8), we must also allow factors of 4× 510, which is why
we enlarged S to contain 2 and 5. We may reduce ai modulo 22 such as to write them as
ai = 22bi+ri where ri ∈ {0, 1, . . . , 21}. Then we get that putting z :=

∏s
i=1 p

bi
i , A′ :=

∏s
i=1 p

ri
i

and x′ := x/z11, y′ := y/z2, we have

x′2 = y′11 +A′. (10)

The number of choices of A′ is at most 2× 22s. Note that (x′, y′) ∈ Z∗S . Further, knowing y′

we determine y uniquely since p is not in S. For each one of these, by Theorem 1 in [8], the
number of solutions is at most

7112(4+9s)h(L)2,

where L is some extension of Q containing three of the roots of fA′(y) := y11 + A′ and
h(L) is its class number. The above bound is valid provided that all primes dividing the
discriminant of fA′(y) are in S, which is why we incorporated 11 into S. We can take L
to be the field Q(A′1/11, e2πi/11), where A′1/11 is the real 11th root of A′. The absolute

values of the discriminant of K1 := Q(A′1/11) is at most (11|A′|)11 and of the discriminant

of K2 := Q(e2πi/11) is at most 1111, and the degrees of both fields are at most 11. So, the
discriminant ∆L of L (which is the compositum of Ki, for i = 1, 2) is in absolute value at
most

(11A′)112 × 11112 ≤ (112A′)112 ≤ (P 22s+2)112 = P 2×112(11s+1).

Thus,

|∆L| < P 2×112(11s+1). (11)

From inequalities (3.6) and (3.7) in [4], we have that

h(L) < 5|∆L|1/2(log |∆L|)(112−1)/2.

We show that the right–hand side above is smaller that the right–hand side of (11). Indeed,
for that all we have to show is that

5(2× 112(11s+ 1) logP )(112−1)/2 < P 112(11s+1).
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Since 5 < (112)1/2, we have that

5(2× 112(11s+ 1) logP )(112−1)/2 < (2× 112(11s+ 1) logP )112 ,

so taking 112 roots, it suffices to show that

2× 112(11s+ 1) logP < P 11s+1.

Since P > 2 logP , it suffices to show that P 11s > 112(11s + 1), which is implied by P x >
(x+ 1)3 with x = 11s, and further by, 2x > (x+ 1)3, and this does indeed hold for all x ≥ 11.
Thus,

h(L) ≤ P 2×112(11s+1),

so the number of solutions of (10) is at most

7112(4+9s) × P 4×112(11s+1) < P 112(4+9s+4+44s) = P 112(53s+8),

where we use the fact that P > 7 (because 11 has been incorporated into S). This is for a
fixed A′ and there are at most 2 × 22s = 2s+1 × 11s < (1/2)P 2s such equations for each of
a = 2, 4, which gives us a number of possibilities for p at most

P 2s+1 × P 112(53s+8) = P 6415s+969.

Now we fix q ≥ 7. In this case, we have the equation

Hq−1(x, y) ∈ Z∗S .
This is a Thue–Mahler equation of degree (q − 1)/2 ≥ 3 and Hq−1(x, y) is irreducible. The
number of equivalence classes of solutions (x, y) ∈ (Z∗S)2 (where by equivalence classes we
mean that (x, y) ≡ (x′, y′) if (x, y) = λ(x′, y′) for some λ ∈ Z∗S) is, by a result of Evertse [7],
at most

(5× 106(q − 1)/2)s ≤ (107P )s < P 8s.

Our solutions for which y is a power of a prime p not in S are in inequivalent classes. Thus,
the above bound bounds the acceptable number of primes p. This is for a q fixed and q ≤ P .
Each of these determines p and then we need to multiply by another factor of P to account
for the number of possibilities for a. Thus, the total number is at most

P (P 8s+1 + P 6435s+969) + P s < P 6500(s+1).

Now we replace s by s+4 (we need to add 3 for the primes 2, 5, 11 and another 1 for the place
at infinity which is always incorporated in both the results from [7] and [8]), and we get the
desired result. �

2.7. Proof of Proposition 6. By the multiplicativity of τ , it suffices to show that there
is no prime odd p and even positive integer a such that P (τ(pa)) ≤ 7. We write again
d := gcd(τ(p), p11) = pλ and

τ(pa) = pλaup(a+ 1).

Then {up(m)}m≥1 is a Lucas sequence. If a ≥ 8, then, since P (up(a + 1)) ≤ 7, we conclude
that up(a+ 1) has no primitive divisors. As we saw, there are only finitely many possibilities
for (a, γp, δp) and they can all be read from Table 1 in [5] as in the proof of Proposition 2.
This gives no solutions. Assume next that a = 6. Then P (up(7)) ≤ 7. Hence the largest
prime factor of up(7) is either at most 5 (smaller than 7 and incongruent to ±1 modulo 7),
or 7. But if 7 | up(7), then 7 must divide the discriminant of the sequence (which is the same
as the discriminant (γp−δp)2 of the characteristic polynomial) and such primes do not qualify
as primitive primes, so these instances also appear in Table 1 in [5]. Similarly, if a = 4, then
up(a+ 1) = up(5). The only primes which can divide up(q), with a prime q are either q itself
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(if q divides the discriminant of the sequence) or primes which are congruent to ±1 modulo q.
Thus, the only possibility is that up(5) is a power of 5, so again up(5) has no primitive prime
factors and the possibilities can be read off from Table 1 in [5]. It remains to consider the
case a = 2. Since each of τ(32), τ(52), τ(72) has a prime factor larger than 7, it follows that
p ≥ 11. Further, p - τ(p). Now

τ(p2) = τ(p)2 − p11 = ±3a5b7c.

We use congruences with the Ramanujan function to get information on the exponents a, b, c.
Here are the congruences that we use. In what follows, σk(n) is the sum of the kth powers of
the divisors of n.

(i) τ(n) ≡ nσ9(n) if n ≡ 0, 1, 2, 4 (mod 7);
(ii) τ(n) ≡ n−30σ71(n) (mod 53) if n 6≡ 0 (mod 5);
(iii) τ(n) ≡ n−610σ1231(n) (mod 36) if n ≡ 1 (mod 3).

Assume now that c ≥ 1. In particular, p11 ≡ τ(p)2 (mod 7), so p is a quadratic residue
modulo 7. Thus, we can apply congruence (i) above to n = p2 to get that

0 ≡ τ(p2) (mod 7) ≡ p2σ9(p2) (mod 7) ≡ p2(1 + p9 + p18) (mod 7) ≡ 3p2 (mod 7),

since p3 ≡ 1 (mod 7). Hence, p = 7, a contradiction. Thus, c = 0.
Assume next that b ≥ 1. We use the congruence (ii) above for n = p2. Note also that since

p11 ≡ τ(p)2 (mod 5), we get that p is a quadratic residue modulo 5. Thus, p2 ≡ 1 (mod 5).
By (ii) above for n = p2, we get

0 ≡ p−60σ71(p2) (mod 5) ≡ 1 + p71 + p142 (mod 5) ≡ 2 + p (mod 5),

so p ≡ 3 (mod 5), which contradicts the fact that p is a quadratic residue modulo 5. Thus,
b = 0.

Thus, the only possibility is

τ(p)2 − p11 = ±3a,

and a 6= 0 since, otherwise we get again the Catalan equation. Hence, a ≥ 1. Next, since
p11 ≡ τ(p)2 (mod 3), it follows that p ≡ 1 (mod 3) so p3 ≡ 1 (mod 9) and p2 + p + 1 ≡ 3
(mod 9). We now apply (iii) to n = p2 to get that

±3a ≡ τ(p2) (mod 36) ≡ p−1220σ1231(p2) (mod 36) ≡ p−1220(1 + p1231 + p2432) (mod 36).

Since p3 ≡ 1 (mod 9), we get that 1 + p1231 + p2432 ≡ 1 + p + p2 (mod 9) ≡ 3 (mod 9). So,
in the above congruence, we get

±3a ≡ 3p−1220 (mod 9),

which shows that a = 1 and ±1 ≡ p−1220 (mod 3). Since p ≡ 1 (mod 3), we deduce that the
sign is +. Hence, we get the equation

τ(p2) = τ(p)2 − p11 = 3.

With (x, y) := (τ(p), p), we get

x2 − 3 = y11. (12)

This can be reduced to one of several Thue equations. Indeed, the left–hand side factors in
the Euclidean ring Z[

√
3] as (x −

√
3)(x +

√
3), and the two factors x +

√
3 and x −

√
3 are

coprime since x is even. Thus, y = (a+ b
√

3)(a− b
√

3) for some integers a, b and (a+ b
√

3)11

is associated to one of x ±
√

3. Up to changing b to −b, we may assume that (a + b
√

3)11 is
associated to x+

√
3. Thus,

x+
√

3 = (a+ b
√

3)11ζ,
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where ζ is a unit. All units in Z[
√

3] are of the form ±(2 +
√

3)k for some integer k. We may
reduce k modulo 11, so replace k by 11k0 + r, where r ∈ {0, 1, . . . , 10} and replace a + b

√
3

by (a+ b
√

3)(2 +
√

3)k0 . Thus, we get

x+
√

3 = ±(a+ b
√

3)11(2 +
√

3)r for some r ∈ {0, 1, . . . , 10}.

Conjugating and eliminating x, we get

(a+ b
√

3)11(2 +
√

3)r − (a− b
√

3)11(2−
√

3)r

2
√

3
= ±3.

These are the Thue equations. For example, for r = 2, we get

±3 = 4a11 + 77a10b+ 660a9b2 + 3465a8b3 + 11880a7b4 + 29106a6b5 + 49896a5b6

+ 62370a4b7 + 53460a3b8 + 31185a2b9 + 10692ab10 + 1701b11.

At any rate, equation (12) (and several others of the type x2−D = yn for various D ∈ [1, 100]
and various exponents n ≥ 3) have been solved in Carlos Barros’ Ph.D. dissertation [3]. The
only integer solutions are (x, y) = (±2, 1), which are not convenient for us. This completes
the proof. �

2.8. Comments. One may wonder what happens if the Lehmer conjecture is false. Then
we believe that for most n, τ (2)(n) = 0, and we provide some heuristics below. Indeed, it
is known that there is a constant c > 0 such that on a set of n of asymptotic density 1,
τ(n) is a multiple of all prime powers pa < c1 log n/ log logn. This was done in Proposition
1 in [10] for the nth coefficient of the modular form associated to an elliptic curve over Q
without complex multiplication and the same argument works with the Ramanujan function
τ(n). Let p be such that τ(p) = 0 and for each prime q let aq be the minimal positive integer
such that τ(qaq) is divisible by p and the exponent νp(τ(qaq)) is odd. By the arguments from
Lemma 1, we have that aq + 1 is either the order of appearance of p in the Lucas sequence
{uq(m)}m≥0, which we denote by `p(q), or p`p(q). Note that `p(q) is at most q+ 1. Let aq(n)
be the exponent of q in the factorization of τ(n). From what we have said, this is at least
as large as b(1/ log q) log(c1 log n/ log log n)c for most n. If aq(n) + 1 is an odd multiple of

aq + 1, then τ(qaq(n)) is an integer multiple of τ(qaq), so it is zero. So, we need to look at the
situation when aq(n) + 1 is not an odd multiple of aq + 1. Let us assume that aq(n) behaves
like a random large number with respect to being in a certain residue class modulo 2(aq + 1).
Thus, let us assume that the probability that aq(n) + 1 is not an odd multiple of aq + 1 is
1− 1/(2(aq + 1)) and let us assume that these probabilities are independent as q ranges over
small primes different than p. Then the probability that τ(τ(n)) is not zero would therefore
be at most ∏

2≤q<c logn/ log logn
26=p

(
1− 1

2(aq + 1)

)
, (13)

and since the sum ∑
q≥2
q 6=p

1

2(aq + 1)
≥ 1

2p

∑
q≥2
q 6=p

1

`(q)
≥ 1

p

∑
q

1

q + 1

is divergent, it follows that the product shown at (13) tends to 0 with n.
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