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Abstract

In this paper we give a Boolean functions approach to the classical Golay-Rudin-
Shapiro sequence rn, which is defined by counting the number of occurrences of the
pattern ‘11’ in the binary expansion of n. In the same spirit, we investigate Golay-
Rudin-Shapiro-like sequences defined by counting occurrences of ‘00’, ‘01’, ‘10’ in
the binary expansion of n. We regard a truncation of such sequences as part of the truth
table of a Boolean function. For each such function, we find the algebraic normal form
and its weight, consequently, showing that some of them are, in fact, perfect nonlinear,
that is, bent (and in odd dimension, semibent) Boolean functions, that is, they have
flat (or almost flat) Walsh-Hadamard spectrum. With this new approach proofs of
some known results are vastly simplified. As a consequence of our method, we find
partial sums (for upper bounds of weight ≤ 3) of the classical Golay-Rudin-Shapiro
sequence. Further, we show that using these new sequences we can generate Golay
complementary pairs, which was the motivation for the original Golay-Rudin-Shapiro
sequence definition from 1950.

Keywords: Golay-Rudin-Shapiro sequence, binary expansions, Boolean functions, bent
and semibent Boolean functions, weight.
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1. Short primer on Golay-Rudin-Shapiro sequence

For a sequence {an}n, where an ∈ {±1}, one could inquire about the values of the Fourier

transforms fn =
n−1∑
k=0

ake
2π ı kx, in particular about the supremum of its absolute value, that

is,

sn(a) := sup
x∈[0,1]

∣∣∣∣∣
n−1∑
k=0

ake
2π ı kx

∣∣∣∣∣ .
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Certainly, Parseval’s identity will quickly give us a lower bound of
√
n and, trivially, we

have an upper bound of n. However, it turns out that [1, Chapter 3], for almost all (in the
sense of the Haar measure on {−1,+1}N) sequences of ±1, the bound

sup
x∈[0,1]

∣∣∣∣∣
n−1∑
k=0

ake
2π ı kx

∣∣∣∣∣ = O(
√
n log n)

holds, where the Landau symbol O has its usual meaning. Specifically, f = O(g) means
|f(x)| < c|g(x)| holds with some constant c, for x sufficiently large. Are there sequences
for which the bound can be improved significantly? We we shall see below that there are
such sequences, and this was shown by Shapiro [23] and Rudin [20].

We define the Golay-Rudin-Shapiro sequence to be rn = (−1)e2;11(n), where e2;11(n)
counts the number of occurrences of the block ‘11’ in the base-2 expansion of n, that is, for
n =

∑`
i=0 ei2

i, ei ∈ {0, 1}, then

rn = (−1)
∑`

i=0 eiei+1 .

We give in Table 1 the first few values.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
rn 1 1 1 −1 1 1 −1 1 1 1 1 −1 −1 −1 1

Table 1. The Golay-Rudin-Shapiro sequence, 0 ≤ n ≤ 14

Shapiro [23] and Rudin [20] used the sequence rn, which we will call Golay-Rudin-
Shapiro since it also appears in a somewhat disguised form in the works of Golay [14, 15],
as well, to show that

sup
x∈[0,1]

∣∣∣∣∣
n−1∑
k=0

rke
2πıkx

∣∣∣∣∣ ≤ (2 +
√

2)
√
n

(the best constant
√

6 was announced by Balister [2]).
The sequence has been investigated a lot throughout the years (see, for example, [1, 6,

8, 9] and the references therein) and much is known about it. For example, the sequence
can be defined recursively by

r0 = 1,

r2n = rn, (1.1)

r2n+1 = (−1)nrn,

and its sum has the property [1, 8] that

pn =
n−1∑
k=0

rk =
√
nG1 (log4 n) ,

for a continuous nowhere differentiable function G1 of period 1. Also, in the sequence
(pn)n≥0 it is known [9] that 0 occurs 0 times, 1 occurs once, 2 occurs twice, and in general
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n occurs n times. Using (1.1), one can show that the generating function F (z) =
∞∑
n=0

rnz
n

satisfies the functional equation F (z) = F (z2) + zF (−z2).
We now give a brief overview of Golay complementary pairs (CP) (see, for exam-

ple, [12, 13, 16] or the reader’s preferred reference on CP). Let a = {ai}Ni=0 be a se-
quence of ±1 (bipolar) and let the autocorrelation of a at k be defined by Ca(k) =∑N−k−1

i=0 aiai+k, 0 ≤ k ≤ N − 1. Two bipolar sequences a,b form a Golay comple-
mentary pair if

Ca(k) + Cb(k) = 0, for k 6= 0.

We associate a polynomialAwith the sequence a byA(x) = a0+a1x+· · ·+aN−1xN−1. It
is rather straightforward to show that two sequences a,b (with corresponding polynomials
A,B) form a Golay complementary pair if and only if

A(x)A(x−1) +B(x)B(x−1) = 2N. (1.2)

Of course, not all lengths N are allowable: for example, if N > 1, then N must be even;
also,N is not divisible by a prime≡ 3 (mod 4) (see [4]). There is a large body of literature
on these sequences (see Schmidt’s thesis [22] and the references therein) since they have
applications in coding theory.

In this note we will point out that the Golay-Rudin-Shapiro sequence (and several like it)
can be regarded as partial strings of Boolean functions. We will find their algebraic normal
forms, and show that the classical Golay-Rudin-Shapiro sequence is made up by concate-
nating two quadratic (semi)bent functions. With this new approach proofs of some known
results are vastly simplified. For example, we find several partial sums (of length weight
≤ 3) of the Golay-Rudin-Shapiro sequence, consequently extending some previously pub-
lished results. We shall answer the same questions for other sequences constructed in the
same manner. Furthermore, we also show that each of these sequences generate Golay
complementary pairs (perhaps, as expected).

2. Short primer on Boolean functions

Let F2 be the finite field with two elements and Z be the ring of integers. For any n ∈ Z+,
the set of positive integers, let [n] = {1, . . . , n}. The Cartesian product of n copies of F2 is
Fn2 = {x = (x1, . . . , xn) : xi ∈ F2, i ∈ [n]} which is an n-dimensional vector space over
F2, which we will denote by Vn. We will denote by ⊕, respectively, +, the additions on
Fn2 , respectively, Z. For any n ∈ Z+, a function F : Vn → F2 is said to be a Boolean
function in n variables. The set of all Boolean functions will be denoted by Bn. A Boolean
function can be regarded as a multivariate polynomial over F2, called the algebraic normal
form (ANF)

f(x1, . . . , xn) = a0 ⊕
∑

1≤i≤n
aixi ⊕

∑
1≤i<j≤n

aijxixj ⊕ · · · ⊕ a12...nx1x2 . . . xn,

where the coefficients a0, aij , . . . , a12...n ∈ F2. The maximum number of variables in a
monomial is called the (algebraic) degree.
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For a Boolean function f ∈ Bn, we define its sign function f̂ by f̂(x) = (−1)f(x). For
u = (u1, . . . , un), x = (x1, . . . , xn), we let u ·x =

∑n
i=1 uixi be the regular scalar (inner)

product on Vn. For a binary string ß, we let ß̄ denote the binary complement of ß. The
(Hamming) weight of a binary string ß, denoted by wt(ß) is the number of nonzero bits in
ß.

We order Fn2 lexicographically, and denote v0 = (0, . . . , 0, 0), v1 = (0, . . . , 0, 1),
v2n−1 = (1, . . . , 1, 1). The truth table of a Boolean function f ∈ Bn is the binary string of
length 2n, [f(v0), f(v1), . . . , f(v2n−1)] (we will often disregard the commas). We give an
example of the 3-variable Boolean function f(x1, x2, x3) = x1 ⊕ x2x3 in Table 2.

x1 x2 x3 f
0 0 0 0
0 0 1 0
0 1 0 0
0 1 1 1
1 0 0 1
1 0 1 1
1 1 0 1
1 1 1 0

Table 2. Truth table of a 3-variable Boolean function

We define the Walsh-Hadamard transform of f by

Wf (u) =
∑
x∈Vn

(−1)f(x)(−1)u·x.

A function f for which |Wf (u)| = 2n/2 for all u ∈ Vn is called a bent function [19].
Further recall that f ∈ Bn is called plateaued if |Wf (u)| ∈ {0, 2(n+s)/2} for all u ∈ Vn
for a fixed integer s depending on f (we also call f then s-plateaued). If s = 1 (n must
then be odd), or s = 2 (n must then be even), we call f semibent. For more on Boolean
functions, the reader can consult [10, 11] and the references therein.

3. Boolean functions approach on the Golay-Rudin-Shapiro se-
quence

One might wonder what is the connection between the Golay-Rudin-Shapiro sequence and
Boolean functions. It is the purpose of this note to show that the Golay-Rudin-Shapiro
sequence and several of its modifications are in reality the sign function of truncations of
quadratic bent functions.

We shall be using below the simple observation that if b is a bit then (−1)b = 1 − 2b,
which is equivalent to b = (1− (−1)b)/2.

Theorem 3.1. Let N ≥ 1 be an arbitrary positive integer and let n ≥ 2 be the positive
integer such that 2n−1 < N ≤ 2n. Let bi = (1 − ri)/2 (that is, ri is the sign of the bit bi)
and b(N) = (bi)

N−1
i=0 . Then b(N) are the first N bits of truth table (with Fn2 ordered lexico-

graphically) of the Boolean function fn(x1, . . . , xn) = x1x2 ⊕ x2x3 ⊕ · · · ⊕ xn−1xn,
which is bent, for even n, and semibent for odd n. Moreover, the weight of fn is
2n−1 − 2b(n−1)/2c. The companion sequence (defined below) has algebraic normal form
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gn(x1, . . . , xn) = x1⊕x1x2⊕x2x3⊕ · · ·⊕xn−1xn is also bent, for even n, and semibent
for odd n, and has weight wt(g2k) = 22k−1 − 2k−1, wt(g2k+1) = 22k.

Proof. fn be the Boolean function on n variables whose truth table are 2n consecutive bits
bi, 0 ≤ i ≤ 2n − 1. Using equation (1.1), we immediately see that the function fn along
with a companion function gn (defined below) satisfy the recurrences (using the customary
notation ‘|’ to denote concatenation of strings)

f0 = 0, g0 = 0

fn+1 = fn|gn, gn+1 = fn|ḡn.

We let ß := s0s1 . . . s2n−1 = (−1)gn . We will show by induction, concurrently, that the
algebraic normal forms of fn, gn are fn(x1, . . . , xn) = x1x2 ⊕ x2x3 ⊕ · · · ⊕ xn−1xn,
respectively, gn(x1, . . . , xn) = x1 ⊕ x1x2 ⊕ x2x3 ⊕ · · · ⊕ xn−1xn, as well as, we will
show that the Hamming weights, wt(fn) = 2n−1 − 2b(n−1)/2c, wt(g2k) = 22k−1 − 2k−1,
wt(g2k+1) = 22k (thus, balanced). Certainly, one can easily check that our claim is true for
n = 2.

Using the above obtained recurrences, we infer that

fn+1(x1, . . . , xn+1) = (1⊕ x1)fn(x2, . . . , xn+1)⊕ x1gn(x2, . . . , xn+1)

gn+1(x1, . . . , xn+1) = (1⊕ x1)fn(x2, . . . , xn+1)⊕ x1ḡn(x2, . . . , xn+1),

and using the induction step we get fn+1(x1, . . . , xn+1) = (1⊕x1)(x2x3⊕· · ·⊕xnxn+1)⊕
x1(x2⊕x2x3⊕· · ·⊕xnxn+1) = x1x2⊕x2x3⊕· · ·⊕xnxn+1, and gn+1(x1, . . . , xn+1) =
(1 ⊕ x1)(x2x3 ⊕ · · · ⊕ xnxn+1) ⊕ x1(1 ⊕ x2 ⊕ x2x3 ⊕ · · · ⊕ xnxn+1) = x1 ⊕ x1x2 ⊕
x2x3 ⊕ · · · ⊕ xnxn+1.

It is known (and rather easy to show) that both of these polynomials are bent functions
for n even and semibent for n odd. From the recurrences fn+1 = fn|gn, gn+1 = fn|ḡn we
also obtain the claim for the weights of both fn, gn.

We call the ±1-sequence determined by the gn, the companion Golay-Rudin-Shapiro
sequence, which we will denote by tn = (−1)gn (of length 2n). We give in Table 3 the first
few values (see [18] for more details on companion sequences for more such patterns).

t0 1
t1 1,−1

t2 1, 1,−1, 1

t3 1, 1, 1,−1,−1,−1, 1,−1

t4 1, 1, 1,−1, 1, 1,−1, 1,−1,−1,−1, 1, 1, 1,−1, 1

Table 3. The companion Golay-Rudin-Shapiro sequence

The representation of the Golay-Rudin-Shapiro sequence from our previous theorem
has as a consequence several results whose previously published proofs were much more
involved. For example, the following theorem is an extension of a result of [3] (we let
ß := s0s1 . . . s2n−1 = (−1)gn and s(k) = s0s1 . . . sk−1, k ≤ 2n). We note that alternative
approaches for this next theorem can be found in [8], but our proof is rather simple and in
line with our Boolean functions approach to warrant inclusion here.
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Theorem 3.2. We have p2k =

2k−1∑
i=0

rj = 2b(k+1)/2c, and q2k =

2k−1∑
i=0

sj = 0, if k is odd and

q2k = p2k−1 = 2k/2, for k even. Furthermore, with these values,

p2k+2k−1 = 2b(k+1)/2c + 2bk/2c, p2k+2k−2 = 2b(k+1)/2c + 2b(k−1)/2c,

in general, p2k+2k−` = 2b(k+1)/2c + 2b(k−`+1)/2c, ` ≤ k;

p2k+2k−1+2k−2 = p2k + p2k−1 − p2k−2 = 2b(k+1)/2c + 2bk/2c − 2b(k−1)/2c,

in general, p2k+2k−1+2k−` = 2b(k+1)/2c + 2bk/2c − 2b(k−`+1)/2c.

Further, for weight with 3 indices

p2k+2k−j+2k−` = 2b(k+1)/2c + 2b(k−j+1)/2c + 2b(k−`+1)/2c, 1 < j < `.

Proof. For easy writing, let bi = (1 − ri)/2 be the bit corresponding to ri, and
b(n) = (bi)

n−1
i=0 be the binary string corresponding to r(n) = (ri)

n−1
i=0 . Thus, in the previous

notation,

pn =
n−1∑
i=0

ri

= (#1’s in r(n))− (#(−1)’s in r(n))

= (#0’s in b(n))− (#1’s in b(n))

= n− 2wt(b(n)).

Since we showed in the previous theorem that the weight of the function in k variables,
fk, corresponding to the sequence r(2k) is exactly 2k−1 − 2b(k+1)/2c, and using the above
displayed identity, we obtain the first claim (similarly, for q2k ).

For the next claim, we write (recall that fk+1 = fkgk, gk+1 = fkḡk)

fk+1 = fkfk−1ḡk−1,

and so,

p2k+2k−1 = p2k + p2k−1 = 2b(k+1)/2c + 2bk/2c.

In a similar fashion, we can show that p2k+2k−1+2k−2 = 2bk/2c + 2b(k−1)/2c, or the more
general, p2k+2k−` = 2b(k+1)/2c + 2b(k−`+1)/2c, ` ≤ k.

The next identity (for weight 3 indexed sums, that is, p2k+2k−1+2k−`) will follow from
the recurrences

fk+1 = fkgk = fkfk−1ḡk−1 = fkfk−1f̄k−2gk−2, and

fk+1 = fkfk−1ḡk−1 = fkfk−2gk−2ḡk−1.

Finally, the last claimed sum is actually easier than the previous ones, since, if j > 1,
then the terms from the sum p2k+2k−j+2k−` all will occur within fkfk−j+1 only, and so,
p2k+2k−j+2k−` = p2k + p2k−j+2k−` , which will imply our claim.
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4. Several Golay-Rudin-Shapiro-like sequences

Certainly, one would wonder if similar results would hold for a counting function for other
patterns in the binary expansion of n. In [5, p. 46] pattern sequences for binary patterns
other than ‘11’ are studied, and the limit functions for ‘10’, ‘01’, ‘00’ are discussed; more-
over, a limit function is derived for all but ‘10’ binary patterns, where the limit functions do
not exist in the ordinary sense (see [5, Tables 4 and 5 on pp. 48–50]). In [17], the Rudin-
Shapiro-like sequence in = (−1)inv2(n), where inv2(n) is the number of inversions, that
is, the number of occurrences of ‘10’ as a scattered subsequence in the binary expansion of
n, was investigated and it was shown that several results similar to the case of the classical

Golay-Rudin-Shapiro sequence hold. In particular, S(n) =

n∑
k=0

ik = G(log4 n)
√
n, for a

bounded, continuous, nowhere differentiable, periodic (of period 1) function G. Also, the
inequalities

√
3/3 ≤ S(n)/

√
n ≤
√

2 hold.
In the spirit of the classical Golay-Rudin-Shapiro sequence, we modify the above

definition and let in = (−1)e2;10(n), where n =
∑`

i=0 ei2
i, ei ∈ {0, 1}, e2;10(n) =

n−1∑
i=0

ei(ei+1 ⊕ 1). Let bk = (1 − ik)/2 regarded in F2 and b(N) = {bk}Nk=0. This new

sequence {ik}k satisfies the recurrence

i4n = in, i4n+1 = −i2n, i8n+2 = −in,
i8n+3 = −i2n, i8n+6 = a2n+1, i8n+7 = a2n+1.

(4.3)

Theorem 4.3. Let 2n−1 < N ≤ 2n − 1. The sequence {ik}Nk=0 is the initial N -bit string
of the sign sequence of a Boolean function fn whose algebraic normal form is fn(x) =∑
j−i≥2

xixj ⊕
n∑
k=3

sk(x), where sk(x) are the elementary symmetric polynomials of degree

k. The weight of fn is wt(fn) = 2n−1 − 2bn/2c − 2b(n−1)/2c + 1, n ≥ 1. The companion

sequence (defined below) has algebraic normal form gn(x) =
n∑
i=2

xi ⊕
n−1∑
i=1

xixi+1, which

is bent for n even and semibent for n odd, and its weight is wt(gn) = 2n−1 − 2b(n−1)/2c,
n ≥ 1.

Furthermore, the first and second halves of the sign sequence of gn gives rise to a Golay
complementary pair.

Proof. From Equations (4.3) (we could avoid using these recurrences, surely, and show the
below constructions of fn, gn by induction), we see that the sequence b(N), along with a
companion sequence c(N) of the same length (where 2n−1 < N ≤ 2n) are initial “chunks”
of the functions fn, respectively, gn (observe below that c(2n − 1) is the second half of the
sequence b(2n+1 − 1)), which can be constructed by the following recurrence (we use the
notation, gn = unvn, for the first and second halves, which are functions in n−1 variables)

f0 = 0, g0 = 0,

f1 = 00, g1 = 00,

fn+1 = fngn, gn+1 = unv̄nunvn.
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We first show that, if n ≥ 3, the algebraic normal form (ANF) of gn ∈ Bn is gn(x) =
n∑
i=2

xi ⊕
n−1∑
i=1

xixi+1 (which is known to be bent for n even and semibent for n odd). This

will help us in showing (also by induction) that the ANF of fn is fn(x) =
∑
j−i≥2

xixj ⊕

n∑
k=3

sk(x), where sk(x) are the elementary symmetric polynomials of degree k.

We show both of these claims by induction. Certainly, for n = 3, f3(x1, x2, x3) =
x1x3 ⊕ x1x2x3, and g3(x1, x2, x3) = x2 ⊕ x3 ⊕ x1x2 ⊕ x2x3, which fits our claim. We
assume the claim for n and we show it for n+ 1. If gn = unvn, then

gn(x) = x̄1un(x2, . . . , xn)⊕ x1vn(x2, . . . , xn)

= x1(un(x2, . . . , xn)⊕ vn(x2, . . . , xn))⊕ un(x2, . . . , xn)

=
n∑
i=2

xi ⊕
n−1∑
i=1

xixi+1

= x1x2 ⊕
n∑
i=2

xi ⊕
n−1∑
i=2

xixi+1,

which implies that un(x2, . . . , xn) =

n∑
i=2

xi ⊕
n−1∑
i=2

xixi+1 and vn(x2, . . . , xn) =

un(x2, . . . , xn)⊕ x2 =

n∑
i=3

xi ⊕
n−1∑
i=2

xixi+1. Since gn+1 = unv̄nunvn, then

gn+1(x) = x̄1x̄2un(x3, . . . , xn+1)⊕ x̄1x2v̄n(x3, . . . , xn+1)

⊕ x1x̄2un(x3, . . . , xn+1)⊕ x1x2vn(x3, . . . , xn+1)

= (1⊕ x1 ⊕ x2 ⊕ x1x2)un(x3, . . . , xn+1)

⊕ (x2 ⊕ x1x2)(un(x3, . . . , xn+1)⊕ x3 ⊕ 1)

⊕ (x1 ⊕ x1x2)un(x3, . . . , xn+1)

⊕ x1x2(un(x3, . . . , xn+1)⊕ x3)
= x2 ⊕ x1x2 ⊕ x2x3 ⊕ un(x3, . . . , xn+1)

=
n+1∑
i=2

xi ⊕
n∑
i=1

xixi+1.

Now, since fn+1 = fngn, then, using the induction hypothesis and the expression for gn,
we get

fn+1(x) = x̄1fn(x2, . . . , xn+1)⊕ x1gn(x2, . . . , xn+1)

= x̄1

 ∑
i≥2,j−i≥2

xixj ⊕
n∑
k=3

sk(x2, . . . , xn+1)


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⊕ x1

(
n∑
i=3

xi ⊕
n∑
i=2

xixi+1

)
,

which by expansion and simplification, renders the claim on the ANF of fn+1.
The fact that gn is (semi)bent is rather easy to show, observing that one can associate

every two terms (except for the last one, if n is odd) and we write gn(x) = x2(x1 ⊕ x3) +
x4(x3 ⊕ x5) ⊕ · · · , which is obviously affinely equivalent to a Maiorana-McFarland [19]
bent Boolean function (the result about the (semi)bentness of gn should be known, but we
could not find a suitable reference, so the previous argument applies). We now show the
claim about weights of fn. A simple computation shows the result about the weight of
fn for n = 1. We now assume our claim to be true for n and show it for n + 1. Since
fn+1 = fngn, we have the recurrence

wt(fn+1) = wt(fn) + wt(gn),

and by using the induction hypothesis, we get the claim.
We now show the claim about the Golay complementary pair. Let An(x), Bn(x) be the

polynomials corresponding to the first, respectively, the second half of (−1)gn+1 . We need
to show that

An(x)An(x−1) +Bn(x)Bn(x−1) = 2 · 2n = 2n+1.

We shall use induction on n. Certainly, A0(x) = 1, B0(x) = 1, and the above identity is
satisfied. We take one more example, that is, A1(x) = 1− x,B1(x) = 1 + x, and so,

A1(x)A1(x
−1) +B1(x)B1(x

−1) = (1− x)(1− x−1) + (1 + x)(1 + x−1)

= 1− x− x−1 + 1 + 1 + x+ x−1 + 1 = 22.

Assume the claim is true for n and show it for n + 1. From the recurrence satisfied by gn
we see that (these identities can be obtained from [7], as well)

An+1(x) = An(x)− x2nBn(x),

Bn+1(x) = An(x) + x2
n
Bn(x),

which implies (by using the induction hypothesis in the last step),

An+1(x)An+1(x
−1) +Bn+1(x)Bn+1(x

−1)

= (An(x)− x2nBn(x))(An(x−1)− x−2nBn(x−1))

+ (An(x) + x2
n
Bn(x))(An(x−1) + x−2

n
Bn(x−1))

An(x)An(x−1) +Bn(x)Bn(x−1)− x2nAn(x−1)Bn(x)− x−2nAn(x)Bn(x−1)

+An(x)An(x−1) +Bn(x)Bn(x−1) + x2
n
An(x−1)Bn(x) + x−2

n
An(x)Bn(x−1)

= 2 · 2n+1 = 2n+2,

and the result is shown.

Remark. Using the previous theorem, we immediately obtain [17, Theorems 7 & 9].
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We give below an example. Let n = 4, and the Boolean function from our previous
theorem,

f4(x1, x2, x3, x4) =
∑
j−i≥2

xixj ⊕ s3(x1, . . . , x4)⊕ s4(x1, . . . , x4)

= x1x3 ⊕ x1x4 ⊕ x2x4 ⊕ x1x2x3 ⊕ x1x2x4 ⊕ x1x3x4 ⊕ x2x3x4 ⊕ x1x2x3x4,

whose truth table is 0000010001110100, which is exactly the sequence b(15).
Next, we will introduce yet two more Golay-Rudin-Shapiro-like sequences, state our

theorems, but leave their proofs to the interested reader, since, the method of proof is the
same as in our Theorems 3.1 and 4.3. Let {jn}n, {kn}n be the sequences given by jn =

(−1)
∑`

i=0(ei⊕1)·ei+1 , respectively, kn = (−1)
∑`

i=0(ei⊕1)·(ei+1⊕1), which depend upon the
number of patterns ‘01’, respectively, ‘00’ in the binary expansion n =

∑`
i=0 ei2

i.
Similarly to the previous two cases, one can observe (and prove, certainly) that {jn}n is

the sign sequence corresponding to the beginning string of the Boolean functions fn (with
companion gn) defined by

f0 = 0 g0 = 0,

fn+1 = fngn, gn+1 = f̄ngn.

The following theorem holds.

Theorem 4.4. Let 2n−1 < N ≤ 2n − 1. The sequence {js}Ns=0 is the initial N -bit string
of the sign sequence of a Boolean function fn whose algebraic normal form is fn(x) =
n−1∑
i=1

xixi+1 ⊕
n−1∑
i=1

xi. The function fn is bent for n even and semibent for n odd, and its

weight is

wt(fn) = 2n−1 − 2(n−1)/2 sin

(
(n+ 1)π

4

)
, n ≥ 0.

The companion sequence gn has algebraic normal form gn(x) =
n−1∑
i=1

xixi+1 ⊕
n−1∑
i=2

xi ⊕ 1,

which is bent for n even and semibent for n odd, and its weight, for n ≥ 0, is

wt(gn) =
n∑
k=0

(
2k−1 + 2(k−1)/2 sin

(
(k + 1)π

4

))

=

{
2n if, n = 4k

2n + (−1)bn/4c2bn/2c otherwise.

Furthermore, the sign sequences of fn and gn form a Golay complementary pair.

Next, one can show that the sequence {kn}n is the sign sequence corresponding to the
beginning string of the Boolean functions fn (with companion gn) defined by

f0 = 0 g0 = 0,

f1 = 00 g1 = 00,
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fn+1 = fngn, gn+1 = ūnvnunvn,

and the following theorem holds (the ANF of fn will be given in terms of a recurrence, as
it is rather cumbersome to write a “clean” expression for it).

Theorem 4.5. Let 2n−1 < N ≤ 2n− 1. The sequence {ks}Ns=0 is the initial N -bit string of
the sign sequence of a Boolean function fn whose algebraic normal form (of degree n) is
fn(x) = (1⊕x1)fn−1(x2, . . . , xn)⊕gn−1(x2, . . . , xn) (see below the ANF of gn), of weight
wt(fn) = 2n−1−2bn/2c−2b(n−1)/2c+1. The companion sequence gn has algebraic normal

form gn(x) =
n−1∑
i=1

xixi+1⊕x1⊕xn⊕ε (where ε = 1 for n even, and ε = 0 for n odd), which

is bent for n even and semibent for n odd, and its weight is wt(gn) = 2n−1 − 2b(n−1)/2c,
for n ≥ 0.

Furthermore, the first and second half of the sign sequence of gn gives rise to a Golay
complementary pair.

We note that one can find partial sums of all of these sequences (besides the ones where
the length has binary weight 1, since that is derived from the weights we found).

We are certain that there are many other questions on the Golay-Rudin-Shapiro se-
quence and/or complementary pairs one can investigate where our approach may be appli-
cable to and we therefore invite/challenge the reader to do so.

Acknowledgement. The author would like to thank the referee for comments and the
editors for the prompt handling of our paper.
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