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Abstract In this paper, we consider the p-ary functions from ', to IF,, where p is an odd
prime. We characterize the subspace sum concept (depending upon the derivative) and give
many of its properties. In particular, we show that the subspace sum of p-ary functions with
respect to a subspace of I, is an affine invariant. Further, we construct two new classes of
p-ary bent functions, which do not contain one another.
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1 Introduction

Rothaus introduced the notion of bent Boolean functions concept in the 1960’s, although
his paper was not published until ten years later [22]. Bent functions are of interest since
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they are maximum Hamming distance away from the set of affine functions and have very
nice combinatorial properties. Several classes of bent functions were constructed by Dillon
[9], Rothaus [22], and Dobbertin [10]. Carlet [4] constructed two (so-called D, C) classes
of bent Boolean functions by modifying the Maiorana—McFarland bent functions. Kumar et
al. [17] introduced the concept of generalized bent functions f : Zj — Zg, where g > 1
is a positive integer and gave constructions for every possible ¢ and n, except when n is
odd and g = 2 (mod 4). Later, generalized bent functions over the finite field were studied
by Ambrosimov [1]. There has been a renewed interest in this area, with new construc-
tions being displayed, characterizations, and even connecting them to certain combinatorial
objects such as partial difference sets, strongly regular graphs, association schemes and
orthogonal frequency-division multiplexing (OFDM) (see [7, 15, 21, 23, 24]). For efficient
wireless communication, generalized bent functions are used for large signal sets with low
maximum crosscorrelation [11, 12, 16, 20, 26]. In 2006, Helleseth et al. [13] identified
some monomial and quadratic bent functions over the finite fields of odd characteristic. In
2012, Budaghyan et al. [3] found some non-quadratic p-ary bent functions which do not
belong to the complete p-ary Maiorana—McFarland class and proved that the complete p-
ary Maiorana—McFarland class does not cover all quadratic bent functions, which is not the
case in the characteristic two environment.

The rest of this article is organized as follows. In Section 1, some basic definitions and
known results related to p-ary function, group algebra and generalized Reed—Muller code
are given. In Section 2.1, we introduce the subspace sum concept (depending upon the
derivative) and give many of its properties. In Section 2.2, we construct two new classes
of p-ary bent functions (so-called D7, ’Dg and CP), which do not contain one another. In
Section 2.3, we investigate conditions on C? classes of bent functions for two classes of
permutations and suitable linear subspaces of dimension < 2 for p = 3.

1.1 Preliminary results

Let IF, and IFjn be the prime field of characteristic p and the extension field of degree n
over [Fp,, respectively. Let ), be the vector space of all n-tuples of elements of F,, i.e.,
IF;’, ={x = (x1,x2,...,xy) : x; € Fp,i =1,2,...,n}, with the usual operations. Any
x € Fn can be written as

X =c1x; +cax2 + -+ CpXp,

where x; € F), 1 <i <nandc = {cy,c2,...,cy} is abasis of F,» over F,. A function
from ]F’I’7 to IF,, (or, equivalently from [Fj» to IF),) is called a p-ary function (also called a
generalized function) in n variables. The set of all p-ary functions in n variables is denoted
by BY. For p = 2, we obtain the classical Boolean functions, whose set is denoted by 3,,.
Any f € BY can be uniquely expressed [14] as a polynomial in F,[x1, x2, ..., x,,]/(xf7 —
x, .. xk — x) of the form

f(xl7x2»~-~vxn): Z Ha (l_[x?i>s

a=(ay,..., a,,)e]F’;, i=1

where 1, € F),. The algebraic degree of f, denoted by deg(f), is defined as deg(f) =
MaXgef, {>0 ai:pua #0}, wherea = (ay,...,a,) € ", the sum being over Z, the
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ring of integers. The generalized Walsh-Hadamard transform of a function f € Bf at
a € I, is defined by

U= 3 e,

xEIF;‘,

2mi
where £ = e 7 is the complex p”* root of unity and a - x denotes an inner product on FZ.
According to [17], a function f € B is called a p-ary bent function if
|Hf(a)| = p? foralla € F.

A p-ary bent function f is called regular (see [17, Definition 3] and [14, page 576]) if
Hyr(a) = p%g“f(“) for all a € F", where f € BY. Here f is called the dual of f. 1t is
known that a function f € Bf is a p-ary bent function [17, page 96] if for any nonzero
ace ]F';) the (autocorrelation) sum

Z g«f(x+a)—f(X) =0.
xe]F’;,

The group of all invertible IF,-linear transformations on I’} is denoted by GL(n, Fp).

Two p-ary functions f, g € BY are said to be affine equivalent if and only if there exist
Ae€eGL(n,Fp)andb € IF’;, such that g(x) = f(xA+b) forall x € F;. The affine general
linear group AGL(n, F),) consists all the elements of the form (A, b) € GL(n,Fp) x F’Z,

Two p-ary functions f, g € BY are said to be equivalent if and only if there exist (4, b) €
AGL(n,Fp),u € IE"; and e € IF, such that

gx)=f(xA+Db)+u-x+eforalx e IF";,.
Let A be a group algebra of [, over the field F';,. An element x € A is a formal sum
x= Z x¢ X%, where x, € F),.
geF?
For any x, y € Aand ¢ € ), addition and scalar multiplication can be defined as

x+y = deIF; xg X8 + de]FZ ygX& = deﬂ?';, zgX$, where z; = x; +y; € F)
and cx = CdeIF';, Xg X8 = ZgEF'; (cxg) X8 = dep;) wg X8, where wy, = cxg € F).

Using the polynomial multiplication X8 X" = X&+" the multiplication in the group algebra
A is defined by

h e
Xy =2 gem Xe X8 Xpepn X" = X pem, (deJF;g xgyfi—g) X"

Note that X© is the multiplicative unit of A as X%a = a X = a for all a € A. Consider the
mapping ¥ : A — F,, defined by

X = Z Xg X8 —> Z xg forallx € A.
g€l g€l

ThenthesetP ={x c A: ¢y (x) =0 ={xc A: ng;;,) xg = 0} is the unique maximal
ideal of A, and
A=P'>Po>P*>... 0PV =F,
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where PP/ = Piti and P*P~D+l = (0}. A p-ary function f € B can be
identified with a codeword Q; = dem f(g)X$ of length p" consisting of all

values of f(x),x € F). The support of Qy, denoted by supp(Qy), is defined by
supp(Q2f) = {x € F, : f(x) # 0}. The generalized Reed-Muller code, R (r, n), is the
set of codewords € s, where f € BY and deg(f) <r,0<r <n(p—1).If f € BY with
deg(f) =r, then Q isin Prr=D=_Further, we refer to [2].

The derivative of f € B} with respect to a € I, denoted by D, f, is defined by

Dy f(x) = f(x +a) — f(x) forall x € .

The kth order derivative of f € BY with respect to uy, uz,...,Ux € IF’;, is defined by
,,,,, u f(xX) = Dy, Dy, ... Dy, f(x) forall x € ]F’;. fu, =uy =... = ur =: u, for
easy easiness, we write D,’jf(x) in lieu of D, D, ... D, f(x).

———

k—times
In what follows, p denotes an (arbitrary, but fixed) odd prime number. Leta, b € IF’I’7 and
E be a linear subspace of ]F'[’, It is known that

> T ="\ ElgppL(b),
xea+E

2mi

where { = e 7 is the p" complex root of unity and ¢ (b) = 1if b € E*, otherwise 0.

Theorem 1 ([17, Theorem 1]) Letm = 2n and f : ¥, x ', — ¥, be a p-ary function of
the form

f,y)=x-7(y)+ g0,

where 1 is an arbitrary permutation polynomial over IE"I’, and g € BY. Then f is a regular
bent function and the dual of f is f(x, y=y- 7)) + g(n’l(x)) (see [8]).

The bent functions defined as in Theorem 1 are called p-ary Maiorana—McFarland bent
functions and their set is denoted by M?.

Definition 2 A class of bent functions is said to be complete if it is globally invariant under
the action of the general affine group and under the addition of affine functions.

In the binary case, the completed Maiorana—McFarland class contains all quadratic bent
functions which are the simplest and best understood. However, this does not hold in the
p-ary case, p > 3.

Lemma 3 ([4, Generalization of Lemma 1]) Let E be any linear subspace of IF’I; and f €
B? be a regular bent function. Then, for any a, b € IF’;,, we have

Z é,f(x)—bvc — pdimE—%;,a-b Z ;.f(x)—a-x,
xe—a+E xeb+E+
2mi

where { = e P is the p' complex root of unity and f is the dual of f.
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Suppose a = b = 0 and dim E = 5 (dim E denotes the dimension of a vector space E).

From Lemma 3, we get
Y= 3 ¢
x€E xeEL

Therefore, if the restriction f/g of f to E is i, then also the restriction f/ gL of fto ELis
i,wherei € {0,1,..., p—1}.
We now state the generalization (due to Charpin [5, 6]) of Berman’s Theorem.

Theorem 4 ([2, Theorem 5.19]) Let R, (r, n) be generalized Reed—Muller codes, where
0<r <n(p—1). Then R,(r, n) is equal to prip=h-r,

Lett = k(p — 1), where k is a positive integer. From [2, Corollary 4.12], we know that
P! is a subspace generated by the codewords whose support is a k-dimensional subspace
of F".

p

2 Main results

In this section, we define the subspace sum (denoted by Sy f) of a p-ary function f € BY
with respect to a subspace V of [, and prove that if f, g € BE are affine equivalent, then
so are Sy f and Sy g. Further, we extend to characteristic p > 2 a binary result of Dil-
lon [9], concerning the vanishing subspace sum of any Maiorana—McFarland bent functions.
Budaghyan at el. [3, Proposition 1] proved that if f € BE belongs to the complete p-ary
Maiorana—McFarland class, then there exists a subspace of IF’;, with dimension % such that
all second derivatives vanishes, where n is even. We also derive a necessary condition for
p-ary Maiorana—McFarland bent functions using the subspace sum.

In the binary case, the kth order derivative of a Boolean function f € B, with respect
toay,as,...,a; € IFg is same as the sum of the values of f on the coset x + V, where V
is a k-dimensional subspace generated by ay, as, ..., ax. However, if p > 3 and f € BY,
the above two quantities may be different. Prompted by this observation, we introduce and
study the subspace sum concept and its connection to affine invariance.

2.1 The subspace sum of a function

Let f € Bl and V be any k-dimensional subspace of }F’; Then, there exist k linearly
independent elements ay, az, ...,ar € F ﬁ such that

V={ai,az,...,ar) ={a EIF';, ra = Zleciai, where ¢; € Fp, 1 <i <kj}.
Definition 5 The subspace sum of f € BE with respect to a subspace V of [ is a p-ary
function Sy f, defined by

Svf(x)=Y_ f(x+v)forallx € F;.

veV

More precisely, Sy f (x) is the sum of the values of f on the coset x + V which depends
on V, not only on the dimension of V. The functions Sy, f and Sy, f may be different even
though the dimensions of two distinct subspaces V| and V, of IF’; are equal. For example,

Vi = ((1,0,0)), V, = ((0,1,0)) and f € Bg be defined as f(x1, x2, x3) = xlzxg, for
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all x; € F3, 1 < i < 3. Then Sy, f(x1, x2,x3) = 2x2 and Sy, f (x1, x2, x3) = 0, for all
xi€F3,1§i§3.

Lemma 6 Let f € BY and V = (a) be a one dimensional subspace of IF% generated by a,
and j € Fy. Then Sy f(x) = Sy f(x + ja), for all x € F,. Further, if 0 < k < p, then for
anya € F7

k
i k . n
Dffx) = g(—n (i)f(x + (k —i)a) for all x € F). (1)
Further, if k = p, then fof(x) =0.

Proof The result can be shown by a direct computation or by applying Newton’s binomial
formula to D, = s, — I (I is the identity operator and s, f (x) = f(x + a)). O

Theorem 7 Let V = (a) be an arbitrary one dimensional subspace of '), generated by a
and f € BY. Then

Sy f(x) = D' f(x) forall x € F,.
Furthermore, foranyr € {0,1,2,...,p — 1}

rSy f(x) = DrgDé’_zf(x)forallx S

Moreover, if V. = (a1,aa,...,a;) be a k-dimensional subspace of F';) generated by
ai,as,...,ax and f € BY. Then

Syf) =D .. .Dh f(x) forall x € F.

Proof Using the previous lemma and the known elementary number theory congruence
—-1 ,
(” . ) = (=1 (mod p),
i

where p is an odd prime and 0 < i < p — 1, we get the first claim.
Letr €{0,1,2,..., p—1}and V = (a) be an one dimensional subspace of [, . Suppose

g(x) = DY -2 f(x)forall x € }F’;, Then by using Lemma 6 and the first claim of Theorem 7,
we get

Do DY f(x) = Drag(x) = g(x +ra) — g(x)
=glx+ra)—gk+(r—Da)+---+gx+a)—g)
=Dyg(x + (r — a) + Dag(x + (r —2)a) + -+ + Dyg(x)
=Sy fx+Fr—1Da)+Svfx+T—2)a)+-+Syfx)
=Sy f(x)+Syf(x)+---+ Sy f(x) (sum with r terms)
=rSy f(x).
To show the last claim, without loss of generality, let V,, = (aj, a2, ..., a;), 1 <r <k,

be an r-dimensional subspace of F’; and for r = k, V;, = V. The result is true for k = 1, so
we now let k = 2. Let

p—1
glx) = sz_lf(x) = Z f(x +izay) forall x € F.

ir=0
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Then
p—1 p—1p-1
—1 —1 —1 . . .
DLTIDE f(x) = Dh ) =Y glx+iian) = Y Y f(xtizartira) = Sy, f(x).
i1=0 i1=0ir=0

We now assume that the result is true for k = r, that is, for all x € IF’;,,

Sy, f(x) =Dl .. DI f(x) = Z Zf(x—i—trar ot iay).

i1=0 ip=
Then
1 1 -1
DL DI Df, fx) = Z” oSV, f(x + ir1ar41)
=¥ Z”_o e ¥ irs18r41 +iray + ...+ i1a1) = Sy, f (%),

and the theorem is shown. O

As an example, let p = 3 and V be an one dimensional subspace generated by a € 5.
Then

Svfx) = f(x+2a)+ f(x+a)+ f(x) = DgDq f(x)
28Vf(x) = 2DaDaf(x) = DQaDaf(x) = DaDQaf(x)-

Proposition 8 Let V be a k-dimensional subspace of IF‘; generated by ay, ay, ..., ay.
Let f € Bl be any function of degree r and h(x) = Sy f(x) for all x € 7. Then
(Zvev X”) Qy is the associated codeword of Sy f, that is,

Q) = (Zx“) Q

veV

Proof Let f € BY anda € [",. Then
XiQp = X* ngFg f(@Xs = de]}w;, fl@)Xst = de]pl; fg—a)Xs.

Since any v € V can be written as v = Zle cia;, where c; € IFp,,i € {1,2...,k}, then

(Coer X°) Qp =g (Loev f8 = 0)) X8 =Y pcm (Xpev f(g+0)) X8
= deIF';, Sv (X8 =Qs,r = Q. -

Proposition 9 Let V be a k-dimensional subspace of F’;) and f € BE of degree r. Then the
degree of Sy f is less than or equal to r — k(p — 1). In particular, the subspace sum of f
with respect to any one dimensional subspace of ]F”; has degree at mostr — p + 1.

Proof Let V be a k-dimensional subspace generated by aj, az, ..., ax € FZ and let y =
> vey X be the codeword of support V. Then

Q= (Z X”) Qp= ) Svf(eXE.

veV g€l
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Further, y is a minimum codeword of P¥?~D_Since f € BY is of degree r. Then
Qp is in Prr=D="  which does not depends on y. Thus, the codeword yQy is in
Prp=Dpn(p=h—r — pnlp=D=r+k(p=1 which is {0} for r < k(p — 1) — 1. When
r=k(p—1)+d,d > 0, the degree of Sy f isatmostd =r — k(p — 1). O

Theorem 10 Let m = 2n and f be a p-ary Maiorana—McFarland bent function defined as
in Theorem 1. Then there exists an n-dimensional subspace E of ¥, x I such that:

(i) the subspace sum of f with respect to any one dimensional subspace of E is O if p is
odd.

(ii) the subspace sum of f with respect to any two dimensional subspace of E is 0 if
p =2

Proof Let V be a subspace of I, x I The subspace sum of f with respect to V is

Svfleyy= % frruy+rv= > (c+uw-7(y+v)+gly+v).
(u,v)ev (u,v)eV

Let v = 0. Then V is a subspace of E = IF’;, x {0} and from (2), we get

Syfx,y)= Y 4+w-7M+IVig) = > &+u-m(y).
(u,0)eV (u,0)eV

Let p be an odd prime and V = ((a, 0)) be an one dimensional subspace of E. Then

p—1
2

Svf(x,y)=p<x+ a)»n'(y):Oforall(x,y)eIF’;,XFZ.

Let p=2and V = ((a, 0), (¢, 0)) be a two dimensional subspace of E, then

Sy f(x,y) =0 for all (x,y)eIF’I‘,xIF’I’]. O

If p = 2, then the subspace sum of a Boolean function with respect to a k-dimensional
subspace is same as its kth order derivative, and therefore our previous theorem naturally
extends the binary case. Next, we generalize a result of Dillon [9].

Theorem 11 Let f € BY and S| f] denote the multiset of subspace sum of f with respect
1o each k-dimensional subspace of ). If f, h € BE are affine equivalent, then so are Si[ f]
and Si[h). Precisely, if a nonsingular affine transformation A (operating on Fg) maps f
onto h, then it also maps Si[ f'] onto Si[h].

Proof Suppose that, h(x) = f(xA+b) forall x € IF’I’,, where A € GL(n,[Fp) and b € FZ.
Let E be an arbitrary k-dimensional subspace of IF'[') For all x € IE";

Sgh(x) =) ,cphx+a) =) ,cp f(xA+aA+ D)
=D wcp fGA+b+taA) =3 g f(xA+Db+c), where Ey ={c:c=aA,a € E}
=38g f(xA+D),

since the maps a — aA is a permutation of the k-dimensional subspace E of IE";,. The
theorem is shown. O
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Corollary 12 If P is any affine invariant for BY, then
f— P{SSf]}
is also an affine invariant for BE.

Helleseth and Kholosha [13] verified the following fact by computer calculations, how-
ever, proving this result theoretically and probably finding the whole class of similar
functions remains an open problem.

Fact 13 ([13, Fact 1]) Any ternary function f from Fs6 to IF3 of the form
fe) =Tri@ x%®)
is bent and not weakly regular bent, where « is a primitive element of F3e.

Theorem 14 The function [ € Bg defined as in Fact 13 does not belong to the complete
MP class.

Proof Let f be equivalent to a function from class MP?. From Theorem 10, there exists a
3-dimensional subspace E of 36 such that the subspace sum of f with respect to any one
dimensional subspace of E is 0. Let V = (a), where a € ]F’S“G. Then

Syf(x) = f)+ fx+a)+ f(x+2a) = Tri@ ® + x +a)® + (x +20)°%). 3)

The 3-ary representation of 98 is (0, 1,0, 1, 2, 2) as 98 = 3* + 32 + 2.3 + 2. Thus, all the
monomials in (x + a)?® are of the form x? with

d =1(0,d4,0,d>,d1, dp), 4

where dy, d» € {0,1} and dy, dy € {0, 1,2}. The coefficient of the monomial x23%2 in
(x +a)*®is a3*+3, Thus, the coefficient of the monomial x2312 in (3) is

(x7(a34+32 + (2a)34+32) — (1 + 234+32)a7a34+32 — 2a7a34+32

as 234+32 = | (mod 3). Since 3/(2-3 +2) #%2-3+2 (mod728)foralll <i <5.It
is also obvious that 3'd # (0,0,0,0,2,2) (mod 728) forall 1 <i <5, where d defined
as in (4) withd # (0,0,0,0,2,2). If Sy f(x) = 0 for all x € Fs6, then all coefficients
of monomials in (3) must equal 0, and therefore 20{7a34Jr32 = 0, which is a contradiction.
Thus, there cannot be a 3-dimensional subspace E of [F56, such that the subspace sum of f

with respect to any one dimensional subspace of E is 0. O
2.2 The construction of DP?, ’D{}' and CP? classes of bent functions

In [4], Carlet constructed two (so-called D, C) classes of bent Boolean functions by modify-
ing the Maiorana—McFarland bent function and a generalized bent function over a modulus
ring in the following way. Let g be any even positive integer and Z, be the ring of integers
modulo g. Let E be any subgroup of order ¢" of Zj x Zj and 7 be any permutation on Z
such that x - 7 (y) = 0 for all (x, y) € E. Then the function f : Z; X Zg —> Zg, defined as

f(xv)’)zx'ﬁ()’)'i-%ﬁbE(x,y), (5)

is bent.
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We modify this construction (for the environment in consideration) in our next theorem,
where we further show that the functions are also regular.

Theorem 15 Let E = E| x E», where E1, Ey C F’]‘? withdim E1+dim E; = nande € IF),.
The p-ary function f on ¥, x ', of the form

f(x!y) =X7T(y)+8¢E(x,Y)

is a regular p-ary bent function, where 1 is a permutation polynomial over IF; such that
n(E>) = Ef.

2mi
Proof Let{ = e P be the complex p'” root of unity. From Theorem 1, we have

3 emOmanby - b @ for all (a, b) € B x FY,
(x,y) €l x I,

SO
Hyr(a,b) = » {x'”(y)+8¢5(X,y)fa-xfb-y
' (x,y) EF X,
= > ;X'ﬂ(y)—a'x—b'}' +¢ Y ;-x-ﬂ(y)—a-x—b-y

(x,y)EF'I’,x]F;’,\E (x,y)eE
— Z §x~7'r(y)—a-x—b~y + (é-s _ 1) Z ;x-rr(y)—a-x—b-y (6)
(x,y)eIF’;,xF’;, (x,y)eE
= p”g—b'ﬂfl(a) +@t-n X ;—avc—b-y
(x,y)eE

=" @ 4 (¢~ Dppila, b))
Let (a, b) ¢ E+. Then ¢ 1 (a, b) = 0, and we get

Hf(él, b) = Z é—f(x,y)fau\:fb‘y — pné-fb‘n’l(a) — png-—b-ﬂ’l(a)—ﬁ-aquL(a,b)' 7
(x,y)e]F’;xIF; ( )

Let (a,b) € E*. Then b - 7' (a) = 0 (by Lemma 3) and ¢z (a, b) = 1, so
Hf(a, b) = Z é-f(x,y)—cwc—b»y =plct = png-—b-ﬂ’l(a)+s¢El(a,b). g
(x, y) R, xF7, (®)

From (6), (7) and (8), we infer

Hya,b) = p"g =07 @FH0p@h) for all (a, b) € F x T,

Therefore, f is a regular p-ary bent function. O

Remark 16 The dual of f defined as in Theorem 15 is f(x, y) = —y-rr_l(x)—i—sthL (x,y)
for all (x, y) € F, x [, and the set of all such functions fis denoted by Dr.

Lemma 17 Let p be an odd prime and n = 2t be an even integer. Then for all x =
(x1,x2, - Xn), y =1, Y2, --->¥n) € IF'['),

n p—1

¢r, ) =[] [T = 0

i=1j=1
where Eg = {0} x F’;.
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Proof We know that
1, if x=0,
0, otherwise.

PEy(x, y) = {

n p—l1
Let x # 0. Then there exist at least one j € {1,2,...,n} suchthatx; #0,s0 [] [ (xi —
i=1j=1
j) = 0. Assume now that x = 0. Then

Mo T2 0= =TTo (= Di=1=((p = DY = (p—DY*, O
using Wilson’s Theorem, (p — 1)! = —1 (mod p), which renders
[Ti= (]]';i(xi -ph=1

and the lemma is shown. O

For the special case of Theorem 15, we let E1 = {0}, E;, = F;’, and Eg = {0} x IF;’,,
where n is even. Then the p-ary functions on F', x [, of the form

FO,y) =x 7)) +egr,(x, y) =x - 7(y) + e [T, [T02) i = /)

is a regular p-ary bent function. This class of bent functions will be denoted by Dg and it
is a subclass of D?. Observe that if f € ’Dg is an m variables p-ary function, then m = 0
(mod 4).

The next theorem surprisingly shows that M? and Dg C D? are overlapping classes,
but in general not included in one another.

Theorem 18 In general, Dg and DP are not included in the class MP. Further, the class
MP is in general not included in Dg and DP classes.

Proof Let f € DP written as

fx,y)=x-m(y) +epp(x,y), (10

withe € F), E = E| x E», where Eq, E; C IF’I’, of dimEy +dimE, = nand 7 is a
permutation over IF’;, such that 7 (Ey) = E 1l
Assume that f € MP, and so, f can be expressed as

fx,y)=x-m©Q)+gQ), (11)

where 7 is a permutation over ]F’I‘7 and g € BY. Putting x = 0 in both (10) and (11), we get
8(y) = e¢g(0, y), and so,

x - (w(y) —m1(y) = e(Pe (0, y) — pe(x, ). 12)

Observe now that the left hand side of (12) is linear with respect to the variable x, as opposed
to the right hand side of (12) which may not be linear with respect to the variable x (by
choosing a suitable nonlinear function ¢ (x, y) and € # 0). Thus, in general, the classes
Dg and D? are not included in class M?.

For example, if p =3 and n =4, we let f :IF§ X IF;‘ — 3,
fE,y)=x-7(y)+elx — D —2)(x2 — Dx2 = 2)(x3 — D(x3 — 2) (x4 — D (x4 — 2),

where x = (x1, X2, X3, x4), y = (¥1, Y2, ¥3, Y4) € IF;‘ and ¢ € F3. The previous nonlinearity
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condition on ¢ (0, y) — ¢ (x, y) is obviously satisfied, and so f € Dg does not belong to
MP.

Conversely, let f € MP, and assume that it also belongs to D?. Thus, for all (x, y) €
F, x )

fe,y)=x-v()+g(y) =x-91(y) +epex, y),

where i and 1 are permutations over ]F’,’7 and £ = E; x E,, where Eq, E2 C IF;’, of
dim E1 + dim E; = n and ¢ (E2) = ElL Then g(y) = epg(0, y) € {0, ¢} forall y € F”,
that is, the range set of g contain at most two distinct elements. Therefore, if the range set
of g contains at least three distinct elements, the corresponding M? function f does not
belong to DP, and our theorem is shown. O

Recall the following result of Carlet [4] introducing the C class of bent functions.

Theorem 19 ([4, Corollary 4]) Let L be a linear subspace of I, and 7 be any permutation
on I} such that for any element ) of I}, the set 7Y\ + L) is a flat. The function f on
I} x I defined by

x-7(y) + ¢pi(x)

is bent.
We now generalize Carlet’s result.

Theorem 20 Let L be any linear subspace of ', and 7 be any permutation on I, such
that for any element ofIF‘Z, the set 1~V (A + L) is a flat. Then the function f on IF‘Z X IF;,
defined by

fx,y)=x-m(y)+eppi(x),

where ¢ € I, is a p-ary bent function.

_7l
Proof Let E = L~ x ]F’I‘,. For any (a, b) € IF; X F;,

Hy(a,b) = v (FTWFES, L (D—ax—by
' (x,y) EFY X

— Z Z {x~n(y)fa~x7b~y+§-8 Z {x‘n(y)fwxfb‘y

yeF, \ xeFr\L+ xeLt

= > ;x'ﬂ(y)—wx—b-y +(5=1) ) {x-ﬂ(}’)—a»x—b'y
(x,y)e]l‘“’bx]F’[’, (qu)ELJ_X]F;l)
=prg b @ e )Lt Y b7 '™ (using Lemma 3)
xea+L

— b~ ! & =1 —b-
_pn(é- T (u)+T IZ ¢ x>'
xer~(a+L)
Let Ey = {7 '(a+u):u e L).Sincer~!(a+ L)isaflatforalla € F".1f b ¢ E;, then

) ¢7b* =0, and from (13), we get
xex~l(a+L)

|
Hpla,b) = p'(—1ybn @ = prg "7 OTOO) (13)
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Ifb € Ef-,thenbw’l(a) =0and > ¢7h = 3 ¢7P* = |L|. From (13) we get
xen—l(a+L) X€E;

Hyla,b) = p"¢f = pngfh'”fl(”)“tﬁgli(b). (14)

Therefore, from (13), (13) and (14) we get

—b~ﬂ’1(a)+s¢51i(b)

Hyla,b) = p'¢ for all (a, b) € F) x F",

and the theorem is shown. O

The class of bent functions defined as in Theorem 20 will be denoted by C?. If L = F;‘,,
the class C? contains the class D{; , and so, also C? is not included in the M? class.

2.3 Existence and nonexistence of C3 class bent functions

For the construction of p-ary bent functions defined as in Theorem 20, one needs to consider
a permutation polynomial 77 on ), such that 7 Ya + L) is a flat for any a € [, In [18],
Mandal et al. derived some existence and nonexistence results concerning the bent functions
in the C class for many of the known classes of permutations over Fp». We investigate below
these conditions for two classes of permutations and suitable linear subspaces of dimension
less than or equal to 2, for p = 3.

Lemma 21 Let uy, up, uz € ¥5. A set L = {uy, ua, us} is flat of ¥5 of dimension < 1 if
and only ifuy 4+ uy +u3z = 0.

Proof If L is a subspace, without loss of generality, we may assume that L = {0, u1, 2u1},
which satisfies 0 + 1 + 2u; = 0. Conversely let L = {uy, up, uz} with uy + upy + u3z =0,
i.e., u3 = 2uy + 2uy. It follows that 2u| + L = {0, up + 2uy, uy +2ur} = (u1 + 2uy). The
lemma is proved. O

Theorem 22 Consider the permutation polynomial over s, ¢(x) = x + x17 [25]. Then
there is no 1-dimensional subspace L of Fys such that ¢ (a + L) is flat for all a € F3s.

Proof Let L = {0, u,2u}, u € ]F’3‘4. Then for any a € [F34, ¢(a + L) is flat if and only if

p@+oa+w+pa+2u)=0<=a’"+@+uw)"+@+2u)" =0

— 2aBu? +2aB3u* + 2a"u® +26%u8 + a"u' + @3u'? + Pult + au'® = 0. (as)

Equation (15) holds for all @ € 54 if and only if u =0, which contradicts dimL=1. O

Remark 23 We can certainly construct functions in C3. For example, consider the permu-
tation polynomial ¢ (x) = x + 1 over [F34 [19, Theorem 1.1]. Then for any 1-dimensional
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subspace L of 34, ¢(a + L) is flat for all a € Fj4, since, for L = {0, u, 2u}, u € IF;,
then ¢ (a) + p(a +u) +¢(a +2u) =0, forall a € F3s. If L = (u, v) is a 2-dimensional

subspace of [F34 x [F34 and a € F34, then

¢pa+ L) ={pa),¢la+u),¢pla+v),¢@+u+v),¢la+2u),da+2v),
¢la+2u+v),pa+u+2v),¢pa+2u+2v))=14a+ L.

Theorem 24 Let ¢ be a permutation polynomial defined as in [25] on Fs4 of the form
dpx) =x(x"0+1) =x" +x.

Then, there is no 2-dimensional subspace L = (u, v) such that ¢ (a + L) is flat for all
a e ]F34.

Proof Leta € F3a. If ¢(a + L) is a flat, then

p@+olatu)+ola+v)+odat+u+v)+éa+2u)+dla+2v) (16)
+¢(a+2u+v)+¢la+u+2v)+¢a+2u+2v)=0.

The linear part of (16) certainly sums to 0. Furthermore,

(a + u)l7 — al7 + 2a16u +a15u2 + 2al4u3 +al3u4 +2a12u5 +a11u6 +2a10u7 +a9u8
+a8u9+2a7u10+aﬁu” +205u12+a4u13 +2a3u14+a2u15 +2au16+u17!

(a 4 U)17 — a17 4 2a16v +a15U2 4 2a14v3 +a13v4 —|—2a12v5 +a11v6 +2a10v7 +a9U8
+aSU9 +2a7v10+a6v“ +205U12 +a4v13 +2a3v14 +a2v15 +2av16 4 U17,

@4+u+v)7"=a"+2a%u+v)+a®wu+v)2+2a"%w+ v+ a3+ v)*
+2a2u+ v +a'u 4+ v)° + 240w + ) + a® W + v)® + @B + v)° + 247 (u
+0) %+ 0w+ M+ 288w+ 2+ atw+v)P + 283w+ ) + a2 + )P
+2a(u + v)'° + (u + v)7,

(a+2u)"7 =a'7 +2a'%Qu) + a Qu)* + 2a" 2u)3 + a®Qu)* + 2a'22u)?
+a' Qu)® 4+ 2a°2u)” + a® 2u)® + a®Qu)° + 247 2u)'0 + a®2u)!!
+2a°Qu)"? + 243 Quw)™* + a2 Qu)'S 4+ 2a2u) ' + 2u)'7,

(a +20'7 = a7 +2a'°2v) + a> 2v)? + 2a'*2v)3 + a3 2v)* + 24'2(2v)°
+a"' (2v)0 4 2a'°2v)7 + a°(2v)® + a8 (2v)? + 247 2v)'0 + a® 2!
+2a5 202 + a*2u)3 + 283 Q)™ + a2 2v) + 2a(2v)'0 + 2v)17,

(a+2u~+v)7 =al7 +2a%Qu + v) + a® Qu + v)? + 2a*Qu + v)> + a3 Qu + v)*
+2a2Qu + v)> + a' Qu + v)° +2a"0Qu + v)” 4+ a°Qu + v)® + a®Qu + v)°
+2a7 Qu + )10 + a®Qu + V)" + 265 Qu + V)12 + a*Qu + v)B + 243 Qu + v)1*
+a2Qu + ) +2aQu + v)'° + Qu 4+ v)7,

(@4 u~+20)"7 =a + 24w + 2v) + a¥ @ + 2v)? + 2a4 @ + 2v)3
+aB3u 4+ 20)* + 242 + 2v)° + al(u 4+ 20v)° + 240 + 2v)7 + a® (u + 2v)8
+a¥(u 4+ 2v)° + 247 (u + 20)10 + a®(u + 2v)' + 26 (u + 2v)'% + @t (u + 20) 13
+2a3 (u 4+ 20)" + @2 + 2v)0 + 2a(u + 20) 10 + (u + 2v)7,

(a4 2u+20)" = a7 +2a'%Qu + 2v) + a®> Qu + 2v)% + 2a'"42u + 2v)3
+aB3Qu42v)*+2a2Qu+2v) + allQu+2v)0 4 2a'9Qu+2v)7 + a® Qu + 2v)8
+a® Qu+2v)? + 2a” Qu+2v)'0 + a®Qu+2v)'"! + 24 Qu+2v)'2 + a*Qu+2v)13
+2a3Qu + 200" + a2 Qu + 2v) + 2au + 2v)10 + Qu + 2v) 7.
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Adding all these equations, and collecting powers of a, we obtain

9a'” =0,
2a16(u+v+(u+v)+2u+2v+(2u+v)+(u+2v)+(2u+20)):O,
a®® (u? +v? + (u +v)? + Qu)? + 2v)* + Qu + v)* + (u + 2v)* + Qu + 2v)?) = 0,

20" (3 + 03 + (u +v)® + Qu)* + 2v)* + Qu+v)} + (4 2v)° + 2u +2v)%) =0,
al (W + vt + w4+ v)* + Qu* + Qu)* + Qu 4 v)* + w +2v)* + Qu + 2v)*) =0,
2a'2 (u + 03 + (u +v)° + 2u)> + 2v)° + Qu + v) + (u + 2v)° + u +2v)°) =0,

a'l (u® + 08 + (@ +v)° + 2u)® + 2v)° + Qu + V) +  + 2v)® + 2u + 2v)°) =0,
24" (u7 + 07 + (@ +v)7 + Q) + Qv) + Qu+v) + u +2v)7 + Qu +2v)7) =0,
a® (u® + 08 + (u + )8+ Qu)d + Q) + Qu + v)® + (u +2v)% + 2u + 2v)®)

= a’(ubv? + u*v* + u?v9),
ad (ug + 004+ w4 4+ Cuw)? + 2v)° + Qu+v)° + (u+2v)° + Qu + 2v)9) =0,

T@® 4+ 0%+ @+ 00+ @'+ Qv+ Qu+ )+ @ +2v)10 + 2u 4 2v)1%) = 0,
W o' + @+ )" + Q' + e + Qu+ o) + @+ 20)' + Qu+2v)1) =0,
@2+ 02+ @+v)"?+ Q)"+ Q)"+ Qu+v)'? + (@ +20)"? + Qu +2v)1?) = 0,

uB + 0B+ @+ 0B+ QP+ QB+ Qu+ o) + @ +20)P + Qu +2v)3) =0,
2a3 (uM* + v + (@ + ) + Q™ + Q)™+ Qu + ) + 20 + Qu+2v)1)
— 203(1412112 +2u10v4 +2M4v10 _’_uzle)’
a? (B + v + @+ )P+ Q' + Q)P + Qu+ ) + @ +20)15 + Qu +2v)1%) =0,
2a (u'® + 01 + (u + v)1% + Qu)'0 + 2v)'° + 2u + V)10 + @ + 2v)!® + (2u + 20)19)
— 2(1(2”121)4 + M10v6 + u6v10 + 21,{41)12),
W+ 07+ w4+ )"+ )"+ 2V + Qu+ )7 + W+ 207 + Qu+2v)17 =0.

From (16), we get that if ¢ (a + L) is flat, then

a(M12v4+2u10v6+2u6le+u4v12)
—I—a3(2u12v2+u10v4+u4v10+2u2v10)+a9(u6v2+u4v4+u2v6):0,

which is satisfied for all @ € Fs, only when u'?v* + 2u1%0° + 2u50!0 + u*v!?2 = 0,
2ul29? 4+ 4104 4 44910 4 242910 = 0, %02 + u*v?* + u?v® = 0. Since

w0 +utvt +ut® = 0= u* +utv? +0v* =0, as u,v#0
— Qu?+vH)2=0o0or W2 +201)? =0 u=v or u="2v,

which is not possible as # and v are linearly independent. O

3 Summary

In this paper we define and characterize the subspace sum concept for p-ary bent func-
tions, and derive its connection to affine invariance and vanishing properties for any p-ary
Maiorana—McFarland bent functions. Further, two new classes of p-ary bent functions,
Dp, Dg and CP, are constructed, one of which, DP, consists of p-ary regular bent func-
tions. Lastly, the existence and nonexistence of functions in the C? class for two known
permutations and specific suitable subspaces is investigated.
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