
Noname manuscript No.
(will be inserted by the editor)

Multiple characters transforms and generalized
Boolean functions

Sihem Mesnager, Constanza Riera,
Pantelimon Stănică
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Abstract In this paper we investigate generalized Boolean functions whose
spectrum is flat with respect to a set of Walsh-Hadamard transforms defined
using various complex primitive roots of 1. We also study some differential
properties of the generalized Boolean functions in even dimension defined in
terms of these different characters. We show that those functions have similar
properties to the vectorial bent functions. We next clarify the case of gbent
functions in odd dimension. As a by-product of our proofs, more generally, we
also provide several results about plateaued functions. Furthermore, we find
characterizations of plateaued functions with respect to different characters in
terms of second derivatives and fourth moments.
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1 Introduction

Recently generalized Boolean functions have become an active area of re-
search [8,11,12,19–21,24]. In this paper we show that there is a close connec-
tion between generalized Boolean functions and vectorial Boolean functions.
We define, appropriately, the Z2k -bent concept, which can be interpreted as
the vectorial bent concept.
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Let Vn be an n-dimensional vector space over the binary field F2 (here,
we consider both Fn2 and the finite field F2n) and, for an integer q, let Zq be
the ring of integers modulo q. By ‘+’ and ‘−’ we respectively denote addition
and subtraction in the appropiate environment (it will be obvious from the
context). We call a function from Vn to Zq (q ≥ 2) a generalized Boolean
function on n variables, and denote the set of all generalized Boolean functions
by GBqn and, when q = 2, by Bn. If q = 2k for some k ≥ 1, we can associate to
any f ∈ GBqn a unique sequence of Boolean functions ai ∈ Bn (i = 0, 1, . . . , k−
1) such that

f(x) = a0(x) + 2a1(x) + · · ·+ 2k−1ak−1(x), for all x ∈ Vn.

The (Hamming) weight of x = (x1, . . . , xn) ∈ Vn is denoted by wt(x) and
equals

∑n
i=1 xi (the Hamming weight of a function is the weight of its truth

table, that is, the weight of its output vector). The cardinality of a set S is
denoted by |S|.

For a generalized Boolean function f : Vn → Zq we define the generalized
Walsh-Hadamard transform to be the complex valued function

H(q)
f (u) =

∑
x∈Vn

ζf(x)q (−1)〈u,x〉,

where ζq = e
2πi
q and 〈u,x〉 denotes a (nondegenerate) inner product on Vn

(for easy writing, we sometimes use ζ, Hf , instead of ζq, respectively, H(q)
f ,

when q is fixed). For q = 2, we obtain the usual Walsh-Hadamard transform

Wf (u) =
∑
x∈Vn

(−1)f(x)(−1)〈u,x〉.

For f ∈ Bn, the map Ff (u) =
∑
x∈Vn

f(x)(−1)〈u,x〉 is the Fourier transform

of f .
If Vn = Fn2 , the vector space of the n-tuples over F2 we use the conventional

dot product u · x for 〈u,x〉. If Vn = F2n , the standard inner product of
u, x ∈ F2n is Trn(ux), where Trn(z) denotes the absolute trace of z ∈ F2n .

The sum
Cf,g(z) =

∑
x∈Vn

ζf(x+z)−g(x)

is the crosscorrelation of f and g at z ∈ Vn. The autocorrelation of f ∈ Bn at
u ∈ Vn is Cf,f (u) above, which we denote by Cf (u) (also denoted as ∆f (u)).
The following result was shown in [21] (modified for unnormalized Walsh-
Hadamard).

Lemma 1 If f, g ∈ GBqn, then∑
u∈Vn

Cf,g(u)(−1)〈u,x〉 = Hf (x)Hg(x),

Cf,g(u) = 2−n
∑
x∈Vn

Hf (x)Hg(x)(−1)〈u,x〉.
(1)
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In particular, if f = g, then

Cf (u) = 2−n
∑
x∈Vn

|Hf (x)|2(−1)〈u,x〉.

Given a generalized Boolean function f , the derivative Daf of f with re-
spect to a vector a ∈ Vn, is the generalized Boolean function defined by

Daf(x) = f(x + a)− f(x), for all x ∈ Vn. (2)

A function f : Vn → Zq is called generalized bent (gbent) if |Hf (u)| = 2n/2

for all u ∈ Vn. We recall that a function f ∈ Bn for which |Wf (u)| = 2n/2 for
all u ∈ Vn is a bent function, which only exists for even n. Further recall that
f ∈ Bn is called plateaued if |Wf (u)| ∈ {0, 2(n+s)/2} for all u ∈ Vn for a fixed
integer s depending on f (we also call f then s-plateaued). If s = 1 (n must
then be odd), or s = 2 (n must then be even), we call f semibent.

For f ∈ GB2
k

n , c ∈ Z2k ,u ∈ Vn, we now consider the generalized Walsh-
Hadamard c-transform

H(2k)
cf (u) =

∑
x∈Vn

ζ
cf(x)

2k
(−1)〈u,x〉.

When k is fixed, as before, we will often write Hcf (u) instead of H(2k)
cf (u). We

say that f is generalized c-gbent if and only if |H(2k)
cf (u)| = 2n/2 for all u. If f

is c-gbent with respect to all nonzero c, then we call it Z2k -bent (or strongly
gbent) (as pointed out in [10], one could call such a function, simply bent,
since the bent notion exists from a group A to another group B, but here,
we preferred to insert “Z2k -” just to differentiate it from a single character
notion and to also specify the output of our functions). We will prove later
that, by imposing bentness with respect to all characters ζcq (hence Z2k -bent),
we obtain a condition resembling the vectorial bent property.

Similarly, a function f ∈ GBqn, with q = 2k, k > 1, is called general-
ized plateaued of level s [14] if |Hf (u)| ∈ {0, 2(n+s)/2} for all u ∈ Vn. If it

has the same values with respect to the transform H(2k)
cf then we call f a

(c, s)-plateaued (if the level s is not specified, we will write (c, ·)-plateaued).
Furthermore, if f is (c, s)-plateaued with respect to all nonzero c, then we call
f a Z2k -plateaued function of level s.

If f is a Boolean function from F2n to F2, and 1 ≤ i ≤ n is an integer,
Youssef and Gong [23] defined the extended Walsh-Hadamard transform Wf,i

to be the integer valued function

Wf,i(u) =
∑
x∈F2n

(−1)f(x)(−1)Trn(ux
i), u ∈ F2n ,

and they called f hyperbent if |Wf,i(u)| = 2n/2, for all u ∈ F2n , and 1 ≤ i ≤ n
with gcd(2n − 1, i) = 1. For more on hyperbent functions we refer to [3–5,13,
23].
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The paper [9] introduced the concept of hyperbent functions for generalized
Boolean functions. In the same vein here, using other characters, for a function

f ∈ GB2k

n , an integer 1 ≤ i ≤ n, and for c ∈ Z2k , we define the extended

generalized Walsh-Hadamard c-transform H(2k)
cf,i by

H(2k)
cf,i (u) =

∑
x∈F2n

ζcf(x)q (−1)Trn(ux
i), u ∈ F2n ,

and call f a (generalized) c-hyperbent function if |H(2k)
cf,i (u)| = 2n/2, for all

1 ≤ i ≤ n with gcd(2n−1, i) = 1. We shall call the function (generalized) (c, s)-

hyperplateaued if |H(2k)
cf,i (u)| ∈ {0, 2(n+s)/2}, for all u ∈ F2n , and 1 ≤ i ≤ n,

gcd(2n − 1, i) = 1.

Remark 2 Even though this paper only states the results for characteristic 2,
similar results can be obtained for odd characteristic. These have not been
included in the paper, for reasons of brevity and clarity.

2 Characterization of bents and plateaueds with respect to
multiple characters

Recall that a gbent function f ∈ GBqn is regular if Hf (u) = 2n/2ζf
∗(u) for

some function f∗ ∈ GBqn. First, we show that there is a close connection
between the regularity of cf and the regularity of 2tf , where t is the 2-adic
valuation of c. To this end, we introduce some notation relative to cyclotomic
fields. Let OK = Z[ζ2k ] be the ring of integers in K = Q(ζ2k). The group
of roots of unity in OK is Wk = {±ζi2k , 0 ≤ i ≤ 2k − 1}. If k ≥ 2, the
field extension Q(ζ2k)/Q is a Galois extension of degree φ(2k) = 2k−1 and
Galois group Gal(Q(ζ2k)/Q) = {σa, 0 ≤ a ≤ 2k − 1, gcd(a, 2) = 1}, where the
automorphism σa of K is defined by σa(ζ2k) = ζa2k . Furthermore, recall that
√

2 ∈ Q(ζ2k) whenever k ≥ 3 since
√

2 = ζ8 − ζ38 = ζ2
k−3

2k − ζ2
k−2+2k−3

2k
. Now,

note that ζ48 = −1. Hence, σa(
√

2) =
√

2 if a = 1 mod 8 or a = 7 mod 8,
σa(
√

2) = −
√

2 if a = 3 mod 8 or a = 5 mod 8. Finally, the following lemma
holds.

Lemma 3 Suppose that k ≥ 2, and let c ∈ Z?2k . Let t be the 2-adic valuation
of c. Then, f is c-gbent (respectively, (c, s)-plateaued) if and only if f is 2t-bent
(respectively, (2t, s)-plateaued).

Remark 4 Note that, if k = 2, and f is c-gbent (respectively, (c, s)-plateaued),
n must be even (respectively, n+ s must be even).

Proof Let c = 2ta with gcd(a, 2) = 1. Let u ∈ Fn2 . We have that Hcf (u) =∑
x∈Fn2

ζ
a(2tf(x))

2k
(−1)〈u,x〉 = σa (H2tf (u)). It has been shown in [15] that f is c-

gbent if and only if 2−
n
2Hcf (u) ∈WK for any u ∈ Fn2 . Now, σa permutes WK .

Furthermore, if k ≥ 3,
√

2 ∈ Q(ζ2k) and σa(
√

2) = ±
√

2. Hence, 2−
n
2Hcf (u) ∈
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WK if and only if 2−
n
2H2tf (u) ∈WK , yielding that f is c-gbent if and only f

is 2t-bent (n must be even if k = 2). We can similarly prove that f is (c, ·)-
plateaued if and only if f is (2t, ·)-plateaued (since σa(0) = 0). ut

The next result follows immediately from the preceding lemma.

Corollary 5 f is Z2k -bent (respectively, Z2k -plateaued) if and only if f is
2t-gbent (respectively, (2t, ·)-plateaued) for any 0 ≤ t ≤ k − 1.

Remark 6 In view of the previous lemma, we shall use the notation (2t, s)-
plateaued instead of (c, s)-plateaued, where 2t is the 2-valuation of c (that is,
the largest power of 2 dividing c). In general, however, this simplification is not
possible: it is not true that the spectrum of any generalized Boolean function
is preserved in absolute value by the isomorphism σa (a odd), as the following
example shows. Let k = 3, n = 2, f = a0 + 2a1 + 4a2, where a0 = x1x2, a1 =
x1, a2 = x2 all in B2. With ζ = eiπ/4, we compute the spectra of f and 3f ,

and obtain (we let α =
√
2
2 )

Hf (u) = (α+ (1− α)i, 2− α+ (1 + α)i,−α+ (−1 + α)i, 2 + α− (1 + α)i)

H3f (u) = (−α+ (−1− α)i, 2 + α+ (−1 + α)i, α+ (1 + α)i, 2− α+ (1− α)i) .

Both 1 and 3 have zero 2-adic valuation, but Hf (u) and H3f (u) have different
absolute values at any point.

Any function f from Fn2 to Z2k can be (uniquely) decomposed as f =∑k−1
i=0 2iai, where ai ∈ Bn. With this notation, 2tf = 2t

∑k−t−1
i=0 2iai.

Furthermore, following this decomposition, we associate to 2tf the Boolean
functions ft,d = ak−t−1 +

∑k−t−2
i=0 diai, where d = (d0, . . . , dk−t−2) ∈ Zk−t−12 .

There is a one-to-one correspondence between Zk−t−12 and Z2k−t−1 which sends

d = (d0, . . . , dk−t−2) ∈ Zk−t−12 to
∑k−t−2
i=0 2idi. Hence, we shall sometimes use

an integer value to denote an element of Zk−t−12 . For instance, we shall write
2i to denote the element d of Zk−t−12 such that di = 1 and dj = 0 if j 6= i.

Let us now show that there is a close connection between the general-
ized Walsh-Hadamard 2t-transform H2tf and the Walsh-Hadamard transform

Wft,d . For any v = (v0, . . . , vk−t−2) ∈ Zk−t−12 , introduce the set Pv = {x ∈
Fn2 | ai(x) = vi for any 0 ≤ i ≤ k − t− 2} and the sum

S(t)
v (u) =

∑
x∈Pv

(−1)ak−t−1(x)+〈u,x〉. (3)

Then, for any u ∈ Fn2 and d = (d0, . . . , dk−t−2) ∈ Zk−t−12 ,

H2tf (u) =
∑

v∈Zk−t−1
2

ζ
∑k−t−2
i=0 2ivi

2k−t
S(t)
v (u)

and
Wft,d(u) =

∑
v∈Zk−t−1

2

(−1)
∑k−t−2
i=0 diviS(t)

v (u). (4)
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Hence, S
(t)
v (u) is the coefficient of ζ

∑k−t−2
i=0 2ivi

2k−t
in the decomposition ofH2tf (u)

over the integral basis {ζi2k−t , 0 ≤ i ≤ k− t− 1} of Q(ζ2k−t) viewed as a vector
space over Q. On the other hand, one can deduce from (4) that

S(t)
v (u) =

1

2k−t−1

∑
d∈Zk−t−1

2

(−1)
∑k−t−2
i=0 diviWft,d(u), for all u.

Let u ∈ Fn2 . Then, H2tf (u) =
∑k−t−2
i=0 biζ

i
2k−t if and only if, for any d ∈

Zk−t−12 , Wft,d(u) =
∑

v∈Zk−t−1
2

(−1)
∑k−t−2
i=0 divibi(v), where the bi’s are inte-

gers, and i(v) =
∑k−t−2
j=0 2jvj .

2.1 The even case

In this section, we shall consider functions for which |H2tf (u)| is an integer.
In the sequel, when considering bent functions, n is an even integer and, when

considering plateaued functions with magnitude 2
n+s
2 , n+s is an even integer.

In [11], it has been shown that, if f ∈ GB2
k

n is gbent then f is regular,

that is Hf (u) = 2n/2ζ
f∗(u)

2k
, for all u ∈ Fn2 , for some f∗ ∈ GB2k

n , which is the
dual of f . Going through the argument of [11], we can see that in fact, every
2t-gbent is regular. In fact, one can prove that generalized plateaued functions
(see [15]), or even the newly introduced landscape functions (see [17]) are all
“regular”.

Lemma 7 Let u ∈ Fn2 . Let s be a nonnegative integer such that n+ s is even.

If |H2tf (u)| = 2
n+s
2 , then

H2tf (u) = 2
n+s
2 ζ

bt,u
2k−t

, (5)

for some bt,u ∈ Z2k−t .

Then, the following result [11] holds.

Theorem 8 Let f =
∑k−1
i=0 2iai from Fn2 to Z2k . Let 0 ≤ t ≤ k − 1. Suppose

that n is even (respectively, let s be a positive integer such that n+ s is even).
Then f is 2t-gbent (respectively, f is (2t, s)-plateaued) if and only if, for any
d ∈ Zk−t−12 , ft,d is bent (respectively, s-plateaued) and

Wft,d(u) =Wak−t−1
(u)(−1)

∑k−t−2
i=0 dibi(u) (6)

for some b = (b0, . . . , bk−t−2) ∈ Zk−t−12 . If 2tf is gbent, bi = a?k−t−1 +
(ak−t−1 + ai)

?, 0 ≤ i ≤ k − t − 2, where g? stands for the dual function
of g.

The next corollary gives, as a by-product, another proof of [7, Theorem 6].
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Corollary 9 Let f =
∑k−1
i=0 2iai from Fn2 to Z2k . Suppose that n is even

(respectively, let s be a positive integer such that n + s is even). Then f is

Z2k -bent (respectively, f is Z2k -plateaued with magnitude 2
n+s
2 ) if and only,

for any d ∈ Zk−12 \{0}, gd =
∑k−1
i=0 diai is bent (respectively, s-plateaued) and,

for any 0 ≤ t ≤ k− 1, there exists h(t) = (h
(t)
0 , . . . , h

(t)
k−t−2) from Fn2 to Zk−t−12

such that, for u ∈ Fn2 ,

Wgd(u) =Wak−t−1
(u)(−1)

∑k−t−2
i=0 dih

(t)
i (u)

if dk−t−1 = 1 and di = 0 for i ≥ k − t.
Remark 10 One can repeat the known proofs for Lemma 7, Theorem 8 and
Corollary 9 and show these results for hyperbent functions with S(t)

v (u) =∑
x∈Pv

(−1)ak−t−1+〈u,xe〉 and gcd(e, 2n− 1) = 1. Obviously, one has to be careful

since some functions and vectors involved in those results could depend on e.

But above, Corollary 9 says that Z2k -bent functions are images of vectorial
Boolean functions under the map which sends (a0, . . . , ak−1) to

∑k−1
i=0 2iai.

Therefore, Z2k -bent functions can exists only if k ≤ n
2 according to the Nyberg

bound. Certainly, this is known for a much more general case, since there
is no splitting (2n, 2k, 2n, 2n−k)-relative difference set with abelian forbidden
subgroup if k > n/2 [18]. Furthermore, recall the classical result that vectorial
bent functions have all of their nonzero derivatives balanced. By definition,
the derivatives of Z2k -bent functions are balanced [16]. The c-gbent functions
satisfy a weaker character sum condition, hence in general the derivatives
will not all be balanced. In the following we will investigate the differential
properties of gbent functions (or c-gbent functions).

In the spirit of [10], if Vn = Fn2 , 0 ≤ t ≤ k−1, we say that f ∈ GB2
k

n satisfies
the (generalized) 2t-propagation criterion of order ` (1 ≤ ` ≤ n), denoted by 2t-

gPC(`), if and only if the autocorrelation C2tf (v) =
∑

x∈Fn2
ζ
f(x+v)−f(x)
2k−t

= 0,

for all vectors v ∈ Fn2 of weight 0 < wt(v) ≤ `. If ` = 1, we say that f satisfies
the (generalized) 2t-strict avalanche criterion (2t-gSAC). It is not difficult
to obtain that f is 2t-gbent if and only if C2tf (v) = 0 for all v 6= 0. Let

f ∈ GB2k

n and A
(w)
j = {x|f(x + w) − f(x) = j}. Observe that |A(0)

0 | = 2n,

and |A(0)
j | = 0, for j > 0. The following theorem is just a generalization (for

c-gbent functions) of [10, Theorem 4]. We could restate the theorem using the
truncation 2tf (recall that we perform the operations in Z2k), but we preferred
to give the result in terms of the values of the non-truncated function f .

Theorem 11 Let f ∈ GB2
k

n , 1 ≤ ` ≤ n, and A
(w)
j = {x|f(x+w)−f(x) = j}.

Then f is 2t-gPC(`) (for 0 ≤ t < k) if and only if

2k−1−1∑
j≡s (mod 2k−t)

∣∣∣A(w)
j

∣∣∣ =

2k−1−1∑
j≡s (mod 2k−t)

∣∣∣A(w)

j+2k−t−1

∣∣∣ , 1 ≤ wt(w) ≤ `,

for all 0 ≤ s ≤ 2k−t−1 − 1.
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Proof If t = 0, the result follows from [10, Corollary 3]. Assume now that

1 ≤ t ≤ k − 1. We first note that ζ2
t

2k is a 2k−t-complex root of 1. We write

H2tf (u)H2tf (u)

=

2k−1−1∑
j=0

∑
w∈Fn2

(−1)u·wζ2
t·j

2k

(
|A(w)
j | − |A

(w)

j+2k−t−1 |
)

=

2k−t−1−1∑
s=0

∑
w∈Fn2

(−1)u·wζs2k−t

∣∣∣∣∣∣
2k−1−1⋃

j≡s (mod 2k−t)

A
(w)
j

∣∣∣∣∣∣−
∣∣∣∣∣∣

2k−1−1⋃
j≡s (mod 2k−t)

A
(w)

j+2k−t−1

∣∣∣∣∣∣
 .

(7)

Let v 6= 0 be a fixed vector. Then, using (7) and [6, p.11], we write

C2tf (v) = 2n
∑
u∈Fn2

|H2tf (u)|2(−1)u·v

= 2n
∑
u∈Fn2

(−1)u·v
2k−t−1−1∑

s=0

∑
w∈Fn2

(−1)u·wζs2k−t

·

∣∣∣∣∣∣
2k−1−1⋃

j≡s (mod 2k−t)

A
(w)
j

∣∣∣∣∣∣−
∣∣∣∣∣∣

2k−1−1⋃
j≡s (mod 2k−t)

A
(w)

j+2k−t−1

∣∣∣∣∣∣


= 2n
2k−t−1−1∑

s=0

ζs2k−t
∑
w∈Fn2

∣∣∣∣∣∣
2k−1−1⋃

j≡s (mod 2k−t)

A
(w)
j

∣∣∣∣∣∣−
∣∣∣∣∣∣

2k−1−1⋃
j≡s (mod 2k−t)

A
(w)

j+2k−t−1

∣∣∣∣∣∣


·
∑
u∈Fn2

(−1)u·(v+w)

= 22n
2k−t−1−1∑

j=0

ζj
2k−t

∣∣∣∣∣∣
2k−1−1⋃

j≡s (mod 2k−t)

A
(v)
j

∣∣∣∣∣∣−
∣∣∣∣∣∣

2k−1−1⋃
j≡s (mod 2k−t)

A
(v)

j+2k−t−1

∣∣∣∣∣∣
 .

Since |A(0)
0 | = 2n, |A(0)

j | = 0, j > 0, if

∣∣∣∣∣∣
2k−1−1⋃

j≡s (mod 2k−t)

A
(v)
j

∣∣∣∣∣∣ =

∣∣∣∣∣∣
2k−1−1⋃

j≡s (mod 2k−t)

A
(v)

j+2k−t−1

∣∣∣∣∣∣,
1 ≤ wt(v) ≤ `, for all 0 ≤ s ≤ 2k−t−1 − 1, then C2tf (v) = 0 for all
1 ≤ wt(v) ≤ `, and so, f is 2t-gPC(`).

Conversely, we assume that f is 2t-gPC(`), and so, C2tf (v) = 0, for all

1 ≤ wt(v) ≤ `. Now, since |A(0)
0 | = 2n, |A(0)

j | = 0, for all j > 0, then (7)
becomes

2k−t−1−1∑
s=0

ζs2k−t−1X
(v)
s = 0,
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where

X(v)
s :=

∣∣∣∣∣∣
2k−1−1⋃

j≡s (mod 2k−t)

A
(v)
j

∣∣∣∣∣∣−
∣∣∣∣∣∣

2k−1−1⋃
j≡s (mod 2k−t)

A
(v)

j+2k−t−1

∣∣∣∣∣∣ .
Since the set {ζs2k−t−1 : 0 ≤ s ≤ 2k−t−1 − 1} is a basis for Q(ζ2k−t), we infer

that X
(v)
s = 0, for all 1 ≤ wt(v) ≤ `, and the theorem is shown. ut

The following corollary is similar to [10, Corollary 3].

Corollary 12 Let f ∈ GB2
k

n . Then, f is 2t-gbent if and only if

2k−1−1∑
j≡s (mod 2k−t)

∣∣∣A(v)
j

∣∣∣ =

2k−1−1∑
j≡s (mod 2k−t)

∣∣∣A(v)

j+2k−t−1

∣∣∣ ,
for all v 6= 0.

2.2 The odd case

In this section, we are going to study the case where |H2tf (u)| is not neces-

sarily an integer but is in Z[
√

2]. If n is odd and f ∈ GB2
k

n is 2t-gbent, then

|H2tf (u)| = 2
n
2 = 2

n−1
2

√
2, for any u. If f is generalized (2t, s)-plateaued with

n + s odd, then |H2tf (u)| = 2
n+s
2 ∈ {0, 2n+s−1

2

√
2}. In that case, we have to

consider separately the case where k = 2 and k ≥ 3 since
√

2 ∈ Z[ζ8] \ Z[i].
Furthermore, contrary to the even case, we are not going to apply directly the
results of [9] when k ≥ 3. To this end, let us indicate that Lemma 7 is true
even if n+ s is odd if k ≥ 3.

Lemma 13 Suppose that k ≥ 3. Let u ∈ Fn2 . Let s be an nonnegative integer

such that n+ s is odd. If |H2tf (u)| = 2
n+s
2 , then

H2tf (u) = 2
n+s
2 ζ

bt,u
2k−t

, (8)

for some bt,u ∈ Z2k−t .

Remark 14 We exclude the case where t = k − 1 because 2k−1f = a0 is
a Boolean function and H2k−1f (u) = Wa0(u) =

∑
x∈Fn2

(−1)a0(x)+〈u,x〉 ∈ Z.

Thus, H2k−1f (u) cannot be equal to 2
n+s
2 if n + s is odd. In other words,

there is no Z2k -plateaued functions such that |H2tf (u)| ∈ {0, 2n+s
2 } for any

0 ≤ t ≤ k − 1.

Remark 15 If k = 2, K = Q(i), OK = Z[i] and WK = {±1,±i}. Let α =

a + ib ∈ OK be of modulus 2
n+s
2 . Then, a2 + b2 = 2n+s. Since n + s is

odd, this diophantine equation has solutions a, b ∈ {±2
n+s−1

2 }. Therefore, α =

2
n+s−1

2 (±1± i) = 2
n+s
2
±1±i√

2
, that is, 2−

n+s
2 α 6∈WK .
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In [17], a similar result as in Theorem 8 has been established when n + s
is odd. In the sequel, we are going to get a more precise statement than that
of [17]. For that, we deduce from the preceding lemma a result on the sums

S
(t)
v (u) defined by (3). From now on, we shall sometimes use the symbol ⊕ to

denote the addition modulo 2.

Lemma 16 Suppose that k ≥ 3. Let 0 ≤ t ≤ k − 1. Let u ∈ Fn2 . Let s be

a nonnegative integer such that n + s is odd. Suppose that |H2tf (u)| = 2
n+s
2 .

Then, there exists h =
∑k−t−1
i=0 2ibi from Fn2 to Zk−t2 such that, for v ∈ Zk−t−1,

S(t)
v (u) =


(−1)bk−t−1(u)+bk−t−2(u)bk−t−3(u)2

n+s−1
2 if

∑k−t−2
i=0 2ivi = ν(u),

(−1)1+bk−t−1(u)+bk−t−2(u)+bk−3(u)+bk−t−2(u)bk−t−3(u)2
n+s−1

2

if
∑k−2
i=0 2ivi = (ν(u) + 2k−2) mod 2k−1,

0, otherwise

where ν(u) =
∑k−t−4
i=0 2ibi(u) + 2k−t−3(bk−3(u) ⊕ 1) + 2k−t−2(bk−t−3(u) ⊕

bk−t−2(u)).

Proof According to Lemma 13, for any u ∈ Fn2 , H2tf (u) = 2
n+s
2 ζ

bt,u
2k−t

, for some

bt,u =
∑k−t−1
i=0 2ibi(u) ∈ Z2k−t . Hence, since

√
2 = ζ8 − ζ38 ,

H2tf (u) = (−1)bk−t−1(u)2
n+s−1

2

√
2 ζ

∑k−t−2
i=0 2ibi(u)

2k−t

= (−1)bk−t−1(u)2
n+s−1

2

(
ζ2
k−t−3

2k−t − ζ2
k−t−3+2k−t−2

2k−t

)
ζ
∑k−t−2
i=0 2ibi(u)

2k−t

= (−1)bk−t−1(u)2
n+s−1

2 ζ
∑k−t−2
i=0 2ibi(u)+2k−t−3

2k−t

+ (−1)1+bk−t−1(u)2
n+s−1

2 ζ
∑k−t−2
i=0 2ibi(u)+2k−t−3+2k−t−2

2k−t
.

Now, a+ b = (a⊕ b) + 2ab for a and b in Z2. Therefore,

k−t−2∑
i=0

2ibi(u) + 2k−t−3

=

k−t−4∑
i=0

2ibi(u) + 2k−t−3(bk−t−3(u)⊕ 1) + 2k−t−2(bk−t−3(u)⊕ bk−t−2(u))

+ 2k−t−1bk−t−3(u)bk−t−2(u)

k−t−2∑
i=0

2ibi(u) + 2k−t−3 + 2k−t−2

=

k−t−4∑
i=0

2ibi(u) + 2k−t−3(bk−t−3(u)⊕ 1) + 2k−t−2(bk−t−3(u)⊕ bk−t−2(u)⊕ 1)

+ 2k−t−1(bk−t−3(u)⊕ bk−t−2(u)⊕ bk−t−3(u)bk−t−2(u)).
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Finally, we get

H2tf (u) = (−1)bk−t−1(u)+bk−t−3(u)bk−t−2(u)2
n+s−1

2 ζ
ν(u)

2k−t

+ (−1)1+bk−t−1(u)+bk−t−3(u)+bk−t−2(u)+bk−t−3(u)bk−t−2(u)

× 2
n+s−1

2 ζ
(ν(u)+2k−t−2) mod 2k−t−1

2k−t
,

and the lemma is shown. ut

One then rewrites the result of [17, Theorem 3.2] as follows.

Theorem 17 Suppose that k ≥ 3. Let f =
∑k−1
i=0 2iai. Let 0 ≤ t ≤ k − 1.

Suppose that n is odd (respectively, let s be a positive integer such that n + s
is odd). Then, f is 2t-gbent (respectively, f is generalized (2t, s)-plateaued)
if and only if, for any d ∈ Zk−t−12 , ft,d is semibent (respectively, (s + 1)-
plateaued), Wak−t−1

(u)Wak−t−1+ak−t−2
(u) = 0 for any u ∈ Fn2 and there exists

h = (h0, . . . , hk−t−3) from Fn2 to Zk−t−22 such that, for u ∈ Fn2 and d ∈ Zk−t−12 ,

Wft,d(u) =Wak−t−1+dk−t−2ak−t−2
(u)(−1)

∑k−t−3
i=0 dihi(u). (9)

Proof If we apply (4) and Lemma 16, we get

Wft,d(u) = 2
n+s−1

2 (−1)bk−t−1(u)+bk−t−2(u)bk−3(u)
(

1− (−1)dk−2+bk−t−2(u)+bk−3(u)
)

× (−1)
∑k−t−4
i=0 dibi(u)+dk−t−3(bk−t−3⊕1)+dk−t−2(bk−t−2(u)⊕bk−t−3(u)).

Observe that

Wak−t−1
(u) =

{
0 if bk−t−2(u)⊕ bk−t−3(u) = 0

2
n+s+1

2 (−1)bk−t−1(u)+bk−t−2(u)bk−3(u) if bk−t−2(u)⊕ bk−t−3(u) = 1

and

Wak−t−1+ak−t−2
(u) =


2
n+s+1

2 (−1)bk−t−1(u)+bk−t−2(u)bk−3(u)+bk−t−2(u)+bk−3(u)

if bk−t−2(u)⊕ bk−t−3(u) = 0

0 if bk−t−2(u)⊕ bk−t−3(u) = 1

yielding (9) and that the Walsh supports of ak−t−1 and ak−t−1 + ak−t−2 are
disjoint. ut

Let us now discuss the case where k = 2. In that case, one has only to
consider the bentness of f . In that case, if f = a0 + 2a1,

Hf (u) =
∑
x∈Fn2

if(x)(−1)〈u,x〉 = S0(u) + iS1(u),

where, for ε ∈ Z2,

Sε(u) =
∑

x∈Fn2 :a0(x)=ε

(−1)a1(x)+〈u,x〉.
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According to Remark 15, if f is gbent then S0(u) + iS1(u) = 2
n−1
2 (±1 ± i),

that is, S0(u) = ±2
n−1
2 and S1(u) = ±2

n−1
2 . Therefore, for any d ∈ Z2,

Wfd(u) = S0(u) + (−1)dS1(u) = 2
n−1
2 (±1± (−1)d) ∈ {0,±2

n+1
2 }.

That implies that f0 and f1 are semibent. But also,Wf0(u)Wf1(u) = S2
0(u)−

S2
1(u) = 0, that is, f0 and f1 have disjoint Walsh support. Conversely, suppose

that f0 and f1 are semibent and have disjoint Walsh support. Then, S0(u) =
1
2 (Wf0(u) +Wf1(u)) and S1(u) = 1

2 (Wf0(u) − Wf1(u)) are in {0,±2
n−1
2 }.

Therefore, |Hf (u)|2 = S2
0(u) + S2

1(u) ∈ {0, 2n−1, 2n}. Because of Parseval
identity, that implies that |Hf (u)|2 = 2n. Thus, we get an alternative proof of
the following theorem (shown first in [20]).

Theorem 18 Let f = a0 + 2a1 be a function from Fn2 to Z4. Then f is gbent
if and only if a1 and a0 + a1 are semibent with disjoint Walsh support.

Remark 19 If f = a0 + 2a1 is a generalized s-plateaued with s > 0, we
can repeat the beginning of the previous argument, and prove that a0 and a1
are (s + 1)-plateaued and have disjoint support. However, we get |Hf (u)|2 =
S2
0(u) + S2

1(u) ∈ {0, 2n+s−1, 2n+s} from which we cannot deduce from the
Parseval identity that f is generalized s-plateaued.

2.3 Characterizing plateauedness in terms of Fourier sums

We modify some proofs of [15,17] to find characterizations of (2t, ·)-plateaued
functions in terms of second derivatives and fourth moments.

Theorem 20 Let f : Vn → Z2k and 0 ≤ t ≤ k−1. Then f is (2t, s)-plateaued

with respect to the transform H2tf if and only if
∑

a,b∈Vn

ζ
DbDaf(x)

2k−t
= 2n+s, for

all x, if and only if
∑
d∈Vn

|H2tf (d)|4 = 23n+s.

Proof We follow [17] with the appropriate modifications. We fix x ∈ Vn and

observe that
∑

a,b∈Vn

ζ
2tDbDaf(x)

2k
= 2n+s is equivalent to

∑
a,b∈Vn

ζ
f(x+a+b)−f(x+b)−f(x+a)

2k−t
= 2n+sζ

−f(x)
2k−t

.

This is further equivalent to the equality of the extended Fourier 2t-transforms

of F1(x) :=
∑

a,b∈Vn ζ
f(x+a+b)−f(x+b)−f(x+a)

2k−t
and F2(x) := 2n+sζ

−f(x)
2k−t

at all
u ∈ Vn, that is,∑

x,a,b∈Vn

ζ
f(x+a+b)−f(x+b)−f(x+a)

2k−t
(−1)〈u,x〉 = 2n+s

∑
x∈Vn

ζ
−f(x)
2k−t

(−1)〈u,x〉.

(10)
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The left hand side of (10), setting a1 := x + a,b1 := x + b, becomes (we use
below the identity 〈u,x〉 = 〈u,a1〉+ 〈u,b1〉+ 〈u,x + a1 + b1〉)∑

x,a,b∈Vn

ζ
f(x+a+b)−f(x+b)−f(x+a)

2k−t
(−1)〈u,x〉

=
∑

x,a1,b1∈Vn

ζ
f(x+a1+b1)−f(b1)−f(a1)

2k−t
(−1)〈u,x〉

=
∑

b1∈Vn

ζ
f(b1)

2k−t
(−1)〈u,b1〉

∑
a1∈Vn

ζ
−f(a1)

2k−t
(−1)〈u,a1〉

·
∑
x∈Vn

ζ
f(x+a1+b1)

2k−t
(−1)〈u,x+a1+b1〉

=H2tf (u) H2tf (u)Hf (u) = |H2tf (u)|2H2tf (u).

The right hand side of (10) is also

2n+s
∑
x∈Vn

ζ
−f(x)
2k−t

(−1)〈u,x〉 =2n+sH2tf (u),

therefore (10) is equivalent to |H2tf (u)|2H2tf (u) = 2n+sH2tf (u), which im-
plies, |H2tf (u)| ∈ {0, 2(n+s)/2}.

Next, using [21, Theorem 1], we see that∑
a,b∈Vn

ζ
2tDbDaf(x)

2k
=

∑
a,b∈Vn

ζ
2t(f(x+a+b)−f(x+b)−f(x+a)+f(x))

2k

=
∑
a∈Vn

ζ
f(x)−f(x+a)

2k−t

∑
b∈Vn

ζ
f(x+a+b)−f(x+b)

2k−t
setting c := x + b

=
∑
a∈Vn

ζ
f(x)−f(x+a)

2k−t

∑
c∈Vn

ζ
f(c+a)−f(c)
2k−t

=
∑
a∈Vn

ζ
f(x)−f(x+a)

2k−t
Cf (a), since Cf is always real

= 2−n
∑
a∈Vn

ζ
f(x)−f(x+a)

2k−t

∑
d∈Vn

|Hf (d)|2(−1)〈a,d〉

= 2−n
∑
d∈Vn

|H2tf (d)|2
∑
a∈Vn

ζ
f(x)−f(x+a)

2k−t
(−1)〈a,d〉

= 2−n
∑
d∈Vn

|H2tf (d)|2ζf(x)
2k−t

(−1)〈x,d〉
∑
c∈Vn

ζ
−f(c)
2k−t

(−1)〈c,d〉

= 2−n
∑
d∈Vn

|H2tf (d)|2ζf(x)
2k−t

(−1)〈x,d〉H2tf (d).

Thus,

22n+s =
∑

x,a,b∈Vn

ζ
2tDbDaf(x)

2k
= 2−n2−n

∑
d∈Vn

|H2tf (d)|2ζf(x)
2k−t

(−1)〈x,d〉H2tf (d)
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= 2−n
∑
d∈Vn

|H2tf (d)|2H2tf (d)
∑
x∈Vn

ζ
f(x)

2k−t
(−1)〈x,d〉 = 2−n

∑
d∈Vn

|H2tf (d)|4,

and the second claim is shown. ut

3 Conclusion

In this paper, we present a deeper study of generalized bent and, more gener-
ally, generalized plateaued functions in characteristic 2 than those presented
in the previous literature. We clarify and simplify statements of several results
of [9,11]. In those papers, the bentness is defined according to a particular
character of Z2k . In even dimension, we characterize bent functions according
to any other character of Z2k . We notably show that those functions have sim-
ilar properties to vectorial bent functions. We next clarify the case of gbent
functions in odd dimension. As a by-product of our proofs, more generally, we
also provide several results about plateaued functions. Furthermore, we find
characterizations of 2t-plateaued functions in terms of second derivatives and
fourth moments. Even though this paper only states the results for character-
istic 2, similar results can be obtained for odd characteristic. These have not
been included in the paper, for reasons of brevity and clarity.

Acknowledgements: The authors deeply thank the Assoc. Edit. and the
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the manuscript.
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