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ABSTRACT. In this paper, we investigate the Gowers Us norm for generalized Boolean func-
tions, and Z-bent functions. The Gowers Uz norm of a function is a measure of its resistance
to affine approximation. Although nonlinearity serves the same purpose for the classical
Boolean functions, it does not extend easily to generalized Boolean functions. We first pro-
vide a framework for employing the Gowers Us norm in the context of generalized Boolean
functions with cryptographic significance, in particular, we give a recurrence rule for the
Gowers Uz norms, and an evaluation of the Gowers Us norm of functions that are affine over
spreads. We also give an introduction to Z-bent functions, as proposed by Dobbertin and
Leander [8], to provide a recursive framework to study bent functions. In the second part
of the paper, we concentrate on Z-bent functions and their Uz norms. As a consequence of
one of our results, we give an alternate proof to a known theorem of Dobbertin and Leander,
and also find necessary and sufficient conditions for a function obtained by gluing Z-bent
functions to be bent, in terms of the Gowers Uz norms of its components.

1. Introduction. Boolean functions are functions mapping binary strings to 0 or 1. Over
the years, several generalizations of Boolean functions have been proposed. In this paper, we
consider such a generalization for which the domain set remains the same as for classical Boolean
functions but the range is the set of integers modulo a positive integer ¢ > 2. These generalized
Boolean functions have evolved to an active area of research [11, 12, 14, 16, 17, 18, 20, 23, 24,
25, 26, 27, 29] due to several possible applications in communications and cryptography.
Boolean functions which are maximally resistant to affine approximation have special sig-
nificance. The idea of nonlinearity is developed and extensively studied for classical Boolean
functions. In the case of classical Boolean functions on an even number of variables, the func-
tions with the highest possible nonlinearity are called bent functions [22] (see [3] and references
therein, for more recent work on the subject). The concept of nonlinearity does not extend
easily to the generalized setup. In the first part of the paper we investigate the Gowers Us
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norm as a possible alternative to nonlinearity for measuring the resistance to affine approxima-
tion. As examples, we provide the expressions of the Gowers Us norms for the generalized bent
functions, plateaued functions, functions that are affine over spreads, and a recurrence rule for
the Gowers Us norms.

Characterization of bent Boolean functions is a longstanding open problem. One of the
roadblocks faced by the researchers has been the absence of recurrence rules within the set of
bent Boolean functions. Dobbertin and Leander [8] introduced the notion of Z-bent functions in
order to put bent functions in a recursive framework at the cost of leaving the space of Boolean
functions, and replacing it with the one of Z-bent functions of different levels. Here, we further
obtain some recurrences of Gowers Us norms of Z-bent functions, and a necessary and sufficient
condition involving Gowers Us norms of four Z-bent functions of level 1 so that bent functions
are always obtained by the “gluing” process proposed by Dobbertin and Leander [8].

2. Preliminaries.

2.1. Generalized Boolean functions. Let Fs be the finite field containing two elements; C,
R, Z be the fields of complex numbers, real numbers, and the ring of integers respectively. The
cardinality of a set S is denoted by #S. For any positive integer n, let Fy = {(x1,...,2,) :
x; € Fo,1 < i < n} be a vector space over Fo. Let Z; be the ring of integers modulo g,
where ¢ is a positive integer. By ‘+’ and ‘—’ we respectively denote addition and subtraction
modulo g, whereas ‘@’ denotes the addition over Fy. Any function from 4 to Fy, respectively,
Zq,q > 2, is a Boolean, respectively, generalized Boolean function, in n variables, and the set
of all such functions is denoted by B,,, respectively, GBL. The character form of a generalized
Boolean function f € GBI, x; : F§ — C, is defined by xs(x) = ¢J*, for all x € F}, where
(g = ¢“e. The algebraic normal form (ANF) of f € B, is the polynomial representation
fx)= @ paxit ... 2% where X = (z1,...,2,), a= (a1,...,a,), and ps € Fy. If ¢ = 2* for
acFy

some k > 1 we can associate to any f € GBI a unique sequence of Boolean functions a; € B,
0 <i < k, such that

f(x) = ao(x) + 2a1(x) + - - - + 28" Lay_ 1 (x), for all x € FY.

The (Hamming) weight of x € FY | denoted by wt(x), is the number of nonzero coordinates
in x, and the (Hamming) weight of a Boolean function f is wt(f) = #{x € F} : f(x) # 0}.
The (Hamming) distance d(f,g) between two functions f,g is the weight of their sum. The
algebraic degree of f is deg(f) = max{wt(a) : a € F}, ua # 0}. The Boolean functions having
algebraic degree at most one are affine functions.

For a (generalized) Boolean function f : Fy — Z, we define the (generalized) Walsh-
Hadamard transform to be the complex valued function

H;‘I) (ll) — Z C‘g(X)(_l)u-x7
x€eFy
where u-x = P, ;,, uiz; For ¢ = 2, we obtain the usual Walsh-Hadamard transform Wy(u) =
Z (—1)/®)(=1)"*, The autocorrelation of f € GBY is defined by Cj(cq) (u) = Z (({(x)_f(x@“).

x€ERD x€Fy
We shall use the identity [26]

P (m) =27" 3 R (x)P (1) (1)
x€Fy
A function f : F} — Z, is called generalized bent (gbent) if |7-[§cq)(u)| = 2"/2 for all u € F3.

Further, we say that f € GBY is called s-plateaued if |7—[§f1)(u)| € {0,2(n*+2)/2} for all u € Fy, for
a fixed integer s depending on f. For simplicity of notation, when ¢ is fixed, we sometimes use
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¢, Hy¢, Cy instead of (g, H}q), and C](cq)7 respectively. We refer the reader to [11, 16, 15, 20] and
references therein for more on generalized bent functions and their characterizations in terms
of their components.

2.2. Gowers Us norm. Let g : V — C be any function on a finite set V and B C V. Then
Eseplg(x)] = #—13 > wep 9(x) is the average of f over B. Let f : V — R be any function on

a finite set V and B C V. Then E,cp[f(x)] := ﬁZreB f(z) is the average of f over B.

If f:F} — R, as in [5, Definition 2.2.1], for every ¢ € Z*, we define the fth-order Gowers
uniformity norm (the Gowers Uy norm, or simply the Uy norm) of f to be

r 3¢
”f”Ue = Ex,h1,...,h[6]Fg H f (X D @lh) . (2)
]

| 5Cle =

If f: F§ — C is a complex-valued function, we define the Gowers norm by

_ 1
o
1£lle, = | Brohbo,mmery | [ CF5F (X@®hi)

| 5C14] i€S

where C is the complex conjugation operator, and [¢(] = {1,...,£}. Since in this paper we shall
be using the Gowers Uy norm for f : Fy — C, we give it explicitly below:

1/4
1l = (B hacez [£(x) [x @ o) F(x @ o) f(x © by @ hy)])

1/4
= (Bnucry [Exers [F O F@BD)?)

We want to point out that the sum-of-squares indicator [30] is yet another measure of “non-
linearity” defined for Boolean functions. There is a large body of literature dedicated to this
concept (and many others), and one can find such references in [1, 2, 6, 19]. We want to point
out [4], where a nice asymptotic bound has been obtained for the sum-of-squares indicator.
Surely, using the Cauchy inequality, one can find an upper bound of the Gowers U norm in
terms of the sum-of-squares indicator, but it will not achieve the purpose of this paper.

It is known (cf. [, pp. 22-24]) that for f : Fy — R, if there is a polynomial P : F§ — {0,1}
of degree d such that |Exeygf(a:)(—1)P(””)| > €, then ||f[ly,., > € for any € > 0. It is also
known that for d = 1 having || f[|v,., > € implies [Ezery f(2)(—=1)7®)| > € for some degree 1
Boolean polynomial. It is natural to investigate the Gowers U norm as a possible measure of
“nonlinearity” for generalized Boolean functions as well as Z-bent functions. That is what we
aim in this paper.

2.3. Gowers U; norm for generalized Boolean functions and the Walsh—-Hadamard
coefficients. In the remaining part of this section, and the next section we assume ¢ = 2%, for
some positive integer k. If f : F§ — Zo« is a generalized Boolean function, we define the Gowers
norm of f to be the Gowers norm for the character form x := ¢f of f, where ¢ = e2mi/2" g o
complex root of 1.

The first part of our next theorem shown for generalized Boolean functions can be (some-
what) adapted from Chen [5, pp. 22-24], to which we refer for a detailed discussion (for the

Boolean case).

Theorem 2.1. If k > 1 and f : Fy — Zox, then (with xy = ¢f, where ¢ = e2mi/2" s g
2% _complex root of 1)

4 — _
sl =27 S GOl < 272" ma [y ()
xEIFg 2
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Moreover, the equality holds if and only if f is a bent (k = 1), respectively, gbent (k > 1)
function, and, then, ||Xf||4U2 =27".

Proof. If f € ngLk, using equation (1), we can see that the Gowers Us norm is

”Xf”;le =273 Z Z Z Cf(x)é'f(x@u) Z Cf(xEBv)Cf(XEBuEBv)

ucly veFy xeFy veFg
— o= S [ ST Jeo—sxan) | [ § —f)fivem)
uck? \xeFy yEFy
=27 | DD P DY | | YD )P ()Y
uclFy \ xeFy yEFR
=27 0 DM D ()T =27 Y (o) 3)
x€lFy yeFy uckF? x€Fz

Then, using Parseval’s identity, we get that
n 4 n
2" Ixslly, = D )" < max My (x)|” > Hs ()P = 2°" max
xcly

x€Fy
zeFy zeFy

Hy ().

We will now show that the equality holds if and only if f is a bent function (k = 1), or a gbent
function (k > 1). If f is bent (gbent), then, |H(x)|> = 2", for all x € F3. Using (3), we infer

Ixslll, =27 ) [Hp(x)| =272 220 = 27 = 2720 max [ (x)[*.
x€Fy 2

Suppose now that the equality holds, but f is not gbent (bent). Then, there exists some
xo such that [Hy(z)|* < maxyers |7—£f(x)|2 Since the equality holds, from (3), we get that

4n 4_ 2n 2 2_ 2n 2
sl =274 > [Hp(x)[* =27 max [Hy ()| > Hix)P =27 max [H(x)|*. Thus,

XG]F" XG]F"
2 _ o2n 2 4 _ o2n
mae (1 G+ 3 (M (1% = 2% mae [y (0" > 3 R ()| = 27" e [ ()
x€F} x€Fy
yielding a contradiction. The reciprocal is immediate. O

We say that f,g € GB1 are affine equivalent if g(x) = f(Ax @ b), Vx € Fy, where A is an
n X n nonsingular matrix, and b € F3.

Corollary 1. If f and g are affine equivalent, ||X9H4U2 = lIxsIIts,
Proof. 1If f and g are affine equivalent, H (x) = (=1)P>H; (x(A‘l)T). Then,

Xl =274 D [Hg(x)[f =271 3 7 |y (x(A7H)T) |*

xeFy x€eFy
=27 Y M) = Hxs I
y€eFy
and the corollary is shown. O

Corollary 2. If f : F§ — C is a complex valued function and the Fourier transform of f is

f(u) —=92-n/2 er]FS' F(x)(=1)"* then we have ||fH4U2 =9 " Z f(x)4

x€Fy

We can also obtain the Gowers U norm of any plateaued function:
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Proposition 1. If f is an s-plateaued generalized Boolean function in GBY, where ¢ = 2F
for some positive integer k, then its Gowers norm is ||Xf||U2 = 2(=n+9)/4 " In particular, the

Gowers Uy norm of a semibent generalized Boolean function f is HXfHU2 is 20024 g
is even, and 2C""HV/4if nis odd. In general, if f € GBL with |H;(x)| € {0,A1,...,\}, of
respective multiplicities a,my, ..., my, the Gowers Uy norm is fo||?]2 = 2221 mjA; 274,

Proof. Tf f is an s-plateaued generalized Boolean function, then by definition |H ;(x)| € {2("+5)/2 (1.
By Parseval’s identity, - cpn |Hs(x)]? = 22" = a - 2", where a is the multiplicity of 2"+*
in [Hs(x)|. Hence, a = 2"~*. Then, by equation (3), [Ixslly, = 27" ey [Hs(x)|* =
24n. q.22(n+s) — 9=n+s  Therefore, Ixslly, = 2(=n+9)/4 By similar arguments, we can prove
the last claim. O

1
It is well known that the nonlinearity of f € B, is ni(f) = 2"~ — 3 m%x\Wf(x)|, which
x€Fy

means that if a function has high nonlinearity, then m%xm £(x)| is small, and therefore |[x¢||;,
xely

is upper bounded by a relatively small number.

One can ask whether is it true that [|xf|l,, < [[xglly,, if f,9 € B, with nl(f) < ni(g).
That is not necessarily true, and we provide an argument below. Let f be a quadratic Boolean
function (so k = 1) of rank 2h [21] (under f(0) = 0), then, by Proposition 1, |[xf|l,, = 272,
Thus, if f1, fo are two quadratic Boolean functions of ranks 2h; < 2hs, respectively, then

nl(f1) _ 2n—1 _ 2n—h1—1 < 2n—1 o 2n—h2—1 — nl(f2)7
4 — — 4
s It =272 > 27202 = |y g ||°.

We can certainly find an infinite class of pairs of Boolean functions (f,g) such that nl(f) <

nl(g) and [|xflly, > lIXglly, - For example, let n be even, g be any bent Boolean function,

and so, by Theorem 2.1, ni(g) = 2"~1 — 2n/2=1 ||Xg||?‘]2 = 27", Let f now be any semibent

Boolean function (with f(0) = 0) for n even, so, by Proposition 1, |[x|,, = 2(=7+2)/4 " which

implies that ni(f) = 2"~ — 2/2, fo||?]2 =274n max Wi(x)* = 274ng2(n+2)gn=2 _ g=nt2,
x€Fy

Thus, nl(f) < ni(g), and ||x4ll;, = 27/t < Ixslly, = 9(=n+2)/4,

2.4. Gowers Us; norm of functions that are affine over spreads. We found in Theorem 2.1
and Proposition 1 the Gowers Us norm of bent and, more generally, plateaued functions. It
turns out we can precisely find the Gowers norm of a class of functions that extend in some
direction the well-known class of partial spread bent functions, by allowing the function to be
affine, not necessarily constant on the elements of a spread.

Let ¢ = 2*. Let n = 2m, and let {Ey, ..., Fan} be a spread of F}, that is, E;’s, 0 < i < 2™,
are m-dimensional subspaces of Iy with trivial intersection. Note that U?:O E; =TFy [7].

Theorem 2.1. Let {Ey,...,FEom} be a spread, and f € GBL. Then:
(1) If f is defined by f(x) = {

Ci, XE E,L*

' ‘ ; <i<
e x=0 with arbitrary c,c; € Zq, 1 <1 < m, then

om

sl =271 (@ = 1)1 = Al +1¢7 + (27 = DA), where A:= 3¢
=0

(i) If f is defined by f(x) = %a;-x, x € E;, where {ag, ..., asm} are distinct arbitrary vectors
in Y, then ||Xf||4U2 =9 (2% +1).
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Proof. To show (i), we first write

He(w) =Y /(- Z D (= (e

x€Fy 1=0 xeE}

27’7l
) 2™ A =0
D NI ATV & S
i=0 x€E; i=0 ’ ’

Then
Ixplly, =27 > [Hyx)| =27 ((2n — )= AP+ (2 — 1)A|4) , and the first
x€Fy

claim is shown.

To show (i), we write H ¢(u Z Z cEax( Z Z 1)@+Wx — 9m if there
=0 x€E; =0 x€E;

exists ¢ such that u = a;, and 0 if u # a;, Vi. =24n Z [Hp(x)[* =

x€Fy

2744 (2™ 4+ 1) = 272" (22 + 1), and the theorem is shown. O

Note that, from the proof of (ii), it is easy to generalize this result to allow for repeated
vectors. However, we do not state this result here, as it is notationally cumbersome.

3. Recurrences for Gowers U; norms of generalized Boolean functions. We start this
section with a lemma, which will be used to derive a formula for the Gowers Us norms of
concatenations of Boolean functions.

Lemma 3.1. Let fi, fo € GBL, q = 2*, be n-variables generalized Boolean functions and ¢ a
q-complex root of 1. Then

D IHAPHL )P =27 D Cr(W)Cp, (W),
x€Fp weFy

Proof. We compute, using [6, Lemma 2.9],

2
SHAEPHEEP =D D W= | Y M (-

x€Fp x€F7 |ueky veFy
— Z Z ¢=fi®) (1)) x Z ¢2V=f2(8) (1) (vEs)x
x€F} u,teFy v,sE€FD
Z Cfl(u)—fl(t)+f2(v)—f2(s) Z (_1)X~(U@t®VEBS)
u,t,v,seFy x€F3
SI=UPLOV on Z Cfl(u)*fl )+ f2(v)— f2(ubtDv)
u,t,veFy

—9n Z ¢HW=F) Z (V)= f2(udtdv)

u,teFy very
=2 Y R, (e MR g 3T A heeme, ()

u,telfFy u,weky

=2" Y Cp(w) Y (NTANEW —9n N7 g (w)Cp (w),

weFy uely weFy

2

and the lemma follows. O
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We now derive a recurrence for Gowers Us norms of concatenations of generalized Boolean
functions. We use R(a + bi) = a for the real part of the complex argument.

Theorem 3.1. Let f : Fy x FY — Z,, where q¢ = 2%, be the concatenation f = [f1||f2] of two
n-variables generalized Boolean functions, f1, fa, that is, f(x1,x) = (1 — z1) f1(x) + 21 f2(X).
The Gowers Uy norm of f is given recursively by

4 4
28 xs e, = I o, + sl + 27 D 1Hy, (WP Hy, (w)?
uelky

+ 27 N (M, () (w)

uelky

4
=lxslly, + Ixplly, +275 Y Cp (0)Cy, (u
uelky

+27in2 3 R (Hfl(u)ﬂfz (u)) :
uclky

- 1+ R%(¢)
Iff2 = fl; then ”Xf”U2 = ||Xf1HU2' Ifo = fl’ then ||Xf||U2 = # HXfIHUz'

Proof. If f : Fo x Fy — Z, is given by f(z1,%x) = (1 — 1) f1(x) + 21 f2(x), then, it is known
(and easy to show) that H(uq,u) = Hy, (u) + (—1)*“*H s, (u). The Gowers norm of f is then
(below, we split the sums into u; =0, u; = 1.)

u)

94(n+1) ||Xf||4U2 _ Z |Hf<u17 |4 Z |7'[f1 (u) + (—1)“17{]‘2 (u)‘4

(ul,u)GIFQ XIF" (ul,u)G]FQ XF;’

=Y (P 0 (R () () + A () () + [y, (w))

(u1,u)€Fy XFY

= X (P (e G+ M) )

(u1,u)€F XFY
+2[H g, (W) P H g, (W) + 2(=1)" [Hy, () ("Hfl( VH (W) + Hy, (1 )W)
F2(=1)" Mg, (W) (M, () () + M, (), (W) ))
= > (AP 4D R (W) ()
(u1,u)€Fy xFy
FOH3, (), (0) + 4(—1)" A, (), (w) + [y, (w)]*)
=23 (1P + Hp () + 20y, (WM ()2 + 482 (Hy, (WHp (W) )

uE]F"

= 24n+1 ||Xf1 H?fz + 24n+1 ||Xf2 ”?jz
430 (g (WP ()2 + 202 (g, (L (W) )
uckFy

and by using Lemma 3.1, we infer the first claim. The second claim for fo = f; is eas-
ily obtained, since then |[Hg,(u)? = |Hy (w)|?, R? (’Hfl(u)HfQ(u)) = |Hy, (u)|* and, so,
S AP 0P = 3 8 (W WHAW) = 2 sy, 1 fo = fi then Hy, =
uclky uelky

(Hy, and so, R? (Hfl (u)?—lf2(u)) = |Hy, (0)|*R? (¢), which, when used above renders the last
claim. O
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We now look at functions f : Fy — Z4, where f = ag + 2a1, with ap, a1 € B,, and find the
Gowers Us norm of f in terms of those of the components ag, ag @ a;. Using a decomposition
result of [24] we can show the next theorem.

Theorem 3.2. Let f € GBY, f = ag + 2a1, ag,a1 € B,,. Then

4 4 4 _
24 ”XfHU2 = HX(ll HU2 =+ ”Xao@al ||U2 +2 4n+1 Z ng (X)ng@al (X)
x€Fy

4 4 —
= HXLU HU2 + ”Xao@al ||U2 4 9—8n+l Z Co, (W)Ca()@a] (W)
welFy

1
Proof. We know [24] that in the quartic case |H(x)|> = 3 (W2 (x) + W2 14, (x)), 50 [Hp(x)|* =

1
1 (Wi (%) + Wi 1a, (%) +2W2 (x) W2 4., (%)) , which by summation renders

4 4 4
22D x4 1, = 2% X o, + 2% [ Xao@an o, +2 D Wi, (Wi a, (%)
x€eFy

Further, by Lemma 3.1, we get Z W2 (X)W2 ga, (x) = 27 Z Cay, (W)Capma, (W), and the
x€Fy weFy
theorem follows. O

We can certainly derive an expression for the Gowers U, norm for a generalized f € ngLk.
but the result is rather quite complicated, unfortunately. The proof is rather similar to the
previous one.

k—1
Theorem 3.3. Let f : Fy — Zox given by f = Zaﬂi, a; € By,. Then,
i=0
_ 4 4
24(n k1) HXfHU2 =2 Z HXCquEBc-aHU2 "YC|4
ce]Fgfl
+ Z ng,1@c-a(u)W3k,1€Bd~a(u)’yg'yid2
cAdeFs ™!
+ Z Wak—l®c'a(u) ' Wak—1@d'a(u)Wak—l@X'a(u)Wak—l@)"a(u)’ycvid,yx@7

k—1 k—1
(C>d)¢(x>§’)€ﬂr2 xFy

where ¢ = (CO7 s 7ck—2) € Fg_l, a= (G/Oa s ,G;k_Q), Vz = Z (_1)ZV(Z§;02 o2 .

VG]F]2€71

4. Gowers Us; norm and Z-bent functions.

4.1. Z-bent functions. Dobbertin and Leander [8] introduced Z-bent functions to describe
bent functions within a recursive framework. They used the normalized Fourier transform
to define these functions. Since in this section we need to refer to many of their results,
we choose to use the same convention, and work with the Fourier transform defined as !
f(u) — 97 n/? Z f(x)(=1)"*. The Gowers norm of f given by

x€eFy

1£115, = Exchyhoery [f(x) f(x & hy) f(x & hy) f(x & hy & h))]

~ 4
will render [|f[y;, = 272" ¥, gy F(%) -

We use the normalized Fourier transform here to agree with the notation in [8].
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Prompted by the observation that given two bent functions g, h in n = 2k variables, k > 1,
the function

Xg (%) + xn (%)

f(x) = % e {-1,0,1}, (4)

iy X\g(u) + SC\h(u)

for all x € F} will also have its Fourier transform given by f(u) = € {-1,0,1},

for all u € F%, Dobbertin and Leander [8] defined the notion of Z-bent function in the following
way. Let Wy = {-1,1}, W, = {{ € Z: —2"71 < ¢ <2"71} forr > 1. A function f : F§ —
W, C Z is a Z-bent function of size k level r if f(x) € W,, for all x € Fy. The set of all Z-bent
functions of size k level r is denoted by BF¥. Any function belonging to |, -, BFF is said to
be a Z-bent function of size k. If a Z-bent function of level 1 can be written as in (4) then it
is said to be splitting, otherwise it is said to be non-splitting. As Dobbertin and Leander did
in [8], we refer to a 1 function as bent (when we want to point that out we call it £1-bent)
even though it is the signature of a classical bent Boolean function.

Now, suppose that h € BEF is the concatenation h = [hool|ho1||h1o]|h11], where he, ., (x) =
h(e1,€a,%), for all (e1,e2,x) € Fy x Fy x F3~2 that is, h(y,2,%x) = (y @ 1)(2 ® 1)heo(x) + (y
1)zho1(x) + y(z @ 1)h1o(x) + yzhi11(x). We define the functions f., e, by using the following

equations:
foo fio 1 1 hoo  hio
. >1: =
Case 1. Forr > 1 (fm i 1 1 hot huy (5)

foo  fio 171 1 hoo  hio
2. F = U: = -
Case orr =0 ( for fun ) 501 1 hoi i (6)

Dobbertin and Leander [8, Proposition 2] showed that if h is a Z-bent function of size k and
level 7, then the functions f,., are Z-bent functions of size k¥ — 1 and level r + 1, for all
€1,€2 € F5. In other words, if h € BFTk, then fe,e, € BFT}.“_;ll7 for all €1,e2 € Fy. Conversely,
suppose we have fc ., € BFf_[ll, for all €1, ex € Fy. If h = [hoollho1]|h10]|R11], then we say that
h is obtained by gluing fe,e,, where €1, €2 € Fa. Although the gluing process in general may not
yield a Boolean function, it is known [8, Proposition 2] that all functions in BF¥ are obtained by
gluing functions in BFer_ll. We derive the following condition connecting the Z-bent functions
of level 1 to (classical) bent functions as a special case of [8, Theorem 3.

Theorem 4.1. Let four Z-bent functions foo, fo1, fio and fi1 of level 1 and size k be given
such that

foo(x) = for(x) +1 (mod 2); fio(x) = fi1(x) +1 (mod 2);
fgo(x) = ﬁ()(x) +1 (mod 2); f(n(x) = ﬁl(x) +1 (mod 2).

Then the function h : Fy x Fy x Fy — {—1,1} defined by h(y, z,x) = hy.(x) for all x € F3,
where h;j, fij, 0 < i,5 <1 satisfy (6), is a £1-bent function (of level 0).

(7)

Due to normalization of the Walsh-Hadamard (Fourier) coefficients of f : F§ — R, Parseval’s

~

identity takes the form 37, o f(x)* = 3 cpy f(x)%.

4.2. Recurrences for Gowers U; norms of Z-bent functions. Here, we will obtain some
recurrences for the Gowers Us norms of Z-bent functions h € BF#C in terms of the Uy Gowers
norms of f;; € BFf_:ll, where h is obtained by gluing f;;, 0 <4,j < 1.

Theorem 4.2. Let h: Fo X Fo X F} — Z be the concatenation h = [hoo||ho1||h1ollh11] of four
n-variables integer-valued functions h;; (0 < 4,5 < 1), satisfying equations (5)—(6), for some
integer-valued functions f;;. Then, with v = %, 1, if r > 1, respectively, r = 0, we have

— 4 — 4 4 4 4
Il =27 (Wfoolls, + 1 fonllt, + ol + 1l
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4 3.9-2(n+1) Z (foo f10 (u )+J7()\12(U)J71\12(u)).

uclkFy
Proof. First, observe that, similarly as in Theorem 3.1, the Fourier transform
2 h(ur, uz,w) = hoo(w) + (=1)"hor (w) + (1) Frg(w) + (=1)" "y (w).
Using the above identity, the U, Gowers norm of A is then
n 4 T
220+ ||y, = > h* (u1, uz, u)

(u1,u2, u)EIFz xF2

—922 Z (hoo +h01 ( )+l§1\04(u)+f71\14(u)>

uelky

1 —~ 2 —~2 —~ 2 —~ 2
+3-27 Z (hoo hOl ( )—|—h00 (u)hm (u)+h00 (u)hn (11)

uelky
2 2 2 2 2 2
+ho1 (whio (1) +ho1 (Whir (u) +hio (Whi (u))
+6 Z hoo (W) o1 (W) 1o (w)hy ()

uclkFy
__ 92n—2 4 4 4 4 -1
=2 llhoollrs, + 1Ro1lly, + [lR1olly, + 1haslly, ) +3-277 A+ 6B, (8)

where A and B denote the last two sums in the previous equation. We will go further, and
we shall replace these expressions in terms of the U Gowers norms of f;; and the Fourier
coefficients of the f;;, 0 <i,7 < 1.

We treat concurrently equations (5) and (6) by denoting v = 3,1, if r > 1, respectively,
r = 0. Thus, hoo = v(foo + fo1), h1o = v(f10 + f11), hor = 7(foo — for), h11 = ’Y(flo — f11), and

50, hop = ’Y(foo +f01) hio = (f10 +f11) hor = V(foo - f01) hiy = ’Y(flo —f11) Using the last
equation of (8), expanding and canceling terms (this is a straightforward, albeit cumbersome
computation), we obtain

220 |t = 294 3 (Foo (W) + for (W) + Fro (w) + iy ()

uelky

+3-2244 Z (foo f10 (u )+fo\12(u)ﬁ\12(u))

ueky

=22 (| foollf, + I fonlf, + ||fm||U2 + Hf11||U2)
+3-2290 37 (foo (o () + for () fiy (w)).
ucFy
which gives, in particular, a recurrence between the Us Gowers norm of h € BEF and the Us
Gowers norms of f;; € BF,!“_H1 O
We can easily get a proof for Theorem 4.1 of Dobbertin-Leander [8].

Corollary 3. If f;; in the theorem above are Z-bent functions and satisfy also equation (7),
then the function h obtained from gluing f;; is bent.

Proof. If f;; in the theorem above satisfy equation (7) and have level 1 (that is, r = 0), then

fij: fij € {0,£1}, and, since foo(x) = for(x) + 1 (mod 2), fio(x) = fi1(x) + 1 (mod 2) the
function h has values 1, and is then the signature of a Boolean function. Moreover, since

Joo(w) = fio(w) + 1 (mod 2), for(u) = fii(u) +1 (mod 2),



GOWERS Uz NORM FOR BOOLEAN FUNCTIONS AND THEIR GENERALIZATIONS 11

and f;, ﬁ\] € {0, £1}, then the second powers also satisfy the same relations and further,

2 2 2 2
foo () + fio (w) =1, for (u) + f11 (u) =1,
4 4 4 4
foo (W) + fio (w) =1, for (u) + f11 (u) =1.
2 2 2 2
Thus, foo (u)fio () = 0, for (u)f11 (u) = 0. Using these equations in the first displayed
identity of Theorem 4.2 renders (with y = 1), 22(*+2) ||hH;lJ2 = 2.2t 4+ 0 = 2"*2 yielding
Ay, = 2772, which implies that h is bent. O

4.3. An alternative proof and an extension of a theorem by Dobbertin and Leander.
In this section, we first give an extension of a result of Dobbertin and Leander [8]. We next
give an upper bound for the U; norm of a Z-bent function of level 1 and under some technical
condition of a Z-bent of any level.

In Theorem 4.1 of Dobbertin and Leander, sufficient conditions on f;; for the bentness of
h are proposed. Using the above recurrence we can now easily get necessary and sufficient
conditions for the bentness of h. Although, the next result is shown using Theorem 4.2, we
shall call it a theorem, due to its importance.

Theorem 4.3. Let hyj, fij, 0 < 4,5 <1, be as in the theorem above and h obtained from gluing
the Z-bent functions fi; of level 1. Then h is bent if and only if

_ 4 4 4 4
27" =l foollp, + Ilforlly, + 1 f10lly, + 1111l

£32770 Y (o () () + Jor ()i (w).

uckFy

Proof. We need to prove that a function f on n variables is +1-bent if and only if || f H?fz =27"
If f is &-bent, then | f;, = 272" > ey FA(x) =272 .27 = 27" Suppose f is not +1-bent,
but || fl, =27 Then, |[fly, =272" Y f*(x)=27", and f*(u) =2" = > f*(x). Thus,

z€eFy x€Fy
4 —2n Y —2n -n
£, =272 D Pl <272 (E&%%%)) D> [0 =27 max FP(x),
x€F3 2 x€F3 2

O

and the result is shown.

n
2

The next theorem uses a result of Kolomeec and Pavlov [13] who showed that d(g,h) > 27,
for any two bent functions in n variables.

Theorem 4.4. If f is a splitting Z-bent function of level 1 such that f(x) = M

2
2= d(5.h) o gign
where g, h are bent functions, the Uy Gowers norm is ||f||?]2 = 52n = 22’V(Lg’ ) If

[ 1s a splitting Z-bent function of level 1 in n variables and not a bent function then ||f||?]2 <
on _ 9%
22n :

Proof. Since f(x) = 5 € {-1,0,1}, for all x € F%, we infer that the Fourier

transform of f is given by f(u) = Xo(W) + Xn(w) € {-1,0,1}, for all u € F}. By Parseval’s

identity we have Z P(x) = Z f2(x). Therefore, #{x € F} : §(x) = h(x)} = #{x € F} :
z€Fy zeFy

o~

g(x) = h(x)}, in other words, d(g, h) = d(g, h).

Xg(%) + Xn(x) (
)
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The Gowers Uy norm of f is then

Ifll, =272 37 FHe) = 272" {x € F} : §(x) = h(x)}
z€Fy
_ . ~ 2" —d(G,h) 2" —d(g,h
— o (2 lx e By 1) £ R ) = 00 _ 2l
Kolomeec and Pavlov [13] have proved that d(g,h) > 2% for any two bent functions in n
variables. Therefore, if f is a splitting Z-bent function of level 1 and not a bent function then

n

. 2n 2%
1718, < S

, and the theorem is shown. O

While we were able to compute the Us Gowers norm of any bent function in Theorem 2.1
and give some necessary conditions for splitting Z-bents in Theorem 4.4, it is a natural question
about the norm of a Z-bent of any level. In our next result, we are able to compute the Gowers
norms of Z-bent functions of any level, under some technical conditions. In particular, we note
that the next theorem implies that the norm of two types of Z-bent functions of level 1 is not
a function of n only, as it was the case for level 0.

Two Boolean functions g, h € 9B, are called disjoint spectra functions if x4 (u) - xp(u) = 0,
for any u € F5. Equivalently, Xq(u) = 0 if and only if X, (u) # 0, since if n is odd then for
any semibent, its Fourier spectrum has 2"~! nonzero coefficients. In Theorem 3.2 of [10], it is
claimed that a Z-bent function of level 1 constructed by using two disjoint spectra semibent
functions in n variables, where n is even, is non-splitting. The proof of this theorem contains
a serious flaw, and therefore proving the existence of non-splitting Z-bent functions of level 1
is still an open problem. We shall be using Theorem 3.5 of [10], which states: Let n be even,
and f1, fo € B, be si-, respectively, so-plateaued functions that are neither bent nor both
semibent, and so, Spec(xy,) = {0,£2!%7}, r; ;= % —1 >0 (i = 1,2). Let o, B be arbitrary
nonzero integers with « = 8 (mod 2). If ry =0, s =lL,a ==+1 (or o =0, r; =1, § = £1),
we assume 20ey + ae; ¢ {—1,1} (respectively, 2ae; + fea ¢ {—1,1}), where ¢; € {0,+1}, for
at least one value of € F} (recall that X7, (x) = €2%/2); if r; > 0, 79 > 0, we assume that

axr, (x) + Bxp(x) ¢ {0,£2}, for at least one value x € F4. Then, f(x) = w is
a Z-bent function of level I := [logy M, where M = maxuery {|aXy, (0) + BXf,(u)|}, which
cannot be split into two bent functions.

Theorem 4.5. Let [ be a Z-bent function of level r, and write f(x) = w
(2) If g, h are disjoint spectra functions that fulfill the conditions of [10, Theorem 3.5], then

171l = 27" (a*2% + p'2°2).
(i) In general, if g, h are not necessarily disjoint spectra functions, then
||fH?]2 _ 2—n—4(a4281 + ﬁ4252) + 2_2"_2aﬁ(a2251 + 52282)(277, _ 2d(97 h))
+27 P 422552 {x Xy (x) - Xn(x) # 0}
Proof. If g, h are not necessarily disjoint spectra functions, we obtain
~ ~ 4
4 —2n r —2n ax (11) +6Xh(u) —2n—
I, =2 3 P =2 3 (SRl =27 Y (0
x€eFy xeFy xeFy

+40® B3 (%)X (x) + 60° 5> X5 (x)%7 (%) + 4aB° T (x)R (%) + 5% (x))-

Let
A=#({uelFy:3,u) =27 7u(w) =2F U {u e Fy : Yy(u) = —27, {p(u) = —27}),
B=#{ueFy:3,(u)=27 %) = 27U {ueFy:x,(u) =27, 5,(u) =27)}).
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By Parseval’s identity,
Y0 =277 Y (Ra(x) + 2% ()R (x) + X ()

xEFg xeF;

= > Fe0=277 ) () + 2x ()xn(x) + X7 (%))

xng xng

Further, > . cpn Xo(x) = > _xeFy Xa(x), and > _xeFy Xi(x) = D _xcFr X7 (x), which implies that

YRR =27 (A-B) = Y xy(x)xa(x) = 2" — 2d(g, h),

x€eFy x€eFy

s1+s2

so A—B=2""z (2" —2d(g,h)). Notice that C := A + B is the number of positions where
both X, and X7, are nonzero. Then,

3 RBx)Rn(x) =25 2F (4 - B) =2 (2" — 2d(g, b)),

x€eFy
YRR (x) = 2727 (A~ B) = 2%2(2" — 2d(g, h)).
x€eFy

Finally, Y  %2(x)X%(x) = 2"72(A + B) = C2" ">, Then,

x€eFy
Hf”ﬁ[lj2 _ 2—2n—4(a422n Hg‘lzl]2_’_ﬁ422n Hh||é2+4(0z3ﬁ281“1‘0153281)'(2"—2(1(9,h))+6042520281+52 —
2—n—4(a4251 + /84252) + 2—2%—2a/8(a2251 _|_ ﬁ2232)(2n _ 2d(97 h)) + 2—271—3&262231—‘1-520,
where C' = |[{x : X4(x) - Xn(x) # 0}|. The second claim is similar. O

Corollary 4. If h : Fo x Fy x FY — Z is the concatenation h = [hoo|lho1|/h1ol|h11] of four
n-variables integer-valued functions h;; (0 < 4,5 < 1), satisfying equations (5)—(6), for some
integer-valued Z-bent functions fi; of level r +1 > 2 of constant norm, say ||fij||?]2 = K, such
that both pairs foo, f10, respectively, fo1, fi1 have disjoint spectra, then the Us Gowers norm of
the Z-bent function h of level r is Hh||24]2 =27°K.

—2 —2 —2 —2
Proof. From the recurrence of Theorem 4.2, since foo (u)fio (u) = for (u)fi1 (u) = 0, then
4 . 4 4 4 4 _ _ :
I, = 275 (1foolls, + 1fonlt, + Lfuolls, + Funlly,) = 27722 K = 275, which shows
the corollary. 0
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