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ABSTRACT. In this paper we define a class of generalized Boolean functions
defined on F3 with values in Zg (we consider ¢ = 2k k> 1, here), which we
call landscape functions (whose class contains generalized bent, semibent, and
plateaued) and find their complete characterization in terms of their Boolean
components. In particular, we show that the previously published characteri-
zations of generalized plateaued Boolean functions (which includes generalized
bent and semibent) are in fact particular cases of this more general setting.
Furthermore, we provide an inductive construction of landscape functions, hav-
ing any number of nonzero Walsh-Hadamard coefficients. We also completely
characterize generalized plateaued functions in terms of the second derivatives
and fourth moments.
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1. Introduction. Generalized Boolean functions have become an active area of
research [5, 6, 7, 9, 10, 11, 16, 18, 19, 21], with most of these papers dealing with
descriptions/constructions of generalized bent/plateaued functions. In this work,
we show that in fact the class of generalized plateaued functions, which includes
the class of generalized bent and semibent, and their characterizations in terms of
their Boolean components, are in fact particular instances of the more general case
of landscape functions, which are introduced in this paper.

We take 3 to be an n-dimensional vector space over the two-element field Fo
and for an integer ¢, let Z, be the ring of integers modulo ¢. By ‘4’ and ‘-’ we
respectively denote addition and subtraction modulo ¢, while ‘@’ is the addition
over F5. A generalized Boolean function on n variables is a function from F% to Z,
(q > 2), whose set is denoted by GBZ, and when ¢ = 2, by B,,. If 2*~! < ¢ < 2F for
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some k > 1, the binary expansion of integers gives a unique decomposition of any
f € GBI as a sequence of Boolean functions a; € B, (i =0,1,...,k — 1) such that

f(x) = ap(x) + 2a;1(x) + - + 2" ag_1(x), for all x € Fy.

The (Hamming) weight of x = (z1,...,2,) € Fy is denoted by wt(x) and equals
>i1 i- For f:F} — Fa, we have wt(f) = 3 cpy (%) = #{x € F} : f(x) =1},
where #5S denotes the cardinality of the set S. The complement (in a universal set
understood from the context) of a set S is denoted by S.

For a generalized Boolean function f : Fy — Z, we define the (unnormalized)
generalized Walsh-Hadamard transform to be the complex valued function

H;‘I) (u) — Z Cg(x)<_1)u.x’
erF;"

27

where (; = e ¢ is a g-primitive complex root of 1 and u - x denotes the conven-

tional dot product on F% (for simplicity, we sometimes use ¢, Hy, instead of (g,

respectively, ’HEfD, when ¢ is fixed). The map Fy(u) = Z F(x)(=1)"* is called
x€eFy

the Fourier transform. For ¢ = 2, we obtain the usual Walsh-Hadamard transform

Wi(w) = 3 (1)@ (1)

xe]Fg'

For f,g € GBL, the sum

C;q) (z) = Z Cf(XGBZ)—g(X)
.9

x€Fy

is the crosscorrelation of f and g at z € F}, and the autocorrelation of f € GBYL at
u € Fyis C](cq)(u) = Cy,¢(u) (we will drop the superscript if there is no danger of
confusion). It is known (see [19]) that if f,g € GBYL, then,

n’

D7 Crg(w)(—1)™ = Hy(x)H,y (x),

ucky
Cro(u) =27" 3 Hy(0)H, (x)(~1)",
x€Fy
Clu)=27" ) [Hp(x)P(—1)".
x€F3

A function f : F§ — Z, is generalized bent (gbent) if |Hy(u)| = 27/2, for all
u € F3. This is a generalization of functions f for which [W;(u)| = 2"/2, for all
u € FY, which are called bent functions. In the spirit of Zheng and Zhang [24],
we say that f € GBY is (generalized) s-gplateaued if |H ;(u)| € {0,2("+%)/2} for all
u € F} for a fixed integer s depending on f. If s = 0, we recover the (generalized)
bent functions, and if s = 1, or s = 2, we obtain the f (generalized) semibent. See
Mesnager’s excellent survey [12] for more on (g)plateaued Boolean functions. Note
that, for Boolean functions, bent functions exist only when n is even; however, when
q > 2, generalized bent functions exist for all dimensions. A similar result holds for
semibent functions, as well, since the conditions n odd for s = 1, and n even for
s = 2 are no longer necessary when ¢ > 2.
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Given a generalized Boolean function f : F§ — Zg, the derivative Dy f of f with
respect to a vector u is the generalized Boolean function Dy, f : F§ — Z, defined by

D,f(x) = f(x) — f(x @ u), for all x € F7.
Certainly, if f is Boolean, then D,f(x) = f(x) @ f(x ® u). For f € GBI, the

spectrum (or Walsh) support of f is defined by supp(Hy) = {u : Hs(u) # 0}. In
this paper, we consider the case g = 2.

2. Landscape functions and their regularity. As defined in [10], a gbent func-
tion f € GBY is reqular, if Hy(u) = 21/2¢5" ™ for some function f* € GBY, called
the dual. We extend this definition in the following way (we let No ={k € Z : k >
0} and, N={ke€Z : k> 0}).

Definition 2.1. We call a function f € GBI regular, if for all u € supp(Hy),
Hi(u) = 2730, Q{*("), for some ny, € Ng, £y € 2Ny + 1 and some f*(u) € Zg.
Extending these values outside of the spectrum support of f by f*(u) = 0, for all
u € supp(Hy), we obtain a function f* € GB, which we call the dual of f (note:
the function f cannot be recovered from f*, in general).

By modifying a method of Kumar, Scholtz and Welch [7], in [10] it was shown that
all gbent functions f € nglk are regular, except for n odd and k& = 2, in which case
one has Hs(u) = 2" (£1+14). We observe that with our definition of regularity, a
function cannot be regular unless the absolute value of all nonzero Walsh-Hadamard
coeflicients of f are of the form 2%61, 277 lo, ... with mi,mo,... € Ng, l1,45,... €
2Ny + 1. With that in mind, we introduce the following notion.

Definition 2.2. We call a function f € GBY a landscape function if there exist
t>1,m; € Ng,l; € 2Ng+ 1, 1 < i <t, such that

{‘Hf(u)‘}uesupp(ﬂf) = {2T1€17 ey Q%Et}

We call the set of pairs {(m1,£1), (me, £2), ...}, the levels of f, and t+1 (if 0 belongs
to the Walsh-Hadamard spectrum), or ¢ (if 0 is not in the spectrum) the length of

f.

Certainly, every classical Boolean function is a landscape function. That is not
true for ¢ > 2 (as the Walsh-Hadamard values are 4 sums of powers of the primitive
root, so the moduli of the spectra values may contain elements outside Z U v/2 Z),
however, gplateaued (which includes generalized bent/semibent) functions are all
examples of landscape functions.

In Theorem 4.2 we will construct, in an inductive fashion, large classes of land-
scape functions : F§ — Zgw, for all k£ > 2.

First, we show the regularity of landscape functions, by modifying the proof
from [7, 10]. Recall that when ¢ = 2F is fixed, we use Hy, in lieu of "ka).
The interested reader can consult the necessary algebraic number theory material
from [15, 23] or his/her favorite book on the subject.

Theorem 2.3. Let f € GBL, q = 2F, k > 1, be a landscape function, and ( =
e be a 2k _primitive root of unity. Let u € supp(Hy), with |Hy(u)| = 2%¢,
m € Ng, £ € 2Ng + 1. Then, if m is even, or m is odd and k > 2, we have
Hi(u) = 2700 for some value f*(u) € Z,. If m is odd and k = 2, and
ap # 0, Hyp(u) = 2"/ 2 0(e) +eai), with e1, e, € {F1}, with the additional possibility,
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if € is the largest component of a Pythagorean triple (3 + (3 = (%, of Hs(u) =
2lm/2] (br€1 + loeg £ i(l1ea — bo€r)). If m is odd and k = 2, there is no function f
with ag = 0 such that |[Hs(u)| = 2% ¢. If m is odd and k = 1, there is no function
f such that \’Hf(u)\ = |7-Lf(u)| = 2%6, m € Ny, ¢ € 2Ny + 1.

Proof. If k = 1 and m is even, the result simply states that if u € supp(Wy) and
Wi (u)| = 2% ¢, then Wy (u) = 2% ¢(—1)f" (W which is certainly true, since the two
roots of unity are +1.

Let k > 2, u € supp(Hs) with [Hs(u)| = 2% ¢ (recall that m, £ € Ny, £ odd), and
assume that m is even, or, m is odd and k # 2. As in [7, 10], the ideal generated by
2 is totally ramified in Z[¢] (which is the ring of algebraic integers in the cyclotomic
field Q(¢)), so we have the decomposition in Z[(] of the ideal (2) = <1—C>2k71, where
(1—¢) is a prime ideal in Z[¢]. Observe that H (u)H ¢(u) = 2"¢%. From [7, Property
7], we observe that H(u) and Hs(u) will generate the same ideal in Z[¢] and so,
27"m¢=2(Hs(u))? is a unit, and consequently, 272 /~1H;(u) is an algebraic integer.
Therefore, by Proposition 1 of [7], 27 % ¢~'H ;(u) is a root of unity. Further, observe

2F—1
that the Gauss quadratic sum G(2%) = Z ¢ = 2¥/2(1 + i) and so, V2 € Q(¢),
i=0
and so the root of unity 2~ % =17 (1) must be in the cyclotomic field Q(¢), unless
k =2 (since then 1+ ¢ & Q(()). The first assertion is shown for m even, as well as
for m odd with k # 2.
When m is odd and k = 2, then H(u) = ay + by ¢, for some integers ay, by.

We distinguish between two cases:

Case 1. We first consider the case ag # 0. Since |H(u)|? = 2™¢%, we get the
diophantine equation a? + b2 = 2"¢2.

Since m is odd, the solutions for 22 + y? = 2™ are (z,y) = (e,2L™/2) e;2lm/2]),
with €1,e5 € {£1}. If ¢ is not the largest component of a Pythagorean triple,
all solutions of a2 + b2 = 2742 are of the form (ay,by) = (€,21/210, e21m/210),
If ¢ is the largest component of a Pythagorean triple (¢1,¢2,¢), all solutions of
a2 + b2 = 2™¢? are of the form (ay,by) = (1207214, ,21™/210) and (ay,by) =
(2Lm/2J (Lr€1 + Caeq), +2lm/2] (€169 — lae1)) (here we use the fact that the product of
sums of squares is a sum of squares, that is, (a?+b%)(c>+d?) = (ac+bd)*+(ad—bc)?).
Case 2. Finally, we consider here the case when m is odd, k = 2, and ag = 0. In
this case, f = 2a;. Therefore, H,(u) = erFg if ) (—1)ux = erFg(—l)al(x)"’“'x.

|? = 2%/ is impossible, and the proof for

Since Hs(u) is then an integer, |H;(u)
k = 2 is completed.

Finally, when m is odd and k = 1, there is no function f such that |Hs(u)| =
|Hp(u)| =2%¢, m e Ny, £ € 2Ng + 1, since |Hs(u)| € N. O

Remark 1. When the length of the involved landscape functions in the theorem
above is 3, if 0 is in the spectrum, length 2, otherwise, that is, we have generalized
plateaued functions (gplateaued), ¢ = 2 and k > 2, the regularity was given by
Mesnager et al. [13].

3. Characterizing landscape functions in terms of components. In this
section, we will completely characterize the landscape functions in terms of their
components, by using the method of [9]. It is rather intriguing that generalized
bentness does not play a role in the method, rather the modulus of values of the
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Walsh-Hadamard spectrum being of the form 2% ¢ is important, independent of how
many such different values occur.

We define the “canonical bijection” ¢ : Fi~' — Zowo1 by u(c) = Z?;g ;2
where ¢ = (¢g,c1,...,¢5—2). We gather in the next lemma some computations
from [9, 19, 20], providing a relationship between the generalized Walsh-Hadamard
transform and the classical transform.

Lemma 3.1. For a generalized Boolean f € ng’flk, f(x) = ao(x) +2a1(x) + -+ +
2Flay_1(x), a; € By, we have

1 c-d ~u(d
Hiw =g > (DTG Wi (),
(e, d)eF5~ ' xF5 "
where fo(x) = coao(x) @ cra1(x) @ -+ @ cp—2ap—2(X) ® ar-1(x).
We now show the main theorem of this section. We note that the case of the

generalized bent and the larger class of gplateaued functions (particular cases of
our theorem below) has appeared in the works [13, 9, 19, 20].

Theorem 3.2. Let f : FY — Zow, k > 2, be a function given as f(x) = ao(x) +
2a1(x) + -+ 28" tap_1(x). Then, f is a landscape function whose spectra moduli
are in {O,Z%Ll,...,Q%Lt} (t € Nym; € Ny, L; € 2Ng + 1) if and only if for
each c € Fgfl, the Boolean function fc defined as
fe(x) = coap(x) ® c1a1(X) © - -+ @ cp_2ap—2(X) ® ar_1(x)

is a Boolean function such that (we take ¢ € {Ly,...,L}):

(1) Hy(a) =0, if and only if Wy (u) = 0.

(i3) |Hp(a)| = 2% ¢, m even, if and only if Wy (u) = (71)°'b‘1<9<“>>+5<“>2%e, for

some g : F§ — Zgr—1, s : Fy — Fa.

(i4i) |Hp(a)| = 2%, m odd, k # 2, if and only if

Wy, (1) = <(_1)c-f1<gl<u>>+sl<u> _ (_1)c-f1<g2<u>>+sQ(u>> ol%lp

for some g; : F3 — Zox-1,s; : F3 — Fa, j = 1,2, where ga(u) — g1(u) +
21 (sy(u) — s1(u)) = 2872 in Zos.
(iv) [Hp(u)| =2%¢, m odd, k =2, if and only if ag # 0 and (note that c is a bit)

2m271 (6161 + loeg + (—1)0@162 — 5261)) , or
ch( ): m=1 ¢
272 ¢ (61 +€2(—1) ),
if 03 + 03 = (%; otherwise,
Wy (1) = 277 £ (€1 + e(—1)°) .

If m is odd, k =2, and ap = 0, there are no functions f such that [Hs(u)| =
22 4.

Consequently, fe has nonzero spectra moduli given by {Zr%]Ll, ceey Qr%th}.

Proof. (i) First, let us treat the case of u ¢ supp(#y). Thus,

o= Y 0P wiw= Y [ Y Coetwnm) | ¢,

(c,d)eFs~ ! xFE~? deFs™" \ceF5™!
(1)
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and so, Z (=1)®9Wy (u) = 0, since {1, (o, .. .,(22:71_1} is a basis of Q((ax).
Cng_l
Inverting, we get
1 v
Wy, (u) = ok—1 Z (—1)(u+c) Wy, (u) = 0.
(u,v)eIF;“*1

The converse follows easily.
(i4) Let now u € supp(Hy) with |[Hs(u)| = 2%¢, m € Z even, £ odd. Then,

[ Fy — Zyw satisfies Hy(u) = Q%EQ;C,:(“) for some f* : FY — Zgr. Decompose
f*as f*=g+2" s with g : F} — Zox—1 and s : F} — Fy so that

Hy(w) =25 £(=1)" G,
Then,

Y (5 X ot ) G - 2B =0

deFs! ceFk—1!

Again using that {1, (o, .. .,C;:il_l} is a basis of Q({y+) (denoting by do the
Dirac symbol dp(u,v) = 1 if u = v, and 0, otherwise), we infer
1 c- s s(u
- (FDTIWy (u) = 2% £(=1)° ™5 (u(d), g(u)) - (3)

2k—
cng_l
We now invert the above identity, so, for any c € F’;‘l,

Wi = S (DO, ()

k—1
(u,v)€Fy

=Y 0 g T ot

veFrs~! uerh—!

— (_1)%‘1(g(ll))+8(u)Q%g7

which shows that f. satisfies the imposed conditions on the Walsh-Hadamard coef-
ficient at u.

Conversely, suppose that there exist ¢ : F§ — Zox—1 and s : F§ — Fa such
that, for every ¢ € F&~1, Wy (u) = 2% f(—1)c (@)+s(W) By Lemma 3.1, we
can write

Hiw) =g > (DTG W ()

k—1 k—1
(c,d)eFE—1 xFk

m 1 . i s L
—92%¢. = Z (—1)edter (gu)+ (u)Czid)

k—1 k—1
(c,d)eFE—1 xFk

U s(u 1 c- Y g(a o(d
=2%/(-1) (a) Z ST Z (-1) (d+7 " (g(u))) Cht )
deri—! cerk—!

=20 (1)),
proving that f satisfies |H;(u)| = 2% (.
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(i4i) Now, let u € supp(H;), with |H(u)| = 2% ¢, m,£ € Z>! odd, k # 2. By
Theorem 2.3, then

Hp(w) =2%0¢), ™ =27 Vaec ™,
for some power f*(u) € Zor. Recall now that Q(v/2) € Q((ar ), since v/2 = (g+(g =

ok—3 gk—3

(s — Cg =Gk Cgk . Thus,

m— * k— * ok—
Hp(w) =270 (GO = IR,

As in [9], we let f*(u) + 2873 = g;(u) + 2815y (u) + 281 (u) and f*(u) +3-2+3 =
g2(u) + 2F~1sy(u) + 2%ty (u), where g; : Fon — Zox—1 and s;,t; : Fan — Fy, so that
m—1 m—1

Hy(u) =277 0 (—1) WM — 9% g (—1)= ™), (4)

Observe that from their definition, we have gz(u) — g1 (u) + 287 1(s2(u) — s1(u)) =

2F=2in Zok. If go(u) = g1(u), then 2P (sy(u) — s1(u)) = 272 in Z,k, which is
impossible, since sz2(u), a1(u) € {0,1}.

Recall that ¢ is the canonical bijection from ]Fg_1 to Zok-1, t(co,...,Cp—2) =

Z;:g ¢;27. Using Lemma 3.1, we write

1 c- o(d
Hiw = > | gy D D Wr(w | G
ders! cerk—!
which, when combined with equation (4) (recall that g;(u) # g2(u)), implies that
for all d € Zgr—1,

g O W) =2

ceF§71

m—1

= £(=1)** 5 («(d), g1 (w))

m—1

— 2 0 (21)52 095 (u(d), galw)

Thus,

Wro(w) = 55 > (=)™ YWy, (u)

k—1 k—1
(u,v)eF;™ " xF;

S g 3 DYWL ()

veri? uefh~!

(_1)0171(91 (u))+s1(u) ; (_1)c‘f1(g2(u))+32(u) o™il

By the definition of the g;, s;, we have that g (u) — g1 (u) + 2871 (so(u) — s1(n)) =
2%=2 in Zor. Since

(=1)et (g +sa(w) _ (_q)e (g2(w)+s2(w)

2
for the fixed u € Fan, the claim is proven.
Conversely, for a fixed u € F%, assume that for all ¢ € ]Fg_l, fe have their
Walsh-Hadamard transforms of the form

Wy, (u) = ((_1)c<r1<g1<u>>+sl<u> _ (_1)0;1@2(“))“2@)) 9

e {-1,0,1},

m—1

Pl 67

for some g; : FY — Zor—1,8; : F¥ — Fa, j = 1,2, with ga(u) — g1(u) + 257 (s2(u) —
s1(u)) = 2872 in Z,x, and m, £ odd integers.
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Observe that (we use the fact that gi(u) # go(u), which follows easily from the
identity above),

Z (71)c-(d@f1(g1(u))+81(U) _ Z (71)c.(d€Br1(92(u))+82(u)
certE1 ceFk—1t

0 if «(d) € {g1(u), g2(u)}
— 2’671(*1)51(“) if o(d) = g1(u) # g2(u)

—2k=1(—1)%2(W) if y(d) = go(u) # g1(n).

Further, using this identity and Lemma 3.1, we get

Hpw) =277k 3 G | Y (e ottty

derh—! cerh—!

_ Z (_1)0‘(d€9fl (g2(u))+s2(u)

CG]FIS_l
=25 (g (g
= 2m;1€(_1)81(u)<2g’1(u <1 _ CQﬁ(“)*Ql(U)+2k_1(32(“)*51(u)))

= 2" (-G -G
and so, |H;(u)| = 2% ¢. The claim is shown.
(iv) First, let u € supp(Hy), with |H(u)| =2%¢, m,¢ € N odd, k = 2 (observe
now that (or = i), ag # 0. Let us consider the case where £ is not the largest
component of a Pythagorean triple. From Theorem 2.3, we infer that H;(u) =
2%716 (61 + GQi).
Using Lemma 3.1, we write

LECEDY (; Z(—l)cdwfxu)) i,

delFy celfy

m

) =280 (~1) (WM,

Together with the previous value of H(u), this renders

- Z D)Wy (u) = £2"2 ¢ for d = 0,1.
cG]F2
Thus
1 u—+c)v C’Ul uv
Wi =5 3 (EDEW ) = 30 ()75 ST (=)W, ()
(u,v)EFg xFy vEF, u€Fa

m—1

=22 6(61 + 62(—1)6).

m—1

Conversely, let Wy, (u) =272 £(e1 + €2(—1)°). Then, using Lemma 3.1, we write

Hy(w) = 3 (; Z(—l)cdwfxu)) i

deF, celfy

1 m 1 m—1
4 Z 61+€2)+(—1)d(61 —62)) idZQTf(ﬁl +62i).
delFy
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Assume that /¢ is the largest component of a Pythagorean triple, (3 + (2 =
??2. By Theorem 2.3, we obtain either the previous case, or that He(u) =

m—=1

277 (Lre1 + Loy £ (L1653 — la€1) 4). In the latter case, using Lemma 3.1, we write

Hy(w) =) (; Z(l)CdeC(U)> i,

deFo c€lFy

Together with the previous identity, this renders

1 m—1
5 (71)(:de6 (u) =22 (5161 + 6262) for d = O,
celFy
1 cd m-1
5 (—1) . ch(u) =422 (6162 — 6261) ford =1.
celFy
Thus,
1 utc)v
Wr.(w) = 3 > (=)W (u)

(’IJ,,’U) clFo xFo

= 30y S )WL ()

vEF2 u€Fs

— 2" (161 + loea £ (—1)(lrea — laer)) .

Conversely, let Wy, (u) = 275 (fye1 + laey &+ (—1)°(fr€s — lr€y)).  Then, using
Lemma 3.1, we write

Hy(w)= Y (; Z(—l)cdwfxu)) i

deFy c€F2
1 m—1
= 52 2 déF ((—1)0(6161 + loeg + (6162 - €2€1))

H(=D) (lrer + laez F (Lrez — Laer))) i
= 2m271 (6161 + 6262) + (6162 - 6261)i'

Finally, the case m odd, k = 2, ap = 0, is stated in Theorem 2.3. O

The following corollary is then immediate.

Corollary 1. Let f : FY — Zox, k > 1, be a function given as f(x) = ao(x) +
2a1(x) + - + 28" tap_1(x). Let s > 0 be an integer. Then f is s-gplateaued if
and only if for each c € Fg_l, the Boolean function f. defined as in Theorem 3.2
is an s-plateaued (if n + s is even), respectively, an (s + 1)-plateaued function (if

n+ s is odd) with the extra conditions on the Walsh-Hadamard coefficients, as in
Theorem 3.2.

We will derive other characterizations of gplateaued functions in the last section.
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4. Some constructions of landscape functions. First, we start with some ex-
amples of five valued spectra (certainly, landscape) functions, and later on, we shall
give constructions of arbitrary length landscape functions. In [8, Theorem 19|, a
class of functions with five valued spectra was constructed. These are (see [2, 4]
for the definitions of these notions) n-variable, m-resilient, degree (n — m — 1)
functions with nonlinearity ni(f) = 2”1 — 200+m=2/2 "if n —m + 1 is odd, and
nl(f) =271 —2(0+m=1/2 "if o 4+ 1 is even. They are also five valued Walsh
spectrum (under n — m > 5), namely, {£2("+m)/2 o(ntm)/2 _ gm+2 _om+2 o1
if n —m + 1 is odd, respectively, {£2(n+m+1)/2 o(ntm+1)/2 _ gm+2 ' _gm+2 1 if
n —m + 1 is even. To generate landscape functions that have five valued spectra,
we take m:=n—5,and so,n—m+1=6, n+m+1=2n—4, and the spectrum
will be {£2"72 +£2"73 0}; also, n —m = 6, so n —m + 1 = 7, and the spectrum
will be {£2"73 42774 0}.

We do not need it here, but using Catalan’s Conjecture (now known as Mihailescu’s
Theorem [14]), which states that the only nontrivial (that is, a,b > 1,z,y > 0) dio-
phantine solution to 2% —y®* =lisz =3,a =2,y =2,b= 3), we can infer that we
can only get these examples of landscape functions from the specific construction
of [8, Theorem 19].

Starting with the existence of generalized bent functions in any dimension, it is
not very difficult to show that landscape functions of any level exist for every dimen-
sion, as our next proposition shows. We adapt some classical inductive plateaued
construction (see, for instance, [7, 10, 11, 16, 19] for the construction of generalized
Boolean bent functions), as well as the paper [17], which contains some constructions
of semibent and even more general plateaued in the spirit of Maiorana-McFarland
construction of bent functions. There are certainly quite a few works on the analy-
sis of the spectrum of a Boolean functions and we point out here [3, 8, 22], just to
mention a few.

Proposition 1. Let a € Fy, g = 2%, k> 1, f be a generalized Boolean function in
GBI and g : T4+ — Z, be defined by g(x,y) = f(x) +2Fay.
(i) If f is s-gplateaued, s > 0, then g is (s + 1)-gplateaued (in particular, if f is
generalized bent, then g is 1-gplateaued).
(i3) If f is a landscape function of length t and levels {(m1, £1), (ma,€2), ...}, then
g is a landscape function of length t and levels {(m1+1,¢1), (m2+1,43),...}.

Proof. Let f be a landscape function of levels {(mq,¢1), (ma,la), ..., (ms, 4)}. We
compute the Walsh-Hadamard transform of g at (u,v) € Fy x Fy, and get

k—1 x+v
Hyv)= Y SO ey
(x,y) EFY xFy

= Z Cf(x)(_l)u'x + Z Cf(x)+2k71a(_1)u.x+v

x€Fy ,y=0 x€Fy,y=1
=Hy(u) + (=D H () = (L4 (=1)""") Hy(w).
Thus, |Hg(u,v)| € {0,2|Hs(u)|}, from which we can infer all of our claims. O

Carlet [1] introduced a secondary construction (often called the “indirect sum”),
as follows. Let n = r + s, where r and s are positive integers, and fi, fo € B,
g1, 92 € B,. Define h as the concatenation of the four functions fi, fi, fo, fo, in an
order controlled by ¢1(y) and g2(y),

h(x,y) = fi(x) ® g1(y) ® (f1(x) © f2(x))(91(y) ® 92(¥))- (5)
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It is known that in the Boolean case, if r, s are even and f1, fo are semibent and
g1, 9o are bent, then A is semibent. In fact, a more general result is true as we shall
show next. The following lemma is known and easy to show.

Lemma 4.1. For s € Fy and z € C, it holds that

P e Gt D Sl G O
27 = 9 + 9 z.

Theorem 4.2. Let ¢ = 28, k > 1, and h : Fy x F§ — Z, be given by h(x,y) =
f(x)+28 g (y) + (2( ) ( N(g1(y) +92(y)) (all opemtzons are in Zq), where
fi, f2 € QBT, 91,92 € Bs, ¢ = 2%, with g1, go bent (thus, s is even). The following
hold:

(@) If f1, f2 are t-gplateaued, then h is t-gplateaued (hence, of length 2).

(i) If t1 # to and g1 # g2,91 # Ga, then h is a landscape function of length 3,
R *). In particular, if ¢ = 2,

namely, the moduli of its spectra are {0, 2
then h has five valued spectra.
(#91) If f1, fo are landscape functions such that

{H5, (W) Fuesupp(rs ) = 1271, %‘ei},
( f1

a1
{‘Hf2(u)‘}u€supp(?-[f2) = {2 2 f%l, S, 272 2 /2 f}
and g1 # g2,91 # o, then h is a landscape function such that

R stpe sta stay o
G272 2 )

{IHn(w, v)[}uy = {0,2

Proof. Using Lemma 4.1 and the indicators of the sets {y : ¢1(y)+g2(y) =5}, 5 =
1+ (=1)7(=1)9®)+e=2(y)
, we compute the Walsh-Hadamard transform

0,1, being
of h and obtain
2Hp (u,v) = 2 Z Cfl(X)+2’€_191(y)+(fz(><)*f1(X))(gl(y)Jrgz(y))(fl)wxﬂ'-y
x€eF5,y€eF;

—9 Z Z Cf1(X)+2’“’1g1(y)(_1)u~X+V‘y

x€F; y€F;
91(y)+g2(y)=0

+2 Z Z sz(X)+2k*1g1(y)(_1)HAX+v-y

x€Fy y€eF;
91(¥)+g2(y)=1

=2 ) N Y (1)) 1+ (_1)921(y)+92(y) (=)%Y
x€Fy y€EF;
— (=191 (M) +92(y)
+9 Z ¢ (—1)ywx Z (-1 ™ 1-( 1)2 (=1)vY
x€F5 y€F;
= Hp () S ((_1>91(y) + (_1)92(3’)) (—1)vY
y€F;
+Hy,(u) Z ((_1)91(3') _ (_1)gz(y)) (=1)vY
y€eF;

= Hfl (u) (ng (V> + Wgz (V)) + Hfz (u) (ng (V) - Wg2 (V)) :
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If f1, fo are, respectively, t1, to-gplateaued, and g1, go are bent, and observing that
Wy (V) + Wea (V) W (V) = We, (v)) = Wi, (v) = Wy, (v) =0,
then either (W, (v) + Wy, (v)) = £23+1 and (W,, (v) — W,,(v)) = 0, render-
ty

s

ing [Hu(u,v)| € {0,271275% 2841 = fo,255 b or (), (v) + W (v) = 0
and (W, (v) = W,,(v)) = £22+L rendering |Hy(u,v)| € {0,2*127“4—;2 ~2%+1} =
{0,2¥}. If t1 # t2, we have the cases (both occurring, since g1 # ¢2,7s),
|Hp(u,v)| € {0,27#%} and |Hp(u,v)| € {0,2

ntty nitto
pl

{0727,2 . Certainly, if t; = to = ¢, then |Hp(u,v)| € {O,Q%H}, so h is
t-gplateaued. Claim (i) and (49) are shown.

Next, assume that fi, fo are landscape functions, and pick u € supp(Hy,) N
supp(H,), and so, [Hp (w)| = 2541, |Hs,(u)] = 234y, for some p,q € Z and

odd ¢1,05. The argument above shows that either |Hp(u,v)| € {O,QSJFTP&}, or

ntty
Pl

}. Consequently, |Hy(u,v)| €

sta

|Hp(u,v)| € {0,2 z 42} (both occurring since g1 # g2, 91 # o). If u € supp(Hy, )N

supp(Hy,) (respectively, u € supp(Hy, ) Nsupp(Hy,)), then |[Hp(u, v)| € {O, QHTpfl}

stg

(respectively, |Hp(u,v)| € {0,2 2 62}). If u € supp(Hy,) N supp(Hy,), then
|Hp(u,v)| = 0. Therefore, if

{IH 7, (W) Fuesupp(res,) = {27 lur,- ., 27 0},
41 af
{‘/Hfz(u)‘}uesupp(?-th) = {2 2 l91,...,272 22f}>

s+pq s+ st+ay

Pt st
then {|Hn (V) Juw = {0,275 011, .. 275501, 275 0y, 277 Uy ) O

Remark 2. One might critique the previous theorem that in some of its claims
we “recursively” construct landscape functions from landscape functions, with no
initial conditions. However, Proposition 1 shows that one can increase the lengths
of the landscape functions, and so we can easily start from generalized bent or,
more generally, from existing constructions of gplateaued, thus obtaining, using our
theorem, either higher lengths or different levels landscape functions, albeit with no
precise controlled on the spectra.

5. Characterizing gplateaued functions in terms of second derivatives
and fourth moments.
Theorem 5.1. Let f : F} — Zor, kK > 2, s be an integer with 0 < s < n, and

(= (o = % be the primitive root of 1. Then f is s-gplateaued if and only if for
all x € Fy,

Z CDbDuf(x) — on+s

u,befFy
Furthermore, f is s-gplateaued if and only if

S st = 2,

deFy
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Proof. Let x € Fy be fixed. First observe that

Z (PePuf(x) — 9nts g equivalent to
u,belFy
Fi(x) := Z ¢ xOudb)— f(xOb)—f (xBu) — gnts ~f(X) =, [, (x),
u,befFy
which is further equivalent to their Fourier transforms being equal at all u € Fy,
that is,

S JEOUERTIGER IO (qyux = grte BT IO (6)

x,u,belFy x€Fy

We compute the two expressions in (6), separately. Now considering, the left hand
side of (6), and setting u; := x @ u,b; := x & b, we obtain
Z Cf(x@u@b)ff(xEBb)ff(xeBu)(71)u~x
x,u,belFy

_ Z Cf(xGBMGBbl)*f(bl)*f(ul)(_1)1”‘

x,uy,by €F
— Z C—f(b1)<_1)u-b1 Z C_f(ul)(_l)u'ul
b €Fy u; €Fy
X Z Cf(x@ul@bl)(_1)“'(X@b1@u1)
xeFy

=H () Hy(u) Hy(u) = [Hy () Hy(u).
The right hand side of (6) can be written as
gn+s Z Cff(x)(il)wx :2n+sm7

x€Fy

therefore (6) is equivalent to |Hs(u)|> He(u) = 2" H(u), that is, |Hs(u)| €
{0,2(n+5)/21 " Our first claim is shown.
Next, using [19, Theorem 1], we compute

Z CDbDaf(x): Z Cf(I@UEBb)*f(mGBb)*f(xEBU)Jrf(X)

u,beFy u,beFy

— E: Cﬂw—f@@u) 2: Cﬂx@u@m—f@@b)
ueky beFy

c:=xdb
4 Z Cf(x)—f(x@u) Z Cf(C@u)—f(C)
T uerp ceFy

= FE)=Fx@W) e (n), since Cf is always real
> ¢ ! ! y
uEFQ

=2 Z CFEI—f (xu) Z I (d)]?(— 1)1

uelfy deFy

=27 S )P Y S (g ud

deFp ucFy
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=27 3 [Hp)P ()< Y IO (-

deFy ceFy
= 27" Y M) (1) H s (d).
deF?
Thus,
ST (PRI T ST () PR (1)
x,u,belFy x,deFy
=277 3 [ Hp(A)PH() Y (=) =27 Y He(d)],
deFy x€Fz deFy

and the second claim is shown. O

Our next corollary (see [1] for the classical counterpart) is immediate since a
generalized bent function corresponds to a 0-gplateaued function.

Corollary 2. A function f € GBL, q = 2%, is generalized bent if and only if
2w bery (PeDuf() = 2n if and only if > aery Hp(d)[* = 257
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