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Abstract

In this paper we prove that all bent functions in the Kerdock code, except for the
coset of the symmetric quadratic bent function, are bent-negabent. In this direction,
we characterize the set of quadratic bent—negabent functions and show some results
connecting quadratic bent—negabent functions and the Kerdock code. Further, we note
that there are bent—negabent preserving nonsingular transformations outside the well
known class of orthogonal ones that might provide additional functions in the bent—
negabent set. This is the first time we could identify non-orthogonal (nonsingular)
linear transformations that preserve bent—negabent property for a special subset.

Keywords Boolean function - Bent function - Negabent function - Kerdock code

1 Introduction

In 1976, Rothaus [13] introduced the class of bent functions, having the maximum
possible distance from the affine functions. Bent functions exist only in even number of
variables and the degree of an n-variable bent functions is at most % (forn > 2). Abent
function of degree 2 is called a quadratic bent function [3,5,17]. A Boolean function
is said to be negabent if its nega—Hadamard spectrum (defined as in Sect. 1.1) is
flat [10,12,14,15]. The problem of constructing Boolean functions which are bent and
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negabent at the same time was initiated by Riera and Parker [12], and later investigated
in [10,14-16,18]. Parker and Pott [10] proposed to determine the number of quadratic
bent—negabent functions with n variables. This was consequently resolved by Pott
et al. [11], using the necessary and sufficient description of quadratic bent-negabent
Boolean functions, shown by Parker and Pott [10].

In 1972, Kerdock [6] constructed a new class of nonlinear binary codes, which is a
supercode of RM (1, m) and is a subcode of RM (2, m), called the Kerdock code (in
his honor), where RM (r, m) is the set of m-variable Boolean functions of degree at
most r (Reed—Muller code of order r). For more details we refer to [2,7-9]. Now, one
can raise the following questions related to the quadratic bent—negabent functions:

o Is there any relation between quadratic bent—negabent functions and the Kerdock
code?
e Can we construct all quadratic bent—negabent functions from the Kerdock code?

In this paper, we get positive results on the above two problems. We first prove that all
the bent functions in Kerdock code, except for the coset of the symmetric quadratic
bent function, are bent—negabent, and then derive a method so that one can construct
all the quadratic bent—negabent functions from the Kerdock code. The construction
method of all m-variable quadratic bent—negabent functions from the Kerdock code
can be summarized as below:

e We first construct the Kerdock code K, as in (3).

e We identify 2”~! — 2 quadratic homogeneous bent-negabent functions
{fiti<i<om-1o1n Kon-

e From each quadratic homogeneous bent—negabent function f;, 1 <i < am=1_»
we construct the set Ag [defined in (4) forall ¥ # S C [1, m — 1]] by applying a
special class of bent—negabent preserving linear transformations, as in Theorem 13.

e We add all 2*! affine functions to each f € Ag, ¥ # S C [1,m — 1]: the
collection of all these functions is the set of all quadratic bent—negabent functions
in m variables.

The paper is organized as follows. In Sect. 1.1, some basic definitions and known
results are described. In Sect. 2, we find the connection between quadratic bent—
negabent functions and the Kerdock code. For each Kerdock codeword (affine free),
except the symmetric quadratic bent function, we construct disjoint sets of quadratic
bent—negabent functions (affine free), and we prove that the union of these sets is
equal to the set of quadratic bent—negabent functions (affine free). In Sect. 3 we find
that there are bent—negabent preserving nonsingular transformations outside the well
known orthogonal transformations class.

1.1 Preliminaries

Let Fp, Fom and F) = {x = (x1,x2,...,%) : x; € Fp,1 < i < m} be the
prime field of characteristic 2, the extension field of degree m over [, and the vector
space of dimension m over [Fp, respectively. Let @ denote the addition over F,. For
X = (x1,...,%u),y = V1,...,ym) € 7', we define the vector space addition
asXxX®y = (x1 ®y1,x2D y2,...,%Xm ® y) and the inner product as x -y =
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The connection between quadratic bent-negabent functions...

x1y1 ® x2y2 @ -+ @ Xpym. The complement of an element a € F' isa @ 1. If

B = {b1,b>,...,b,} is a basis of Fpm over [Fp, then any x € [Fom can be written
as x = x1by ® x2by & -+ D xbyy, where x; € Fp,i = 1,2,..., m. The vector
(x1,x2, ..., xp) is said to be the coordinates (or components) of x € Fom, with

respect to the basis B. The cardinality of a set S is denoted by |S|. Any function
f ) — T (or, equivalently, f : Fom — IF3) is said to be a Boolean function in m
variables, whose set will be denoted by B,,. Any function f € 5, can be uniquely
represented as a multivariate polynomial, called the algebraic normal form (ANF) of
f, that is,

m
FOn,x2,0 xm) = P (]_[x;”>, fu € Fa, x1, ..., X € 2.

ey

The Hamming weight of x € F5', wt(x), is defined as wt(x) = Z;’;l x;, where the
sum is over the ring of integers, Z. The algebraic degree of f € B,,, deg( f), is defined
as deg(f) = maxyepy {wr(a) : uy # 0}. A Boolean function f defined as in (1) is
said to be homogeneous of degree r if j1y = 0 forallu € %' such that wr(u) # r (and,
of course, there exists u of wt(u) = r with py 7# 0). We also identify F%' with Fom and
take the inner product x - y = Tr{ (xy), where Tr' (x) = x ® x2 @xzz ®--- @xzm_l ,
for all x € [Fom, is the absolute trace on [Fom.

The Walsh-Hadamard transform of f € B,, at u € F75', denoted by Wy (u), is
defined by

Wi = (=1 0oex,

m
xel’

The multiset [Wy(u) : u € F3'] is the Walsh-Hadamard spectrum of f. A function
f € By, (where m is an even positive integer) is bent if and only if Wr(u) = +27,
for all u € F7'. The nega-Hadamard transform of f € F7' atu € F3', denoted by
Ny (u), is defined by

Nyi(m) = 277 Z (— 1)/ WBux, W x)

m
xelf

where 1> = —1. The multiset [\ r(u) : u € F']is the nega—Hadamard spectrum of f.
An m-variable Boolean function f is negabent if the absolute value |N ()| =1, for
allu € IF’Z" For an even number of variables, a bent function f € B, is called
bent-negabent if f is also negabent.

A Boolean function f € By, is called symmetric if f(x) = f(y), forall x,y € F%
with wt(x) = wt(y) (invariant under any permutation of the input variables). Let s
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be the elementary quadratic symmetric Boolean function in m variables, defined as

nx= P xx. 2)

I<i<j<m

Parker and Pott [10, Theorem 12] proved that adding s5 to a bent (negabent) function
transforms it to a negabent (bent) function.

Lemma 1 [10, Theorem 12] Let m be an even integer. An m-variable Boolean function
f is bent (negabent) if and only if f @ s> is negabent (bent).

Thus, an even variable Boolean function f is bent—negabent if and only if both f
and f @ s; are bent. Further, f € B, is bent-negabent if and only if f & s, is bent—
negabent. Let G L(m, [F,) be the group of all binary nonsingular matrices of order m
and SL(m, [F») be the group of all binary orthogonal matrices of order m.

Definition 2 A linear transformation A € G L(m, [Fy) is said to be weight invariant if
wt (x) = wt(xA), for all x € F7'.

Schmidt et al. [14, Theorem 2] identified a subgroup of the bent preserving transfor-
mations which also preserves the negabent property.

Theorem 3 [14, Theorem 2] Let m be an even integer and f,g € B,, such that
gx)=f(xA®a)®b-xPs, forallx € F) where A € SL(m,F>), a,b € FY and
e € Fo. Then, if f is bent—negabent, g is also bent—negabent.

Let f € B,, be a quadratic bent function. By Dickson’s theorem [8, Chapter 15, Thm.
4], thereexists A € GL(m,F»),a,b € [} ande € [Fp suchthat f(xA®a)®b-xPe =
$2(x), for all x € F7'.

2 The Kerdock code and quadratic bent-negabent functions

Letm > 4 be an even integer and £ = m — 1 = 2t + 1. The Kerdock code of length 2™,
denoted by K,,,, is the union of certain cosets of RM (1, m) in RM (2, m), described
below. Let f € B, on[F5¢ x [F5 be defined as

i
f(x, xp) =Trt @leﬂ B X Tr{ (1),
j=1

for all (x, x,,) € Fye x 5. Let

t
JuCx, xm) == fux, x,) = Trf Ga(ux)y'H EmeTrf(ux), uehky. ()
j=1

The Kerdock code /C,, is defined as the union of the cosets f;, & RM(1, m), where
u varies over [Fpr. We know [2, Subsection 8.6.10] that the sum of any two distinct
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The connection between quadratic bent-negabent functions...

functions f, and f, is bent. Note that for u = 1, fi(x, x,) = f(x, x;) is the m-
variable quadratic symmetric function s», defined as in (2).

Lemma4 Let f, and f, be defined as in (3). Then f, @ f, does not belong to the
Kerdock code IC,;, unless uv(u @ v) = 0 (that is, u = v, oru =0, or v =0).

Proof Letu, v € Fy, and f, and f, be defined as in (3). Then

(fu @ fo)x, xm) = fulx, xm) @ folx, xm)

= Tr‘lZ @ <u21+1 ® vz'lH) $2 1 @ mer‘f ((u dv)x)
j=1

t .
= Tr‘lZ @ ((u ® v))c)z'/Jrl @® merf ((u dv)x)
j=1

J J j
éBTrL; Z (uv2 &) u? v) ¥+
j=1

t
J J J
= fusv(x, xn) ® Trf | P@v® @ u v)x¥ 1],
j=1

j=1
x € Fy.Since 3-20 #2/ +1 (mod 2¢ — 1), where0 <i <¢—land2 < j <t,
the coefficient of x3 is equal to O, that is, u?v @ uv =0, or equivalently, u = v, or
u=0,orv=0. O

which belongs to K, if and only if Trf <@t (uv2j @ u? v) le’+1) = 0, for all

Theorem5 Let m > 4 be an even positive integer and £ = m — 1. Then, for all
u € Fy\{0, 1}, the functions f, defined as in (3) are bent—negabent.

Proof We know that a function f € B, is bent-negabent if and only if both f and
f @ s, are bent. It is clear that fy = 0 and f; = s, which are not bent—negabent. Let
u € Fye\{0, 1}. Then from [2, Subsection 8.6.10], we get f, @ s> is bent, and so, f,
is bent-negabent. O

We know that bent—negabent functions are invariant under addition of affine func-
tions. So, the functions in K, corresponding to # = 0 and 1, whose set is RM (1, m)
and s @ RM(1, m), are not bent—negabent, and the functions in /C,, of the form
fu ® RM(1,m), u € Fye\{0, 1}, are bent—negabent. Thus, XC,,, contains 2m+1 affine
functions, 2"+! quadratic bent functions which are not negabent and 92m _ pm+2
quadratic bent—negabent functions. Let us denote the set

Kn=Kn®ss={f €Bn:f=g®s where g € K,,}.
"I:hen K, is also a Kerdock code, called the sp-complement of /C,;,. Note that C,, N

Kn = RM(,m) U (s & RM(1, m)). Thus, the lower bound of the number of
quadratic bent-negabent functions in m > 4 (even) variables is 22+ — 2m+3,
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Example 6 Letm = 4.The total number of 4-variable quadratic bent functions, respec-
tively, quadratic bent—negabent functions is 896, respectively, 384 = 224+1 — 24+3,
The Kerdock code on 4 variables is s = {RM(1,4),s5 & RM(1,4), fi &
RM(,4), ..., fe ® RM(1,4)}, where

S1(X) = x1x4 © x2x3 © x3x4, [2(X) = x1x2 D x1x3 D X3X4,
S3(X) = x1x2 @ x1xX4 @ x2x3, fa(X) = x1x3 B x2x3 D x2x4,
fs(X) = x1x3 D x1x4 B x2x4, [feo(X) = x1Xx2 D X2x4 D X3X4,
$2(X) = x1x2 @ x1x3 D x1X4 D x2X3 B X2x4 D x3X4,

forall x € Fg. The s;-complement of Ky is K4 = {RM(1,4), 55 ® RM(1,4), h| @
RM@A,4),...,he ® RM(1,4)}, where h; (x) = f;(X) D s2(x), 1 <i < 6, for all
X € IF%.

Theorem7 Let f,g € K, be any two quadratic bent-negabent functions and A €
GL(m, ), a,b € I} and & € IFp such that g(xA ®a) @b -x @ & = 52(x), for all
x € FJ'. Then f(xA @ a) is bent—negabent.

Proof 1Itis clear that f (xA @a) is a bent function, forall A € GL(m, F;)anda € IF’;
Now, we show that f(xA @ a) is negabent, that is, f(xA & a) @ s»(x) is bent. For
A € GL(m,Fy),a,b € F!, ¢ € Ty, since f, g € K, are quadratic bent-negabent
functions, then,

f(x) @ g(x)isbent, & f(xA @ a) D g(xA @ a) is bent,
& f(xAda)dg(xAda)db-x@ e isbent,
& f(xXA @ a) @ s»(x) is a bent function,

and so, we get the result. O

Remark 8 From Theorem 7, it is clear that for any quadratic bent-negabent function
f € Ku, f(xA @ a) is bent-negabent where a € F%' and A € GL(m, [F»), such that
there exists a quadratic bent—negabent function g € Ky, ¢ # f, with g(xA @ a) @
b-x®e=s5(x),forall x ng and for some b € IF’Z" & € F,. Conversely, if for a
bent-negabent function g in KC;,, there exist A € GL(m,[F>),a,b € ) and ¢ € F,
such that g(xA @ a) ®b-x @ ¢ = 52(x), for all x € F5', then A is preserving the
bent—negabent property for all bent—negabent functions in /C,,.

Next, we are going to identify the quadratic bent—negabent functions which do not
belong to /C,, UC,,. In the rest of the paper we mainly work on the quadratic homoge-
nous bent—negabent functions, i.e., affine free quadratic bent—negabent functions as we
know that the bent—negabent property is invariant under addition of affine functions.

A matrix is said to be alternating if it is skew-symmetric. So for alternating matrices,
the entries on the principal diagonal are all zero. Let My = (m;;)mxm be a binary
alternating matrix corresponding to an m-variable homogeneous quadratic Boolean
function

fx) = @ CijXiXj,

l<i<j<m
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The connection between quadratic bent-negabent functions...

wherem,-j =mj; = Cij, ifi < j, andm,-i =O0foralli = 1, 2, ce.,m.

Itis known [8, Chapter 15] that a quadratic function f € B, is bentif and only if the
binary alternating matrix M y corresponding to the quadratic part of f is nonsingular,
and Riera and Parker [12] proved that a quadratic function f € B, is negabent if and
only if My @ I, is nonsingular, where I, is an identity matrix of order m. Parker
and Pott [10] later derived a necessary and sufficient condition on the matrix M ¢ for
which f is bent-negabent, showing that f is bent-negabent if and only if M, and
My @ I, @ J; both are nonsingular, where J,,, is the m x m matrix all of whose entries
are 1 (M y is the alternating matrix corresponding to a homogeneous quadratic function
f € By). We see that the condition in Parker and Pott’s result simply says that the
eigenvalues of My are # 0, and the eigenvalues of Mf (each entry is complemented)
must be = —1 (we can also certainly express that same condition in terms of the strong
regularity of the Cayley graphs associated to f and f & s2).

Example9 Letm =4, and My and M, be two alternating matrices corresponding to
S (X) = x1x2 @ x3x4 and g(X) = x1x2 @ x2x3 D x1x4, respectively. Here, My and M,
both are nonsingular, but M & I4 @ J4 is singular and M, @ 14 ® J4 is nonsingular.
Thus, g is bent—negabent, while f is bent but not negabent.

The number of homogeneous quadratic bent—negabent functions in m variables is
the same as the number of binary alternating matrices M of order m such that M and
M® I, ® J, (or M & I;,) are both nonsingular. The total number of alternating binary
matrices M of order m such that M and M & I,,, ® J,, (or M & I,,) are nonsingular
was calculated in [11], thus solving the open problem proposed by Parker and Pott
[10, Problem 2]. In [11], Pott et al. first counts the matrices M and M, of order m x m
with rank r and s, respectively, such that M| & M; has rank k, where 0 <r, s,k <m,
and then derived the number of quadratic homogenous bent—negabent functions in
m-variables in [11, Corollary 3].

Below, we will identify (construct) all the quadratic bent—negabent functions which
do not belong to Kerdock code, and observe that the problem is related to the homo-
geneous bent—negabent codewords in the Kerdock code and the number of some
nonsingular transformations satisfying some technical conditions (we will be more
precise below).

Let m be an even positive integer. Any homogeneous quadratic Boolean functions
f € B, can be written as

m—1
fanx.x)= @B cjxixg=xn | Peimxi | © B x|,

I<i<j<m i=1 I<i<j<m-—1

for all x € FY where ¢;; € F, 1 < i < j < m, and @lm:_llcimxi and
Di<i- j<m—1 CijXix;j are linear and homogeneous quadratic function in m — 1 vari-
ables xp, x2, ..., x,—1, respectively. Let us assume that f is bent-negabent and
set ¢; = cijm € [y, forall 1 < i < m — 1. Then (c1,¢2,...,Cm—1) ¢
{(0,0,...,0),(1,1,..., D}.
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For easy writing, we denote [1, m — 1] := {1, 2, ..., m — 1}. For any proper subset
B#£ScCll,m—1],welet

As = X <€]9x,-> ® Bs. @

ieS

where By is the collection of all quadratic homogenous functions in the variables
X1, X2, ..., Xm—1, such that all functions in Ag are bent-negabent. It is clear that
Bs # @, forall @ £ S C [1,m — 1], as each Ag contains exactly one homogeneous
quadratic bent-negabent codeword in the Kerdock code Cp,. Also if S, T are two
nonempty proper distinct subsets of [1, m — 1], then Ag () Ar = 0.

Let QBN (m) be the set of all homogeneous quadratic bent-negabent functions in
m variables. Then

oBNm = |J 4

Sc[1,m—1],5#0
where Ag is defined as in (4). For example, let m = 4, and so,

Apy = xax1 @ {x1x2 @ x2x3, X1x3 D x2X3},
Apy = xax2 @ {x1x3 @ x2x3, X1 X2 D X1X3},
Ay = xax3 @ {x1x2 © x1x3, X152 @ x2x3},

A1,2y = xa(x1 @ x2) @ {x1x3, x2x3},

Ap13) = x2(x1 ® x3) @ {x2x3, X1x2},

Ap2,3) = x4(x2 @ x3) © {x1x2, X1x3}.

Here, the cardinality of each setis 2 (= 12/6). Also, for m = 6, computationally, we
checked that the cardinality of Ag is equal to 192 (= 5760/30) where @ = S C [1, 5].

We will generalize the next lemma later on, but we believe providing the proof of
this particular case gives better understanding of our constructive technique.

Lemma 10 Let S1 and Sy be two nonempty proper subsets of [1, m — 1] with |S1| =
[S2] = r, 1 < r < m— 2. Then |Ag,| = |Ags,|, where Ags; are defined as in (4),
j=1,2

Proof Let S1 = {i1,i2,...,ir}, 82 = {j1, jo, ..., jr} C [I,m — 1], with 1 <r <
m —2and f € Ag,. Then f can be written as

fX) € xp(xi, ®xi, ®...Hx;,) D Bs,,

forallx € %' and By, is defined asin (4). Let A € SL(m, I2) be an orthogonal matrix
that maps x;, = x;,, forallt = 1,2,...,r, and so, f(xA) € Ag,. Again, it is clear
that if f, g € Ag, with f # g then f(xA) # g(xA), otherwise f(xA) = g(xA),
implying f = g, which is a contradiction. We apply the same linear transformation
A over Ag,, and we get the set Ag,. ]
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Remark 11 Let S = {iy,i2, ..., i} C[1,m—1]withl <r <m —2and f € As.
Since f is bent—negabent, then f @ s, is also bent—negabent and

J(X) @ 52(X) € xm B x| eBums
ie[l,m—11\S

that is, f @ 52 € Aj1,m—1)\s. Consequently, if S is a proper nonempty subset of
[1,m — 1], then the cardinalities of Ag and A[y ,,—1)\s are equal.

Thus, for an even m, if we know all the elements of Ay, Aq1,2, .- -, «4{1,2,...,%—1}’
then using Lemma 10 and Remark 11 we can construct all homogeneous quadratic
bent—negabent functions in m variables.

Proposition 12 Ifm > 4, then

-1

= (m—1
|QBN(m)] =2 (mj ) A2,

j=1

For example let m = 4, |QBN (4)| =2 x 3| Aj1y| = 12, and form = 6, | QBN (6)| =
2(5|Aqy| + 101441 231) = 5760.

Now, we construct all functions in Ag from the known Kerdock codewords that
belong to this set. Let § # § C [1,m — 1] and define a set of nonsingular binary
matrices N in the following way: A € Ny if and only if A € GL(m, IF;) and the
quadratic term involving x,, in f(XA) is x, (P;cgxi), where f € Ky () As. Let
m be an even positive integer and Ay, | < i < m — I, be the set of homogeneous
quadratic bent-negabent functions defined as in (4). Thus, if f € Ay, also belongs
to the Kerdock code Ky, then f(X) € x,x; @ By, for all x € ). For A € Ny, if
the quadratic part of f(xA), say g(x), is bent-negabent, then g € A(;). Therefore,

Aiiy = {g € By, @ g(x) is the bent—negabent quadratic part of f(xA),
A € Ny, x e F').

For example, for m = 4 and S = {1}, the corresponding Kerdock codeword is
f(X) = x4x1 ® x1x2 B x2x3,X € F‘z‘. We apply all nonsingular transformations A on
f such that x| and x4 are fixed and f(xA) is bent-negabent. Then f(xA) belongs to
Ay1y. We get two functions in Ay by applying two orthogonal transformations on f:
one is the identity transformation /4 and the other one is

S O o
o= O O
S O = O
- o O O

In the next theorem, we generalize this concept for any proper nonempty subset S C
[1,m —1].
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Theorem 13 Let m be an even positive integer and | € K,,, N Ag where Ag is defined
asin(4), S ={i1,ir,...,i;} C[l,m—1]lwithl <r <m —2. Then

As = {g € By : g(X) is the bent-negabent quadratic part of f(xA),
AeNg,xe F7'}.

Thus, the cardinality of Ag, ¥ # S C [1, m — 1] is the same as the minimum number
of distinct nonsingular linear transformations A € Afg such that the quadratic part of
f(xA) is bent-negabent and distinct for different A’s, that is, if A, B € N are any
two such nonsingular linear transformations, then the quadratic part of f(xA) and
f(xB) are distinct bent-negabent functions, where f € K, N As.

Next, we are going to find the cardinalities of Ag and Ay, when S and T are
nonempty proper subsets of [1,m — 1] such that 1 < |S| # |T| < 5 — 1. Let S be
a proper subset of [1, m — 1] and the set BM g be defined in the following way: all
M € BM g are alternating binary nonsingular matrices of order m with diagonal zero,
1, ifi € S;

where the mth column of M € BMg is x;,, = {0 itielm—1\S

Theorem 14 Let As and Ar be defined as in (4), where S and T are nonempty proper
subsets of [1,m — 1] such that 1 < |S| # |T| < 5 — 1. Then |As| = | Ar|.

Proof If f e Ag (or Ar), the corresponding alternating binary matrix M ; € BM (or
BMr)as well as M y @ I, are also nonsingular (see [12]). Suppose P is a nonsingular
matrix constructed by elementary row operations such that it maps x;, to x/,. Define
a mapping ¢ : BMg —> BMry such that (M) = PMPT, forall M € BMg. It
is clear that ¢ is well defined, det(PM PT) # 0 and bijective, so |[BMs| = [BM7].
Then itis sufficient to prove that P (M r @ )Pt = PM¢P T @1, is also nonsingular.
The eigenvalues of My & I, and PM ¢ PT & I,, are equal, since

det(PMyPT © I, — x1,,) = det(P(My @ Iy — xI,,) PT)
=det(My ® Iy — x1Iy),

and the theorem is shown. O

From Proposition 12 and Theorem 14, we get the next corollary, which shows that the
total number of quadratic bent-negabent functions is a multiple of | A1}|, where Ay,
was constructed by using the Kerdock code /C;, [see Eq. (4)].

Corollary 15 The number of quadratic homogeneous bent-negabent functions in m
variables is equal to (2"~ —2) |A{1} , Where Aqyy is defined as in (4).

Proof By Proposition 12 , [QBN'm)| = 232" ("7") [Apa....j
, for all i, j, by Theorem 14, then |A{1,2 ,,,, j}| = Ay,

, and since

[Ap2l = [Anz..q

which implies the corollary, using the identity Z]-l_ll (’"]_1) =22 1. |

The cardinality of the bent-negabent property preserving subset of N1} does not give
us the cardinality of Ay, as it may possible be the case that two distinct elements of
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N1y give us bent—negabent functions with the same quadratic part. For example, let
m=4and f € K4() Aq of the form f(x) = x;x4 @ x1x2 & x2x3. Suppose

0
1
1
0

SO O =
SO = O
- o O O

Then f(xA) = x1x4 @ x1x2 D x2x3 B X2, so the quadratic parts of f(xI4) and f(xA)
are the same.

Let r and j be any real number and nonnegative integer, respectively. The 22-
binomial coefficient is defined as

J 22r=2i42 _ |

Ul=11"—%— ®)
i=1

with [ 0 ] = 1. For more details on these coefficients, we refer to [1,4]. In [11, Corollary
3], Pott et al. proved (non-constructively) that the number of all homogeneous quadratic
bent—negabent functions in m = 2n variables is equal to

n—j

|QB/\/(2n)| = (Z( 1)]2](] 1) l_[(22r 1 1)2_'_(_1);12;1(;11)).

From [11, Corollary 3] and Corollary 15, we derive the cardinality of .41} (or equiva-
lently Ag for any nonempty proper subset S of [1, m — 1]), and we get the next result.

Corollary 16 The cardinality of Aqy is
1 n—1
2n(2m : 2)(2( 1)]2](] 1) n l_[(22r 1 1) +( 1))12}’[(}’[ ]))
r=1

where [ ] is defined as in (5).

3 Bent-negabent preserving transformations

From [14, Theorem 2] we know that the bent—negabent property of a Boolean function
f € By, is invariant under the action of the orthogonal group SL(m, F,). Here, we
extend this invariant space. Let AT be the transpose of a matrix A.

Lemma 17 A linear transformation A € GL(m, Fp) is weight invariant if and only if
A € SL(m, Fy).
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Proof We know that wt(x) = xI,,x’, for all x € % where I, is an identity matrix
of order m. Let A € SL(m,F,). Then wt(xA) = (xA)I,(xA)T = x(AAT)xT =
xI,xI = wt(x), forallx € 3. Suppose A € GL(m, IF,) such that wt(x) = wt(xA),
for all x € F7'. Then

xIpx! = xA)L,xAT & xI,x’ =x(AADxT o x(I, ® AATxT =0,

which holds for all x € F%' only when I, = AAT thatis, A € SL(m, ). O

Notethatif A € SL(m, [F») is weightinvariant then A1 = AT isalso weightinvariant.

Proposition 18 Let A > 1 be an arbitrary positive integer and N' LT j,,(m, F, 1) be
the set of all nonsingular linear transformation of GL(m, Fy) defined by

NLT jpy(m,Fa, X)) ={A € GL(m, ) : wt(x)
= wr(xA) (mod 4%), forall x € F5'}.

Then N LT iy (m, F2, L) forms a subgroup of GL(m, ).

Proof For all A > 1, it is clear that SL(m,Fy) < NLT iny(m,Fa, 1), so
NLT jpy(m,Fa, ) # @. To show that N LT ;,,(m,F,, 1) forms a subgroup of
GL(m, [F,) it is enough to show closure under multiplication, as well as under taking
inverses. If A, B € NLT ;,,,(m, F,, 1), then, for all x, wt(x) = wt(xA) = wt(xAB)
(mod 42), and wr(xA™!) = wt(xA~'A) = wr(x) (mod 41), hence the claim is
shown. m]

We had mentioned that SL(m, F>) € N LT ;p(m,Fa, A), A > 1, but the converse is
not true in general, form > 6. Form = 4, SL(4,F2) = N LT (4, Fa, 1).

Proposition 19 Let Ay and A, be two positive integers such that Ay | Ay. Then N' LT i
(m7 IF27 )\'2) g NCTznv(ma FQA )"1)'

Proof Let A € NLT ;,,(m,F2, X2). Then wt(x) = wt(xA) (mod 4x,), for all x €
F%, ie., wt(x) — wt(xA) = 4xyt, for all x € F' and for some positive integer ¢, and
so wt(x) — wt(xA) = 0 (mod 4A1), for all x € 7. O

From Proposition 19, it is clear that for any positive integer A > 1, N'LT ;,, (m, F2, X)
C N LT iy (m, Fy, 1). In the next result, we prove that all the sets N' LT ., (m, F2, 1),
defined as in Proposition 18, preserve the bent—negabent property.

Theorem 20 Let m, A be positive integers, where m is even. Suppose f, g € By, such
that f is bent—negabent and g(x) = f(xA @ a) ®b-x B ¢, for all x € F}, where
A € GL(m,F2), a,b € F) and ¢ € Fa. If A € NLT jy(m,F2, 1), then g is
bent—negabent.

Proof From [10, Lemma 2] and [15, Theorem 2], we know that g(x) = f(xA ®a) ®
b - x @ ¢ is bent—negabent if and only if f(xA) is bent—negabent. Since f(xA) is bent
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forall A € GL(m, [F), it is therefore sufficient to prove that f(xA) is negabent when
A € NLT ipy(m,Fa, 1). Observe that if A € N LT jpy(m,Fa, 1), then B = A~ ! €
NLT iyy(m, Fa, 1). Further, 1™ = ;¥'&B) for all x € ", and so,

2-7 Z (—1)f CxDBUX W) _ 9—F Z (—1)f ®SuyB wi(yB)

xelfy! yeF?y
=27t} (=1 WeuBLywiy) — A7 BT,
yeFy
therefore, f(xA) is bent—negabent. O

The converse of the claim in Theorem 20 is not true in general, and we provide
such counterexample for any positive integer m (even) and A = 1. We can construct
a class of nonsingular and non-orthogonal linear transformations that preserve the
bent—negabent property for a special subset of quadratic bent—negabent functions, by
considering the partition of quadratic bent—negabent functions defined as in (4).

Theorem 21 Form > 2 and 1 <k < m — 1 a positive integer, let f € xpxp ® By,
where By is defined as in (4). Then there exist a matrix A € GL(m,IF), non-
orthogonal, with A ¢ NLT,,(m,Fa, 1), such that f(xA) is bent-negabent.
Furthermore, let A such a matrix, and B € NLT,,(m,Fy,1). Then AB ¢
NLT jpy(m,Fa, 1) and f(xAB) is bent-negabent.

Proof Let f € xyx,, @ Bk}, where By is defined as in (4). Suppose A = (a;j)mxm,
where ay, = 1,a;; = 1foralli =1,2,...,m,and a;; = 0, otherwise. It is clear that
A is nonsingular and also non-orthogonal since AA” # I,,. Further, for any x € F%,

XA = (X1, X2, oy X1, Xm)A = (X1, X2, « .o, X1, X D Xi),

and so f(xA) = f(x) @ x; for all x € ', which is a bent-negabent function. Let
e¢; € ! such that ith position is 1 and the other positions are equal to 0, 1 < i < m.
Then ey A = e, D ey, andso A & N LT 0 (m, Fa, 1).

For the second claim, we use the fact that, by the first claim, f(y) (with
y = xA) is bent—negabent, and so, f(yB) is bent—negabent via the definition of
NLT ipy(m,Fp, 1). Also, AB ¢ N LT j,,(m, Fa, 1), since, NLT j,(m,Fa, 1) is a

group by Proposition 18. O
As an example of Theorem 21, let m = 6 and f € xyx¢ @ Bz of the form
fx1,x2, ..., x6) = x2x6 D X1X3 B x1X4 B x1x5 D x2x3 D X3x4. Suppose

1 0 0 0 0 O

01 0 0 0 1

A= 00 1 0 0 O

“{0 0 0 1 0 O

00 0 0 1 0

00 0 0 0 1
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All possible bent-
negabent preserv-
ing nonsingular

linear transforma-
tions

NLTim;(ma ]F27 1)

Fig. 1 Bent—negabent preserving nonsingular linear transformations

Then A is nonsingular (as det(B) # 0), non-orthogonal (as AAT # Ig), and
f((x1,x2,...,%6)A) = X2X6 D X1X3 D X1X4 D X1X5 D x2X3 D x3x4 D X2, Which
is a bent-negabent function, but, A ¢ N L7 ;,,(6,F,, 1) as (0,1,0,0,0,0)A =
0,1,0,0,0,1).

4 Conclusion

In this paper, we first show that all quadratic Kerdock codewords in /C,,, except the
coset of the symmetric quadratic bent function, are bent—negabent. Next, we construct
2m=1 _ 2 disjoint sets of quadratic bent—negabent functions (homogeneous) for each
quadratic bent-negabent Kerdock codeword. We also show that the cardinalities of
each of these disjoint sets are the same and that their union is the set of all quadratic
bent—negabent functions (affine free) in m variables. Further, we find that there are
nonsingular transformations which are non-orthogonal transformations preserving the
bent—negabent property.
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