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using the techniques presented in this work, we show that some families of ro-
tation symmetric Boolean functions are not bent when the number of variables
is sufficiently large and provide asymptotic evidence to a conjecture of Stanica
and Maitra.
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1 Introduction

The Digital Revolution has brought some branches of Discrete Mathematics
to center stage. One of the most notable examples is the Theory of Boolean
functions. These beautiful combinatorial objects have applications to different
scientific areas, like information theory, electrical engineering, game theory,
cryptography and coding theory.

Memory restrictions of current technology have made the problem of effi-
cient implementations of Boolean functions a challenging one. In general, this
problem is very hard to tackle, but imposing conditions on these functions
may ease the problem. For instance, the class of symmetric Boolean functions
and the class of rotation symmetric Boolean functions are good candidates for
efficient implementations. These two classes are part of the main focus of this
article.

In many applications, especially ones related to cryptography, it is impor-
tant for Boolean functions to be balanced. A balanced Boolean function is one
for which the number of zeros and the number of ones are equal in its truth
table (output table). Balancedness can be studied from the point of view of
Hamming weights or from the point of view of exponential sums. The class of
symmetric Boolean functions have been intensively studied in this regard [3,
5-7,11,12,14]. The problem of balancedness of symmetric Boolean functions
is, however, far from settled. There are open problems even for the relatively
simple case of elementary symmetric functions (see [12]).

The study of exponential sums of symmetric Boolean functions led to the
discovery that these sums, when viewed as integer sequences, are linear re-
current with integer coefficients. This was first established by Cai, Green and
Thierauf in the mid nineties. Part of that study was continued in [5] where the
recursive nature of these exponential sums was used to analyze the asymptotic
behavior of them. In particular, the authors of [5] proved that a conjecture by
Cusick, Li and Stdnica [12] about balancedness of elementary symmetric poly-
nomials is true asymptotically. The study presented in [5] was later extended
to some perturbations of symmetric Boolean functions [6]. Also, the recursive
nature of these sums was exploited in [7] to study modular properties of them.

Symmetry, however, is too special a property and may imply that imple-
mentations of symmetric Boolean functions, while efficient, may be vulnerable
to attacks. Pieprzyk and Qu [21] introduced rotation symmetric Boolean func-
tions (although, they did appear before in the work of Filiol and Fontaine [16]
as tdempotents). These functions, as mentioned before, are good candidates for
efficient implementations. However, Pieprzyk and Qu showed that these func-
tions are useful, among other things, in the design of fast hashing algorithms
with strong cryptographic properties. The combination of efficiency and strong
cryptographic properties sparked interest in them and today their study is an
active area of research [1,13-15,17,18,29,30].

Weights of rotations symmetric Boolean functions has been a subject of
research [1,13,14,29]. As in the symmetric case, early studies hinted the pos-
sibility that weights of rotation symmetric Boolean function satisfy linear re-
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currences with integer coefficients. Specifically, it was observed that weights
of cubic rotation symmetric Boolean functions are linear recurrent [1,13]. Re-
cently, Cusick [10] showed that weights of any rotation symmetric Boolean
function satisfy linear recurrences with integer coefficients.

The goal of this article is to put all these results in the more general
framework of Walsh transforms and their generalizations. These transforms,
for which exponential sums are just an instance, have applications to fields
like statistics, modern communications systems, error-correcting codes and
cryptography. Walsh transforms are particularly useful in the calculation of
nonlinearity (maximum Hamming distance from the set of all affine functions)
of Boolean functions — a concept very useful in cryptography. Boolean func-
tions with the highest nonlinearity are known as bent functions, which only
exist for even dimension. There are various ways to construct some families of
bent functions, but their total number or their complete classification is not
known.

This article is divided as follows. In the next section we present some pre-
liminaries results. Most of the important results are presented in Section 3.
In particular, we show that Walsh transforms of symmetric and rotation sym-
metric Boolean functions are linear recurrent with integer coefficients. We also
provide a closed formula for the Walsh transform of any symmetric Boolean
function. These generalize all the known results about this topic for exponen-
tial sums of these functions. Moreover, using the techniques presented in this
work, we show that some families of rotation symmetric Boolean functions
are not bent when the number of variables is sufficiently large. We also pro-
vide asymptotic evidence to a conjecture of Stanicd and Maitra [29] and show
that roots of the characteristic polynomial of a linear recurrence associated to
Walsh transforms of any family of Boolean functions {F,}, are bounded in
modulus by 2. This last result can be used to analyze the asymptotic behavior
of these families. In Section 4 we show that most of these results can be ex-
tended to some generalizations of Walsh transform. In particular, we provide
a closed formula for the nega-Hadamard transform of any symmetric Boolean
function.

2 Preliminaries

Let Fy, F5 be the binary field, respectively, the n-dimensional vector space
over Fo. A function F' : F§ — Fs is called a Boolean function. The set of all n
variables Boolean functions will be denoted by B,,.

A function F' € B, is said to be symmetric if it is invariant under the action
of the symmetric group S, on F3, that is, if

F(o(X1,...,Xn)) = F(X1,...,X,)

for every permutation ¢ € S,,. On the other hand, a function F' € B,, is said
to be rotation symmetric if it is invariant under the action of the cyclic group
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C, on [Fy. Let us explain this further. Our explanation is similar to the one
presented in [29] and uses the notation from [4].
Let X; € Fy for 1 <4 < n. Define, for 1 < k < n, the shift function

Xitk ifi+k<n,
XH»kfn ifi+k>n.

EN(X;) = {

Extend this definition to Fy by defining
Ep(X1, Xz, ..., Xn) = (B (X1), Bp(Xa), ... By (X)),
The shift function E¥ can also be extended to monomials via
En(Xiy Xiy - Xi,) = By (Xa) ) By (Xay) - ER(X,).

A Boolean function F' in n variables is a rotation symmetric Boolean function
if and only if for any (X;---,X,) € F3,

F(E¥(X1,...,X,)) = F(X1,...,X,),

for every 1 < k < n.

Rotation symmetric Boolean functions (by this name) were introduced by
Pieprzyk and Qu [21]. As mentioned in the introduction, they showed that
these functions are useful, among other things, in the design of fast hashing
algorithms with strong cryptographic properties.

A Boolean functions F' € B,, can be identified with a multi-variable Boolean
polynomial, known as the algebraic normal form (or ANF for short) of the
Boolean function. The degree of a Boolean function is simply the degree of
its ANF. Symmetric and rotation symmetric Boolean functions are very well-
structured functions and this is reflected on their ANF's. Let us elaborate more
about what we just said. The symbol @ is used to denote addition in Fs.

It is a well-established result in the theory of Boolean functions that the
ANF of any symmetric Boolean function is a linear combination of elemen-
tary symmetric Boolean polynomials. To be more precise, let ex(n) be the
elementary symmetric polynomial in n variables of degree k. For example,

e3(4) = X1 XoX3 @ X1 Xy X3 ® Xo Xy X3 ® X1 XpXy.

Every symmetric Boolean function F' € B,, can be identified with an expression
of the form
F(X) = ex,(n) ©ep,(n) ©--- e, (n), (1)

where 0 < k1 < ko < --- < kg are integers. For the sake of simplicity, the
notation ez, . .1(n) is used to denote (1). For example,

€2,11(3) = e2(3) ® e1(3) (2)
=X1XoP X3 XD X1 X3P X1 & Xo® X3.

On the other hand, suppose that R € B, is a rotation symmetric Boolean
function. Clearly, once a monomial X;, ---X;, is part of the ANF of R(X),
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sois E¥(X;, ---X;,) forall 1 <k <mn. Let1l<j; <--- < j, be integers. A
rotation symmetric Boolean function of the form

Rj .. j.(n)=X1Xj - X, @ XoXji1 - Xjp1 @ 0 X X1 X o1,

(3)
where the indices are taken modulo n and the complete system of residues is
{1,2,...,n}, is called a monomial rotation symmetric Boolean function. We
say that R;, . ;. (n) is long cycle, if the period is n, like the one above, and
short cycle, if the period is a nontrivial divisor of n; for example,

R3(4) = X1 X3 ® Xo Xy

is a short cycle. In the literature (see [10]), the notation (1, j1,. .., js)n is often
used to represent the monomial rotation Boolean function (3).

As mentioned earlier, Boolean functions have applications to many scien-
tific fields. In some applications related to cryptography it is important for
Boolean functions to be balanced. Balancedness of Boolean functions is often
studied from the point of view of exponential sums. The exponential sum of
an n-variable Boolean function F'(X) is defined as the sum

S(F)y= > (-1)F™.

x€eFy

Observe that F' € B, is balanced if and only if S(F) = 0.

In [2,5], sequences of the form {S(e, ... k.](7))}n were considered. In par-
ticular, it was showed — first in [2] and later in [5] — that these sequences sat-
isfies linear recurrences with integer coefficients. To be specific, they proved
the following result:

Theorem 1 ([2,5]) Let 1 < ki < --- < ks be integers and let r = [logy(ks) |+
L. The sequence {S(ef,.... k.1(n))}n satisfies the linear recurrence whose char-
acteristic polynomial is given by

(X = 2)@y(X = 1)@Ps(X — 1)+ Dor (X — 1), (4)
where $,, (X)) represents the m-th cyclotomic polynomial.

This theorem was used in [5] to calculate the asymptotic behavior of these
sequences and it was later generalized to some perturbations of symmetric
Boolean functions (see [6]).

Suppose that 1 < j < n and let F(X) be a binary polynomial in the
variables X7,..., X, (the first j variables in X,..., X,,). The function

€ky,... k] (1) ® F(X)

is called a perturbation of e, . . j(n). In [6], it was proved that the sequence
of exponential sums of the perturbation e, . ;.j(n) @ F(X), that is, the
sequence

{S(e[kl,...,ks](n) @F)}n (5)
also satisfies the recurrence whose characteristic polynomial is (4).
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Theorem 2 ([6]) Let 1 < ky < --- < ks be integers and let 7 = |logy(ks)| +1.
Suppose that 1 < j < n and let F(X) be a binary polynomial in the variables
X1,..., X (the first j variables in X1,...,X,). The sequence

{S(em,....k.)(n) ® F)}n (6)

satisfies the linear recurrence whose characteristic polynomial is given by
(X —=2)P4(X —1)Pg(X — 1)+ P (X — 1). (7)

Moreover, if the function F(X) happens to be balanced, that is, if S(F) = 0,
then sequence (6) satisfies the linear recurrence whose characteristic polyno-
mial is given by

Py X —1)Pg(X — 1)+ Por (X — 1). (8)

In [10], Cusick considered sequences of exponential sums of rotation sym-
metric Boolean functions. He proved that, as in the case of symmetric Boolean
functions, these type of sequences also satisfy linear recurrence with integer
coefficients. This result was later generalized in [4] to exponential sums over
Galois fields. In particular, it was showed [4] that the linear recurrent be-
havior of {S(Rj,,... j.(n))}n is dominated by the linear recurrent behavior of
{8(T},,....j.(n))}n where T}, ;. (n) is defined by

Tjy,.je(n) =X1Xj, - X, @ XoXji 41 Xj 1 ® -

& Xnt1—5, Xji4n—jo  Xjo_14n—js Xn-

15-

As mentioned in the introduction, the main goal of this article is to put all
these results in the more general framework of Walsh transforms and their gen-
eralizations. In the next section, we consider Walsh transforms of symmetric
and rotation symmetric Boolean functions.

3 Walsh transforms of symmetric and rotation symmetric Boolean
functions

The (non-normalized) Walsh transform of a Boolean function F : F} — Fy is
defined to be the function Wr : F§ — Z given by

Wr(a)= ) (-1)FC%ex, 9)

xEFy
where a-x is the usual scalar product. In the literature, this transform is often
defined as

1 x X
Wrla) = 5 3 (-)F e
xng

However, one is a rescale of the other, thus we use definition (9). Observe that
Wr(0) is the regular exponential sum S(F').
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The nonlinearity of a Boolean function F € B, is the distance from F' to
the set of affine functions in n variables,
nl(F) = mfigl dist(F, G),
where dist(F, G) is the Hamming distance (number of bits where they differ)
between F' and G. The spectral amplitude of a Boolean function F', denoted
by Spec(F'), is defined by

Spec(F) = max [Wr(a)|.

It is known that 1
nl(F) =2"""1 - §Spec(F).

In some cryptographic applications, highly nonlinear Boolean functions are
useful. Boolean functions with the highest nonlinearity, namely, 27~1 —27/2-1
(hence n must be even) are known as bent functions (introduced by Rothaus
in mid ’60 and published in [24]). An alternative definition is the following: a
function F' € B,, is a bent function if

1
W\WF(GN =1
for all a € F5.

One of the main goals in this article is to find families of polynomials { F}, },,,
with F,, € B,,, such that the behavior of the sequence {Wr, (a)} as n increases
can be analyzed. A necessary condition to be able to do this is that the tuple
a must be of dimension n. However we really want a to be “constant”. This
apparent contradiction can be circumvented by selecting an initial tuple a of
dimension, say 7, fixing it, and continue right padding zeros to the end of a
until its dimension is n. For example, suppose that the initially selected tuple
is a =(1,0,1). When n = 4 we consider the tuple to be a = (1,0, 1,0), when
n =5 we consider a to be a = (1,0, 1,0,0), and so on. Note that this implies,
for example, that if @ = (1,0, 1), then

Wr,(a) = ) (-1)08Ct) = Wi 66,(0),

x€Fy

where Go(X)=a-X = X; @ X;.

The function F,,(X) @ G4(X) can be interpreted as a perturbation of the
function F,(X) by the linear function G (X). This is important, especially if
the function F,(X) is symmetric, as it will imply that the sequence {Wg, (a)},
satisfies linear recurrences with integer coefficients. Thus, from now on, the
families of Boolean polynomials {F,,(X)},, that we choose to study are sym-
metric and rotation symmetric Boolean functions. Of course, one of the mo-
tivations behind this choice is our desire to extend previous results to this
general setting, but also because these families are good candidate for efficient
implementations.

Theorems 1 and 2 can be re-written in the language of Walsh transforms.
We include them here in order to ease the reading of the article.
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Proposition 1 ([2,5]) Let 1 < ky < --- < kg be integers and let r =
[logy(ks)| +1. The sequence {We, . 1(n)(0)}n satisfies the linear recurrence
whose characteristic polynomial 1s given by

(X = 2)84(X — DBs(X — 1) B (X — 1), (10)
where ®@,,(X) represents the m-th cyclotomic polynomial.

Proposition 2 ([6]) Let1 < ky < --- < kg be integers and let r = |log,(ks) |+
1. Suppose that 1 < j < n and let F(X) be a binary polynomial in the variables
X1,..., X (the first j variables in X1,...,X,). The sequence

{We[kl ,,,,, ks](n)@F(O)}n (11)
satisfies the linear recurrence whose characteristic polynomial is given by
(X —=2)P4(X —1)Pg(X — 1)+ P (X — 1). (12)

Moreover, if the function F(X) happens to be balanced, that is, if S(F) = 0,
then sequence (11) satisfies the linear recurrence whose characteristic polyno-
maial is given by

Py(X —1)Pg(X — 1)+ - Por (X —1). (13)

This information implies the following result. Surprisingly, the result, at
least from the point of view of Walsh transforms, seems to be new. For a tuple
x € F%, the expression w(x) represents the Hamming weight of x, that is, the
number of 1’s in x.

Theorem 3 Let 0 < ky < ky < --- < kg be integers and r = |logy(ks)] + 1.
Let j be an integer and a € F) fized. The sequence

satisfies the homogeneous linear recurrence whose characteristic polynomial is
(X —2)P4(X —1)Pg(X — 1)+ - Doy (X — 1).

Moreover, if a # 0, then the sequence satisfies the lower order homogeneous
linear recurrence whose characteristic polynomial is

Py X —1)Pg(X — 1)+ Por (X — 1).
Finally, we have the closed formula

2" —1
We[kl,kz _____ ks]("+w(a))(a> = do(a)Q” + Z dg(a) ?7
=1

where
1 il w(a) w a) g+m q+m
dla) =3 3 | S o (M) e | g
q=0 m=0

il

AN=1+&" and g =e7T.
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Proof The first claim is a direct consequence of the above discussion and
Proposition 2. The second claim follows from the fact that if a # 0, then
Wa.x(0) = 0. Thus, We, ko 5ay(m) (a) can be identify with the exponential
sum of the perturbation e, ,... r.1(n)®a - X with a - X balanced.

The final claim follows from a series of identities. The first one is the formula
of Cai, Green and Thierauf [2] for exponential sums of elementary symmetric
Boolean functions, specifically,

271
Sty e () = colkr, ... k)2 + D colkn, ... k)N, (14)
=1
where
1 2" —1 (q)++(q) .
Cf(klw-wks):?qz:;)(—l) k1 k)T

The second identity states that if F'(X) is a Boolean polynomial in the variables
X1,...,Xj, then (see [6])

Z C(F)S (Z (T;L)e[kl—t,...,ks—t] (n —j)> , (15)

m=0 t=0

where Cp, (F) is defined as

XGIFé rw(x)=m

S(e,,...k)(n) & F)

The identification of We,, . (n)(a) with S(ep, k,,...r.)(n) & a-x), which
in turns can be identified with the following exponential sum

S(eky ks, h)(n) D X1 B Xo® - ® Xyy(a))s
together with (14) and (15) tell us that

2" —1
Wep, o) (@) = do(@)2" + Z de(a) Ny,
=1

where
w(@) 1 2" 1 m m q q
de(a) = Z Cn(X1©0X2®: - - © X y(a)) <2T Z (*I)tho(‘)((klft)Jr'"Jr(krt))
m=0 q=0

The identities

Cm(Xl @XQ PB--- @Xw(u,)> — (_l)m (U} (1))

(161 -(3")

complete the proof. 0O

and
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Ezample 1 Consider the symmetric Boolean function F,(X) = ez 5(n) and
let @ = (0,1,1). Theorem 3 implies that {We, , (n)(@)}, satisfies the linear
recurrence whose characteristic polynomial is given by

(X?—2X +2) (X* —4X° +6X° —4X +2). (16)

Using this recurrence, it is not hard to show that the first few values of
{We[z,s)](n)(a)}nza are

4,0,0,12,40,72, 64, —72, —464, —1248, —2496, —4080, —5408, —4896, 1024, . . ..

Moreover, recurrence (16) and some elementary linear algebra produces the
closed formula,

Weps 5 m) (@) = <2 - %) (2 + \/i)n/Q cos (%) —2"/2 cos (%) +

(o 2) (- va) s (22).

Walsh transforms of symmetric Boolean functions are not the only ones
that are linear recurrent with integer coefficients. Recently, Cusick [10] showed
that exponential sums of rotation symmetric Boolean functions satisfy linear
recurrences with integer coefficients. This result was extended to exponential
sums over Galois fields in [4]. It can also be extended to Walsh transforms
of rotation symmetric Boolean polynomials. For instance, Lemma 2.2 in [4]
can be extended without too much effort to show that if F'(X) is a Boolean
polynomial in j variables (j fixed), then {S(R;, . ;.(n) ® F(X))}, satisfies
the same linear recurrence that {S(R;, .. ;. (n))}n satisfies. In particular, this
implies that for n sufficiently large, the sequence {WRJ.1 ..... .. (n)(@) }n satisfies
the same linear recurrence as {Wg, . (n)(0)}n. As far as we know, from the
point of view of Walsh transform this is a new result and therefore we decide
to state it as a theorem.

Theorem 4 Let 1 < j1 < ---js be integers. Let j be a positive integer and
a € Fy fived. Forn sufficiently large, the sequence {Wg, . (ny(@)}n is linear
recurrent with integer coefficients and satisfies the same linear recurrence as

{S(Rjy,....5, () -

Ezample 2 Tt was showed in [4] that {Wg, ,(n)(0)}, satisfies the linear re-
currence with constant coefficients whose characteristic polynomial is given
by

pe(X)=XP —2(XF 2 L XF3 4 X 4 1), (17)

Let a € IE‘% be such that its last entry is 1 (if that is not the case, say its last
1 is at position ¢ < j, then view a as a tuple in a vector space F5). Then the
sequence {Wr,  (n)(@)}n>max(k,;j) satisfies the linear recurrence whose char-
acteristic polynomial is given by (17). For instance, if @ = (1,1,0,0,1), then
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{Wry.5n)(@) }n>5 satisfies the linear recurrence whose characteristic polyno-
mial is X® — 2X — 2. Using this recurrence, it is not hard to see that the first
few values of {Wg, ,(n)(@)}n>5 are given by

4,-4,16,0,24, 32, 48,112, 160, 320, 544, 960, 1728, 3008, 5376, 9472, 16768, . . . .

The closed formula for Wg, , (@), however, is not as simple as the one from
Example 1. In this case, the closed formula is given by

WRQQ,(’H,) (a’) = /Bla? + 520[; + 630523
where the «;’s are the roots of X3 — 2X — 2, with
a1 €R, ag =@z and Im(ag) > 0,

and the j3; are the roots of 19X3 — 57X? + 225X — 23, with

B1 € R, B3 = B and Im(Bs) > 0.

Ezample 3 The sequence {Wg, ., (n)@Rs. . x_s.1(n)(0)}n satisfies the linear
recurrence with constant coefficients whose characteristic polynomial is given

by (see [4])

(X)) =Xk —2x* 1 42X — 2. (18)
Therefore, if a € ]F% where j is fixed, then

{WRz ..... k—1,k(n)®R2,.., kfz,k(n)(a)}nZN(j,k)?

where N (j, k) is a sufficiently large integer depending on j and k, satisfies the
linear recurrence whose characteristic polynomial is given by (18). For exam-
ple, suppose that a = (1,0,1,1). Then, the sequence {Wg, , ,(n)@Ro.4(n)(@)}
satisfies the linear recurrence whose characteristic polynomial is

X4 —2X3 42X —2.

Using this recurrence we can compute the value of Wg, . ,(n)@R,.(n)(@) for
big values of n. For instance, the value of W, , ,(200)@ R, 4(200) (@) is given by

—29033604282578723548878452629909624952134303744,

and Wg, , ,(100000)@R..4(100000) (@) is a negative integer with 23469 digits with
the 2-valuation 25002 (that is, 225992 does and 2%%%%% does not divide it). A
closed formula similar to the ones presented in Examples 1 and 2 is very
complicated and impractical, thus we do not include such formula.

The fact that Walsh transforms of rotation symmetric Boolean functions
are linear recurrent can be used to provide asymptotic analysis of their behav-
ior. This analysis might be useful to detect whether or not a particular rotation
symmetric Boolean function is bent for sufficiently large n (recall that these
functions are useful in cryptographic applications). For example, we have the
following result.
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Theorem 5 Let k > 5. Then, for all sufficiently large n, the rotation sym-
metric Boolean function Ro3 . p(n) @ Ras, . x—1(n) is not bent.

Proof Let F,,(X) = Ro 3, x(n)®Ra s, . k—1(n). Recall that a Boolean function
F € B, is bent if
[We(b)| =22,

for all b € Fy. We use the fact that, for a fixed tuple a € IF%, the sequence
{Wr, (a)} is linear recurrent with characteristic polynomial (see [4])

(X)) = Xk —2xk-1 12

to prove the result.
For any polynomial f(X) = @,y X™ + a1 X™ 14+ + a1 X + ag, define

m

M(f) = lam| [T max{1. 15,1},

where (31, 82, ..., Bm are the roots of f(X). Landau’s inequality states that

M(f) < Vlaol? + a2 + - + lam >
Let ay, for 1 <t < k, be the roots of qx(X). Observe that Landau’s inequality

implies
M(qgr) < V22 +224+1=19=3. (19)

Choose « to be the root of g, (X) with the biggest modulus, that is, |a;| <
| for all 1 < ¢ < k. Without loss of generality, assume a = ay. Observe that

qrx(2) = 2 and
7 1/7\"
w(i)-2=:(3) <

Therefore, by the intermediate value theorem, there is a real root of ¢x(X)
between 7/4 and 2. This implies

7

Moreover, « is the real root between 7/4 and 2 and no other root has the same
modulus as «. To see this, suppose, on the contrary, that there is another root,
say oy, with tg < k, such that |ay,| = |@|. Then,

k 7 2
M(gr) = | | max{1,|a¢|} > [ -] >3,
QU E { } <4>

which is a contradiction to (19). Therefore, |oy| < |af for every t =1,2,..., k—
1 and « is the real root that lies between 7/4 and 2.
Now, by the theory of linear recurrences, we know that

Wk, (a) =Y a(a)af, (20)

t=1
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for some unique constants ¢;(a). Eisenstein criterion, with the choice of the
prime 2, implies that g (X) is irreducible over Q[X]. This, in turns, implies
that the Galois group Galg(gr(X)) is transitive, that is, for every ¢ # j in
{1,2,--- ,k}, there is a 0 € Galg(gx(X)) such that o(a;) = ;.

We know that {Wr,_ (a)} is an integer sequence and is not identically zero.
This means that there is at least one coefficient in (20) that is different from
zero. Suppose ¢;,(a) is such coefficient. Consider j # ig in {1,2,--- ,k} and
let 0;,,; € Galg(gr(X)) be such that oy, ;(a;,) = a;. Apply 04, ; to equation
(20) to get

k
W, (a) =Y 0iy.j(ci(@))ai, ()" (21)
t=1

Equation (21) is equation (20), but written in different order. However, since
Uio,j(aio) = Qy, then

cj(a) = aiy,j(cio (@) # 0. (22)
Hence, the irreducibility of ¢x(X) over Q[X] implies that c;(a) # 0 for every
1 <t < k. But then,

lim L/F" (a)

n—00 o

= lata)l £0.
Therefore, asymptotically,
(W, (a)| ~ |cx(a)|a”.

But |cx(a)|a™ > (v/2)" = 2/2 for all sufficiently large n. Therefore, for this
fixed tuple a, one has
Wk, (a)] > 2"/2,

for all sufficiently large n. We conclude that F,,(X) = Ro 3. k(n)®Ra3 . k—1(n)
is not bent for all sufficiently large n. O

Remark 1 Experiments on the computer suggest that Re 3. x(n)®R2 3 .. k—1(n)
is never bent, even for small values of n.

Observe that the above discussion implies that

S(Ra3,..k(n) & Ras, . k-1(1) = Wk, (n)@Ros. 1(n)(0)

satisfies .
lim 275(32,3 ..... k(n) & Ras. . k—1(n)) =0.

In [5], functions with this property were good candidates for the search of
balanced Boolean functions. By choosing a = 0 in the proof of Theorem 5, we
have the following result.

Corollary 1 Let k > 2. The polynomial Ry 3, r(n) ® Ras... k—1(n) is not
balanced for all sufficiently large n.
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We point out that Theorem 5 can be extended to other families. For ex-
ample, it applies to the sequence

Whss s (@)hn (23)
with characteristic polynomial
XE X2 XF P4 4 X 41 (24)
and to the sequences
Whas soantm(@}n and {Wry, o i (@)}n (25)
both with characteristic polynomial
Xk _oxh-l _oxh-2 ... _2X% 4 (26)

In fact the proof follows almost verbatim. The the only differences are that
Eisenstein-Dumas criterion must be used in place of Eisenstein criterion and
Ostrovsky’s Theorem [22, Th. 1.1.4, pp. 3] must be used to show that there
is a unique real root with maximum modulus (Ostrovsky’s Theorem does not
apply to the proof of Theorem 5).

The sequences in (23) and (25) provide asymptotic evidence to the following
conjecture of Stanicd and Maitra [29]:

There are no homogeneous rotation symmetric bent functions of degree bigger
than 2.

However, we point out that Stanica showed that Rs3 . x(n) is never bent
[26] and that the results of [19] imply that these families of rotation polyno-
mials are asymptotically not bent. Thus, we do not pursue a proof for these
examples. However, it looks like the key in all these examples is that their
Walsh transforms satisfy linear recurrences with integer coefficients for which
the characteristic polynomial always has a root with modulus bigger than v/2.
It would be interesting if the ideas of this paper would be used to settle this
conjecture.

For completeness purposes, we present the following interesting proposi-
tion. It bounds the roots of the characteristic polynomials of linear recur-
rences associated to Walsh transforms of Boolean polynomials. This is an
upper bound, thus it does not help in the search of roots with modulus bigger
than \@, but it does help as to the value of the limit

lim %S(Fn)

n—oo

As far as we know, this is a new result.

Proposition 3 Let F,, € B, be a family of Boolean functions. Suppose that
for some fized tuple a, the sequence {Wg, (a)}, satisfies a linear recurrence
with integer coefficients. Suppose P(X) is the characteristic polynomial of the
manimal of such recurrence. Then, the roots B; of P(X) satisfy |3;] < 2.
Moreover, if P(X) is irreducible in Q[X], then equality is attained only if
P(2X) is a palindromic polynomial of even degree.
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Proof Let 8 be the root of P(X) with the highest modulus. If || > 2, then
eventually |Wg (a)| surpasses 2" because

(@)= Y ol

Bj : P(B;)=0

for some suitable constants c;(a). Clearly, this is impossible since by definition
|[Wi(a)| < 2™ for every f € B,. This shows the first claim.

For the second claim, suppose that P(X) is irreducible in Q[X] and f is a
root with |3| = 2. Then 8 = 22" for 0 < § < 1. That is,

P(2e2™%) = 0.

In other words, ¢?™ is a root of P(2X). Therefore, P(2X) is irreducible and
has a root in the unit circle. But if an irreducible polynomial in Q[X] has a
root in the unit circle, then the polynomial is palindromic of even degree |9,
Th. 1.1]. This concludes the proof. 0O

Remark 2 Observe that Proposition 3 is true in general, regardless if the family
{F,}n is or is not symmetric or rotation symmetric.

Ezample 4 Let Py(X) and P,(X) be the polynomials (24) and (26) (resp.).
Both polynomials are irreducible in Q[X], but P;(2X) and P»(2X) are not
palindromic. Therefore, the roots of both polynomials lie in |z| < 2.

The approach presented in [4] can also be used to see that Walsh transforms
of linear combinations of rotation symmetric Boolean polynomials and sym-
metric Boolean polynomials satisfy linear recurrences with integer coefficients.
We will not repeat the argument in this article, however, for completeness pur-
poses, we provide the result.

Theorem 6 Suppose that ki,ks are natural numbers with k1 > 1. The se-
quence

{WRQ,S ..... Ky (n)Der, (n) (a’)}’ﬂ

satisfies a linear recurrence with integer coefficients of order less than or equal
to 22(1{:1—1)-‘1-162—1 .

Theorem 6 can be extended to Walsh transforms of linear combinations of
terms of the form R;, . ; (n) and/or the form ey, (n).

We conclude this section by studying the nonlinearity of symmetric and
rotation symmetric Boolean functions. After all, the nonlinearity of a Boolean
function is related to the Walsh transform of said function and we know that
Walsh transforms of symmetric and rotation symmetric Boolean functions
are linear recurrent. It appears that the same is true for the nonlinearity of
symmetric and some rotation Boolean functions, that is, the nonlinearity of a
symmetric and some rotation Boolean function appears to be linear recurrent
with integer coefficients. In particular, we have the following conjectures.
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Congecture 1 Let k > 1 be a fixed integer. The nonlinearity of ey(n), as n
increases, satisfies a linear recurrence with integer coefficients.

As further evidence for the above conjecture, from [3, Table 1], we can infer
that the nonlinearity of es(n) satisfies the linear recurrence whose character-
istic polynomial is given by

X% -2

From [3, Prop. 19], since the nonlinearity of e3(n) is

on—2 ifn=0 (
nl(es(n)) = =2 _ 9" ifp=2 (

=272 4287 (2005 (51 ) + (V2 1) (-1)" = V2 - 1),

we easily infer that {nl(es(n))},, satisfies the linear recurrence whose charac-
teristic polynomial is given by

XP—2X'—4X +8=(X-2)(X*-2) (X*+2).

Congecture 2 Let k > 1be a fixed integer. The sequence of {nl(Ra 3. (7)) }n>k
satisfies the linear recurrence whose characteristic polynomial is given by

XF—o(XF 24 XF T 4 X ).
The key for the proof of Conjecture 2 may be the apparent identity

Spec(Ra 3. k(1) = Wgy,  ,.(n)(0).

In other words, the maximum value of [Wg, , , (n)(@)| appears to be attained
at a = (0,0,...,0).

In [14], Cusick and Stanica conjectured that the nonlinearity of the cubic
rotation symmetric Boolean function Ry 3(n) is the same as its weight. This
was proved by Ciungu [8] and Zhang, Guo, Feng and Y. Li [33] and implies
that Conjecture 2 is true for k = 3. Further evidence supporting Conjecture 2
is given by Yang, Wu and Hong [32]. They proved that the nonlinearity of
Ry,3.4(n) is also given by its weight, thus the conjecture also holds for k = 4.

4 Other generalizations

Most of results presented so far can be generalized further to generalizations
of Walsh transforms. For any Boolean function F(X), the nega-Hadamard
transform of F' is defined as the complex valued function given by

Nr(a) =) (~1)FCIsex w6, (27)

x€eFy
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where i = /=1 and w(x) is the Hamming weight of the vector x. Accord-
ing to Riera and Parker [23], the nega-Hadamard transform is central to the
structural analysis of pure n-qubit stabilizer quantum states.

The nega-Hadamard transform is invertible, in particular, for F' € B,,, one
has

(_1)F(y) = 9—n;—w(y) Z Ne(x)(=1)Y*,
x€eFy

Many properties and concepts known for Walsh transforms can be generalized
to nega-Hadamard transforms. See [20,23,27,28].

The nega-Hadamard transform can be expressed as a linear combination
of Walsh transforms as

141 1—1
= 9 WF®€2(G)+ 9

To see this, we use the following congruence of Hamming weights

Nr(a) Wrge,ee, (@)- (28)

k-1
w(x) = Z €5 (x)2?  mod 2,
=0

where e, (x) represents the Boolean output of the elementary symmetric poly-
nomial e,;(n) when evaluated at x [25, Lemma 5]. Observe that

Np(a) = Z (71)F(x)€9a'x ie1(x)+2e2(x)
x€Fy
= Z (_1)F(x)@62(x)€Ba-x iel(x).
x€Fy
Now we use the fact that if b a Boolean variable, then
14+ (=1 1-—(=1)°
2= * (2 ) + (2 ) z.

This identity leads to

L1+ (=D)a® 1 (—1)e )
_ -1 F(x)®es(x)Pa-x
Ne(@)= 3 (=) D e,
x€eFy
1+1 x)®es(x)Pa-x 1—1 x)Pes(x)Pe; (x)Pa-x
= Z(_l)F( )@ex (x)® +— Z (—1)FO@e2(x)Ber(x)®
x€Fy x€eFy
1+ 1—1
= 2 WF@EQ (a) + 2 WF$€2 e (a')

Equation (28) implies that Theorem 3 carries over the nega-Hadamard
transform. Moreover, if 0 < k; < kp < --- < k, are integers, r = [logy(ks)] +1
and j is a natural number and a € FJ is fixed, then

2"—1
Ne[kl,kg ..... ks](")(a) = d(;wg(a)2n + Z déneg(a))\?’ (29)
{=1
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where
]_ 27‘71 w(a) w(a) q+m qg+m qg+m
077 = i 3 | o0 () D 0 )
q=0 m=0
with

bq,m(i) = (1 + Z) + (_1)q+m(1 - i)v

and, as before, £ = e7"T and A =1+ 5[1. Other results about rotation
functions and combinations of rotation and symmetric functions also carry
over to the nega-Hadamard transform.

Further extensions to other generalizations of Walsh transforms can also
be done without too much effort. For example, consider generalized Boolean
functions F' : F§ — Zye, that is, functions from the vector space Fy to the ring
of integers modulo 2¢. Let (5 be a primitive 2¢-th root of unity. We define the
generalized Walsh transform of F' as

WF;Z(a) _ Z szz(x)(_l)a»x.

xe]Fg'

Observe that Wg.1(a) = Wg(a), thus Wg,, is indeed a generalization of the
Walsh transform. Moreover, Wp., is invertible. An argument similar to the
one provided for the nega-Hadamard transform implies that Wpg.,(a) can be
written as a linear combination of Walsh transforms. Therefore, many of the
results presented in this paper also applies to this generalization.

5 Concluding remarks

In this work we developed techniques that generalized previous work on the
subject. In particular, we presented a method for finding recurrence relations
for Walsh transforms of symmetric and rotation symmetric Boolean functions.
We also extended this result to some generalizations of Walsh transforms (the
nega-Hadamard transform being one of them). In the particular case of sym-
metric Boolean functions, we provided a closed formula for the Walsh and
nega-Hadamard transforms of these functions. We also showed how the re-
sults discussed in this paper could be used to obtain information about the
asymptotic behavior of these transforms. It would be interesting to know if
something similar can be said about other transformations.
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