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Abstract. In this paper we prove that generalized bent (gbent) func-
tions defined on F3 with values in Z,x are regular, and show connections
between the (generalized) Walsh spectrum of these functions and their
components. Moreover we analyze generalized bent and semibent func-
tions with values in Zi¢ in detail, extending earlier results on gbent
functions with values in Z4 and Zsg.

1 Introduction

Let V,, be an n-dimensional vector space over [F; and for an integer g, let Z, be
the ring of integers modulo q. For a generalized Boolean function f from V,, to
Zq the generalized Walsh-Hadamard transform is the complex valued function

HP () = 3 (IO, ¢ = e,

xeV,

where (u,x) denotes a (nondegenerate) inner product on V,, (we shall use (,

Hy, instead of (4, respectively, H;q), when ¢ is fixed). Throughout, we identify

V,, with the vector space F} of n-tuples over Fs, and we use the regular scalar
(inner) product (u,x) = u-x. We denote the set of all generalized Boolean
functions by GBZ and when ¢ = 2, by B,.

We recall that for ¢ = 2, where the generalized Walsh-Hadamard transform
of f reduces to the conventional Walsh-Hadamard transform

Wi() = ) (=17 (1),

xeV,

a function f for which |W;(u)| = 2"/2 for all u € V,, is called a bent function.
Similarly, we say that function f : V,, — Z, is a generalized bent (gbent) if
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|H(u)| = 27/2 for all u € V,,. Further recall that f € B, is called plateaued if
Wy (u)| € {0,2(7+5)/2} for all u € V,, for a fixed integer s depending on f (we
also call f then s-plateaued). If s = 1 (n must then be odd), or s = 2 (n must
then be even), we call f semibent. With this notation, a semibent function is an
s-plateaued Boolean function with smallest possible s > 0. Accordingly we call
a function f € GBY, with ¢ = 2%, k > 1, generalized semibent (gsemibent, for
short) if [Hs(u)| € {0,2"F1/2} for all u € V,,, and more general, generalized
s-plateaued if [H;(u)| € {0,2("+%)/2} for all u € V,,.

Let f :V,, — Z4. If 2F—1 < ¢ < 2% we associate a unique sequence of
Boolean functions a; : V,,, — Fa, 1 < i < k, such that (the addition below is
in Zg)

f(x) =a1(x) +---+ 2" Tag(x), for all x € V,,.

If ¢ = 2F, following Carlet [1], we further define the generalized Gray map ¥(f) :
GBY — B by ¥(f) (%1, ye—1) = D) ai(x)y; @ ax(x).

Generalized bent functions were introduced in [7] in connection with appli-
cations in CDMA systems, and lately have attracted increasing attention, see
e.g. [2,3,8,9].

In [8,9] ghent functions f(x) = a1(x) + 2a2(x) in GB} and f = a;(x) +
2a5(x) + 2%a3(x) in GBY were completely characterized in terms of properties
of the Boolean functions a;(x). In particular, relations between gbentness of f
and bentness of associated Boolean functions have been investigated. In [9] it
was moreover shown that f € GBS, with f(x) = a; + 2a2(x), a1,ay € B, is
gbent if and only if the Gray image 1 (f) is bent if n is odd, or semibent and
the associated as and a1 @ as have complementary autocorrelation if n is even
(see [9] for the details). Currently one observes a lot of research activities on
gbent functions for general k, and we expect that many more general results
will be discovered in the near future. Our generalizations in Sect. 2, where we
analyze gbent functions in terms of their components, are some first results.
In particular we show that a gbent function in even dimension is an affine
space of bent functions and we decompose a gbent function in QBZC into two

gbent functions in QBflkil. In Sect.3 we analyze gbent functions in GB® in
detail.

2 Gbent Functions and Their Components

In accordance with the terminology for bent functions, we call a gbent function
f € GBL regular, if Hy(u) = 2”/2@“(‘1) for some function f* € GBY. We start
with a theorem about the regularity of gbent functions, which is also of indepen-
dent interest. We prove the result by modifying a method of Kumar et al. [6].

Theorem 1. All gbent functions f € gBEf are reqular, except for n odd and
k =2, in which case we have H;le(u) = QWT_l(:Izl +1).

Proof. If k = 1, the result is known, as we are dealing with classical bent func-
27
tions. Let k > 2. Let ( = €2 be a 2F-primitive root of unity. It is known that
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Z[(] is the ring of algebraic integers in the cyclotomic field Q(¢). We recall some
facts from [6] (we change the notations slightly). The decomposition for the ideal

generated by 2 in Z[(] has the form (2) = P?"" | where P = (1 = ¢) is a prime
ideal in Z[¢]. The decomposition group

G2 = {0 in the Galois group of Q(¢)/Q | o(P) = P}

contains also the conjugation isomorphism ¢*(z) = 2~ (Proposition2 in [6]).
Observe that H;Qk)(u)’l-{;zk)(u) = 2". Now, as in Property 7 of [6], observing
that our generalized Walsh transform is simply S(f,2*~'u) (in the notations of
Kumar et al. [6]; u is a binary vector in our case), then ’H;Qk (u) and 'H(2 )( )
will generate the same ideal in Z[¢] and so, 2’”(')‘l§c2k)(u))2 is a unit, and conse-
quently, 2=/ 2'I—lg‘?k)(u) is an algebraic integer. Therefore, by Proposition 1 of [6]

k
(which, in fact, is an old result of Kronecker from 1857), 2_”/2H§c2 )(u) must be
a root of unity. That alone would still not be enough to show regularity since
this root of unity may be in a cyclotomic field outside Q(¢), however, that is
2k —1
not the case here, since the Gauss quadratic sum G( 2k Z C’ 2"/2 1+414)

and so, v/2 € Q(¢), unless k = 2 (since then 1 +1i ¢ Q(()). The first assertion is
shown for n even, as well as for n odd with k£ > 3.

When n is odd and k = 2, then H(4)( ) =2 uev, if (W (—1)"* = q + bi, for
some integers a, b. Since f is ghent, with |H§c4 (u)]? = 2" we get the diophantine
equation a? + b% = 2. If n is even, the only solutions are (a,b) = (£2"/2,0), or
(0,42"/2). If n is odd, the solutions are (a,b) = (£2L7/2] 4217/2]) (independent

choices of signs). The theorem is shown.

From the definition of a Boolean bent function via the Walsh-Hadamard
transform we immediately obtain the following equivalent definition, where we
denote the support of a Boolean function f by supp(f) :={x €V, : f(x)=1}:
A Boolean function f : V, — Ty is bent if and only if for every u € V,, the
function f,(x) := f(x) @ u-x satisfies [supp(fu)| = 2"~ +2"/2. Our next target
is to show an analog description for gbent functions. We use the following lemma.

Lemma 1. Let ¢ = 28, k > 1, (¢ = /9. Ifp, € Q, 0<1 < qg—1 and
Zf;ol piCt = 1 is rational, then p; = por-144, for 1 <5 < 2k—1 _ 1.

Proof. Since C2k71+l = (¢l for 0 <1< 2F 1 — 1, we can write every element z
of the cyclotomic field Q(¢) as

2k—1_

Yoo uhneQo<i<2tt -1

=0
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As [Q(¢) : Q] = ¢(q) = 2871 (p is Euler’s totient function), the set {1,(,...,
¢2"""=1} is a basis of Q(¢). Since

q—1 2kt
0= p¢' =r=(po=prmr =1)+ 3 (pj = por-r15)C
=0 =1

the assertion of the lemma follows.

Proposition 1. Let n = 2m be even, and for a function f : V,, — Zy and
u eV, let fulx) = f(x) + 25" (u-x), and let b = [x € V,, © fu(x) = j}.
0<j <28 _—1. Then f is gbent if and only if for all u € V,, there exists an
integer pu, 0 < py < k=1 _ 1, such that

b0, = b 2™ and b, =0, for0 < j < 25 1,5 # pu.

Proof. First suppose that f is gbent. Then by Theorem 1, f is a regular ghent
function. Hence

2k 1

X u-x x E=1(ux u j m 7T

Hy(w) = D0 O™ = 30 OO0 =, (0) = 3 b =27
x€EVy xeV, 7j=0

for some 0 < r < 2F — 1. With py, = rif 0 <r < 281 — 1, and p, = r — 2F 1
otherwise, the claim follows from Lemma 1.
The converse statement is verified in a straightforward manner.

We now can present connections between gbent functions and their compo-

nents for the general case of ghent functions in QBik, k > 1. This generalizes
the corresponding results for k =2 and k& = 3 in [8] and in [9].

Theorem 2. Let n be even, and let f(x) be a gbent function in QB?;, k>1,
(uniquely) given as

F(x) = a1 (x) +2az(x) + - + 2" a1 (%) + 25 ag(x),
a; € By, 1 <i<k. Then all Boolean functions of the form

ge(x) = c1a1(x) @ c2a2(x) @ - -+ D cp—1ax-1(X) D ax(x),
c=(c1,ca,...,cx_1) €FS™L are bent functions.

Proof. As in Proposition 1, for the gbent function f we denote by f, the function
fu(x) = ar(x) + -+ 2F2a;_1(x) + 28" L(ag(x) +u - x) in QB?L’C. Again, the
integer b, 0 < r < 28 — 1, is defined as b = H{x €V, : fu(x)=r}. By
Proposition 1, b(lj_)zk L= b( ) for all 0 < r < 2¥=1 — 1  except for one element
pu € {0,...,2F=1 — 1} depending on u, for which b(u)_s_Q,C L bg‘:) +on/2,

Since it is somewhat easier to follow, we first show the bentness of ay(x) =
go(x). In the second step we show the general case.
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For 7 # pu, 0 < r < 28=1 — 1 consider all x € V,, for which a;(x) + --- +
28=2q,_1(x) = r. Since bgu)zk,l = ™, for exactly half of these x we have
ar(x) + u-x = 0 (note that the number of these x must be even). Among
all x € V,, for which a;(x) + -+ + 28724, _1(x) = pu, there are bgt) for which
ax(x)+u-x = 0, and there are b(l:)Jr%*l = bE,'i) +27/2 for which ag(x)+u-x = 1.
Hence for the Walsh-Hadamard transform of aj we get

Warw) = 37 (~1m0mex — 072
xeV,

which shows that aj, is bent.
To show that ge is bent for every ¢ € FE~1, we write fu(x), u € V,,, as

fux) =crai(x) +--- + ck,12k_2ak,1(x) + aa(x)+ -+ ék,12k_2ak,1(x)
+ 28" Y (x) + u - x) := h(x) + h(x) + 2" Hap(x) + u - x),

where ¢ = ¢ @ 1. Note that every 0 < r < 2¥=! — 1 in the value set of a;(z) +
-+ 4 2F=2q;_»(x) has then a unique representation as h(x) + h(x). Consider x
for which h(x) + h(x) = r + s # pu. Again from bilfzk,l = b we infer that for
half of those x we have ap(x) ® u-x = 0. Hence also

Jge(X)Pu-x=c1a1(X) B+ P cg_10p-1(xX) D ag(x) Du-x=0

for exactly half of those x. (Observe that h(x1) = h(x2) = r implies ¢1a1(x1) @
@ egorap—1(x1) = c1a1(X2) D - D cg—1ak—1(X2).) Similarly as above, among
all x € V,, for which h(x) 4 h(x) = py, there are bg,l:) for which ax(x)®u-x =0,
and there are b(pl:)_ﬂ,c,l = b(pli) 4 27/2 for which aj(x) ® u - x = 1. From this we
conclude that |{x € V,, : h(x) + h(x) = pyand fu(x) = 1}| — [{x € V,,
h(x) 4 h(x) = p, and fu(x) = 0}| = £2"/2. Therefore

Wyolw) = 3 (<1)00mx = on2,
xeV,

and g. is bent.

We remark that the necessary conditions in Theorem 2 are not sufficient when
k > 2. The additional conditions on the Walsh spectra for k = 3 given in [9,
Theorem 19] and for k& = 4 given in our Theorem 7 are required, as one can easily
confirm with examples employing vectorial Maiorana-McFarland bent functions.

The next result on the decomposition of a ghent function in gBik into two
gbent functions in ngLk_l reveals an inductive approach to the study of gbent
functions in QBTQLk. Note that for k¥ = 2 we recover the result in [9] on the
decomposition of a ghent function in GBZ into two bent functions.
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Theorem 3. Let f € ngf with f(x) = g(x) + 2h(x),9 € Bp, h € QBik_l, Ifn
1s even, then the following statements are equivalent.

(@) f is gbent in gBik ;
k—1
(i3) h and h+2%=2g are both gbent in GBZ  with Hiyor-24(n) = £Hp (), for
alluev,.

If n is odd, then (it) implies (i).

Proof. We first show that for n even, h and h+2¥~2g are gbent in QBZFI if fis
gbent in QBZC. In a second step, we show that if 4 and h+2%~2g are both gbent
— k—1
in QBQk ' then f is gbent in QB2k if and only if Hh2 )( ) = :I:'H(2 ok 2 (u),
for all u 6 V.. This will conclude the proof for both, n even and n odd
Let u € V,,, and for e € {0,1} and r € {0,...,25"1 — 1}, let

SW(er)y={xeV, : g(x)=eandh(x) + 2" 2(u-x) = r}.

With the notations of Proposition 1, we have fu(x) = f(x)+2*"!(u-x) = g(x) +
2(h(x) + 2F72(u - x)), and |S™ (e, r)| = bsjr)%. If f is gbent, by Proposition1,
there exist € € {0,1} and 0 < p, < 2572 — 1, for which |S™ (e, p, + 2872)| =
|SM) (€, pu)| £27/2. For (e,r) # (€, pu), we have | S (e, r +2F=2)| = | S (e, 7).
Observing that {x € V,, : h(x) + 2 2(u-x) =r} = S®(0,r) U SW(1,7), we
obtain

(Qk ) Z Czk 1 ( Z Ch(x )2 * = Cp“ 22,

xeV, xevV,

Consequently, h is gbent in ngf’l. For h +2F2g ¢ glﬁ'iki1 we have

H(2k—1) Z C x)+2k 2(ux +2k 2 Z Z CT+2k—2e
h+2k—2 2k—1 2k—1

xeV, Eeleiz mGS(u)(e r)
TE€Lyp_1
k—2
— § : |S(u)(e T)|CT+21 iggl.:j-lQ €2n/2,
e€Fy
TELy_1

which implies that also h 4+ 2¥72¢ is gbent in 55’2’%1
k—1 k—1
To show the condition 'Hf )(u) = an? ) (u), we first observe that

h+2k—2¢g
2 () =2 3 GG ()
XG]FTL
= > (1 (D70 (1= (1)) ) G (1)
x€Fy

= (1+ oM )+ (1 oM, (). (1)
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Writing Cx = @ + yi, K )(u) = a+ bi and HZ .2, ,(W) = ¢+ di, from
Eq. (1), taking the complex norm, squaring and rearranglng terms (recall that
|Gor]? = 2% +y* = 1), we get

1

5(62 +d?)(1 -2z + 22 + %)
— (ac +bd)(x* +y* — 1) + 2(ad — be)y

2 D@+ ) + (K, ()P - )

2y (A, <u>) . 2)

1
—(@®+ V)1 +2z+2* +y*) +

20HE W)l =

If h, h+2F=2g are ghent, i.e. |H,(12k R ( )|? = |H§?:2k 2 (u)]? =2" forallu € V,,,

then we immediately see that |H 7 (u)|2 = 2" for all u € V,,, and hence f is

. e ox (2k-1) @"h _
gbent if and only if I ( H,’ (WH} ge-s,(u) | =0, for all u € V.

We now argue that the condition & (H,(fk (u )H§L2+2k ) (u)) =0 is equiv-

alent to Hpjor—24(u) = £Hy(u). For easy writing, let fo, fi be the gbent
functions in the indices above. By the regularity of gbent functions (when n
is even or k > 3), Hy,(u) = 2"/2¢%, ., Hy, (u) = 27/2¢J, , for some integers
0 <i,j <2F—1. Hence H , (u) Hy, (u) is real if and only ifgg,:i =+l,iei=7
or i = j 4 2¥71 (modulo 2%). Equivalently, Hy, (u) = +Hy, (u). If n is odd and
k =2, then H(u) = 2"/2¢}, i € {1,3,5,7}, and the same argument works.

We close this section with some remarks on relations between gbent functions
in gBZk, n even, and relative difference sets. First note that the characters of V,, x
Zox are Xu,a(x,2) = Cg,f(—l)<“’x>, u €V,, a € Zy. Recall that if |xu,(D)| =
27/2 for all nonzero a € Zyx and all u € V,,, then the graph D = {(x, f(x)) : x €
V.. } of f forms a relative difference set in V,, X Zyr (see for instance Sect. 2.4. in
[10]). Equivalently, if af is gbent for all nonzero a, then D is a relative difference
set. As easily seen, it is sufficient that 2! f is gbent for all 0 < ¢ < k — 1. Using
Theorem 2, it is not hard to show that F(x) = (ap(x),...,ax—1(x)) is then
a vectorial bent function, hence also a relative difference set in an elementary
abelian group. Such gbent functions, which seem quite rare, may be of particular
interest for future research. For an example of a class of such ghent functions
obtained from partial spreads we refer to [5].

3 Complete Characterization of Generalized Bent
and Semibent Functions in gB:f
We write f € GBLO as
f(x) = a1 (x) + 2a(x) + 2%a3(x) + 23a4(x)
= b1(x) + 2%ba(x) = a1(x) + 2d(x),
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where a;(x) € By, i = 1,2,3,4, b1(x) = a1(x) + 2a2(x), ba(x) = az(x) + 2a4(x)
are in GBY, and d(x) = as(x) + 2a3(x) + 22a4(x) € GBS,

Our objective is to show necessary and sufficient conditions on the compo-
nents a1, as, as, a4, by, bo, d for the ghentness of f. For the conditions on a; and
d for the gbentness of a1(x) + 2d(x) when n is even, we can apply Theorem 3:
f(x) = a1(x) + 2d(x) is gbent if and only if d and d + 4a; are gbent in GBS and
HY (u) = =1, (u) for all u € V,,.

We start with a complete characterization of gbent functions in QB;G in terms
of a1, as, az, as. By this we extend results in [8,9] on ghent functions in ng’fL and
GBS . We then also will characterize gsemibent functions f € GBL® in terms of
ai,a2,0a3,04.

Theorem 4. Suppose that f(x) = a;(x) + 2a2(x) + 22a3(x) + 23a4(x), a; € By,
1 < i < 4. Then f is gbent in GBLC if and only if the conditions (i) (if n is
even), or (ii) (if n is odd) hold:

(i) For all ¢; € Fq, i = 1,2,3, the Boolean function cia; @ caas @ czas @ ayq 18
bent, and for all u € V,, we have
Was (WWarga, (1) = Wasgas (WWaymasmas (1)
= a1®aq (u)Wal DazxDay (u) = Wal DazDay (u)Wal DazxDaszDay (u)7 and
Wa4 (u)Wa3®a4 (ll) = Wal Daq (u)Wal DazDag (u)
(i) For all ¢; € Fo, i = 1,2,3, the Boolean function ciay @ caas ® czaz B ayg 18
semibent, and for allu € V,, we either have
Wa, (U)Wa2®a4 (u) = Waras (U)Wm@az@tm (u) = +2" and
WGBEBIM (U_) = Wa2@a3€9a4 (u) = Wal@a3®a4 (u) = Wa169a269a369a4 (u) = 07

or

Wa2@a4 (u) = Wa4 (u) = Wal@azk (u) = Wal@a2€9a4 (u) =0 and
Wa3®a4 (u)WGQ Dazbaq (u) = Wal DazDaa (u)Wal Bax@aszDag (u) = :l:2n+1‘

Our proof for Theorem 4 is quite technical and in parts computer-assisted. Hence
we omit is here and present it in the appendix.

The result on the semibentness of functions in GBLY is obtained with the
same approach. For the proof we again refer to the appendix.
Theorem 5. Let f € GBI be given as f(x) = a1(x) + 2aa(x) + 22a3(x) +
23a4(x), a; € By, 1 <i < 4. Then f is gsemibent when n is odd, and generalized
2-plateaued when n is even, if and only if the Boolean function ciay; ® coas &
csas @ ayq is semibent for all ¢; € Fo, 1 = 1,2,3, such that for all u € V,, their
Walsh-Hadamard transforms are either all zero, or they satisfy

Wa4 (u)Wa2+a4 (11) = Wa3+a4 (u)Wa2+¢13+a4 (u)
= Wa +as (WWay taz+as (1) = Wa, tagtas (WWay tasas+as (1), and
Wa4 (u)Wa3+a4 (u) = Wal +aq (u)Wal +asz+aq (u)
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In the light of Theorem 4, one may expect that with a similar approach one
can also show relations between gbentness in GBS and in GB:. We here only
state the theorem. For the proof we refer to our eprint [4].

Theorem 6. Let f € GBS with f(x) = a1(x) + 2aa(x) + 2%a3(x) + 23a4(x) =
b1(x) + 22by(x), where by = a1 + 2a2,by = az + 2ay4 € ngl. The function f is
gbent in 987116 if and only if by, by +ba, 2b1 +by, 3b1+bo are gbent in QBﬁ with their
generalized Walsh-Hadamard transforms satisfying the following conditions, (%)
for n even, respectively, (ii) for n odd, for allu € V,,:

(Z) 27n/2 (H3b1 +b2 (u)7 Hp,+b, (u)a Hob,+bs (u)a Hs, (u)) belongs to one of (67 €6, 6)}
(e,€,—¢,—€), (€,—¢,€i,—€i), (6 — €,—eci,ei), (ei,ei,ei,er), (ei,€i, —€i, —€i),
(ei,—ei, €, —€), (—¢i,€i,—€,€), where € € {£1}.

(“) 27(n71)/2(H3b1+b2 (u)va1+bz (u)aHQb1+bz (u)aHbQ (u)) belongs to one Of (6+
Wiy €+ piy €+ piy e+ pi), (64 pi, e + pi, —e — pi, —e — i), (e + pi, —e — pi, e —
i, —e + pi), (e + pi, —e — pi, —e + pi, e — pi), for e, u € {£1}.

We close this section with some results on the Gray image 9 (f) of ghent
functions f in GBS and GBS, extending the corresponding results in [9].

Lemma 2. Let n,k > 2 be positive integers and ¥ : Vi1 — Fy be defined

by w(xaylay27"'7ykfl) = ak) )@@z 1 ylal( )7 where a; € Bn; 1 < { < k.
Denote by a(x) the vectorial Boolean function a(x) = (a1(x),...,ar—1(x)) and
letu eV, andv = (vy,...,05—1) € Vik_1. The Walsh-Hadamard transform of
¥ at (u,v) is then

Wywvr,.vem1) = Y (1) Wa,gaea(W).

a€Vy_q

Proof. We will show our claim by induction on k. For k = 2 we have

Ww(u,vl) = Z (_1)y1a1(x)@a2(x)(_l)vlyl@u.x

xeV,
y1 EF2

_ Z (_1)a2(x ux_|_ Z a1 (x)Bas x)( 1)1)169U<x
xeV, xeV,

= Wa2 (ll) + (_1)1)1 a1 ®az (u)

Now let
’(/J(X, Yiyeney yk) = 1/J1(Xa Yiyee ey ykfl) 5% ykak<x)7 where

P1(X, Y15 Yh—1) = Qpp1(X) @ @yzaz

Then Wy(u,v,vp) = Wy, (0,v) + (—=1)"* Wy, ga,., (1,v), which implies our
claim by the induction assumption.
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Theorem 7. We have:

(i) Let f(x) = a1(x) + 2a2(x) + 22a3(x) € GBS be gbent. Then its Gray image
Y(f) is semibent in By qa.

(i) Let f = a1(x) + 2a2(x) + 22a3(x) + 2%a4(x) € GBS be gbent. Then (f) is
semibent in Byys if n is odd, and 3-plateaued in B,13 if n is even.

Proof. (i) By Lemma 2, for (f)(x,y1,y2) = a1(x)y1 + a2(x)y2 + a3(x),

Wy (@, v1,v2) =Wey (1) + (=1)" Wasga, (1)

()" Wasgan (W) + (<) Wiy asom (1) )

Assume first that n is even. Since f is gbent, by [9, Theorem 19], for the
bent components we have Wy, (W)W, @asdas (@) = Wa,@as (W) Wa,aas (1), for
all u € V,,. Take Was (ll) = “1(11)2”/27)/\}&3@&1 (u) = /LQ(U)Qn/Q,WasﬁBaz (11) =
w3(0)2" 2 W wanma, (1) = pa(u)27/2, for some p; € {—1,1},1 <4 < 4. Thus,
p1(u)pg(u) = po(u)ps(u). Using these in Eq. (3), we obtain

27" P Wy (W, v1,09) = () + (1) pa(u) 4 (=1) pg(u) + (—1)" 92 g ().
For (uq(u), p2(u), pz(u), pa(u)) with values in the set

(-1,-1,-1,-1),(1,1,-1,-1),(-1,-1,1,1),(-1,1,-1,1),
(17 _17 _]—v 1)7 (_]-7 ]-v ]-v _1)a (17 _]-7 13 _1)7 (]-7 11 1a ]-)7

Q_H/QWw(f) (u, vy, vy) takes one of the following values

( 1)11169@2@1 ( 1)@1@1 =+ (_1)112@1 -1, (_1)v1€Bv2 4 (_1)v1@1 + (_1)1)2 -1,
( 1)111691)2 + ( 1)U1 + (71)1)2@1 -1, (71)1)1@112691 + (71)111 + (71)112 -1,
(~1)717 4 (—1)O1 4 (—1)OL 4 1 (1) RO L (C1)OL 4 (—1) 41,
( 1)v1®v2@1 ( 1)111+(_1)U2@1+1’(_1)U1€BU2+(_1)U1 +(_1)v2+1.
Therefore, Wy, (s attains the values 0, +2(+4/2 thus 1(f) is semibent.

We now consider the case of odd n. Then, by [9, Theorem 19|, az,a; ®
as,az ® az,a1 ® az @ ag are all semibent and, W,,(u) = Wy, g4,(n) = 0

and |Wa1@a2@a3(u)| = |Wa2®a3(u)| = 2(n+1)/27 or ‘Wa3(u)| = |Wa1@a3(u |
2(n+1)/2 and Wal@@@% (u) = Waz@aa (u) =0.

Case 1. Let Wa, (u) = Wa g4, (1) = 0, Wa,@a,04, (1) = €1 (u)2(n+1)/27 Was@as
(0) = ea(0)2" /2 with €, e € {~1,1}. With (3),

W) (w,01,02) = (=1)"220FD/2 (e (u) + (=1)" ez (u)) ,

from which we infer that Wy (u,v1,v2) € {0, £2("+3)/2} for all combina-
tions of ¢;(u) and v;, i = 1,2. Therefore 1 (f) is semibent.
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Case 2. Let W, (u) = € (0)2TD/2. W, a0, (0) = ()22 W, 0
(0) = Waymas (1) =0, with €1,€e5 € {—1,1}. As before, from (3) we obtain

W) (0,01, v2) = 20772 (e (u) + (1) ex(n))

from which we infer that Wiy s)(u, v1,v2) € {0, £2("+3)/2} and therefore 1( f)
is semibent.
(#4) By Lemma 2, for ¥(f)(x,y1,¥2,y3) = as(x) @?:1 Yia;(x),
W) (W, 01,02, 03) = Wa, (0) + (=1)" Wa,ga, (u)
+ (71)U2Wa4€9a2 (11) + (71)v3Wa4@a3 (u)
+ (_1)1;1691)2Wa4®a2@a1 (ll) + (_1)v1@v3Wa4€Ba3®a1 (11)
+ (_1)v2@v3Wa4®a3@a2 (u) + (_l)vl@UQ@U3Wa4®a3®a2€Ba1 (u)
By going through the 32 cases of Theorem 4 for the Walsh-Hadamard transforms
in the expression above (16 for n even and 16 for n odd), we obtain that the

Walsh-Hadamard spectrum is {0, £23+"/2} (for n even) and {0, £22*+(+1)/2}
(for n odd), hence the claim.
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Both the second and third named author thank the institution for the excellent working
conditions. The second author is supported by the Austrian Science Fund (FWF)
Project no. M 1767-N26.

A Appendix
Proof of Theorem4: Let u € V,,. Eq. (2) for k = 4 implies
(16) 2 _ (8) 2 (8) 2
16v2/H{Y (0))? = 2+ 2+ V2)4v2HY (0))* + (2 - V2 + V2)4v2[HE),, ()]

+8y/4-2v2 3 (HP (M, (u)) . (4)

We denote by A,C, D, W the Walsh-Hadamard transforms W,, (1), Wa,ga, (1),
Wasdas (W), Waseasma, (1) (in that order). We denote by B, X, Y, Z the Walsh-
Hadamard transforms Wal@lm (u)v Wal@ﬂa@tm (Ll), Wal@a3@a4 (u)7 Wal@a2@a3@a4
(u) (in that order). By [9, Lemma17], we know that the generalized Walsh-
Hadamard transform of any function in gBi, say d and d + 4aq with d = as +
2a3 + 22ay, is of the form

AH (1) = agA+ a1 C+aaD+aW, 4HE),, (1) = apB+ar X +asY +0s7,
where ag = 1+ (1+v2)i, 00 =1+ (1 —=V2)i, a0 = 1+V2—i, a3 =1 -2 —1,
and moreover that (see also [9, Corollary 18]),

4V2(HP (u)|? = A% — C? 420D + D* — 2AW — W2 + V2(A? + C? + D* + W?)
(5)

AWV2AHE) o (W = B* - X* +2XY +Y? —2BZ — 7> + V2(B* + X> + Y? + 7).
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Furthermore, with straightforward computations we get

81/4 - 2v2 S (H;&(umgigal (u))
—2/2-V2(BC +BD — AX —WX — AY + WY +CZ — DZ) (6)

+2¢/4—-2V2(BD+ WX — AY — CZ).

Using (5) and (6) in Eq. (4) we obtain
16v2[H (' (u)?
=2(A*+ B> —=C*+2CD + D* —2AW —W? — X* +2XY +Y*> - 2BZ — Z°)
+2V2(A* + B+ CP+ D + W2 + X2+ Y? + Z%)
+/2-V2(A* - B*+2BC +C*+ D* + W? - 2AX —4WX — X° (7)
+2WY —Y?4+4CZ —2DZ — Z7)

+21/24V2(A* = B*+ BD+CD+ D* — AW + WX — AY — XY
-Y’4+ Bz -C2Z2).

If f is gbent in GBSO, ie., HIO ()2 = 2", by the linear independence of
f

n

{1,v/2, V2 - V2, V2 + V/2} (as easily shown, the set forms a basis of Q(v/2,

2 — \/5)), we arrive at the following system of equations with solutions in Z,

A+ B+ P+ D+ WP+ X2V 4 27 =21

A4+ B*—C* 420D+ D* —2AW —W? — X*> 4+ 2XY +Y? —2BZ - Z°> =0

A* —B* +2BC +C° + D> + W? — 2AX —4WX — X* (8)
+2WY —Y? 4+4CZ - 2DZ — 7> =0

A B>+ BD+CD+D>—AW+WX - AY — XY -Y*+BZ-CZ=0.

Let 2t be the largest power of 2 which divides all, A, B,C, D, X,Y,Z and
W,ie., A = 2tA, etc., with at least one of the Ay, By,... being odd. First, if
n is even and ¢ > 7, then £ = 5 + 1 only. Dividing by 22t the first equation
of (8) becomes A2 + B? + C% + D? + W2 + X? + Y2 + Z} = 2, which gives the
solution (£+1,+1,0,0,0,0,0,0) (and permutations of these values). However, a
simple computation reveals that none of these possibilities also satisfies the last
three equations of (8). If n is odd and ¢ > ”7“, then t = ”7”, but this implies
that only one value out of A, B, ... is nonzero. Again, that is impossible to sat-
isfy the last three equations of (8). Assume now that ¢t < . The first equation
of (8) becomes A? + B} + C? + D? + Wi + X? + Y2 + ZF = 273720 which is
divisible by 2° (when n is even, since t < 252), respectively 2* (when n is odd,
since t < "7*1) If n is even, this can only happen if A1, By, ..., are all even, that
is, =0,2,4,6 (mod 8), but that contradicts our assumption that ¢ is the largest
power of 2 dividing A, B,.... If n is odd and t < ”T_?’, the previous argument
would work, and if t = 251, then A?+B}+C7+ D3+ W2+ X7 +Y2+Z% = 16. By
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considering every residues for A;, By, ..., modulo 4 and imposing the condition
that the 2nd, 3rd, 4th equations of our system also must be 0 modulo 16, we
only get possibilities (0,0,2,2,0,0,2,2), (0,2,0,2,0,2,0,2), (0,2,2,0,0,2,2,0),
(2,0,0,2,2,0,0,2), (2,0,2,0,2,0,2,0), (2,2,0,0,2,2,0,0) for (41, By,...) mod-
ulo 4, but that implies that all A, By, ... are even, contradicting our assump-
tion on t. This shows that the only possibility is 2t = 27/2 if n is even, and
2t = 200+ 1/2 if p is odd.

Thus, one needs to find integer solutions for the equation A? + B +C?+D? +
Wi+ X3+Y2+ 22 =8, forneven, or A2+ B3 +C3+ DI+ Wi+ X34+Y2+27 =4
for n odd, which also satisfy the last three equations in (8). Mathematica renders
the following: if n is even, then 272 (A,C, D, W, B, X,Y, Z) (note the order) is
one of

+(=1,-1,-1,-1,—-1,—1,—-1,—1),  +(-1,1,—1,1,—1,1,-1,1),
+(-1,-1,-1,-1,1,1,1,1), +(-1,1, 1,1,1 1,1,—1)7
+(1,-1,-1,1,-1,1,1, -1), +(1,1,-1,-1,-1,— ,1), (9)
+(1,-1,-1,1,1,—1,-1,1), +(1,1,-1,-1,1,1,—1,-1),
and, i = (A,C,D,W,B, X,Y, Z) is one of
+ (- 1,1,0 0, 1,1,0 0), +(~1,1,0,0,1,-1,0,0),
( 15170 O a )7 i(oaoa_lvlaoaoyL_l)a
(0 0 1,1,0,0,—1,—1), +(0,0,1,1,0,0,1,1),
+(1,1,0,0, — 1,0,0), +(1,1,0,0,1,1,0,0).

We see that in both cases, if f is gbent, then the conditions of the theorem
are satisfied. The converse follows with straightforward calculations. O

Proof of Theorem5: Assume that f is gsemibent in QB}IG when n is odd, respec-
tively generalized 2-plateaued when n is even. Then |H§c16)(u)| € {0, £2(n+1)/2}
for n odd, respectively, |H§c16)(u)\ € {0,£2("*+2/2} for n even. Using the nota-
tions of Theorem 4, from Eq. (7), we immediately ggt A=B=C=D =X =
Y=W=Z=0if H;w)(u) =0.If |H§c16) ()| = 2»*V/2 (for n odd), respec-
tively, |H§c16)(u)| = 2(n+2)/2 (for n even), then (7) again yields the system of
Eq. (8) with the one difference that in the first equation the power of 2 on the
right side is 2”4, respectively, 2”5, With the same argument as in the proof
of Theorem 4 we see that for such u, 2’%1(14, C,D,W,B, XY, Z) (for n odd),
respectively, 23" (A,C,D,W,B,X,Y, Z) (for n even) can only take the values
from Eq. (9).

Straightforwardly, one confirms that the converse is also true, and the theo-
rem is shown. O
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