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Abstract. In this paper we prove that generalized bent (gbent) func-
tions defined on F

n
2 with values in Z2k are regular, and show connections

between the (generalized) Walsh spectrum of these functions and their
components. Moreover we analyze generalized bent and semibent func-
tions with values in Z16 in detail, extending earlier results on gbent
functions with values in Z4 and Z8.

1 Introduction

Let Vn be an n-dimensional vector space over F2 and for an integer q, let Zq be
the ring of integers modulo q. For a generalized Boolean function f from Vn to
Zq the generalized Walsh-Hadamard transform is the complex valued function

H(q)
f (u) =

∑

x∈Vn

ζf(x)
q (−1)〈u,x〉, ζq = e

2πi
q ,

where 〈u,x〉 denotes a (nondegenerate) inner product on Vn (we shall use ζ,
Hf , instead of ζq, respectively, H(q)

f , when q is fixed). Throughout, we identify
Vn with the vector space F

n
2 of n-tuples over F2, and we use the regular scalar

(inner) product 〈u,x〉 = u · x. We denote the set of all generalized Boolean
functions by GBq

n and when q = 2, by Bn.
We recall that for q = 2, where the generalized Walsh-Hadamard transform

of f reduces to the conventional Walsh-Hadamard transform

Wf (u) =
∑

x∈Vn

(−1)f(x)(−1)u·x,

a function f for which |Wf (u)| = 2n/2 for all u ∈ Vn is called a bent function.
Similarly, we say that function f : Vn → Zq is a generalized bent (gbent) if
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|Hf (u)| = 2n/2 for all u ∈ Vn. Further recall that f ∈ Bn is called plateaued if
|Wf (u)| ∈ {0, 2(n+s)/2} for all u ∈ Vn for a fixed integer s depending on f (we
also call f then s-plateaued). If s = 1 (n must then be odd), or s = 2 (n must
then be even), we call f semibent. With this notation, a semibent function is an
s-plateaued Boolean function with smallest possible s > 0. Accordingly we call
a function f ∈ GBq

n, with q = 2k, k > 1, generalized semibent (gsemibent, for
short) if |Hf (u)| ∈ {0, 2(n+1)/2} for all u ∈ Vn, and more general, generalized
s-plateaued if |Hf (u)| ∈ {0, 2(n+s)/2} for all u ∈ Vn.

Let f : Vm → Zq. If 2k−1 < q ≤ 2k, we associate a unique sequence of
Boolean functions ai : Vm → F2, 1 ≤ i ≤ k, such that (the addition below is
in Zq)

f(x) = a1(x) + · · · + 2k−1ak(x), for all x ∈ Vm.

If q = 2k, following Carlet [1], we further define the generalized Gray map ψ(f) :
GBq

n → Bn+k−1 by ψ(f)(x, y1, . . . , yk−1) =
⊕k−1

i=1 ai(x)yi ⊕ ak(x).
Generalized bent functions were introduced in [7] in connection with appli-

cations in CDMA systems, and lately have attracted increasing attention, see
e.g. [2,3,8,9].

In [8,9] gbent functions f(x) = a1(x) + 2a2(x) in GB4
n and f = a1(x) +

2a2(x) + 22a3(x) in GB8
n were completely characterized in terms of properties

of the Boolean functions ai(x). In particular, relations between gbentness of f
and bentness of associated Boolean functions have been investigated. In [9] it
was moreover shown that f ∈ GB4

n, with f(x) = a1 + 2a2(x), a1, a2 ∈ Bn, is
gbent if and only if the Gray image ψ(f) is bent if n is odd, or semibent and
the associated a2 and a1 ⊕ a2 have complementary autocorrelation if n is even
(see [9] for the details). Currently one observes a lot of research activities on
gbent functions for general k, and we expect that many more general results
will be discovered in the near future. Our generalizations in Sect. 2, where we
analyze gbent functions in terms of their components, are some first results.
In particular we show that a gbent function in even dimension is an affine
space of bent functions and we decompose a gbent function in GB2k

n into two
gbent functions in GB2k−1

n . In Sect. 3 we analyze gbent functions in GB16
n in

detail.

2 Gbent Functions and Their Components

In accordance with the terminology for bent functions, we call a gbent function
f ∈ GBq

n regular, if Hf (u) = 2n/2ζ
f∗(u)
q for some function f∗ ∈ GBq

n. We start
with a theorem about the regularity of gbent functions, which is also of indepen-
dent interest. We prove the result by modifying a method of Kumar et al. [6].

Theorem 1. All gbent functions f ∈ GB2k

n are regular, except for n odd and
k = 2, in which case we have H4

f (u) = 2
n−1
2 (±1 ± i).

Proof. If k = 1, the result is known, as we are dealing with classical bent func-
tions. Let k ≥ 2. Let ζ = e

2πi

2k be a 2k-primitive root of unity. It is known that
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Z[ζ] is the ring of algebraic integers in the cyclotomic field Q(ζ). We recall some
facts from [6] (we change the notations slightly). The decomposition for the ideal
generated by 2 in Z[ζ] has the form 〈2〉 = P 2k−1

, where P = 〈1 − ζ〉 is a prime
ideal in Z[ζ]. The decomposition group

G2 = {σ in the Galois group of Q(ζ)/Q | σ(P ) = P}

contains also the conjugation isomorphism σ∗(z) = z−1 (Proposition 2 in [6]).

Observe that H(2k)
f (u)H(2k)

f (u) = 2n. Now, as in Property 7 of [6], observing
that our generalized Walsh transform is simply S(f, 2k−1u) (in the notations of

Kumar et al. [6]; u is a binary vector in our case), then H(2k)
f (u) and H(2k)

f (u)

will generate the same ideal in Z[ζ] and so, 2−n(H(2k)
f (u))2 is a unit, and conse-

quently, 2−n/2H(2k)
f (u) is an algebraic integer. Therefore, by Proposition 1 of [6]

(which, in fact, is an old result of Kronecker from 1857), 2−n/2H(2k)
f (u) must be

a root of unity. That alone would still not be enough to show regularity since
this root of unity may be in a cyclotomic field outside Q(ζ), however, that is

not the case here, since the Gauss quadratic sum G(2k) =
2k−1∑

i=0

ζi2 = 2k/2(1 + i)

and so,
√

2 ∈ Q(ζ), unless k = 2 (since then 1 + i 
∈ Q(ζ)). The first assertion is
shown for n even, as well as for n odd with k ≥ 3.

When n is odd and k = 2, then H(4)
f (u) =

∑
u∈Vn

if(u)(−1)u·x = a + bi, for

some integers a, b. Since f is gbent, with |H(4)
f (u)|2 = 2n we get the diophantine

equation a2 + b2 = 2n. If n is even, the only solutions are (a, b) = (±2n/2, 0), or
(0,±2n/2). If n is odd, the solutions are (a, b) = (±2�n/2�,±2�n/2�) (independent
choices of signs). The theorem is shown.

From the definition of a Boolean bent function via the Walsh-Hadamard
transform we immediately obtain the following equivalent definition, where we
denote the support of a Boolean function f by supp(f) := {x ∈ Vn : f(x) = 1}:
A Boolean function f : Vn → F2 is bent if and only if for every u ∈ Vn the
function fu(x) := f(x)⊕u ·x satisfies |supp(fu)| = 2n−1 ±2n/2. Our next target
is to show an analog description for gbent functions. We use the following lemma.

Lemma 1. Let q = 2k, k > 1, ζ = e2πi/q. If ρl ∈ Q, 0 ≤ l ≤ q − 1 and∑q−1
l=0 ρlζ

l = r is rational, then ρj = ρ2k−1+j, for 1 ≤ j ≤ 2k−1 − 1.

Proof. Since ζ2
k−1+l = −ζl for 0 ≤ l ≤ 2k−1 − 1, we can write every element z

of the cyclotomic field Q(ζ) as

z =
2k−1−1∑

l=0

λlζ
l, λl ∈ Q, 0 ≤ l ≤ 2k−1 − 1.
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As [Q(ζ) : Q] = ϕ(q) = 2k−1 (ϕ is Euler’s totient function), the set {1, ζ, . . . ,

ζ2
k−1−1} is a basis of Q(ζ). Since

0 =
q−1∑

l=0

ρlζ
l − r = (ρ0 − ρ2k−1 − r) +

2k−1−1∑

l=1

(ρj − ρ2k−1+j)ζ
l,

the assertion of the lemma follows.

Proposition 1. Let n = 2m be even, and for a function f : Vn → Z2k and
u ∈ Vn, let fu(x) = f(x) + 2k−1(u · x), and let b

(u)
j = |x ∈ Vn : fu(x) = j}|,

0 ≤ j ≤ 2k − 1. Then f is gbent if and only if for all u ∈ Vn there exists an
integer ρu, 0 ≤ ρu ≤ 2k−1 − 1, such that

b
(u)

2k−1+ρu
= b(u)ρu

± 2m and b
(u)

2k−1+j
= b

(u)
j , for 0 ≤ j ≤ 2k−1 − 1, j 
= ρu.

Proof. First suppose that f is gbent. Then by Theorem 1, f is a regular gbent
function. Hence

Hf (u) =
∑

x∈Vn

ζf(x)(−1)u·x =
∑

x∈Vn

ζf(x)+2k−1(u·x) = Hfu(0) =

2k−1∑

j=0

b
(u)
j ζj = 2mζr

for some 0 ≤ r ≤ 2k − 1. With ρu = r if 0 ≤ r ≤ 2k−1 − 1, and ρu = r − 2k−1

otherwise, the claim follows from Lemma 1.
The converse statement is verified in a straightforward manner.

We now can present connections between gbent functions and their compo-
nents for the general case of gbent functions in GB2k

n , k > 1. This generalizes
the corresponding results for k = 2 and k = 3 in [8] and in [9].

Theorem 2. Let n be even, and let f(x) be a gbent function in GB2k

n , k > 1,
(uniquely) given as

f(x) = a1(x) + 2a2(x) + · · · + 2k−2ak−1(x) + 2k−1ak(x),

ai ∈ Bn, 1 ≤ i ≤ k. Then all Boolean functions of the form

gc(x) = c1a1(x) ⊕ c2a2(x) ⊕ · · · ⊕ ck−1ak−1(x) ⊕ ak(x),

c = (c1, c2, . . . , ck−1) ∈ F
k−1
2 , are bent functions.

Proof. As in Proposition 1, for the gbent function f we denote by fu the function
fu(x) = a1(x) + · · · + 2k−2ak−1(x) + 2k−1(ak(x) + u · x) in GB2k

n . Again, the
integer b

(u)
r , 0 ≤ r ≤ 2k − 1, is defined as b

(u)
r = |{x ∈ Vn : fu(x) = r}|. By

Proposition 1, b
(u)

r+2k−1 = b
(u)
r for all 0 ≤ r ≤ 2k−1 − 1, except for one element

ρu ∈ {0, . . . , 2k−1 − 1} depending on u, for which b
(u)

ρu+2k−1 = b
(u)
ρu ± 2n/2.

Since it is somewhat easier to follow, we first show the bentness of ak(x) =
g0(x). In the second step we show the general case.
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For r 
= ρu, 0 ≤ r ≤ 2k−1 − 1, consider all x ∈ Vn for which a1(x) + · · · +
2k−2ak−1(x) = r. Since b

(u)

r+2k−1 = b
(u)
r , for exactly half of these x we have

ak(x) + u · x = 0 (note that the number of these x must be even). Among
all x ∈ Vn for which a1(x) + · · · + 2k−2ak−1(x) = ρu, there are b

(u)
ρu for which

ak(x)+u ·x = 0, and there are b
(u)

ρu+2k−1 = b
(u)
ρu ±2n/2 for which ak(x)+u ·x = 1.

Hence for the Walsh-Hadamard transform of ak we get

Wak
(u) =

∑

x∈Vn

(−1)ak(x)⊕u·x = ±2n/2,

which shows that ak is bent.
To show that gc is bent for every c ∈ F

k−1
2 , we write fu(x), u ∈ Vn, as

fu(x) = c1a1(x) + · · · + ck−12k−2ak−1(x) + c̄1a1(x) + · · · + c̄k−12k−2ak−1(x)

+ 2k−1(ak(x) + u · x) := h(x) + h̄(x) + 2k−1(ak(x) + u · x),

where c̄ = c ⊕ 1. Note that every 0 ≤ r ≤ 2k−1 − 1 in the value set of a1(x) +
· · · + 2k−2ak−2(x) has then a unique representation as h(x) + h̄(x). Consider x
for which h(x) + h̄(x) = r + s 
= ρu. Again from b

(u)

r+2k−1 = b
(u)
r we infer that for

half of those x we have ak(x) ⊕ u · x = 0. Hence also

gc(x) ⊕ u · x = c1a1(x) ⊕ · · · ⊕ ck−1ak−1(x) ⊕ ak(x) ⊕ u · x = 0

for exactly half of those x. (Observe that h(x1) = h(x2) = r implies c1a1(x1) ⊕
· · · ⊕ ck−1ak−1(x1) = c1a1(x2)⊕ · · · ⊕ ck−1ak−1(x2).) Similarly as above, among
all x ∈ Vn for which h(x)+ h̄(x) = ρu, there are b

(u)
ρu for which ak(x)⊕u ·x = 0,

and there are b
(u)

ρu+2k−1 = b
(u)
ρu ± 2n/2 for which ak(x) ⊕ u · x = 1. From this we

conclude that |{x ∈ Vn : h(x) + h̄(x) = ρu and fu(x) = 1}| − |{x ∈ Vn :
h(x) + h̄(x) = ρu and fu(x) = 0}| = ±2n/2. Therefore

Wgc(u) =
∑

x∈Vn

(−1)gc(x)+u·x = ±2n/2,

and gc is bent.

We remark that the necessary conditions in Theorem2 are not sufficient when
k > 2. The additional conditions on the Walsh spectra for k = 3 given in [9,
Theorem 19] and for k = 4 given in our Theorem7 are required, as one can easily
confirm with examples employing vectorial Maiorana-McFarland bent functions.

The next result on the decomposition of a gbent function in GB2k

n into two
gbent functions in GB2k−1

n reveals an inductive approach to the study of gbent
functions in GB2k

n . Note that for k = 2 we recover the result in [9] on the
decomposition of a gbent function in GB4

n into two bent functions.
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Theorem 3. Let f ∈ GB2k

n with f(x) = g(x) + 2h(x), g ∈ Bn, h ∈ GB2k−1

n . If n
is even, then the following statements are equivalent.

(i) f is gbent in GB2k

n ;
(ii) h and h + 2k−2g are both gbent in GB2k−1

n with Hh+2k−2g(u) = ±Hh(u), for
all u ∈ Vn.

If n is odd, then (ii) implies (i).

Proof. We first show that for n even, h and h+2k−2g are gbent in GB2k−1

n if f is
gbent in GB2k

n . In a second step, we show that if h and h+2k−2g are both gbent
in GB2k−1

n , then f is gbent in GB2k

n if and only if H(2k−1)
h (u) = ±H(2k−1)

h+2k−2g
(u),

for all u ∈ Vn. This will conclude the proof for both, n even and n odd.
Let u ∈ Vn, and for e ∈ {0, 1} and r ∈ {0, . . . , 2k−1 − 1}, let

S(u)(e, r) = {x ∈ Vn : g(x) = e and h(x) + 2k−2(u · x) = r}.

With the notations of Proposition 1, we have fu(x) = f(x)+2k−1(u·x) = g(x)+
2(h(x) + 2k−2(u · x)), and |S(u)(e, r)| = b

(u)
e+2r. If f is gbent, by Proposition 1,

there exist ε ∈ {0, 1} and 0 ≤ ρu ≤ 2k−2 − 1, for which |S(u)(ε, ρu + 2k−2)| =
|S(u)(ε, ρu)|± 2n/2. For (e, r) 
= (ε, ρu), we have |S(u)(e, r +2k−2)| = |S(u)(e, r)|.
Observing that {x ∈ Vn : h(x) + 2k−2(u · x) = r} = S(u)(0, r) ∪ S(u)(1, r), we
obtain

H(2k−1)
h (u) =

∑

x∈Vn

ζ
h(x)

2k−1(−1)u·x =
∑

x∈Vn

ζ
h(x)+2k−2(u·x)
2k−1 = ±ζρu

2k−12n/2.

Consequently, h is gbent in GB2k−1

n . For h + 2k−2g ∈ GB2k−1

n we have

H(2k−1)

h+2k−2g
(u) =

∑

x∈Vn

ζ
h(x)+2k−2(u·x)+2k−2gx

2k−1 =
∑

e∈F2
r∈Z

2k−1

∑

x∈S(u)(e,r)

ζr+2k−2e
2k−1

=
∑

e∈F2
r∈Z

2k−1

|S(u)(e, r)|ζr+2k−2e
2k−1 = ±ζρu+2k−2ε

2k−1 2n/2,

which implies that also h + 2k−2g is gbent in GB2k−1

n .
To show the condition H(2k−1)

h (u) = ±H(2k−1)

h+2k−2g
(u), we first observe that

2H(2k)
f (u) = 2

∑

x∈Fn
2

ζ
g(x)

2k ζ
h(x)

2k−1(−1)u·x

=
∑

x∈Fn
2

(
1 + (−1)g(x) + (1 − (−1)g(x))ζ2k

)
ζ

h(x)

2k−1(−1)u·x

= (1 + ζ2k)H(2k−1)
h (u) + (1 − ζ2k)H(2k−1)

h+2k−2g
(u). (1)
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Writing ζ2k = x + yi, H(2k−1)
h (u) = a + bi and H(2k−1)

h+2k−2g
(u) = c + di, from

Eq. (1), taking the complex norm, squaring and rearranging terms (recall that
|ζ2k |2 = x2 + y2 = 1), we get

2|H(2k)
f (u)|2 =

1
2
(a2 + b2)(1 + 2x + x2 + y2) +

1
2
(c2 + d2)(1 − 2x + x2 + y2)

− (ac + bd)(x2 + y2 − 1) + 2(ad − bc)y

= |H(2k−1)
h (u)|2(1 + x) + |H(2k−1)

h+2k−2g
(u)|2(1 − x)

+ 2y �
(

H(2k−1)
h (u)H(2k−1)

h+2k−2g
(u)

)
. (2)

If h, h+2k−2g are gbent, i.e. |H(2k−1)
h (u)|2 = |H(2k−1)

h+2k−2g
(u)|2 = 2n for all u ∈ Vn,

then we immediately see that |H(2k)
f (u)|2 = 2n for all u ∈ Vn, and hence f is

gbent if and only if �
(

H(2k−1)
h (u)H(2k−1)

h+2k−2g
(u)

)
= 0, for all u ∈ Vn.

We now argue that the condition �
(

H(2k−1)
h (u)H(2k−1)

h+2k−2g
(u)

)
= 0 is equiv-

alent to Hh+2k−2g(u) = ±Hh(u). For easy writing, let f0, f1 be the gbent
functions in the indices above. By the regularity of gbent functions (when n
is even or k ≥ 3), Hf0(u) = 2n/2ζi

2k−1 , Hf1(u) = 2n/2ζj
2k−1 for some integers

0 ≤ i, j ≤ 2k − 1. Hence Hf0(u) Hf1(u) is real if and only if ζj−i
2k = ±1, i.e. i = j

or i = j + 2k−1 (modulo 2k). Equivalently, Hf1(u) = ±Hf0(u). If n is odd and
k = 2, then Hf (u) = 2n/2ζi

8, i ∈ {1, 3, 5, 7}, and the same argument works.

We close this section with some remarks on relations between gbent functions
in GB2k

n , n even, and relative difference sets. First note that the characters of Vn×
Z2k are χu,a(x, z) = ζaz

2k (−1)〈u,x〉, u ∈ Vn, a ∈ Z2k . Recall that if |χu,a(D)| =
2n/2 for all nonzero a ∈ Z2k and all u ∈ Vn, then the graph D = {(x, f(x)) : x ∈
Vn} of f forms a relative difference set in Vn ×Z2k (see for instance Sect. 2.4. in
[10]). Equivalently, if af is gbent for all nonzero a, then D is a relative difference
set. As easily seen, it is sufficient that 2tf is gbent for all 0 ≤ t ≤ k − 1. Using
Theorem 2, it is not hard to show that F (x) = (a0(x), . . . , ak−1(x)) is then
a vectorial bent function, hence also a relative difference set in an elementary
abelian group. Such gbent functions, which seem quite rare, may be of particular
interest for future research. For an example of a class of such gbent functions
obtained from partial spreads we refer to [5].

3 Complete Characterization of Generalized Bent
and Semibent Functions in GB16

n

We write f ∈ GB16
n as

f(x) = a1(x) + 2a2(x) + 22a3(x) + 23a4(x)

= b1(x) + 22b2(x) = a1(x) + 2d(x),
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where ai(x) ∈ Bn, i = 1, 2, 3, 4, b1(x) = a1(x) + 2a2(x), b2(x) = a3(x) + 2a4(x)
are in GB4

n, and d(x) = a2(x) + 2a3(x) + 22a4(x) ∈ GB8
n.

Our objective is to show necessary and sufficient conditions on the compo-
nents a1, a2, a3, a4, b1, b2, d for the gbentness of f . For the conditions on a1 and
d for the gbentness of a1(x) + 2d(x) when n is even, we can apply Theorem 3:
f(x) = a1(x) + 2d(x) is gbent if and only if d and d + 4a1 are gbent in GB8

n and
H(8)

d (u) = ±H(8)
d+4a1

(u) for all u ∈ Vn.
We start with a complete characterization of gbent functions in GB16

n in terms
of a1, a2, a3, a4. By this we extend results in [8,9] on gbent functions in GB4

n and
GB8

n. We then also will characterize gsemibent functions f ∈ GB16
n in terms of

a1, a2, a3, a4.

Theorem 4. Suppose that f(x) = a1(x)+2a2(x)+22a3(x)+23a4(x), ai ∈ Bn,
1 ≤ i ≤ 4. Then f is gbent in GB16

n if and only if the conditions (i) (if n is
even), or (ii) (if n is odd) hold:

(i) For all ci ∈ F2, i = 1, 2, 3, the Boolean function c1a1 ⊕ c2a2 ⊕ c3a3 ⊕ a4 is
bent, and for all u ∈ Vn we have

Wa4(u)Wa2⊕a4(u) = Wa3⊕a4(u)Wa2⊕a3⊕a4(u)
= Wa1⊕a4(u)Wa1⊕a2⊕a4(u) = Wa1⊕a3⊕a4(u)Wa1⊕a2⊕a3⊕a4(u), and
Wa4(u)Wa3⊕a4(u) = Wa1⊕a4(u)Wa1⊕a3⊕a4(u).

(ii) For all ci ∈ F2, i = 1, 2, 3, the Boolean function c1a1 ⊕ c2a2 ⊕ c3a3 ⊕ a4 is
semibent, and for all u ∈ Vn we either have

Wa4(u)Wa2⊕a4(u) = Wa1⊕a4(u)Wa1⊕a2⊕a4(u) = ±2n+1 and
Wa3⊕a4(u) = Wa2⊕a3⊕a4(u) = Wa1⊕a3⊕a4(u) = Wa1⊕a2⊕a3⊕a4(u) = 0,

or

Wa2⊕a4(u) = Wa4(u) = Wa1⊕a4(u) = Wa1⊕a2⊕a4(u) = 0 and

Wa3⊕a4(u)Wa2⊕a3⊕a4(u) = Wa1⊕a3⊕a4(u)Wa1⊕a2⊕a3⊕a4(u) = ±2n+1.

Our proof for Theorem4 is quite technical and in parts computer-assisted. Hence
we omit is here and present it in the appendix.

The result on the semibentness of functions in GB16
n is obtained with the

same approach. For the proof we again refer to the appendix.

Theorem 5. Let f ∈ GB16
n be given as f(x) = a1(x) + 2a2(x) + 22a3(x) +

23a4(x), ai ∈ Bn, 1 ≤ i ≤ 4. Then f is gsemibent when n is odd, and generalized
2-plateaued when n is even, if and only if the Boolean function c1a1 ⊕ c2a2 ⊕
c3a3 ⊕ a4 is semibent for all ci ∈ F2, i = 1, 2, 3, such that for all u ∈ Vn their
Walsh-Hadamard transforms are either all zero, or they satisfy

Wa4(u)Wa2+a4(u) = Wa3+a4(u)Wa2+a3+a4(u)
= Wa1+a4(u)Wa1+a2+a4(u) = Wa1+a3+a4(u)Wa1+a2+a3+a4(u), and
Wa4(u)Wa3+a4(u) = Wa1+a4(u)Wa1+a3+a4(u).
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In the light of Theorem4, one may expect that with a similar approach one
can also show relations between gbentness in GB16

n and in GB4
n. We here only

state the theorem. For the proof we refer to our eprint [4].

Theorem 6. Let f ∈ GB16
n with f(x) = a1(x) + 2a2(x) + 22a3(x) + 23a4(x) =

b1(x) + 22b2(x), where b1 = a1 + 2a2, b2 = a3 + 2a4 ∈ GB4
n. The function f is

gbent in GB16
n if and only if b2, b1+b2, 2b1+b2, 3b1+b2 are gbent in GB4

n with their
generalized Walsh-Hadamard transforms satisfying the following conditions, (i)
for n even, respectively, (ii) for n odd, for all u ∈ Vn:

(i) 2−n/2(H3b1+b2(u),Hb1+b2(u),H2b1+b2(u),Hb2(u)) belongs to one of (ε, ε, ε, ε),
(ε, ε,−ε,−ε), (ε,−ε, εi,−εi), (ε − ε,−εi, εi), (εi, εi, εi, εi), (εi, εi,−εi,−εi),
(εi,−εi, ε,−ε), (−εi, εi,−ε, ε), where ε ∈ {±1}.

(ii) 2−(n−1)/2(H3b1+b2(u),Hb1+b2(u),H2b1+b2(u),Hb2(u)) belongs to one of (ε+
μi, ε + μi, ε + μi, ε + μi), (ε + μi, ε + μi,−ε − μi,−ε − μi), (ε + μi,−ε − μi, ε −
μi,−ε + μi), (ε + μi,−ε − μi,−ε + μi, ε − μi), for ε, μ ∈ {±1}.
We close this section with some results on the Gray image ψ(f) of gbent

functions f in GB8
n and GB16

n , extending the corresponding results in [9].

Lemma 2. Let n, k ≥ 2 be positive integers and ψ : Vn+k−1 → F2 be defined
by ψ(x, y1, y2, . . . , yk−1) = ak(x) ⊕ ⊕k−1

i=1 yiai(x), where ai ∈ Bn, 1 ≤ i ≤ k.
Denote by a(x) the vectorial Boolean function a(x) = (a1(x), . . . , ak−1(x)) and
let u ∈ Vn and v = (v1, . . . , vk−1) ∈ Vk−1. The Walsh-Hadamard transform of
ψ at (u,v) is then

Wψ(u, v1, . . . , vk−1) =
∑

α∈Vk−1

(−1)α·vWak⊕α·a(u).

Proof. We will show our claim by induction on k. For k = 2 we have

Wψ(u, v1) =
∑

x∈Vn
y1∈F2

(−1)y1a1(x)⊕a2(x)(−1)v1y1⊕u·x

=
∑

x∈Vn

(−1)a2(x)(−1)u·x +
∑

x∈Vn

(−1)a1(x)⊕a2(x)(−1)v1⊕u·x

= Wa2(u) + (−1)v1Wa1⊕a2(u).

Now let

ψ(x, y1, . . . , yk) = ψ1(x, y1, . . . , yk−1) ⊕ ykak(x), where

ψ1(x, y1, . . . , yk−1) = ak+1(x) ⊕
k−1⊕

i=1

yiai(x).

Then Wψ(u,v, vk) = Wψ1(u,v) + (−1)vkWψ1⊕ak+1(u,v), which implies our
claim by the induction assumption.
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Theorem 7. We have:

(i) Let f(x) = a1(x) + 2a2(x) + 22a3(x) ∈ GB8
n be gbent. Then its Gray image

ψ(f) is semibent in Bn+2.
(ii) Let f = a1(x) + 2a2(x) + 22a3(x) + 23a4(x) ∈ GB16

n be gbent. Then ψ(f) is
semibent in Bn+3 if n is odd, and 3-plateaued in Bn+3 if n is even.

Proof. (i) By Lemma 2, for ψ(f)(x, y1, y2) = a1(x)y1 + a2(x)y2 + a3(x),

Wψ(f)(u, v1, v2) =Wa3(u) + (−1)v1Wa3⊕a1(u)

+ (−1)v2Wa3⊕a2(u) + (−1)v1+v2Wa3⊕a2⊕a1(u).
(3)

Assume first that n is even. Since f is gbent, by [9, Theorem 19], for the
bent components we have Wa3(u)Wa1⊕a2⊕a3(u) = Wa1⊕a3(u)Wa2⊕a3(u), for
all u ∈ Vn. Take Wa3(u) = μ1(u)2n/2,Wa3⊕a1(u) = μ2(u)2n/2,Wa3⊕a2(u) =
μ3(u)2n/2,Wa3⊕a2⊕a1(u) = μ4(u)2n/2, for some μi ∈ {−1, 1}, 1 ≤ i ≤ 4. Thus,
μ1(u)μ4(u) = μ2(u)μ3(u). Using these in Eq. (3), we obtain

2−n/2Wψ(f)(u, v1, v2) = μ1(u) + (−1)v1μ2(u) + (−1)v2μ3(u) + (−1)v1⊕v2μ4(u).

For (μ1(u), μ2(u), μ3(u), μ4(u)) with values in the set

(−1,−1,−1,−1), (1, 1,−1,−1), (−1,−1, 1, 1), (−1, 1,−1, 1),
(1,−1,−1, 1), (−1, 1, 1,−1), (1,−1, 1,−1), (1, 1, 1, 1),

2−n/2Wψ(f)(u, v1, v2) takes one of the following values

(−1)v1⊕v2⊕1 + (−1)v1⊕1 + (−1)v2⊕1 − 1, (−1)v1⊕v2 + (−1)v1⊕1 + (−1)v2 − 1,

(−1)v1⊕v2 + (−1)v1 + (−1)v2⊕1 − 1, (−1)v1⊕v2⊕1 + (−1)v1 + (−1)v2 − 1,

(−1)v1⊕v2 + (−1)v1⊕1 + (−1)v2⊕1 + 1, (−1)v1⊕v2⊕1 + (−1)v1⊕1 + (−1)v2 + 1,

(−1)v1⊕v2⊕1 + (−1)v1 + (−1)v2⊕1 + 1, (−1)v1⊕v2 + (−1)v1 + (−1)v2 + 1.

Therefore, Wψ(f) attains the values 0,±2(n+4)/2, thus ψ(f) is semibent.
We now consider the case of odd n. Then, by [9, Theorem 19], a3, a1 ⊕

a3, a2 ⊕ a3, a1 ⊕ a2 ⊕ a3 are all semibent and, Wa3(u) = Wa1⊕a3(u) = 0
and |Wa1⊕a2⊕a3(u)| = |Wa2⊕a3(u)| = 2(n+1)/2, or |Wa3(u)| = |Wa1⊕a3(u)| =
2(n+1)/2 and Wa1⊕a2⊕a3(u) = Wa2⊕a3(u) = 0.

Case 1. Let Wa3(u) = Wa1⊕a3(u) = 0, Wa1⊕a2⊕a3(u) = ε1(u)2(n+1)/2, Wa2⊕a3

(u) = ε2(u)2(n+1)/2, with ε1, ε2 ∈ {−1, 1}. With (3),

Wψ(f)(u, v1, v2) = (−1)v22(n+1)/2 (ε1(u) + (−1)v1ε2(u)) ,

from which we infer that Wψ(f)(u, v1, v2) ∈ {0,±2(n+3)/2}, for all combina-
tions of εi(u) and vi, i = 1, 2. Therefore ψ(f) is semibent.
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Case 2. Let Wa3(u) = ε1(u)2(n+1)/2, Wa1⊕a3(u) = ε2(u)2(n+1)/2, Wa1⊕a2⊕a3

(u) = Wa2⊕a3(u) = 0, with ε1, ε2 ∈ {−1, 1}. As before, from (3) we obtain

Wψ(f)(u, v1, v2) = 2(n+1)/2 (ε1(u) + (−1)v1ε2(u)) ,

from which we infer that Wψ(f)(u, v1, v2) ∈ {0,±2(n+3)/2} and therefore ψ(f)
is semibent.

(ii) By Lemma 2, for ψ(f)(x, y1, y2, y3) = a4(x)
⊕3

i=1 yiai(x),

Wψ(f)(u, v1, v2, v3) = Wa4(u) + (−1)v1Wa4⊕a1(u)
+ (−1)v2Wa4⊕a2(u) + (−1)v3Wa4⊕a3(u)

+ (−1)v1⊕v2Wa4⊕a2⊕a1(u) + (−1)v1⊕v3Wa4⊕a3⊕a1(u)

+ (−1)v2⊕v3Wa4⊕a3⊕a2(u) + (−1)v1⊕v2⊕v3Wa4⊕a3⊕a2⊕a1(u).

By going through the 32 cases of Theorem 4 for the Walsh-Hadamard transforms
in the expression above (16 for n even and 16 for n odd), we obtain that the
Walsh-Hadamard spectrum is {0,±23+n/2} (for n even) and {0,±22+(n+1)/2}
(for n odd), hence the claim.
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Both the second and third named author thank the institution for the excellent working
conditions. The second author is supported by the Austrian Science Fund (FWF)
Project no. M 1767-N26.

A Appendix

Proof of Theorem 4: Let u ∈ Vn. Eq. (2) for k = 4 implies

16
√

2|H(16)
f (u)|2 = (2 +

√
2 +

√
2)4

√
2|H(8)

d (u)|2 + (2 −
√

2 +
√

2)4
√

2|H(8)
d+4a1

(u)|2

+ 8

√
4 − 2

√
2 �
(
H(8)

d (u)H(8)
d+4a1

(u)
)

. (4)

We denote by A,C,D,W the Walsh-Hadamard transforms Wa4(u), Wa2⊕a4(u),
Wa3⊕a4(u), Wa2⊕a3⊕a4(u) (in that order). We denote by B,X, Y, Z the Walsh-
Hadamard transforms Wa1⊕a4(u), Wa1⊕a2⊕a4(u), Wa1⊕a3⊕a4(u), Wa1⊕a2⊕a3⊕a4

(u) (in that order). By [9, Lemma 17], we know that the generalized Walsh-
Hadamard transform of any function in GB8

n, say d and d + 4a1 with d = a2 +
2a3 + 22a4, is of the form

4H(8)
d (u) = α0A+α1C +α2D+α3W, 4H(8)

d+4a1
(u) = α0B +α1X +α2Y +α3Z,

where α0 = 1+ (1+
√

2)i, α1 = 1+ (1−√
2)i, α2 = 1+

√
2− i, α3 = 1−√

2− i,
and moreover that (see also [9, Corollary 18]),

4
√

2|H(8)
d (u)|2 = A2 − C2 + 2CD + D2 − 2AW − W 2 +

√
2(A2 + C2 + D2 + W 2)

(5)

4
√

2|H(8)
d+4a1

(u)|2 = B2 − X2 + 2XY + Y 2 − 2BZ − Z2 +
√

2(B2 + X2 + Y 2 + Z2).
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Furthermore, with straightforward computations we get

8

√
4 − 2

√
2 �
(
H(8)

b (u)H(8)
b+4a1

(u)
)

= 2

√
2 −

√
2 (BC + BD − AX − WX − AY + WY + CZ − DZ)

+ 2

√
4 − 2

√
2 (BD + WX − AY − CZ).

(6)

Using (5) and (6) in Eq. (4) we obtain

16
√

2|H(16)
f (u)|2

= 2(A2 + B2 − C2 + 2CD + D2 − 2AW − W 2 − X2 + 2XY + Y 2 − 2BZ − Z2)

+ 2
√

2(A2 + B2 + C2 + D2 + W 2 + X2 + Y 2 + Z2)

+

√
2 −

√
2 (A2 − B2 + 2BC + C2 + D2 + W 2 − 2AX − 4WX − X2 (7)

+ 2WY − Y 2 + 4CZ − 2DZ − Z2)

+ 2

√
2 +

√
2 (A2 − B2 + BD + CD + D2 − AW + WX − AY − XY

− Y 2 + BZ − CZ).

If f is gbent in GB16
n , i.e., |H(16)

f (u)|2 = 2n, by the linear independence of

{1,
√

2,
√

2 − √
2,

√
2 +

√
2} (as easily shown, the set forms a basis of Q(

√
2,√

2 − √
2)), we arrive at the following system of equations with solutions in Z,

A2 + B2 + C2 + D2 + W 2 + X2 + Y 2 + Z2 = 2n+3

A2 + B2 − C2 + 2CD + D2 − 2AW − W 2 − X2 + 2XY + Y 2 − 2BZ − Z2 = 0

A2 − B2 + 2BC + C2 + D2 + W 2 − 2AX − 4WX − X2

+ 2WY − Y 2 + 4CZ − 2DZ − Z2 = 0

A2 − B2 + BD + CD + D2 − AW + WX − AY − XY − Y 2 + BZ − CZ = 0.

(8)

Let 2t be the largest power of 2 which divides all, A,B,C,D,X, Y, Z and
W , i.e., A = 2tA1, etc., with at least one of the A1, B1, . . . being odd. First, if
n is even and t > n

2 , then t = n
2 + 1 only. Dividing by 22t, the first equation

of (8) becomes A2
1 + B2

1 + C2
1 + D2

1 + W 2
1 + X2

1 + Y 2
1 + Z2

1 = 2, which gives the
solution (±1,±1, 0, 0, 0, 0, 0, 0) (and permutations of these values). However, a
simple computation reveals that none of these possibilities also satisfies the last
three equations of (8). If n is odd and t > n+1

2 , then t = n+3
2 , but this implies

that only one value out of A,B, . . . is nonzero. Again, that is impossible to sat-
isfy the last three equations of (8). Assume now that t < n

2 . The first equation
of (8) becomes A2

1 + B2
1 + C2

1 + D2
1 + W 2

1 + X2
1 + Y 2

1 + Z2
1 = 2n+3−2t, which is

divisible by 25 (when n is even, since t ≤ n−2
2 ), respectively 24 (when n is odd,

since t ≤ n−1
2 ). If n is even, this can only happen if A1, B1, . . . , are all even, that

is, ≡ 0, 2, 4, 6 (mod 8), but that contradicts our assumption that t is the largest
power of 2 dividing A,B, . . .. If n is odd and t ≤ n−3

2 , the previous argument
would work, and if t = n−1

2 , then A2
1+B2

1+C2
1+D2

1+W 2
1 +X2

1+Y 2
1 +Z2

1 = 16. By
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considering every residues for A1, B1, . . . , modulo 4 and imposing the condition
that the 2nd, 3rd, 4th equations of our system also must be 0 modulo 16, we
only get possibilities (0, 0, 2, 2, 0, 0, 2, 2), (0, 2, 0, 2, 0, 2, 0, 2), (0, 2, 2, 0, 0, 2, 2, 0),
(2, 0, 0, 2, 2, 0, 0, 2), (2, 0, 2, 0, 2, 0, 2, 0), (2, 2, 0, 0, 2, 2, 0, 0) for (A1, B1, . . .) mod-
ulo 4, but that implies that all A1, B1, . . . are even, contradicting our assump-
tion on t. This shows that the only possibility is 2t = 2n/2 if n is even, and
2t = 2(n+1)/2 if n is odd.

Thus, one needs to find integer solutions for the equation A2
1+B2

1+C2
1 +D2

1+
W2

1 +X2
1 +Y 2

1 +Z2
1 = 8, for n even, or A2

1+B2
1+C2

1 +D2
1+W2

1 +X2
1 +Y 2

1 +Z2
1 = 4

for n odd, which also satisfy the last three equations in (8). Mathematica renders
the following: if n is even, then 2− n

2 (A,C,D,W,B,X, Y, Z) (note the order) is
one of

± (−1,−1,−1,−1,−1,−1,−1,−1), ±(−1, 1,−1, 1,−1, 1,−1, 1),
± (−1,−1,−1,−1, 1, 1, 1, 1), ±(−1, 1,−1, 1, 1,−1, 1,−1),
± (1,−1,−1, 1,−1, 1, 1,−1), ±(1, 1,−1,−1,−1,−1, 1, 1), (9)
± (1,−1,−1, 1, 1,−1,−1, 1), ±(1, 1,−1,−1, 1, 1,−1,−1),

and, if n is odd, then 2− n+1
2 (A,C,D,W,B,X, Y, Z) is one of

± (−1, 1, 0, 0,−1, 1, 0, 0), ±(−1, 1, 0, 0, 1,−1, 0, 0),
± (0, 0,−1, 1, 0, 0,−1, 1), ±(0, 0,−1, 1, 0, 0, 1,−1),
± (0, 0, 1, 1, 0, 0,−1,−1), ±(0, 0, 1, 1, 0, 0, 1, 1),
± (1, 1, 0, 0,−1,−1, 0, 0), ±(1, 1, 0, 0, 1, 1, 0, 0).

We see that in both cases, if f is gbent, then the conditions of the theorem
are satisfied. The converse follows with straightforward calculations. �

Proof of Theorem 5: Assume that f is gsemibent in GB16
n when n is odd, respec-

tively generalized 2-plateaued when n is even. Then |H(16)
f (u)| ∈ {0,±2(n+1)/2}

for n odd, respectively, |H(16)
f (u)| ∈ {0,±2(n+2)/2} for n even. Using the nota-

tions of Theorem 4, from Eq. (7), we immediately get A = B = C = D = X =
Y = W = Z = 0 if H(16)

f (u) = 0. If |H(16)
f (u)| = 2(n+1)/2 (for n odd), respec-

tively, |H(16)
f (u)| = 2(n+2)/2 (for n even), then (7) again yields the system of

Eq. (8) with the one difference that in the first equation the power of 2 on the
right side is 2n+4, respectively, 2n+5. With the same argument as in the proof
of Theorem 4 we see that for such u, 2− n+1

2 (A,C,D,W,B,X, Y, Z) (for n odd),
respectively, 2− n+2

2 (A,C,D,W,B,X, Y, Z) (for n even) can only take the values
from Eq. (9).

Straightforwardly, one confirms that the converse is also true, and the theo-
rem is shown. �
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