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Abstract

A function f is at a distance d(f,S) from a set S of Boolean
functions if the minimum Hamming distance between f and all g € S
is d(f,S). Given a set S of Boolean functions, the set S of functions
is said to have a mazimum distance from S if it has the property that
for all f € S, d(f,S) is maximum. The well-studied bent Boolean
functions (S) are defined to have a maximum distance from the set of
affine functions (S). Tokareva [14] showed the converse is also true.
That is, S is a maximum distance from S. In such a case, we say
that S and S are mutually mazimally distant.

We introduce partition set functions, which include symmetric
functions, rotation symmetric functions, self-anti-dual-functions, lin-
ear structure functions, and degenerate functions. We show that
partition set functions associated with a partition on the domain F3
are mutually maximally distant from another set S of functions. We
show that the distributions of weights in S is binomial and centered
at 2" ! the point at which a function is perfectly balanced.

Because there is much interest in symmetric functions, we con-
sider this special case, and verify a prior enumeration of functions
that are maximally distant from symmetric functions [8] (we call
them mazimally asymmetric functions). We characterize balanced
maximally asymmetric functions. A similar analysis is done on rota-
tion symmetric functions.

1 Introduction and Definitions

An n-variable Boolean function f is a map from the n dimensional vector
space F§ = {0,1}" to the two-element field Fy. The set of all n-variable



Boolean functions is denoted by B,,. Let wt(x) be the (Hamming) weight
of @, which is the number of 1’s in = (z1,...,2,). A set S of Boolean
functions is said to be a partition set with respect to a partition U of the
set Fy, if elements in the same block of ¢ all map to 0 or all map to
1, and all combinations of assignments to blocks are included in S. For
example, any non-constant function f, its complement f, ¢ = 0, and g
form a set of four functions that constitutes a partition set. Here, there
are two blocks as determined by the 1’s and 0’s in f. When all blocks of U
consist of a single element of F3, the resulting function set is a partition set
equal to the set of all Boolean functions. In this paper, we consider certain
cases where blocks have more than one element. For example, the set of
symmetric Boolean functions [1] is a partition set that corresponds to the
partition where blocks contain elements of F5 that have the same weight.
Such a partition has n + 1 blocks, one for each of the weights 0,1,..., and
n. Symmetric functions represent our first example partition set, shown in
Table 1 below.

Table 1: Example of partition set functions

H # \ Type of Function \ Abbreviated Description H
1 Symmetric f(x) = f(y) if |=] = [y|
2 | Rotation symmetric | f(x) = f(p(x)), where p(x) is a rotation of x
3 Linear structure fl)=fzda)
4 Self-anti-dual flx) = f(@)
5 Degenerate d{ig) =0, where z; €

In the partition associated with the set of rotation symmetric functions,
our second example, two elements,  and y of Fy map to the same value
in Fy if y can be obtained by a rotation of . For example, if f is a
4-variable rotation symmetric function, then f(0,0,1,1) = f(0,1,1,0) =
f(1,1,0,0) = f(1,0,0,1) and f(0,1,0,1) = f(1,0,1,0). A symmetric func-
tion is distinguished from a rotation symmetric function, in this example,
by the fact that f(0,0,1,1) = f(0,1,1,0) = f(1,1,0,0) = f(1,0,0,1) =
£(0,1,0,1) = f(1,0,1,0) holds for symmetric functions. As a result, sym-
metric functions are a subset of the rotation symmetric functions.

A linear structure function has the property that f(x) = f(x @ «),
where a € F is fixed. If &« = (1,1,...,1), the linear structure property
is f(x) = f(&), which corresponds to self-anti-dual functions, the fourth
example in Table 1.



The fifth example in Table 1 corresponds to degenerate functions. Such
functions are independent of one or more variables. We say f(x) is inde-

pendent of z; if dgg) = f(@)|z;0 @ f(zx)

The notion of maximally distant sets has been studied previously. The
well-known set of bent functions is defined to have a maximum distance
from the set of all affine functions, making them resilient to a linear attack.
Tokareva [14] proved that affine functions are, in turn, maximally distant
from the bent functions. Therefore, bent and affine functions are mutually
maximally distant sets'. This is significant because it is easy to find an
example of maximally distant sets that are not mutually maximally distant.
For example, consider the set S of n-variable functions of weight § — 1, for

Ti+1 = 0'

even n. The set S of functions maximally distant from S consist of just one

function S = {f = 1}, the constant 1 function. However, S = {f =0}, the
constant 0 function. Here, S and S are not mutually maximally distant.

In the next section, we determine the maximum distance and the num-
ber of such functions achieving that distance from a set S of partition func-
tions. Next, we derive properties of such function sets. Then, in the next
section, we concentrate on maximally asymmetric functions, followed by a
similar examination of rotation symmetric functions. In the next section,
we consider balancedness and specifically, we characterize and enumerate
balanced maximally asymmetric functions. Next, we compare two kinds of
equivalence classes in which all elements in a block have the same degree
of asymmetry. Finally, we provide concluding remarks.

2 A General Result

The following theorem (whose proof is constructive) holds.

Theorem 1. Consider a partition set S on B,, where the maximum dis-
tance ds from S is ds = Jrcn%x mig d(f,g). Let Ns be the number of Boolean
€B, ge

functions achieving distance ds. Then,

ds = EEZU%/% and  Ns = ﬁ m ((ka/izj) i ((k%)) 7

i=1 =1

where k; is the cardinality of the i-th block of the £ blocks in partition U.

IThe terms metrical regular sets and metrical complements have been used by
Tokareva [15] and Oblaukhov [10], respectively, to describe mutually maximally distant
sets.



Proof. We order the input of any Boolean function, Fy, based upon the
partition U = {U;}¢_, (it does not matter how the vectors inside each Uj;
are arranged, but, for clarity, we assume that they are ordered lexicograph-
ically). Now, since g € S is constant within each U; of cardinality |U;| = k;,
to achieve maximum distance, we must complement |k;/2] bits (no more
than that number of bits, since there is another function in S with the
value on U; complemented). It does not matter where those bits are com-
plemented, independently done among U;. Thus, the maximum distance
‘

is ds = ZLkZ /2| and the number of functions achieving this distance is
i=1

Ns = ﬁ ((ka/%) + (Hsk/ﬂ)) /(2 — k; (mod 2)). Here, the (2 — &

i=1
(mod 2))) term accommodates the two cases depending upon the parity
of k;; when k; is odd, then two m-bit binary vectors achieve the largest
distance, and when k; is even, then one n-bit binary vector achieves the
largest distance. The theorem is proved. O

Tokareva [14] showed that the set of affine and the set of bent functions
are mutually maximally distant. We now show that the same holds for
partition set functions.

Theorem 2. Let S be the set of all partition set functions corresponding
to a partition U = UieU; of Fy, and let S be the set of all functions that
are mazimally distant from S. Then, S is also maximally distant from S;

that is, S=25.

Proof. Let U = Ujc1U; be a partition of Fy, with cardinalities |U;| = ki,
forall i € I. If g € S, and so, dg = d(g,S5), we showed before that
within each U;, such g is (almost) balanced; that is, wt(g,,, ) = |ki/2] or
wt(gy, ) = [ki/2], and this is a complete characterization for functions
in S.

Let f be a Boolean function maximally distant from S. It is clear that
d(f,S) > ds. Assume that f ¢ S; that is, there is some ¢ such that,
0 < wt(f /U[) < kg. We split the partition U/ into two separate indexed sets,
say I, Is with Iy N I = (), such that, for all j € Iy, wt(f/Uj) < |k;/2], for
all j € I, wt(f/Uj) > |k;j/2|. We choose g € S such that, for all j € Iy,
wt(g/Uj) = |k;/2], and j € I, wt(g/Uj) = [k;/2], with all 1 bits in the
positions of the bits of f. We consider two cases:

Case 1. 1f £ € Iy, then 0 < wt(f,,) < |ke/2]. Further, wt(f,,, &

970,) < ke/2] —wit(f),,) < ke/2], forcing d(f,5) < Sjerwt(fry, ®



g/UJ_) <> jerlkj/2] = ds, which is impossible.

Case 2. If L € I, then k, > wt(f,,,) > |ke/2]. Since the nonzero bits
of f/,, cover the nonzero bits of g,,, , then wt(f,,, ®g,,,) < wt(fy,,) —

[ke/2] < ke =1 = Tke/2] < |ke/2). Therefore, d(f,5) < 3 e wt(fy, ®
g/Uj) < dg, obtaining once more a contradiction. O

3 Properties of Partition Functions

We show two properties of partition function sets. The first specifies that,
if a set S consists of pairs of functions of the form (f, f), so also does the
maximally distant set S. Sets of partition functions possess this property,

as do types of other sets, such as the set of affine functions.

Lemma 3. Let S be the set of functions mazimally distant from the set of
functions S. If every function f € S occurs in a pair (f, f), where f is the
complement of f and f is also in S, then, every function g in S occurs in
a pair (g,§), where g is the complement of g and g is also in S.

Proof. Let g € S. Suppose that g does not belong to S. Then, there exists
an f € S such that d(f,g) < dg. Hence, d(f,g) < dg, and so, g € S,
thereby obtaining a contradiction. O

The next result shows that functions that are maximally distant from
partition set functions are close to balanced functions.

Theorem 4. Let S be the set of a partition functions corresponding to a
partition U = U;erU; of Fy, and let S be the set of all functions that are
mazimally distant from S. Then, the functions in S are distributed bino-
mially by weight according to the generating function xanl_%(l +2)N(=
co+ a1+ e+ ..+ CanQH), where c;z' specifies that c; functions of
weight i exist in S, and where N, an even number, is the number of parts
in the partition with an odd number of elements.

Proof. Let U = U;ec;U; be a partition of FY, with cardinalities |U;| = k;,
forall i € I. If g € S, and so, dg = d(g,S), we showed before that
within each U;, such g is (almost) balanced; that is, wt(g,,, ) = [ki/2] or
wt(g,, ) = [ki/2]. Consider by, the amount that [I4;| departs from exactly
balanced. If |if;| is even, then g is exactly balanced and by, = 0. If |U]
is odd, then by, = —1 or + 1. Further, the occurrence of —1 and +1 is
equally distributed across S , yielding a binomial distribution whose gener-
ating function is x2"71_%(1 + 2), where N is the number of parts that



have an odd number of elements. N is even, since an odd number of odd
parts in U implies 2" is odd, an impossibility. O

4 Maximum Distance From Rotation Sym-
metric Functions

We will particularize the previous section’s results for the case of rotation
symmetric Boolean functions. We will follow [13]. For 1 < k < n, we define

Titk ifi+k<n,
ph(w) =49 " o
Titvkh—n fi+k>n.

Let (z1,22,...,Zn_1,2n) € Z5. We extend the definition on vectors by

pﬁ(mla T2,... 7xn) = (PZ(%),pﬁ(xz), cee ,PZ(xn))

A Boolean function f is rotation symmetric (rots) if and only if, for any
(21, 20) €ZY, f(pF(21,...,20)) = f(21,...,27,), for any 1 < k < n.

Note that there are 2™ different assignments of values to the variables
of a function. From the above definition, it is clear that for rots functions,
the function f possesses the same value corresponding to each of the sub-
sets generated from the rotational symmetry, hence rots functions can be
realized as partition functions. As an example, for n = 4, one has the fol-
lowing partition: {(0,0,0,0)}, {(0,0,0,1),(0,0,1,0),(0,1,0,0),(1,0,0,0)},
{(0,0,1,1),(0,1,1,0),(1,0,0,1),(1,1,0,0)}, {(0,1,0,1),(1,0,1,0)}, {(0,1,1, 1),
(1,0,1,1), (1,1,0,1),(1,1,1,0)}, {(1,1,1,1)}.

Let Gp(x1,...,7,) = {pf(z1,...,2,), for 1 < k < n}, and let g, be
the number of blocks in the partition associated with G,,. From the above
example, g4 = 6. In general, it is known [13] that there are 29 n-variable

rots Boolean functions, where g, = % Zt|n u(t) 2% . Here, the Mébius func-
tion is defined by u(n) = 0, if n is not squarefree, (1) = 1, u(n) = (=1)k,

if n is squarefree and n = p; ... py is the prime factorization of n.
Theorem 5. The mazimum distance from the set of all (binary) rots func-
tions s

Z T(n,s)|s/2],

s|n

where T(n, s) is the number of blocks B in the partition associated to G,
with cardinality |B| = s.



Proof. As previously observed, we regard the rots Boolean functions as
partition functions, corresponding to G, = {B1, Ba, ..., By, } (B;’s are the
partition blocks). Thus, f is constant on each such partition block, and

arguing as in Theorem 1, we infer that the maximum distance from the set
gn

of all rots functions is Z [|B;|/2], from which we infer the claim, since it

i=1
is well-known [13] that the cardinality of B; can only be a divisor of n (we
label the number of blocks of the same cardinality, say s, by T'(n,s)). O

Obviously, there may be other subsets of rots that can be realized as
partition functions, although it can be quite difficult to find a suitable
partition of Z with controllable cardinality of its blocks.

5 Characterization of Maximally Asymmet-
ric Functions

A function f(x) is a symmetric function if wt(x) = wt(y) implies f(x) =
f(y), and so, it warrants the notation a,.(z) := f(x). A symmetric func-
tion is often expressed in the a notation with «o; written as subscripts,
as in Sqag.a,..,a,}- As examples, the majority function fi(x) = z122 V
x123 V zoxs, as well as the AND function fo(x) = zix923 are symmet-
ric functions on three variables. In the a notation, fi(x) = S{9,0,1,1} and
fa(x) = S{0,0,0,13- The set of all n-variable symmetric functions will be
denoted by Sym,,.

We say that function f is P-equivalent to f’ if f’ can be derived from
/ by a permutation II of variables. We write f’ = f oIl. For example,
f(x) = 12 is in the same P-equivalence class as g(x) = Zixa because f
can be obtained from g by interchanging x; and z5. Certainly, a symmetric
function S(x) is P-equivalent to only itself. The function f(x) = Zixsx3 is
P-equivalent to two other functions besides itself, namely, fi(x) = z1Zsx3,
and fo(x) = xia9T3. A large body of research has been done on the
P-equivalence of various subclasses of Boolean functions, like rotation sym-
metric functions, and we mention here [4] and the references therein.

The asymmetry asym(f) of a function f is the minimum number of
truth table entries that must be changed to convert f to a symmetric func-
tion. The following lemma discusses operations that preserve (maximal)
asymmetry, and it will be useful in the enumeration of functions according
to asymimetry.



Lemma 6. The following are true for an n-variable Boolean function f :
Fy — Fa:

(i) We have asym(f) = asym(f). Consequently, [ is mazimally asym-
metric if and only if f is maximally asymmetric.

(i1) Two P-equivalent functions have the same asymmetry. Consequently,
[ is mazimally asymmetric if and only if f oIl is mazimally asym-
metric, where 11 is a permutation of the input.

Proof. We show (4) first. Certainly,

d(f,Sym,) = d(f,Sym, & 1) = d(f,Sym,),

since the set of symmetric functions does not change if all functions in this
set are complemented.

Next, since
asym(foll) = d(foIl,Sym,,) = d(f, Symnor[_l) = d(f,Sym,,) = asym(f),
which shows the second claim. O

Lemma 6 states that the property of maximal asymmetry is unaffected
if the function is complemented and/or its variables are permuted. There-
fore, it is interesting to ask whether the property of maximal asymme-
try is unaffected when one or more variables are complemented. Func-
tion f3(x1,xe,x3) = T1T2x3 V X122T3 shows that complementing the vari-
ables affects whether a function is maximally asymmetric or not. Specif-
ically, when either x3 is complemented or both z; and x5 are comple-
mented, fs3, a maximally asymmetric function, becomes symmetric (i.e.,
fa(x1, 22,%3) = f35(T1, T2, ¥3) = T1T2T3 D x12223). It follows that a lemma
similar to Lemma 6(i¢) where variables are complemented instead of per-
muted does not hold.

In determining the asymmetry of a given function f(x), we start by
partitioning the vectors a according to their weight. For example, let
fa(x1, 22,23) = T1Zaws V x1229T3. The 3-variable vectors are partitioned
into those of weight 0, 1, 2, and 3. Specifically, there is one vector of
weight 0, (0,0,0), and f3(0,0,0) = 0. So, with respect to just this vector,
there are symmetric functions with weight 0. Therefore, vector (0,0,0)
contributes 0 to the asymmetry of fs. On the other hand, fs has one in-
put vector of weight 1 where f3(0,0,1) = 1 and two input vectors where
f3(0,1,0) = f3(1,0,0) = 0. Thus, f3 is a distance of at least 1 from



symmetric functions where a; = 0 and is a distance of at least 2 from sym-
metric functions where oy = 1, the minimum of which is 1. Similarly, fs3
is a minimum distance of 1 from symmetric functions where as = 0 and a
minimum distance of 0 from symmetric function where ag = 1. Overall, f3
has a minimum distance to a symmetric function that is 2. We will show
that this is the maximum possible among 3-variable functions, and thus f3
is a maximally asymmetric function. In fact, a natural generalization of
this example is at the basis for the following theorem. Let dmas(n) be the
minimum distance between any n-variable maximally asymmetric function
and a symmetric function. The next result appears in Russian in [8]; we
provide a simpler derivation.

Theorem 7. [8] An n-variable function f is maximally asymmetric if and
only if, for all 0 < i < mn, among all n-bit input vectors x, with wt(x) = i,
f(x) =1 is either | (7)/2] or [(7)/2] times. Furthermore,

i) = 3| (V) 2] M)

=0

Proof. The proof is immediate by following the argument of the previous
example or Theorem 1. O

Theorem 7 specifies that a necessary condition for a function f(x) to be
maximally asymmetric is that, for any ¢, among those vectors x of weight
i, f(x) is a maximum distance from a symmetric function. Theorem 7
specifies a sufficient condition by requiring it to hold for all 0 <1i < n.

Consider the minimum distance between an n-variable symmetric func-
tion and a maximally asymmetric function. For example, from the discus-
sion above, for n = 3, we know the following. The contribution to the
distance between a symmetric and an asymmetric function from vectors
with weight 0 and with weight 3 is 0. That is, no matter whether the
asymmetric function’s value is 0 or 1 for & = (0,0,0) or (1,1,1), there
will always be a symmetric function where this same vector maps to the
same value. However, for binary vectors with weight 1 or 2, the symmetric
function will be all 0’s or all 1’s. Thus, a maximum distance is achieved
when the weights of the vectors are 1 or 2. And, since both vectors in the
symmetric function with one or two 1’s contribute 1 to the distance, the
total maximum distance is 2. Thus, dmat(3) = 2.

We start with the following well-known result.

Lemma 8 ([5, 6, 9]). Let n be a nonnegative integer. The number g(n)=
Soiol(7)(mod 2)] of odd binomial coefficients is

g(n) =21, (2)



where wt(n) is the number of 1’s in the binary representation of n.

The following theorem is now immediate.

Theorem 9. The minimum distance dmar(n) between a mazimally asym-
metric function and a symmetric function is
on _ 2wt(n)

5maf (TL) = 2

3)

The sequence formed by (3) corresponds to Sloane’s [12] integer se-
quence A120739: 0,1,2,7,14, 30,60, and 127, forn =1,2,3,4,5,6,7,and 8,
respectively.

It is interesting that this expression has a form similar to the case of
bent functions [3]; that is, the minimum distance dpent(n) between a bent
function and an affine function is

on _ 271/2

Obent (TL) = D)

6 The Number of Maximally Asymmetric Func-
tions

We consider now the question of how many maximally asymmetric n-
variable functions, A(n), there are.

The next result appears in Russian in [8] (with some difference in the
approach).

Theorem 10 ([8]). The number A(n) (n > 2) of n-variable mazimally
asymmetric functions is

=2 () 8

Proof. Following the characterization of maximally asymmetric functions,
as given in Theorem 7, or as a simple consequence of our Theorem 1 we
can write

Al :H [(u%) * (f(();ﬂ)] (5 emoa )]



Further, since

N\
i
—
=3~
~ & 3
~_ —
[N}
(bl
N———
I

(i)
we can conclude that

- G)6C) wen)]. o

Separating out the two factors, we obtain

T mr) o

=0 2

Each factor in [}, <1+(T;) (mod 2)> is 1if (7) is even and is 2 if (7) is

odd. Applying Lemma 8 to (6), yields our result. O

Table 2 compares the number B(n) of bent functions with that of max-
imally asymmetric functions .A(n) for n from 2 to 8. Although the number
of affine and the number of symmetric functions are identical for each n (i.e.
27+1) the number of bent functions is less than that of maximally asym-
metric functions. Indeed, the number of bent functions is much smaller
than that of maximally asymmetric functions for larger values of n. Ta-
ble 2 also shows the maximum distance between affine and bent functions
as compared to the maximum distance between symmetric and maximally
asymmetric functions. Interestingly, this distance is larger for symmet-
ric/maximally asymmetric functions than for affine/bent functions. Yet,
there are more maximally asymmetric than bent functions.

We can certainly convince the reader without any computational data
that A(n) < B(n), as (even) n gets large. We recall the asymptotic for-
mula for the central binomial coefficients, which will be used extensively

2m . . .
below, namely (m"/LQ) ~ Wy (for m sufficiently large), which is shown by

Stirling’s formula, n! ~ (n/e)"v/2mn. A (very rough) upper bound [2] for
the number of bent functions B(n) (for n even) is

B(n) S 22n—1+%(n7/1.2) - 22n—1+2n—1/\/m.

Now, applying the same asymptotic for the central binomial coefficients to
each factor under the product of (4), renders

noo(h)
A(n) ~ 2900 H 27r — = 92" +g(n) - —
i=0 \/i(i) ITio E(i)



Table 2: Comparison of the Number of Bent and Maximally Asymmetric
Functions.

H H Bent* Functions H Maximally Asymmetric Functions H
n||# Affine| Min | # Bent # Sym-| Min |# Maximally|# Balanced |M Asym-|M Asym- Total

func- | dis- func- metric | dis- | asymmetric |max. asym- | metric | metric number of

tions |tance tions functions|tance| functions metric smallest | largest functions

functions | weight | weight

ont1 B(n) ontl A(n) Agp(n) 22"
1 4 0 0 4 0 0 0 0 0 4
2 8 1 8 8 1 8 4 1 3 16
3 16| 2 112 16| 2 144 54 2 6 256
4 32 6 896 32 7 2,880 1,440 7 9 65,536
5 64| 12|27,387,136 64| 14/101,606,400(38,102,400 14 18| 4,294,967,296
6/ 128 28] A~ 2323 128 30 A 254~ 2540 30 34 264
7 256/ 56| Unknown 256 60| A 21193 & 2ll74 60 68 2128
8 512| 120 ~ 2106:3 512 127 ~ 22369 92359 127 129 2256

*The term “bent”, as used in this table, describes functions that have the largest
nonlinearity, that is, it applies to an odd number of variables, as well as even.

where we used the unimodal property of binomial coefficients (that is, they
increase up to the middle and then decrease), and so, (?) < (;}2), for

-1
i < n/2. This, together with < 2 ) > 27" for n > 1, implies

Vrn/2

—n/2 —n/2
2ygn) (T T 2" +g(n) n
A > 2 (500)) 2w (o 1))

" —n/2
~ 92" +g(n)—n/2 ( 2 > 92" +g(n)—n/2-n?/2
/2 B

™n

Thus, we get the next result, which complements the data from Table 2.

Theorem 11. For n — oo, then

n—1(q_ 1 _ n(n+1) n n—1
ggz; > 22 (1 \/""/2) 2 o) = 2(1=)2"+g(n) for any 0 <e < 1.



7 Balanced Maximally Asymmetric Functions

In the previous section, we observed that a maximally asymmetric function
is formed by dividing the assignments of values to variables into groups
consisting of assignments that have the same weight, and choosing function
values such that there are exactly the same number of 1’s as 0’s in the
case of groups with an even number of inputs or nearly the same weight
in the case of groups with an odd number of inputs. Although this does
not guarantee that the function will be balanced, it is likely to be close
to balanced. Balance is an important cryptographic property to counter
statistic-based attacks which use the bias in the truth table of a combiner.
We examine this issue below by enumerating the maximally asymmetric
functions according to their weight.

Theorem 12. The number Ay, (n) of n-variable mazimally asymmetric
functions of weight w is

)= (5" ) Il (L(’(L@ﬂ)' ™

i=0 i

In particular, for w = 21 we get that the number Ag(n) of n-variable
balanced maximally asymmetric functions is

st = (ST 4))

Further, the weight w of n-variable mazimally asymmetric functions satis-

fies
_1y . 9(n)
w—2"" < _
| 1<%
where g(n) is the number of odd binomial coefficients (7}), for 0 < i < n.
Moreover, there is no mazimally asymmetric function that is bent.

(7)
L(7) /2]
in which function values can occur for a group of assignments to the vari-
ables having ¢ 1’s; that is, among such assignments, there should be nearly
as many 0’s as 1’s to assure that the function is maximally symmetric.
When (7) is even, all of the (L(’(’)32J) choices contribute (7})/2 1’s and 0’s,
and so they do not contribute to the imbalance of the function. On the other
hand, when (?) is odd, we can choose to have one more 0 than 1 or one

Proof. The factor ( ) under the product is the number of the ways

more 1 than 0, both in (L(’(g;?J) ways. Let w = 271+ Aw, where Aw is the



weight relative to the weight of 2"~!. Note that —g(n)/2 < Aw < g(n)/2,
where the end points —g(n)/2 and g(n)/2 correspond to choosing all of
the g(n) odd coefficients to have one more 0 than 1 and one more 1 than
0, respectively. Also, for each of the two end points, there are respectively
(9(0")) =1 and (ggzg) = 1 way to choose whether 0’s exceed 1’s or 1’s exceed
0’s, respectively. In general, Aw = O — g(n)/2, where O is the number of
ways 1’s exceed 0’s among the odd binomial coefficients. There are (Y{")
ways to make that choice. Since O = Aw + g(n)/2 = w — 2"~ 4 g(n)/2,
the number of ways to have weight w is exactly (7).

We now show the last claim. From (7) we see that A, (n) # 0 if and

only if the binomial coefficient (w_znﬂ’fg(n) /2) # 0 (recall that a binomial

coefficient (') is zero if k > m), and so, 0 < w —2""! 4 g(n)/2 < g(n),
from which we infer our first claim.

Now, we take n to be even. By the previous part of our argument, since
a bent function’s weight is w = 2"~ 4 2"/2=1 [3], to prove the second
claim, it is sufficient to show that |w — 2"~1| = 27/2-1 > @.

Since g(n) = 2@ it is sufficient to show wt(n) < 2. Since n is
even, in the binary representation of n the least significant bit is 0, and so
wt(n) < [loggn] —1 < logyn. Since n > 2, logyn < %, and so wt(n) <
5 O

The lower bound on the weight occurs when all g(n) odd binomial co-
efficients contribute —1 to the balance, and the upper bound occurs when
they contribute +1. It is interesting that, for n equal to a power of 2, all
binomial coefficients are even except the two extremes, (g) and (Z) In
this case, g(n) is the smallest, namely 2. In this case, the range of unbal-
ance is the smallest. When n = 2" — 1, all binomial coefficients are odd,
g(n) = 2™ and the range tends to be large.

We mentioned earlier that most maximally asymmetric functions are
nearly balanced. The following corollary states that, for n a power of 2,
exactly one-half of the maximally asymmetric functions are balanced.

Corollary 12.1. The number of balanced 2™ -variable mazrimally asym-
metric functions is exactly half of the number of 2™-variable mazximally

tri tions. I I, > 2 large, ti —t
asymmetric functions. In general, for n > 2 large, a fraction of Treo0

of maximally asymmetric functions are balanced.

Proof. Comparing the formulas (4) and (8) for A(n) and Ag(n), along with
the already mentioned asymptotic for the central binomial coefficients, we



obtain

g(n)
Ag(n) _ (g‘(]n)/2) -~ 1 ) (9)
A(n) 29(n) wg(n)/2
Certainly, if n = 2™, then g(2™) = 2, and so the first part of (9) simplifies
Ap(n) _ 1 0

to oy = 2

From Theorem 12, there is a binomial distribution of mazimally asym-
metric functions with respect to balance. The weights of the m-variable
maximally asymmetric functions are distributed according to a binomial

distribution (multiplied by H < 5 1)
i=0 L(z)/ 2
the weight associated with balanced n-variable functions.

J>) centered around 2" !, which is

8 Equivalence Classes of Boolean Functions
According to Asymmetry

Because of the large number of n-variable Boolean functions, there is much
interest in equivalence classes of Boolean functions, starting with the work
of Harrison [7].

With respect to asymmetry, we introduce a new classification according
to the following equivalence relation. We say that two n-variable functions
f1 and fo are SF-equivalent if and only if f1(x) ® fo(x) € Sym,,. Note that
S F-equivalence is an equivalence relation; that is, it is reflexive, symmetric,
and transitive.

Theorem 13. The set of n-variable Boolean functions is partitioned into
SF-equivalence classes, each of cardinality 2"t', and so, the number of
equivalence classes is 22" ~"~1.  Moreover, if f,g are in the same SF-
equivalent class they have the same asymmetry; that is, asym(f) = asym(g).

Proof. An n-variable symmetric function is S F-equivalent to every other n-
variable symmetric function. Further, any n-variable function is related to
27*1 other functions, since there are 2"*! n-variable symmetric functions.

Next, recall that the asymmetry asym(f) of a Boolean function f(x)
is the minimum distance of the truth table of f(«) and the truth table of
a symmetric function. Consider another function fi(x) = f(z) ® S(x),
where S(x) is a symmetric function. Note that the set of distances be-
tween f and the symmetric functions is preserved when f is replaced by fi.
Specifically, if the minimum asymmetric distance of f occurs, say at a



symmetric function S;, then the same minimum distance occurs between
fi(z) = f(x) ® S(x) and symmetric function S(x) & S;(x). O

The number of P-equivalence classes is 4, 12, 80, 3984, 37333248, 2545
and 2157 forn = 1,2, 3, 4, 5, 6, and 7, respectively (cf. [7]). The number
of SF-equivalent classes is 22" ~"~1 or 1, 2, 16, 2048, 67108864 (= 2%9),
257 and 220, for n = 1, 2, 3, 4, 5, 6, and 7, respectively. Thus, there
are more SF-equivalent classes than P-equivalence classes for 4 < n < 7
and fewer for 1 < n < 4. Since each P-equivalence class cannot have
more elements than n!, a lower bound on the number of P-equivalence
classes is 22" /n! ~ 22" ~"log2 n+n where the right side of the approximation
relation is obtained using Stirling’s approximation (we use the equivalent
formulation, log, n! = nlogyn —n + O(logyn)).

9 Concluding Remarks

In this paper, we consider partition set functions. These are Boolean func-
tions in which elements of the domain are partitioned into blocks and the
functions’ values for all elements in the same block are the same. For ex-
ample, symmetric functions are partition set functions in which domain
elements with the same weight appear in the same block. Other exam-
ples include rotation symmetric functions, self-anti-dual-functions, linear
structure functions, and degenerate functions.

We show that partition set functions share an important property with
the well-studied bent functions. Such functions are at a maximum distance
from the set of affine functions Tokareva [14] has proved that affine func-
tions are, in turn, maximally distant from the bent functions. Therefore,
bent and affine functions are mutually maximally distant sets. In this pa-
per, we have shown that partition set functions defined by some partition
have this same property. In spite of a long history of research dating back
to 1976, [11], bent functions have defied a complete characterization and
enumeration. We show that the same statement is not true of functions
that are maximally distant from partition set functions. Indeed, we show
that they are arranged in a binomial type distribution.

Because they have been widely studied, we concentrate on symmetric
functions and their maximally distant counterparts, maximally asymmet-
ric functions. The latter are the most asymmetric of all Boolean functions.
We show that they are nearly balanced and form a binomial distribution
around the point of perfect balance. There is no similar construction for
bent functions. We also determine the number of balanced maximally asym-



metric functions. We show that half of the maximally asymmetric functions
have maximum degree. We show that the set of all functions divides into
S F-equivalence classes, with all members of the same S F-equivalence class
having the same asymmetry. We show similar properties of rotation sym-
metric functions.

Although their number was found combinatorially, to display classes
functions that are maximally distant from partition set functions does not
seem to be easy. We appreciated this in the writing of this paper, since the
search for an example of a maximally asymmetric function that might be
familiar to the reader failed to yield a single function.
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