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Abstract. Two (so-called C,D) classes of permutation-based bent Boolean functions were intro-
duced by Carlet [4] two decades ago, but without specifying some explicit construction methods
for their construction (apart from the subclass D0). In this article, we look in more detail at the
C class, and derive some existence and nonexistence results concerning the bent functions in the
C class for many of the known classes of permutations over F2n . Most importantly, the existence
results induce generic methods of constructing bent functions in class C which possibly do not
belong to the completed Maiorana-McFarland class. The question whether the specific permu-
tations and related subspaces we identify in this article indeed give bent functions outside the
completed Maiorana-McFarland class remains open.
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1. Introduction

Boolean functions are used in many domains such as sequences, cryptography and designs. The
Boolean functions that are used as cryptographic primitives must resist affine approximation, which
is achieved by having high nonlinearity. The bent functions defined on an even number of variables
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(although not directly usable as cryptographic primitives due to not being balanced) have the maximum
nonlinearity, that is, they offer maximum resistance to affine approximation. Bent functions hold an
interest among researchers, since they have maximum Hamming distance from the set of all affine
Boolean functions and have very nice combinatorial properties. Several classes of bent functions were
constructed by Dillon [9], Rothaus [19], Carlet [4], and Dobbertin [10].

Rothaus studied these objects in the 1960’s, although his paper was not published until ten years
later [19]. In print, bent functions appear in a preprint of Dillon from 1972, and in his Ph.D. thesis [9].
The class of bent functions found by Dillon is known as Partial Spread (PS) class, and a subclass
known as PSap allows an explicit mathematical description. The Maiorana-McFarland (M) class
introduced in [17] and further investigated in [9] is the other generic class of bent functions discovered
around the same time. Dobbertin [10] proposed another set of bent functions which includes bothM
and PS . These three classes are also referred to as the primary constructions, whereas the classes C
andD introduced by Carlet [4] belong to secondary constructions obtained by modifying the classM,
see Section 3 for their definitions. The challenge in this line of research is to explicitly characterize
all bent functions for all dimensions. We mention here that the total number of bent functions is only
known for the cases n ≤ 8 (see [7] and the references therein). The problem is quite hard since most
of the methods for counting bent functions rely on on incomplete set of invariants and search in a
space that is doubly-exponential in n.

Even though both classes C and D are specified (see (2), (3) and property (C) below) by adding
the indicator functions of suitably chosen vector subspaces to the functions in theM class, apart from
an explicit subclass denoted by D0, the bent conditions in terms of the selection of a vector subspace
L and permutation π (used to define the initial function f(x, y) = x · π(y) inM, where x, y ∈ Fn2 )
are rather hard to satisfy. More precisely, the function f ′(x, y) = x · π(y) + 1L⊥(x) will belong
to the class C provided the bent property (C) is satisfied, see Section 3. Certainly, as indicated in
Remark 3.2, one could construct bent functions in the C class, but such an approach does not give us
an explicit construction. The purpose of this article is to fix a permutation (from some known classes of
permutations) and investigate these bent conditions in more detail, and to derive certain (non)existence
results concerning the possibility of selecting appropriate subspaces so that the bent functions in the
C class may be constructed. Most notably, for some classes of permutation polynomials there are no
suitable linear subspaces of certain dimension for which the modification of f ∈ M would give a
bent function f∗ ∈ C. On the other hand, some explicit conditions and the existence results could be
derived for other classes of permutations. We also extend the original analysis of bent conditions of
Carlet in terms of the Walsh-Hadamard spectra and show, for instance, that the modification (addition
of the indicator of a linear subspace) of quadratic bent functions inM only result in bent functions
within the completed classM.

The main contribution of this paper can be summarized as follows:

• A classification of linear subspaces that may potentially give rise to bent functions in the C class
is given.

• A theoretical analysis related to the conditions that a permutation π and a linear subspace L =
E × Fn2 ⊂ F2n

2 satisfy the bent conditions is presented.

• It is shown that for several classes of permutations π there does not exist 2-dimensional subspace
L satisfying the bent conditions. For instance, Theorem 3.3 refers to Hou’s permutations [12,
Theorem B] and Corollary 5.11 to certain k-linear split permutations.
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• The existence of 2-dimensional linear subspaces satisfying the bent conditions have been con-
firmed for certain classes of bilinear split permutations, see Theorem 5.7, Theorem 5.8 and
Theorem 5.15. Thus, some infinite classes of bent functions in C have been specified.

The rest of this article is organized as follows. In Section 2 some basic definitions related to
Boolean (and in particular bent) functions are given. The definitions of C andD classes along with one
motivating result for the analysis in this article are given in Section 3. The analysis of bent conditions
of the C class of bent functions in terms of their Walsh-Hadamard spectra is given in Section 4. The
main results related to (non)existence of linear subspaces of certain dimension for some particular
classes of permutations are deduced in Section 5. Some concluding remarks are given in Section 6.

2. Preliminaries

Let Z be the ring of integers and F2 be the prime field of characteristic 2. Let Fn2 = {x = (x1, . . . , xn) :
xi ∈ F2, for all i = 1, 2, . . . , n}. We denote the extension field of degree n over F2 by F2n , and the
unit group therein by F∗2n . Any function from Fn2 to F2 (or, equivalently from F2n to F2) is said to be
a Boolean function on n variables. The set of all Boolean functions on n variables is denoted by Bn.

For a detailed study of Boolean functions we refer to Carlet [5, 6], and Cusick and Stănică [7]. For
the convenience of the reader, we recall some basic notions below. For any x ∈ Fn2 , the (Hamming)
weight of x is the integer sum wt(x) =

∑n
i=1 xi. The algebraic normal form (ANF) of a Boolean

function f ∈ Bn is
f(x1, . . . , xn) =

∑
a=(a1,...,an)∈Fn

2

µax
a1
1 . . . xann ,

where µa ∈ F2, for all a ∈ Fn2 . The algebraic degree of f is deg(f) = maxa∈Fn
2
{wt(a) : µa 6= 0}.

The inner product u · x :=
∑n

i=1 uixi, for all u = (u1, . . . , un), x = (x1, . . . , xn) ∈ Fn2 . We also
identify Fn2 with F2n (as vector spaces over F2) and take the inner product u · x := Trn1 (ux), where
Trn1 (a) := a+ a2 + a2

2
+ · · ·+ a2

n−1
, for all a ∈ F2n , is the absolute trace on F2n .

The Walsh-Hadamard transform of f ∈ Bn at u ∈ Fn2 is

Wf (u) =
∑
x∈Fn

2

(−1)f(x)(−1)u·x.

The multiset
[Wf (u) : u ∈ Fn2 ] (1)

is said to be the Walsh-Hadamard spectrum of f . The derivative of f ∈ Bn at a ∈ Fn2 , denoted by
Daf , is a Boolean function defined by

Daf(x) = f(x+ a) + f(x), for all x ∈ Fn2 .

The notion of derivative of a Boolean function is extended to higher orders as follows. Suppose
{a1, a2, . . . , ak} is a basis of a k-dimensional subspace V of Fn2 (we write dim(V ) = k). The k-th
derivative of f with respect to V , denoted by DV f , is a Boolean function defined by

DV f(x) = DakDak−1
. . . Da1f(x), for all x ∈ Fn2 .

It is to be noted that DV f is independent of the choice of the basis of V .

A Boolean function f ∈ Bn, where n is an even positive integer, is said to be a bent function if its
Walsh-Hadamard spectrum (1) consists of values of the set {−2n/2, 2n/2}.
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3. Towards an explicit specification of Carlet’s C-class

The Maiorana-McFarland classM is the set of m-variable (m = 2n) Boolean functions of the form

f(x, y) = x · π(y) + g(y), for all x, y ∈ Fn2 ,

where π is a permutation on Fn2 , and g is an arbitrary Boolean function on Fn2 . All such functions are
bent and their duals (also bent) have the form f̃(x, y) = y · π−1(x) + g(π−1(x)) (where π−1 is the
inverse function for π). Dillon [8, 9] constructed another class of bent functions called partial spreads
(PS), as sums modulo 2 of the characteristic functions (which take the value 1 on the subspace and
0, elsewhere) of 2n/2−1 (the PS− class) or 2n/2−1 + 1 (the PS+ class) subspaces of dimension n/2
which intersect in 0 only (and so their direct sum is Fn2 ). All the functions in the PS− class have max-
imum algebraic degree, namely n/2. Explicit characterizations of these classes is not easy. A subclass
labeled PSap of PS− can be described on Fn2 which is identified with F2n/2 ×F2n/2 , a 2-dimensional

vector space over F2n/2 . A function f ∈ PSap if it is of the form f(x, y) = g
(
xy2

n/2−2
)
, where g

is a balanced function on F2n/2 with g(0) = 0.

Two new classes of bent functions were derived by Carlet in [4]. The class D consists of bent
functions of the form

f(x, y) = x · π(y) + 1E1(x)1E2(y) (2)

with π a permutation on Fn2 and E1, E2 two linear subspaces of Fn2 such that π(E2) = E⊥1 (1E is the
indicator function of the space E). An explicit subclass of D, denoted by D0, contains all elements of
the form x · π(y) + δ0(x) (δ0(x) is the Dirac symbol, which is 1 if x = 0, and 0, otherwise). It has
been shown that D0 strictly includes theM and PS classes [4, 10]. The second Carlet class C of bent
functions (one we will concentrate on) contains all functions of the form

f(x, y) = x · π(y) + 1L⊥(x) (3)

where L is any linear subspace of Fn2 and π is any permutation on Fn2 such that:

(C) φ(a+ L) is a flat (affine subspace), for all a ∈ Fn2 , where φ := π−1.

We will often say that (φ,L) has property (C).

Certainly, if L has dimension 1, then π−1(a+L) = φ(a+L) is always a one-dimensional flat: if
L = {0, u} is a one-dimensional subspace, then φ(a+ L) = {φ(a), φ(a+ u)} = φ(a) + {0, φ(a) +
φ(a+ u)}, where φ(a) + φ(a+ u) 6= 0. So, we will assume from now on that L has dimension ≥ 2.
We will identify the vector space Fn2 with the finite field F2n , and we denote φ := π−1. We have the
following characterization of a subspace L of dimension ≤ 2.

Lemma 3.1. Suppose u, v, w, z ∈ F2n . A set L = {u, v, w, z} is a flat of F2n of dimension ≤ 2 if
and only if u+ v + w + z = 0.

Proof:
If L is a subspace, then without loss of generality, we can assume that L = {0, u, v, u + v}, which
satisfies 0 + u + v + u + v = 0. Reciprocally, we assume that the set L = {u, v, w, z} satisfies
u+v+w+z = 0, and so, z = u+v+w. It follows that u+L = {0, u+v, u+w, u+(u+v+w) =
v + w}, which is easily seen to be a subspace of dimension 0, if u = v = w(= z), of dimension 1, if
u 6= v = w, and of dimension 2, if v and w are independent. ut
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Remark 3.2. For a particular value of n, one could take two subspaces L,M in Fn2 of the same
dimension and partition Fn2 into ∪a∈A(a+L) and ∪b∈B(b+M), with A,B subsets of Fn2 of the same
cardinality |A| = |B|, and then take any permutation φ that maps the elements of {a + L | a ∈ A}
onto the elements of {b+M | b ∈ B}. The pair (φ,L) would satisfy property (C).

Although the above process works for specific values of n it does not amount to an explicit construction
of infinite sets of bent functions within the class C. It is not clear what the explicit representation of
these bent functions will be and how they relate to the other known bent functions, like Maiorana-
McFarland. For this reason, even after more than two decades we have very little grasp on bent
functions in C. In this paper our goal is to fix a permutation π (many times among classes of known
ones) and identify the subspaces L such that the property (C) is satisfied. We will refer to a C type
function of the form f(x, y) = x·π(y)+1L⊥(x) as the C type function associated to the permutation φ,
where φ = π−1. In this way we obtain explicit construction of several subclasses of bent functions in
C for the first time. We are also able to identify permutations corresponding to which there are no C
class bent functions.

We start with one specific class of permutations {φ} proposed by Hou [12, Theorem B] and the
nonexistence of any 2-dimensional linear subspace L for which the function x · π(y) + 1L⊥(x) is a
bent function in C.

Theorem 3.3. Let n ≥ 1 and φ(x) = ax + bx2
n

+ x2
n+1−1 be a permutation polynomial over F22n

(see Hou [12, Theorem B] for explicit criteria). Then there exists no 2-dimensional linear subspace,
L, of F22n such that (φ,L) has property (C).

Proof:
Suppose L = 〈u, v〉 is a 2-dimensional subspace of F22n . Then for any c ∈ F22n , φ(c+ L) is a flat if
and only if

0 = φ(c) + φ(c+ u) + φ(c+ v) + φ(c+ u+ v)

= ac+ bc2
n

+ c2
n+1−1 + a(c+ u) + b(c+ u)2

n
+ (c+ u)2

n+1−1

+ a(c+ v) + b(c+ v)2
n

+ (c+ v)2
n+1−1

+ a(c+ u+ v) + b(c+ u+ v)2
n

+ (c+ u+ v)2
n+1−1

= c2
n+1−1 + (c+ u)2

n+1−1 + (c+ v)2
n+1−1 + (c+ u+ v)2

n+1−1

for all c ∈ F22n . Therefore, multiplying the above identity by c+u+v and using the binomial theorem
(in characteristic 2) we obtain

(u+ v)c2
n+1−1 + v(c+ u)2

n+1−1 + u(c+ v)2
n+1−1 =

2n+1−2∑
j=0

(
v u2

n+1−1−j + u v2
n+1−1−j

)
cj = 0,

for all c ∈ F22n , implying that the polynomial
2n+1−2∑
j=0

(
v u2

n+1−1−j + u v2
n+1−1−j

)
Xj ∈ F22n [X]

has all of its coefficients 0, that is, v u2
n+1−1−j + u v2

n+1−1−j = 0, for all 0 ≤ j ≤ 2n+1 − 2. In
particular, for j = 2n+1 − 3,

u2v + uv2 = 0⇐⇒ u2v = uv2 ⇐⇒ u = v.

Thus there is no 2-dimensional subspace, L, which satisfies the required property. ut
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4. Some general bent conditions related to C and D classes

In this section we investigate the choice of linear subspaces L which may potentially give rise to bent
functions in C for some specific permutations π and later we extend the derived conditions for arbitrary
π. The analysis uses more general bent conditions (without requesting that the initial function is in
M) given in [4, Theorem].

Assuming that f is bent (not necessarily of the form x · π(y)), two equivalent (and more general)
conditions for the function f∗(x) = f(x) + 1L(x) to be bent were given in [4, Theorem]. The first
condition states that, if L = b+ L′ is any flat in Fm2 , then the function f∗(x) = f(x) + 1L(x) is bent
if and only if f(x) + f(x + a) is balanced on L, for any a ∈ Fm2 \ L′. That is, the derivatives of f
restricted to L are balanced so that

∑
x∈L(−1)f(x)+f(x+a) = 0, for all a ∈ Fm2 \ L′. Also, it was

shown in [4, Theorem] that the dimension of L is necessarily larger or equal to n if this condition is
satisfied. The class D was derived using the result that for an n-dimensional subspace L of Fn2 × Fn2
satisfying f(x, y) = x · π(y) = 0 for any (x, y) ∈ L, the function x · π(y) + 1L(x, y) is bent (cf. [4,
Corollary 1]).

The subclass named D0 (which is not contained inM or in PS), deduced by Carlet, corresponds
to a special choice of L = {0} × Fn2 . Nevertheless, the fact that f∗(x, y) = x · π(y) + 1L(x, y) is
bent for L = {0} × Fn2 can also be easily deduced using the condition related to the derivatives of f
restricted to L. Indeed, for any a = (α, β) ∈ Fn2 × Fn2 \ L and for f(x, y) = x · π(y) we have∑

(x,y)∈L

(−1)f(x,y)+f(x+α,y+β) =
∑

x=0,y∈Fn
2

(−1)f(0,y)+f(0+α,y+β) =
∑
y∈Fn

2

(−1)α·π(y+β)) = 0,

where we have used the fact that α 6= 0 and thus
∑

y∈Fn
2
(−1)α·π(y+β)) = 0 since π is a permutation

of Fn2 , see [16, Theorem 7.7].

On the other hand, by taking L = Fn2 × {0}, it is obvious that the function f∗(x, y) = x · π(y) +
1L(x, y) = x · π(y) +

∏n
i=1(yi + 1) = x · π(y) + g(y) is bent, but no new bent functions can be

obtained through this selection of L, since f∗ ∈M. More generally, for the same reason the function
f∗(x, y) = x·π(y)+1L(x, y) is also inM, for L = Fn2×E whereE is k-dimensional linear subspace
of Fn2 , 0 ≤ k ≤ n. Indeed, since for L = Fn2 × E the indicator function 1L(x, y) = g(y), for some
g(y) ∈ Bn, again f∗ ∈M. We formalize the above discussion in the following result.

Proposition 4.1. Let f ∈ Bm be a bent function given by f(x, y) = x·π(y), where π is a permutation
over Fn2 , and L = Fn2 ×E where dim(E) = k, for k = 0, . . . , n. Then, f∗(x, y) = f(x, y) + 1L(x, y)
is a bent function in classM.

Thus, the case L = Fn2 × E is of no interest to us and it is not treated further.

4.1. The analysis for arbitrary π and L = E × Fn2

Let us extend our investigation for f∗(x, y) = x·π(y)+1L(x, y) to the case when π is any permutation
on Fn2 , and L = E × Fn2 . Notice that this particular choice of L implies that 1L(x, y) = 1L(x) and
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therefore we are considering the class C. Assuming f(x, y) = x · π(y), we have

0 =
∑

(x,y)∈L

(−1)f(x,y)+f(x+b,y+c)

=
∑

(x,y)∈L

(−1)x·π(y)+(x+b)·π(y+c)

=
∑
x∈E

∑
y∈Fn

2

(−1)b·π(y+c)+x·(π(y)+π(y+c))

=
∑
y∈Fn

2

∑
x∈E

(−1)x·(π(y)+π(y+c))+b·π(y+c). (4)

Notice that (b, c) 6= (0, 0) and in particular b 6= 0, whereas c can be equal to zero. We consider two
cases, namely c = 0 and c 6= 0. If c = 0, then the above sum becomes∑

x∈E

∑
y∈Fn

2

(−1)b·π(y), (5)

which is zero as b 6= 0, again using [16, Theorem 7.7].

If c 6= 0, then rewriting (4) as∑
y∈Fn

2

(−1)b·π(y+c)
∑
x∈E

(−1)x·(π(y)+π(y+c)), (6)

one easily deduces the following result.

Lemma 4.2. Let f ∈ Bm be a bent function given by f(x, y) = x · π(y), where π is a permutation
over Fn2 , and L = E × Fn2 where dim(E) = k, for k = 1, . . . , n. Then, a sufficient condition that
f∗(x, y) = f(x, y) + 1L(x, y) is a bent function in class C is that,∑

y∈Fn
2 :π(y)+π(y+c)∈E⊥

(−1)b·π(y+c) = 0,

for any (b, c) ∈ Fn2 × Fn2 \ L.

Proof:
The double sum in (4) must be equal to zero for any (b, c) 6∈ L. The case c = 0 yields (5) which
equals to zero. The case c 6= 0 gives (6) which must be equal to 0 for any (b, c) 6∈ L. We notice that if
π(y) +π(y+ c) ∈ E⊥ then x · (π(y) +π(y+ c)) = 0 for any x ∈ E, thus the inner sum in (6) equals
to |E| = 2k for any such y ∈ Fn2 . Thus, a sufficient condition that (6) equals to zero is as stated. ut

Remark 4.3. The above condition ensures that even though
∑

x∈E(−1)x·(π(y)+π(y+c)) 6= 0 for some
fixed y ∈ Fn2 (which happens exactly when π(y) + π(y + c) ∈ E⊥) the double sum (6) still equals
to zero. The cases dim(E) ∈ {n− 1, n} are trivial and correspond to the indicator function which is
constant (dim(E) = n) or affine function (dim(E) = n− 1).
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Remark 4.4. Though taking f(x, y) = x · π(y) is just a special case of considering f to be a bent
function inM, most notably the condition on balancedness of the derivatives on E is now related to
the balancedness of the derivatives of π on E⊥, as mentioned above.

Even though the condition of Lemma 4.2 appears to be hard one can find permutations π and a suitable
subspaceE that satisfy the above condition. Nevertheless, to provide a generic method of finding such
permutations appears to be difficult.

Example 4.5. Let n = 3 and E = {000, 010} thus dim(E) = 1. Then, E⊥ = {000, 001, 101, 100}.
Let us define a nonlinear permutation π : F3

2 → F3
2 and compute the differentials for c = (001):

y3y2y1 π(y) π(y + 001) π(y) + π(y + 001)

000 000 001 001

001 001 000 001

010 011 010 001

011 010 011 001

100 111 110 001

101 110 111 001

110 101 100 001

111 100 101 001

This c is obviously a linear structure of π (thus π(y) + π(y + 001) = 001 for all y ∈ F3
2) and since

(001) ∈ E⊥ we have: ∑
y∈Fn

2 :π(y)+π(y+001)∈E⊥
(−1)b·π(y+001) =

∑
y∈Fn

2

(−1)b·π(y+001) = 0,

where the last equality is due to the fact that π is a permutation and b 6= 0. For other (nonzero) values
of c ∈ F3

2 it turns out that either Im(π(y) + π(y+ c)) ⊆ E⊥ or Im(π(y) + π(y+ c))∩E⊥ = ∅. For
instance, one may check that Im(π(y) + π(y + 011)) = {010, 011} and the intersection with E⊥ is
the empty set.

In both cases
∑

y∈Fn
2 :π(y)+π(y+c)∈E⊥

(−1)b·π(y+c) = 0, thus f(x, y) = x · π(y) + 1L(x, y), where
L = E × F3

2, is a bent function on F6
2. For instance, one may check that Im(π(y) + π(y + 011)) =

{010, 011}.

Given the fact that the class C is constructed by adding the indicator function of a special subspace
to a bent function, it may be of interest to investigate the relation between the spectral values of
f(x, y) = x · π(y) and f∗(x, y) = f(x, y) + 1L(x, y). Then, requiring that f∗(x, y) is bent implies
the following identity

Wf∗(u, v) =
∑

(x,y)∈Fn
2×Fn

2

(−1)x·π(y)+1L(x,y)+(u,v)·(x,y)

= Wf (u, v)− 2
∑

(x,y)∈L

(−1)x·π(y)+(u,v)·(x,y)

= ±2n − 2
∑

(x,y)∈L

(−1)x·π(y)+(u,v)·(x,y),
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and if f∗ is to be bent then we must have Wf|L(u, v) =
∑

(x,y)∈L(−1)x·π(y)+(u,v)·(x,y) ∈ {0,±2n},
for any (u, v) ∈ Fn2×Fn2 . If L = E×Fn2 , we haveWf|L(u, v) =

∑
x∈E(−1)u·x

∑
y∈Fn

2
(−1)x·π(y)+v·y

and Wf|L(u, 0) = 2n, for any u ∈ Fn2 . This is because for any fixed x 6= 0 and v = 0, the inner sum∑
y∈Fn

2
(−1)x·π(y) = 0, unless x = 0 and the sum equals then to 2n.

The next result is now immediate.

Proposition 4.6. Let f ∈ Bm be a bent function given by f(x, y) = x·π(y), where π is a permutation
over Fn2 . Let L = E × Fn2 . If f∗(x, y) = f(x, y) + 1L(x, y) is a bent function, then Wf (u, 0) = 2n,
for any u ∈ Fn2 .

Proof:
Assuming L = E×Fn2 , we only need to prove thatWf (u, 0) = 2n, for any u ∈ Fn2 , is always satisfied.
Indeed,

Wf (u, 0) =
∑

(x,y)∈Fn
2×Fn

2

(−1)x·π(y)+(u,v)·(x,y) =
∑
x∈Fn

2

(−1)u·x
∑
y∈Fn

2

(−1)x·π(y) = 2n,

which must be true for all u ∈ Fn2 . Notice that the inner sum
∑

y∈Fn
2
(−1)x·π(y) = 0 for any fixed x,

unless x = 0 (since π is a permutation), and therefore Wf (u, 0) = 2n, for all u ∈ Fn2 . ut

4.2. The subcase when π is a linear permutation and L = E × Fn2
In this section we consider f∗(x, y) = x · π(y) + 1L(x, y) when π(y) = yA is a linear permutation
over Fn2 , L = E×Fn2 for some k-dimensional linear subspaceE, for 0 ≤ k ≤ n, andA is an invertible
matrix over F2 of size n×n (that isA ∈ GL(n,F2)). It will be shown that f∗ is always bent regardless
the choice of E, but nevertheless f∗ is in the completed classM∗.

Theorem 4.7. Let f∗(x, y) = x · π(y) + 1L(x, y) be a function on Fn2 × Fn2 and π(y) = yA, A ∈
GL(n,F2), a linear permutation over Fn2 so that f(x, y) = x · π(y) is bent. Furthermore, let L be of
the form L = E × Fn2 where E is a k-dimensional linear subspace of Fn2 , for 0 ≤ k ≤ n. Then, f∗ is
a bent function.

Proof:
Since f∗ is bent if and only if f(x, y) + f(x+ b, y + c) is balanced on L = E × Fn2 for any (b, c) ∈
Fn2 × Fn2 \ L we have,∑

(x,y)∈L

(−1)f(x,y)+f(x+b,y+c) =
∑

(x,y)∈L

(−1)x·π(y)+(x+b)·π(y+c)

=
∑

x∈E;y∈Fn
2

(−1)x·yA+(x+b)·(yA+cA)

=
∑
x∈E

(−1)(x+b)·cA
∑
y∈Fn

2

(−1)b·yA

which must equal to zero if f∗ is bent. Now, since π(y) = yA is a permutation over Fn2 then∑
y∈Fn

2
(−1)bA·y = 0, for any b 6= 0. Noticing that b 6= 0 since (b, c) 6∈ L, we have that∑

(x,y)∈L(−1)f(x,y)+f(x+b,y+c) = 0, thus f∗ is bent. ut
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However, it turns out that the functions given by f∗(x, y) = x · y + 1L(x, y) (π being a linear
permutation) are embedded inM.

Theorem 4.8. Let f∗(x, y) = x · π(y) + 1L(x, y) be a function on Fn2 × Fn2 , and π(y) = yA be a
linear permutation over Fn2 . Furthermore, let L = E×Fn2 , whereE is a k-dimensional linear subspace
of Fn2 , for 0 ≤ k ≤ n. Then, f∗ belongs toM∗.

Proof:
It is well-known [9] that f ∈ M∗ on Fn2 × Fn2 if and only if there exists an n-dimensional subspace,
say U ⊂ F2n

2 , such that the second derivatives DαDβf(x, y) = 0, for any α, β ∈ U .

Notice that since L = E × Fn2 , the support of L does not depend on the y variables, and so,
1L(x, y) = 1L(x). Now, for α = (a, b) and β = (c, d) where (a, b), (c, d) ∈ Fn2 × Fn2 we have,

DαDβ(x · yA) = Dβ(x · bA+ a · yA+ a · bA),

and taking the derivative with respect to β = (c, d) gives DαDβ(x · yA) = c · bA + a · dA. So it is
sufficient to show the existence of U such that both DαDβ1L(x) = 0 and DαDβ(x · yA) = 0, for
any α, β ∈ U . Taking U = {0} × Fn2 so that a = c = 0, we clearly have DαDβ1L(x) = 0 and
DαDβ(x · y) = b · c+ aA · d = 0, for any α, β ∈ U . ut

5. k-linear split permutations

In contrast to Theorem 3.3 which, for a particular class of permutations introduced by Hou [12] shows
the nonexistence of a 2-dimensional linear subspace L, in this section we look for permutations π,
and provide both necessary and sufficient conditions on the subspace L, such that (π, L) satisfies the
property (C).

It is known that any permutation on a finite field can be written as a polynomial. We consider
those permutation polynomials which can be factored (split) into linearized polynomials.

Definition 5.1. A linearized polynomial ` ∈ F2n [X] is a polynomial of the form

`(X) =

n−1∑
i=0

aiX
2i with ai ∈ F2n .

The set of all such polynomials is denoted by L(n).

The action of a pair of bijective linearized polynomials (`1, `2) ∈ L(n) × L(n) on F2n [X] is
defined as `1 ◦ φ ◦ `2 where φ ∈ F2n [X]. Two polynomials φ, ψ ∈ F2n [X] are said to be linearly
equivalent if there exist (bijective) `1, `2 ∈ L(n) such that `1 ◦ φ ◦ `2 = ψ.

Lemma 5.2. Suppose π and φ are two linearly equivalent permutations on F2n such that φ = `1◦π◦`2
where `1, `2 ∈ L(n), and L is a linear subspace of F2n . If π(a + L) is a flat for all a ∈ F2n , then
φ(a+ `−12 (L)) is a flat for all a ∈ F2n .
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Proof:
For any a ∈ F2n we have

φ(a+ `−12 (L)) = `1 ◦ π ◦ `2(a+ `−12 (L)) = `1 ◦ π(`2(a+ `−12 (L)))

= `1 ◦ π(`2(a) + L) = `1(π(`2(a) + L)).

Since π(`2(a) + L) is a flat and `1 is a linear permutation, `1(π(`2(a) + L)) is a flat. ut

Thus it is enough to consider C type constructions associated to linearly inequivalent permutations. In
the spirit of Blokhuis, Coulter, Henderson and O’Keefe [2] and Laigle-Chapuy [13], we extend their
construction in the next definition.

We call a polynomial φ ∈ F2n [X] a k-linear split polynomial if it is of the form

φ(X) = π1(X)π2(X) · · ·πk(X) with πi ∈ L(n), 1 ≤ i ≤ k.

Blokhuis et al. [2] and Laigle-Chapuy [13] refer to the case k = 2 as a bilinear polynomial (some
authors prefer Dembowski-Ostrom polynomial), but the “bilinear” notion has a different meaning in
too many areas, so we prefer to insert “split” into the definition. Certainly, if the function associated
to the polynomial φ is bijective, we will refer to φ as a k-linear split permutation.

It is easy to see that using the transformation Y = π1(X), the polynomial φ is linearly equivalent
to one of the type

φ(Y ) = Y `1(Y ) · · · `k−1(Y ), where `i = πi ◦ π−11 ∈ L(n), (7)

so, we will only consider these forms from here on.

5.1. C type bent functions associated to bilinear split permutations

From our observation (7) (see also [2, Section 2]), it will be sufficient to investigate the C type bent
functions (in this case) associated to bilinear split permutations of the shape

X`(X) =

n−1∑
i=0

aiX
2i+1 with ai ∈ F2n .

The set of all such polynomials is denoted by B(n).

Theorem 5.3. Suppose φ : F2n → F2n is a permutation defined by φ(x) = x`(x) + `0(x), for all
x ∈ F2n , where `, `0 ∈ L(n). Let L = 〈u, v〉 be a 2-dimensional subspace. Then (φ,L) satisfies the
(C) property if and only if `(u)u = `(v)

v .

Proof:
For L to satisfy the required condition for all a ∈ F2n , we must have

φ(a) + φ(a+ u) + φ(a+ v) + φ(a+ u+ v)

= a`(a) + `0(a) + (a+ u)`(a+ u) + `0(a+ u) + (a+ v)`(a+ v) + `0(a+ v)

+ (a+ u+ v)`(a+ u+ v) + `0(a+ u+ v)

= a`(a) + a`(a) + a`(u) + u`(a) + u`(u) + a`(a) + a`(v) + v`(a) + v`(v)

+ a`(a) + a`(u) + a`(v) + u`(a) + u`(u) + u`(v) + v`(a) + v`(u) + v`(v)

= u`(v) + v`(u) = 0.
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Therefore the necessary and sufficient condition that a 2-dimensional linear subspace L = 〈u, v〉 has
the required property is that `(u)u = `(v)

v . ut

Corollary 5.4. Suppose φ : F2n → F2n , defined by φ(x) = x`(x) + `0(x), for all x ∈ F2n , where
`(X) =

∑n−1
i=0 aiX

2i ∈ L(n). Then there exists a C type function associated to φ if and only if the
function x 7→ `(x)

x on F∗2n is not a permutation.

Proof:
If there exists a C type bent function, then there exists a subspace L of dimension 2 generated by
two vectors u, v such that (φ,L) satisfies (C). By Theorem 5.3, the map λ : F∗2n → F∗2n defined
by λ(x) = `(x)

x is not one-to-one, and consequently not a permutation. Conversely, if λ is not a
permutation, then it is not one-to-one, and consequently, there exist two vectors u, v ∈ F∗2n with
λ(u) = λ(v). Taking L = 〈u, v〉, again by Theorem 5.3, we see that (φ,L) satisfies (C). ut

The following result due to Payne [18] restated by Berger, Canteaut, Charpin and Laigle-Chapuy [1]
provides a complete characterization of such linearized polynomials.

Theorem 5.5. ([1], Theorem 6)
A polynomial in F2n [X] of the form

Q(X) =
n−1∑
i=1

ciX
2i−1, ci ∈ F2n

cannot be a permutation polynomial unless Q(X) = ckX
2k−1 with gcd(k, n) = 1 and ck ∈ F∗2n .

Let Supp(`) = {i : ai 6= 0} where ` ∈ L(n). Then P (X) = `(X)
X is not a permutation if any one

of the following conditions are satisfied.

1. The cardinality of Supp(`), that is, |Supp(`)| ≥ 3.

2. The coefficient a0 = 0 and |Supp(`)| = 2.

3. The coefficient a0 6= 0 and Supp(`) = {0, k} where gcd(k, n) 6= 1.

In addition to Remark 3.2, it is possible to obtain explicitly C type bent functions, for a special
class of explicit permutations. Thus, for effective construction of the functions in C, there is a need to
characterize linear subspaces such as L with respect to permutations over F2n .

In Theorem 5.7 we consider the permutation φ(x) = x2
t+1+1 + x3 + x, for all x ∈ F2n where

n = 2t+ 1 (see [11]).

Lemma 5.6. ([3], Corollary 1)
Let d, n, s be positive integers satisfying gcd(n, s) = 1 and let

0 6= g(X) =

d∑
i=0

riX
2si ∈ F2n [X].

Then the equation g(X) = 0 has at most 2d solutions in F2n .
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Theorem 5.7. Suppose φ(x) = x2
t+1+1 + x3 + x, for all x ∈ F2n , where n = 2t+ 1, gcd(t, n) = 1.

Then there exists at least one and at most 2(2n − 2) two dimensional linear subspaces L such that
φ(a+ L) is flat for all a ∈ F2n .

Proof:
Since, φ(x)−xx is not a permutation, by Corollary 5.4 there exists at least one function in C associated
to φ.

Let L = 〈u, v〉 be a 2-dimensional subspace of F2n . The set φ(a+ L) is a flat if and only if

φ(a) + φ(a+ u) + φ(a+ v) + φ(a+ u+ v) = u2
t+1
v + uv2

t+1
+ u2v + uv2 = 0.

Exponentiating both sides of the above equation by 22t, we obtain

(u2
t+1
v + uv2

t+1
+ u2v + uv2)2

2t
= 0

i.e., u2
3t+1

v2
2t

+ u2
2t
v2

3t+1
+ u2

2t+1
v2

2t
+ u2

2t
v2

2t+1 = 0

i.e., (u2
2t+1

)2
t
v2

2t
+ u2

2t
(v2

2t+1
)2

t
+ u2

2t+1
v2

2t
+ u2

2t
v2

2t+1 = 0

i.e., u2
t
v2

2t
+ u2

2t
v2

t
+ uv2

2t
+ u2

2t
v = 0, since u, v ∈ F2n where n = 2t+ 1

i.e., (u2
t

+ u)v2
2t

+ u2
2t
v2

t
+ u2

2t
v = 0.

Therefore,
2∑
i=0

civ
2it = 0, where c2 = u2

t
+ u, c1 = c0 = u2

2t
. (8)

Since gcd(t, n) = 1 where n = 2t+ 1, the greatest common divisor gcd(2t− 1, 22t+1− 1) = 1. Thus
c2 = u2

t
+ u 6= 0 if and only if u = 1. If u = 1, then (8) reduces to v2

t
+ v = 0, which has only one

solution v = 1. Equation (8) has at most 22 = 4 solutions if u 6= 1, by Lemma 5.6 among them one
solution is v = 0 and another is v = u. So, if u /∈ {0, 1} ⊆ F2n , we can obtain at most two values of
v such that {u, v} is linearly independent. Thus, we can obtain at most 2(2n − 2) many subspaces L
such that φ(a + L) is a flat for all a ∈ F2n . If u = 1, then the only solution is v = u = 1; giving us
no subspace L. So the total number of two dimensional subspace L such that φ(a + L) is flat for all
a ∈ F2n is at most 2(2n − 2). ut

We now consider the case of a bilinear split permutation φ : F2n → F2n defined by φ(x) = x2
i+1,

for all x ∈ F2n .

Theorem 5.8. Suppose φ(x) = x2
r+1, for all x ∈ F2n , where gcd(r, n) = e, n/e is odd and gcd(2n−

1, 2r + 1) = 1.

(i) Then (φ,L) (where L is a subspace of dim(L) = 2) satisfies the (C) property if and only if
L = 〈u, cu〉 where u ∈ F∗2n and 1 6= c ∈ F∗2e .

(ii) We assume that e = gcd(n, r) > 1 and L = 〈u1, c1u1, . . . , cs−1u1〉, dim(L) = s, ci ∈ F∗2e ,
1 ≤ i ≤ s− 1, s ≥ 2, and u1 ∈ F∗2n . Then (φ,L) satisfies the (C) property.
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Proof:
We first show (i). Suppose that L = 〈u, v〉 is a 2-dimensional subspace of F2n . For any a ∈ F2n we
have

a+ L = {a, a+ u, a+ v, a+ u+ v}.

The set φ(a+ L) is a flat if and only if

φ(a) + φ(a+ u) + φ(a+ v) + φ(a+ u+ v) = 0.

Therefore we have

φ(a) + φ(a+ u) + φ(a+ v) + φ(a+ u+ v)

= a2
r+1 + (a+ u)2

r+1 + (a+ v)2
r+1 + (a+ u+ v)2

r+1

= a2
r+1 + a2

r+1 + au2
r

+ a2
r
u+ u2

r+1 + a2
r+1 + av2

r
+ a2

r
v + v2

r+1

+ a2
r+1 + a(u+ v)2

r
+ a2

r
(u+ v) + (u+ v)2

r+1

= uv2
r

+ u2
r
v

= uv2
r

+ u2
r
v = 0.

It follows that (uv−1)2
r−1 = 1. Combining with this the fact that (uv−1)2

n−1 = 1, for u, v ∈ F∗2n ,
and gcd(2n − 1, 2r − 1) = 2e − 1 we obtain (uv−1)2

e−1 = 1. Therefore L = 〈u, cu〉 where u ∈ F∗2n
and c ∈ F∗2e .

We next show (ii). Assume that L = 〈u1, c1u1, . . . , cs−1u1〉 is of dimension s ≥ 2, where u1 ∈
F∗2n , ci ∈ F∗2e , gcd(2r−1, 2n−1) = 2e−1. Then (φ,L) satisfies the (C) property, which is equivalent
to the fact that for any u, v ∈ L there existsw ∈ L such that φ(a+u)+φ(a+v)+φ(a)+φ(a+w) = 0.
To show this, we take u = αu1, v = βu1, α, β ∈ F∗2e , and define w := u+ v = (α+β)u1 ∈ L. Then

φ(a+ u) + φ(a+ v) + φ(a) + φ(a+ w)

= (a+ u)1+2r + (a+ v)1+2r + a1+2r + (a+ u+ v)1+2r

= au2
r

+ ua2
r

+ av2
r

+ va2
r

+ a(u+ v)2
r

+ (u+ v)a2
r

+ uv2
r

+ vu2
r

= uv2
r

+ vu2
r

= αu1(βu1)
2r + βu1(αu1)

2r

= αβu1+2r

1 + αβu1+2r

1 = 0,

where we used that α2r = α, β2
r

= β, since both α, β ∈ F∗2e . The claim is shown. ut

From the above theorem we note that if e = 1 then there is no linear subspace of dimension 2 such
that function in C can be constructed with respect to the class of permutations under consideration.

The following bilinear split permutations (all are linearly equivalent to each other) are constructed
by Blokhuis et al. [2] on F2n where 0 < i < n and e = gcd(i, n) (see also Laigle-Chapuy [13]):

1. X2i+1 where n/e is odd.

2. X2i+1 + aX2n−i+1 where n/e is odd and a(2
n−1)/(2e−1) 6= 1.

3. X22i+1 + (aX)2
i+1 + aX2 where n = 3i and a(2

n−1)/(2e−1) 6= 1.

By Theorem 5.8 and Lemma 5.2 we can derive explicit choices of Lwhich yield C class bent functions
associated to the above permutations.
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Example 5.9. Let n = 2p where p is any odd prime, r = 2 and e = gcd(n, r) = 2. Since n/e is
odd, it is known that gcd(2r + 1, 2n − 1) = 1. Therefore φ(x) = x2

r+1 is a permutation on F2n .

Let ζ be a primitive element of F2n . Therefore, λ = ζ
2n−1
2e−1 = ζ

2n−1
3 is a generator of F2e . Suppose

that the permutation π(x) = φ−1(x) = xγ where γ(2r + 1) ≡ 1 (mod 2n − 1). Given r and
n, γ can be computed easily by the Euclidean algorithm. Consider the Maiorana-McFarland bent
f(x, y) = x · π(y). According to Theorem 5.8 if we choose L = 〈1, λ〉, then the function f∗(x, y) =
x · π(y) + 1L⊥(x) is in C. The bent function f∗ can be explicitly written as

f∗(x, y) = Trn1 (xyγ) + (Trn1 (x) + 1)(Trn1 (λx) + 1)

= Trn1 (xyγ) + Trn1 (x)Trn1 (λx) + Trn1 ((1 + λ)x) + 1.
(9)

Thus we have obtained an infinite class of bent functions in C other than D0. Whether the bent
functions obtained in this way are affine inequivalent to Maiorana-McFarland bent functions seems to
be a difficult problem, which we leave for future research.

5.2. C type bent functions associated to k-linear split permutations

We next look at C type bent functions associated to trilinear split permutations.

Theorem 5.10. Suppose φ : F2n → F2n is a permutation of the form φ(x) = x`1(x)`2(x), for all
x ∈ F2n , where `1(X) =

∑n−1
i=0 aiX

2i , `2(X) =
∑n−1

i=0 biX
2i ∈ L(n) (ai, bi ∈ F2n), and L = 〈u, v〉

is a 2-dimensional subspace of F2n . Then φ(a+ L) is a flat for all a ∈ F2n if and only if∑
1≤i,j≤n−1

aibj

(
u2

i
v2

j
+ v2

i
u2

j
)

+
n−1∑
j=0

(a0bj + ajb0)
(
uv2

j
+ u2

j
v
)

= 0,

n−1∑
j=0

(aibj + ajbi)
(
uv2

j
+ u2

j
v
)

= 0, for all i = 1, . . . , n− 1,

∑
0≤i,j≤n−1

aibj

(
(u+ v)

(
u2

i
v2

j
+ v2

i
u2

j
)

+ uv2
i+2j + vu2

i+2j
)

= 0.

(10)

Proof:
Using Lemma 3.1, we see that φ(a+ L) is a flat for all a ∈ F2n if and only if

φ(a) + φ(a+ u) + φ(a+ v) + φ(a+ u+ v)

= a[`1(u)`2(v) + `1(v)`2(u)] + `1(a)[u`2(v) + v`2(u)]

+ `2(a)[u`1(v) + v`1(u)] + u`1(u)`2(v) + u`1(v)`2(u)

+ u`1(v)`2(v) + v`1(u)`2(u) + v`1(u)`2(v) + v`1(v)`2(u) = 0

(11)

for all a ∈ F2n . Substituting `1, `2 in (11) we obtainn−1∑
i=0

n−1∑
j=0

(aibj + ajbi)u
2iv2

j

 a+
n−1∑
i=0

ai

n−1∑
j=0

(uv2
j

+ u2
j
v)bj

 a2
i

+
n−1∑
i=0

bi

n−1∑
j=0

(uv2
j

+ u2
j
v)aj

 a2
i

+ u`1(u)`2(v) + u`1(v)`2(u) + u`1(v)`2(v) + v`1(u)`2(u) + v`1(u)`2(v) + v`1(v)`2(u)
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=

 ∑
0≤i,j≤n−1

(aibj + ajbi)u
2iv2

j

 a+
n−1∑
i=0

n−1∑
j=0

(uv2
j

+ u2
j
v)

 (aibj + ajbi) a
2i

+ (u+ v)
∑

0≤i,j≤n−1
aibju

2iv2
j

+ (u+ v)
∑

0≤i,j≤n−1
aibju

2iv2
j

+ u
∑

0≤i,j≤n−1
aibjv

2i+2j + v
∑

1≤i,j≤n−1
aibju

2i+2j

=

 ∑
1≤i,j≤n−1

(aibj + ajbi)u
2iv2

j
+

n−1∑
j=0

(uv2
j

+ u2
j
v)

 (a0bj + ajb0)

 a

+
n−1∑
i=1

n−1∑
j=0

(uv2
j

+ u2
j
v)

 (aibj + ajbi) a
2i

+ (u+ v)
∑

0≤i,j≤n−1
aibj(u

2iv2
j

+ v2
i
u2

j
) +

∑
0≤i,j≤n−1

aibj(uv
2i+2j + vu2

i+2j ) = 0,

for all a ∈ F2n . Thus, in order to construct C type bents associated to the permutation φ with
L = 〈u, v〉, we must obtain linearly independent vectors in u, v ∈ F2n satisfying the system of
equations (10). ut

Corollary 5.11. Let us consider the case when φ(x) = x1+2r+2s , for all x ∈ F2n , where 1 < r < s.
Then there is no 2-dimensional subspace L = 〈u, v〉 satisfying the (C) property.

Proof:
By the previous theorem, the system of equations (10) reduces to

arbs(u
2rv2

s
+ u2

s
v2

r
) = 0

(uv2
s

+ u2
s
v)arbs = 0

(uv2
r

+ u2
r
v)arbs = 0

u1+2rv2
s

+ u1+2sv2
r

+ uv2
s+2r + u2

s+2rv + u2
r
v1+2s + u2

s
v1+2r = 0.

Since ar 6= 0 and bs 6= 0 we obtain the system

u2
r
v2

s
+ u2

s
v2

r
= 0

uv2
s

+ u2
s
v = 0

uv2
r

+ u2
r
v = 0

u1+2rv2
s

+ u1+2sv2
r

+ uv2
s+2r + u2

s+2rv + u2
r
v1+2s + u2

s
v1+2r = 0

(12)

that is, (uv−1)2
n+s−r−1 = 1, (uv−1)2

s−1 = 1 and (uv−1)2
r−1 = 1. Let

gcd
(
2n − 1, 2n+s−r − 1, 2r − 1, 2s − 1

)
= 2e − 1

(it is immediate that if L exists, then we must have e > 1). Then uv−1 ∈ F2e . Since e > 1, there
exists 1 6= c ∈ F∗2e such that v = cv. Substituting v = cu in the last equation of (12) we obtain

cu1+2r+2s + cu1+2r+2s + c2u1+2s+2r + cu1+2s+2r + c2u1+2r+2s + c2u1+2r+2s = 0,
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that is, (c + c2)u1+2r+2s = 0, implying c ∈ {0, 1}, which is a contradiction. Therefore, there are
no trilinear split permutation of the above form for which we can construct a 2-dimensional subspace
L = 〈u, v〉 with the required conditions. ut

We can extend the previous theorem to the general case of k-linear split permutations, showing in
our next theorem a nonexistence result.

Theorem 5.12. If φ(x) = x
∑k

i=0 2ri (k ≥ 2), for all x ∈ F2n , where r0 = 0 < r1 < . . . < rk < n,
then there is no 2-dimensional subspace L such that (φ,L) satisfies the (C) property.

Proof:
We assume that L exists, and so, there exists u, v ∈ F2n that are F2–linearly independent such that
(φ,L) satisfies the (C) property. For a subset A ⊆ {0, 1, . . . , k} (for convenience, we write the set
{0, 1, . . . , k} as [0, k]), we denote by RA :=

∑
i∈A 2ri and Ā = [0, k] \A, with the convention that if

A = ∅, then RA = 0.

Since, φ(a+ L) is a flat, then φ(a) + φ(a+ u) + φ(a+ v) + φ(a+ u+ v) = 0, and so,

0 = aR[0,k] + (a+ u)R[0,k] + (a+ v)R[0,k] + (a+ u+ v)R[0,k]

= aR[0,k] +
k∏
i=0

(a+ u)2
ri +

k∏
i=0

(a+ v)2
ri +

k∏
i=0

(a+ u+ v)2
ri

= aR[0,k] +

k∏
i=0

(
a2

ri + u2
ri
)

+

k∏
i=0

(
a2

ri + v2
ri
)

+

k∏
i=0

(
a2

ri + (u+ v)2
ri
)

= aR[0,k] +
∑

A⊆[0,k]

aRAuRĀ +
∑

A⊆[0,k]

aRAvRĀ +
∑

A⊆[0,k]

aRA(u+ v)RĀ

=
∑

A&[0,k]

(
uRĀ + vRĀ + (u+ v)RĀ

)
aRA ,

for all a ∈ F2n . That is, the polynomial∑
A&[0,k]

(
uRĀ + vRĀ + (u+ v)RĀ

)
XRA

has 2n roots, but its degree is ≤ R[0,k] =
∑k

i=0 2ri < 2n, and therefore all its coefficients must be 0.
Hence (replacing Ā by A, under the condition A 6= ∅), we have

uRA + vRA + (u+ v)RA = 0, for all A ⊆ [0, k], A 6= ∅. (13)

Now, taking A = {0, i}, 1 ≤ i ≤ k, and simplifying, we get

vu2
ri + uv2

ri = 0, for all 1 ≤ i ≤ k,

and so, vu−1 ∈ F∗2ri , 1 ≤ i ≤ k. Thus, if 2e − 1 = gcd(2n − 1, 2r1 − 1, . . . , 2rk − 1) (certainly, if L
of dimension 2 exists, it is necessary that e > 1), then v = cu, for some c ∈ F∗2e \ {1}. Substituting
v = cu in (13) with A = {0, 1, 2}, we obtain

cu1+2r1+2r2
+ cu1+2r1+2r2

+ c2u1+2r2+2r1
+ cu1+2r2+2r1

+ c2u1+2r1+2r2
+ c2u1+2r1+2r2

= 0,
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that is,
(c+ c2)u1+2r1+2r2

= 0,

implying c ∈ {0, 1}, which is a contradiction. Therefore, there are no 2-dimensional subspaces L for
which we can construct C type bent functions corresponding to k-linear split monomial permutations.

ut

For permutations on F2n of the form φ(x) = x
∑k

i=1 2ri (k ≥ 2), we can inquire whether there are
subspaces of dimension > 2 associated to C type bent functions. While in general we cannot answer
that question, we can certainly derive some necessary conditions.

Theorem 5.13. Let φ be a monomial permutation of degree k, that is, φ(x) = x
∑k

i=1 2ri , 0 = r1 <
. . . < rk < n, k ≥ 2. A necessary condition for (φ,L) (with L of dimension s ≥ 2) to satisfy the (C)
property is ∑

u∈L
uRA = 0, for all ∅ 6= A ⊆ [0, k]. (14)

Moreover, if (φ,L) with L of dimension s ≥ 2 satisfies the property (C), then both 2s − 1, 2n − 2s

must be in Np1 + · · ·+Np`, where 2n − 1 =
∏`
i=1 p

ei
i is the prime power factorization (we adopt the

convention that 0 ∈ N).

Proof:
Since for subspaces or flats of dimension s ≥ 2 the sum of all elements must be zero, we can infer (as
we have done in the proof of our previous theorem) that for all a ∈ F2n ,

0 =
∑
u∈L

φ(a+ u) =
∑
u∈L

k∏
i=1

(a+ u)2
ri

=
∑
u∈L

∑
A⊆[0,k]

uRAaRĀ

=
∑

∅6=A⊆[0,k]

(∑
u∈L

uRA

)
aRĀ .

As before, the polynomial
∑

∅6=A⊆[0,k]

(∑
u∈L

uRA

)
XRĀ with degree < 2n and has 2n roots, and so, all

coefficients must be zero (the terms XRĀ are all distinct for different Ā by the uniqueness of binary
representations), from which we infer the first claim.

It is well-known (see Lam and Leung [14, 15] and Sivek [20]) that a sum of k distinct m-th roots
of unity is zero (we say that m is k-balancing) if and only if both k and m− k are in Np1 + · · ·+Np`,
where m =

∏`
i=1 p

ei
i is the prime power factorization. Since the elements u ∈ L ⊆ F2n are (2n − 1)-

th roots of unity, condition (14) shows that (2n − 1) is (2s − 1)-balancing (since the cardinality of L∗

is 2s − 1). Expressing 2n − 1 =
∏`
i=1 p

ei
i , then the previous result forces both 2s − 1 and 2n − 2s to

be in Np1 + · · ·+ Np`. ut

Using some elementary number theory arguments, we can easily get several results regarding the
nonexistence of subspaces as in property (C). Let p(N) denote the smallest prime factor of N .



B. Mandal et al. / An Analysis of the C Class of Bent Functions 19

Corollary 5.14. With the notations of Theorem 5.13, the following statements are true:

(i) If 1 < s < log2(p(2n − 1)), or log2 (2n − p(2n − 1)) < s < n, then there are no pairs (φ,L)
satisfying the (C) property, where dim(L) = s and φ is a monomial permutation.

(ii) Let n = P be a prime number. If 2n − 1 = p is a Mersenne prime, or 2n − 1 = p q, a product
of two primes, then there are no subspaces of dimension 1 < s < n satisfying the C type bent
condition (C) for a monomial permutation φ of degree k ≥ 3.

Proof:
The first claim follows easily observing that, by Theorem 5.13, if s < log2(p(2n − 1)), then 2 ≤
2s− 1 < p(2n− 1) ∈ {p1, . . . , p`}, and so, 2s− 1 6∈ Np1 + · · ·+Np`; if s > log2 (2n − p(2n − 1)),
then 2n − 2s < p(2n − 1), and so, 2n − 2s 6∈ Np1 + · · ·+ Np`.

Regarding claim (ii), if 2n − 1 = p is a Mersenne prime, then, by Theorem 5.13, 2n − 1 is
(2s − 1)-balancing, and so, one needs 2s − 1 = ap and 2n − 2s = Ap, for some nonnegative integers
a,A. Thus, 2n − 1 = (A + a)p = p, which implies that (a,A) ∈ {(0, 1), (1, 0)}, therefore, either
s = 0, or s = n, which contradicts our assumption that 2 ≤ s < n.

To show the second part of claim (ii), observe that by Theorem 5.13, there exist nonnegative
integers a, b, A,B such that

2n − 1 = p q,

2s − 1 = ap+ bq,

2n − 2s = Ap+Bq,

from which we derive that (A+a)p+(B+b)q = p q, and so,A+a ≡ 0 (mod q), B+b ≡ 0 (mod p).
If ab 6= 0, sinceA,B, a, b are nonnegative andA < q, a < q,B < p, b < p, thenA = q−a,B = p−b.
But then, 2n−2s = Ap+Bq = 2pq− (ap+ bq) = pq+(pq−2s+1) > 2n, which is a contradiction.
Thus, ab = 0, and without loss of generality, we assume that b = 0, but then B = 0, as well. Thus,
2s − 1 = ap, 2n − 2s = (q − a)p. It is well-known that gcd(2n − 1, 2s − 1) = 2gcd(n,s) − 1. Since
p|2n − 1, p|2s − 1 and n is prime (thus, for 2 ≤ s < n, gcd(n, s) = 1), then p|2gcd(n,s) − 1 = 1,
which is a contradiction. ut

5.3. C class functions from x(Trnl (x) + ax)

We consider bilinear split permutations of the form

φ(x) = x(Trnl (x) + ax) (15)

where l > 1, a ∈ F2l \ F2 and Trnl (x) =
k−1∑
i=0

x2
li

. For details we refer to [2, 13]. We show here that

bent functions in the C class, corresponding to φ, can be constructed by adding indicator functions of
subspaces of codimension 2. The number of such subspaces is also obtained.

Theorem 5.15. Let n = kl where k be odd and l be any positive integer. Consider φ as given in
(15). Then the total number of 2-dimensional linear subspaces of F2n which satisfy the condition (C)
required for the construction of C type bent functions is (2n − 1)(2l − 2) + (2n−l − 1)(2n−l − 2).
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Proof:
Let L = 〈u, v〉 be any two dimensional subspace of F2n . We know that for any c ∈ F2n , φ(c + L) is
flat if and only if φ(c) + φ(c+ u) + φ(c+ v) + φ(c+ u+ v) = 0, that is,

c(Trnl (c) + ac) + (c+ u)(Trnl (c+ u) + a(c+ u)) + (c+ v)(Trnl (c+ v)

+a(c+ v)) + (c+ u+ v)(Trnl (c+ u+ v) + a(c+ u+ v)) = 0. (16)

Since a(c2 + (c+ u)2 + (c+ v)2 + (c+ u+ v)2) = 0 and (16) can be rewritten as

0 = cTrnl (c) + cTrnl (c) + cTrnl (u) + uTrnl (c) + uTrnl (u) + cTrnl (c) + cTrnl (v) + vTrnl (c) +

vTrnl (v) + cTrnl (c) + c(Trnl (u) + Trnl (v)) + (u+ v)Trnl (c) + (u+ v)(Trnl (u) + Trnl (v))

= uTrnl (u) + vTrnl (v) + uTrnl (u) + uTrnl (v) + vTrnl (u) + vTrnl (v) = uTrnl (v) + vTrnl (u),

then φ(c+ L) is flat if and only if uTrnl (v) + vTrnl (u) = 0, that is, Tr
n
l (u)
u =

Trnl (v)
v .

Therefore, C type functions associated to φ exist if and only if the function x 7→ Trnl (x)
x is not a

permutation on F2n . We know that a polynomial in F2n [x] of the form Q(x) =
n−1∑
i=0

cix
2i−1, ci ∈ F2n

can not be a permutation polynomial unless Q(x) = ckx
2k−1 with gcd(k, n) = 1 and ck ∈ F∗2n .

Let k = 1 then Trnl (x) = x. It is obvious that x 7→ Trnl (x)
x = 1 not a permutation. If k ≥ 3 then it

is not a permutation polynomial, where k is odd. Thus for the permutation φ we can find at least one
2-dimensional subspace of F2n which satisfies the condition (C). Let α = Trnl (u) and β = Trnl (v).

Case I: Let α 6= 0 and β 6= 0. Then φ(c + L) is flat if and only if αv + βu = 0 ⇒ v = β
αu, that is,

v = λu where λ = β
α ∈ F∗

2l
and λ 6= 1 as u 6= v. Therefore, for any u ∈ F∗2n , we can choose v in

2l − 2 ways. Thus, the total number of 2-dimensional subspaces is (2n − 1)(2l − 2).

Case II: Let α = 0 and β 6= 0. Then, αv + βu = 0 implies βu = 0, and thus u = 0 (since β 6= 0),
which is not possible. The case α 6= 0 and β = 0 implies that v = 0, which is also not possible.

Case III: Let α = 0 and β = 0. Then, φ(c+L) is flat if and only if u, v ∈ ker(Trnl )\{0} with u 6= v
where ker(Trnl ) = {x ∈ F2n : Trnl (x) = 0}. Therefore, the dimension of ker(Trnl ) is kl − l. Thus,
u can be chosen in 2kl−l − 1 ways and v in 2kl−l − 2 ways. Hence the total number of 2-dimensional
subspaces is (2kl−l − 1)(2kl−l − 2).

To summarize, for any value of l > 1, the total number of 2-dimensional subspaces of F2n which
satisfies the condition (C) required for the construction of C type bent functions is (2n− 1)(2l− 2) +
(2n−l − 1)(2n−l − 2). ut

6. Conclusions

The problem of specifying suitable linear subspaces of low dimension for some generic classes of
permutations related to the derivation of new bent functions in C has been partially addressed. The
results clearly indicate the hardness of this problem due to the fact that whereas some “suitable”
permutations may finally yield bent functions within class C for other permutations such functions
simply cannot exist. We list the results obtained in Section 5 in Table 1.
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Table 1. List of φ = π−1, where f(x, y) = x · π(y), along with the conditions for satisfying property (C)

Permutation φ = π−1, where Condition for (φ,L) to satisfy (C).
f(x, y) = x · π(y) # of 2-dimensional subspaces L = τ

φ(x) = x2
t+1+1 + x3 + x, 1 ≤ τ ≤ 2(2n − 2)

n = 2t+ 1, gcd(t, n) = 1.

φ(x) = x2
r+1, gcd(r, n) = e, n/e odd, If and only if L = 〈u, cu〉,

gcd(2n − 1, 2r + 1) = 1 u ∈ F∗2n , 1 6= c ∈ F∗2e
φ(x) = x1+2r+2s , No 2-dimensional subspace
1 < r < s satisfying (C)

φ(x) = x
∑k

i=0 2ri , k ≥ 2, No 2-dimensional subspace
r0 = 0 < r1 < . . . < rk < n satisfying (C)

φ(x) = x(Trnl (x) + ax), τ = (2n − 1)(2l − 2)

l > 1, a ∈ F2l \ F2 +(2n−l − 1)(2n−l − 2)

It appears that additional efforts are needed for getting a better understanding and deriving more
explicit subclasses within the C and D class. Also, the question whether the classes of permutations
specified here and related subspaces indeed give rise to bent functions outsideM (and possibly out-
side PS as well) remains to be addressed.

Acknowledgment.
We are thankful to the reviewers for very useful comments that helped us a lot to significantly

improve both technical and editorial quality of the manuscript. Part of this paper was written during
an enjoyable visit of S. G. at the Applied Mathematics Department of Naval Postgraduate School,
supported in part by VSP award no. N62909-13-1-V105 (Department of the US Navy, ONR-Global).
B. M. thanks IIT Roorkee for supporting his research.

References

[1] Berger T, Canteaut A, Charpin P, and Laigle-Chapuy Y. Almost perfect nonlinear functions over F2n ,
IEEE Trans. Inform. Theory 52 (2006), 4160–4170. doi:10.1109/TIT.2006.880036.

[2] Blokhuis A, Coulter RS, Henderson M, and O’Keefe CM. Permutations amongst the Dembowski–
Ostrom polynomials, in: 1999 Finite Fields and Applications, pp. 37–42. Springer, Berlin (2001). doi:
10.1007/978-3-642-56755-1 4.

[3] Bracken C, Byrne E, Markin N, and McGuire G. Determining the nonlinearity of a new family of APN
functions, AAECC 2007, LNCS 4851, pp. 72–79, 2007. doi:10.1007/978-3-540-77224-8 11.

[4] Carlet C. Two New Classes of Bent Functions, in: Eurocrypt ’93, LNCS, Vol. 765 (1994), pp. 77–101.

[5] Carlet C. Boolean Functions for Cryptography and Error Correcting Codes, In: Y. Crama, P. Hammer
(eds.), Boolean Methods and Models, Cambridge Univ. Press, Cambridge, pp. 257–397, 2010. Available
from: http://www-roc.inria.fr/secret/Claude.Carlet/pubs.html.



22 B. Mandal et al. / An Analysis of the C Class of Bent Functions

[6] Carlet C. Vectorial Boolean functions for cryptography, In: Y. Crama, P. Hammer (eds.), Boolean Methods
and Models, Cambridge Univ. Press, Cambridge, pp. 398–469, 2010. Available from http://www-roc.

inria.fr/secret/Claude.Carlet/pubs.html.
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