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Abstract. Two (so-called C, D) classes of permutation-based bent Boolean functions were intro-
duced by Carlet [4] two decades ago, but without specifying some explicit construction methods
for their construction (apart from the subclass Dy). In this article, we look in more detail at the
C class, and derive some existence and nonexistence results concerning the bent functions in the
C class for many of the known classes of permutations over Fo». Most importantly, the existence
results induce generic methods of constructing bent functions in class C which possibly do not
belong to the completed Maiorana-McFarland class. The question whether the specific permu-
tations and related subspaces we identify in this article indeed give bent functions outside the
completed Maiorana-McFarland class remains open.
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1. Introduction

Boolean functions are used in many domains such as sequences, cryptography and designs. The
Boolean functions that are used as cryptographic primitives must resist affine approximation, which
is achieved by having high nonlinearity. The bent functions defined on an even number of variables
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(although not directly usable as cryptographic primitives due to not being balanced) have the maximum
nonlinearity, that is, they offer maximum resistance to affine approximation. Bent functions hold an
interest among researchers, since they have maximum Hamming distance from the set of all affine
Boolean functions and have very nice combinatorial properties. Several classes of bent functions were
constructed by Dillon [9], Rothaus [19], Carlet [4], and Dobbertin [10].

Rothaus studied these objects in the 1960’s, although his paper was not published until ten years
later [19]. In print, bent functions appear in a preprint of Dillon from 1972, and in his Ph.D. thesis [9].
The class of bent functions found by Dillon is known as Partial Spread (PS) class, and a subclass
known as PS, allows an explicit mathematical description. The Maiorana-McFarland (M) class
introduced in [17] and further investigated in [9] is the other generic class of bent functions discovered
around the same time. Dobbertin [10] proposed another set of bent functions which includes both M
and PS. These three classes are also referred to as the primary constructions, whereas the classes C
and D introduced by Carlet [4] belong to secondary constructions obtained by modifying the class M,
see Section 3 for their definitions. The challenge in this line of research is to explicitly characterize
all bent functions for all dimensions. We mention here that the total number of bent functions is only
known for the cases n < 8 (see [7] and the references therein). The problem is quite hard since most
of the methods for counting bent functions rely on on incomplete set of invariants and search in a
space that is doubly-exponential in n.

Even though both classes C and D are specified (see (2), (3) and property (C') below) by adding
the indicator functions of suitably chosen vector subspaces to the functions in the M class, apart from
an explicit subclass denoted by Dy, the bent conditions in terms of the selection of a vector subspace
L and permutation 7 (used to define the initial function f(x,y) = z - w(y) in M, where z,y € F%)
are rather hard to satisfy. More precisely, the function f'(x,y) = x - 7(y) + 1;.(x) will belong
to the class C provided the bent property (C') is satisfied, see Section 3. Certainly, as indicated in
Remark 3.2, one could construct bent functions in the C class, but such an approach does not give us
an explicit construction. The purpose of this article is to fix a permutation (from some known classes of
permutations) and investigate these bent conditions in more detail, and to derive certain (non)existence
results concerning the possibility of selecting appropriate subspaces so that the bent functions in the
C class may be constructed. Most notably, for some classes of permutation polynomials there are no
suitable linear subspaces of certain dimension for which the modification of f € M would give a
bent function f* € C. On the other hand, some explicit conditions and the existence results could be
derived for other classes of permutations. We also extend the original analysis of bent conditions of
Carlet in terms of the Walsh-Hadamard spectra and show, for instance, that the modification (addition
of the indicator of a linear subspace) of quadratic bent functions in M only result in bent functions
within the completed class M.

The main contribution of this paper can be summarized as follows:

e A classification of linear subspaces that may potentially give rise to bent functions in the C class
is given.

e A theoretical analysis related to the conditions that a permutation 7 and a linear subspace L =
E x F3 C F3" satisfy the bent conditions is presented.

o Itis shown that for several classes of permutations 7 there does not exist 2-dimensional subspace
L satisfying the bent conditions. For instance, Theorem 3.3 refers to Hou’s permutations [12,
Theorem B] and Corollary 5.11 to certain k-linear split permutations.
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e The existence of 2-dimensional linear subspaces satisfying the bent conditions have been con-
firmed for certain classes of bilinear split permutations, see Theorem 5.7, Theorem 5.8 and
Theorem 5.15. Thus, some infinite classes of bent functions in C have been specified.

The rest of this article is organized as follows. In Section 2 some basic definitions related to
Boolean (and in particular bent) functions are given. The definitions of C and D classes along with one
motivating result for the analysis in this article are given in Section 3. The analysis of bent conditions
of the C class of bent functions in terms of their Walsh-Hadamard spectra is given in Section 4. The
main results related to (non)existence of linear subspaces of certain dimension for some particular
classes of permutations are deduced in Section 5. Some concluding remarks are given in Section 6.

2. Preliminaries

Let Z be the ring of integers and F be the prime field of characteristic 2. Let Fy = {z = (x1,...,2,) :
x; € Fo, foralli = 1,2,...,n}. We denote the extension field of degree n over Fa by Fan, and the
unit group therein by F3,.. Any function from % to Fy (or, equivalently from Fa» to [F7) is said to be
a Boolean function on n variables. The set of all Boolean functions on n variables is denoted by ‘B,,.

For a detailed study of Boolean functions we refer to Carlet [5, 6], and Cusick and Stanica [7]. For
the convenience of the reader, we recall some basic notions below. For any x € F5, the (Hamming)
weight of x is the integer sum wt(x) = Y ! ; z;. The algebraic normal form (ANF) of a Boolean
function f € 9B, is

[z, . ) = Z pa§t Ll

where 1, € Fo, for all @ € Fy. The algebraic degree of f is deg(f) = maxaerp{wt(a) : pa # 0}.
The inner product u - = := Y " | wjz;, for all u = (uy,...,uy), ¢ = (21,...,2,) € F5. We also
identify F% with Fan (as vector spaces over Fo) and take the inner product u - x := T'r] (ux), where
Tr(a) :==a+a®+ a? 4 - 4+ a2" forall a € Fan, is the absolute trace on Fan.

The Walsh-Hadamard transform of f € B, at u € Fy is
Wi(u) = > (=)@ =1y,
zcFy
The multiset
(Wi (u) - u € F3] )]

is said to be the Walsh-Hadamard spectrum of f. The derivative of f € 9B, at a € F7}, denoted by
D, f,is a Boolean function defined by

Dqf(x) = f(x +a) + f(z), forall z € Fy.

The notion of derivative of a Boolean function is extended to higher orders as follows. Suppose
{a1,as,...,ax} is a basis of a k-dimensional subspace V' of F% (we write dim(V) = k). The k-th
derivative of f with respect to V', denoted by Dy f, is a Boolean function defined by

Dy f(z) = D, D ... Dg, f(z), forall z € Fy.

It is to be noted that Dy f is independent of the choice of the basis of V.

ak—1

A Boolean function f € B,,, where n is an even positive integer, is said to be a bent function if its
Walsh-Hadamard spectrum (1) consists of values of the set {—2”/ 2 on/ 2}.
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3. Towards an explicit specification of Carlet’s C-class

The Maiorana-McFarland class M is the set of m-variable (:n = 2n) Boolean functions of the form

f(z,y) =2 -7(y) +g(y), forall z,y € Fy,

where 7 is a permutation on 4, and g is an arbitrary Boolean function on F%. All such functions are
bent and their duals (also bent) have the form f(z,y) = y - 7 () + g(7*(x)) (where 7! is the
inverse function for 7). Dillon [8, 9] constructed another class of bent functions called partial spreads
(PS), as sums modulo 2 of the characteristic functions (which take the value 1 on the subspace and
0, elsewhere) of 27/2~1 (the PS™ class) or 2"/2~1 4 1 (the PS™ class) subspaces of dimension 7,/2
which intersect in 0 only (and so their direct sum is [F%)). All the functions in the PS™ class have max-
imum algebraic degree, namely n/2. Explicit characterizations of these classes is not easy. A subclass

labeled PS,), of PS™ can be described on F4 which is identified with Fy,./2 X Fyn/2, a 2-dimensional
vector space over F,,/2. A function f € PS,, if it is of the form f(z,y) = g (wy2n/2*2) , where ¢
is a balanced function on F,,/» with g(0) = 0.

Two new classes of bent functions were derived by Carlet in [4]. The class D consists of bent
functions of the form

flzy) =2-7(y) + 1e ()15, (y) 2)

with 7 a permutation on F} and E;, E» two linear subspaces of F% such that 7(Ey) = Ei- (1 is the
indicator function of the space E). An explicit subclass of D, denoted by Dy, contains all elements of
the form x - 7(y) + do(z) (do(x) is the Dirac symbol, which is 1 if z = 0, and 0, otherwise). It has
been shown that Dy strictly includes the M and PS classes [4, 10]. The second Carlet class C of bent
functions (one we will concentrate on) contains all functions of the form

fle,y) =2-m(y) + 1. (2) 3)
where L is any linear subspace of F§ and 7 is any permutation on [F% such that:
(C)  ¢(a+ L) is a flat (affine subspace), for all a € F%, where ¢ := 7~ 1.
We will often say that (¢, L) has property (C).

Certainly, if L has dimension 1, then 7=!(a + L) = ¢(a + L) is always a one-dimensional flat: if
L = {0, u} is a one-dimensional subspace, then ¢(a + L) = {¢(a), d(a + u)} = ¢(a) + {0, ¢(a) +
#(a +u)}, where ¢p(a) + ¢(a + u) # 0. So, we will assume from now on that L has dimension > 2.
We will identify the vector space F% with the finite field Fan, and we denote ¢ := 7. We have the
following characterization of a subspace L of dimension < 2.

Lemma 3.1. Suppose u,v,w,z € Fon. A set L = {u,v,w, z} is a flat of Fan of dimension < 2 if
andonlyifu+v+w+2z=0.

Proof:

If L is a subspace, then without loss of generality, we can assume that L = {0, u,v,u + v}, which
satisfies 0 + u + v + u + v = 0. Reciprocally, we assume that the set L = {u,v,w, z} satisfies
u+v+w+z=0,and so, z = u+v+w. Itfollows that u+ L = {0, u+v,u+w,u+ (u+v+w) =
v + w}, which is easily seen to be a subspace of dimension 0, if u = v = w(= z), of dimension 1, if
u # v = w, and of dimension 2, if v and w are independent. a
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Remark 3.2. For a particular value of n, one could take two subspaces L, M in [}y of the same
dimension and partition [F} into Uyec 4 (a + L) and Upe g(b+ M), with A, B subsets of F% of the same
cardinality |A| = |B|, and then take any permutation ¢ that maps the elements of {a + L|a € A}
onto the elements of {b+ M |b € B}. The pair (¢, L) would satisfy property (C).

Although the above process works for specific values of n it does not amount to an explicit construction
of infinite sets of bent functions within the class C. It is not clear what the explicit representation of
these bent functions will be and how they relate to the other known bent functions, like Maiorana-
McFarland. For this reason, even after more than two decades we have very little grasp on bent
functions in C. In this paper our goal is to fix a permutation 7 (many times among classes of known
ones) and identify the subspaces L such that the property (C') is satisfied. We will refer to a C type
function of the form f(x,y) = x-m(y)+1;1 () as the C type function associated to the permutation ¢,
where ¢ = 1. In this way we obtain explicit construction of several subclasses of bent functions in
C for the first time. We are also able to identify permutations corresponding to which there are no C
class bent functions.

We start with one specific class of permutations {¢} proposed by Hou [12, Theorem B] and the
nonexistence of any 2-dimensional linear subspace L for which the function z - w(y) + 1, (z) is a
bent function in C.

Theorem 3.3. Letn > 1 and ¢(z) = ax + bx?" + 22" L bea permutation polynomial over Fo2n
(see Hou [12, Theorem B] for explicit criteria). Then there exists no 2-dimensional linear subspace,
L, of Fy2n such that (¢, L) has property (C).

Proof:
Suppose L = (u,v) is a 2-dimensional subspace of Fy2.. Then for any ¢ € Fo2n, ¢(c + L) is a flat if
and only if

0= 6(c) + Bl +u) + Ble+ v) + dlc +u +v)

=ac+ b+ 4 alc+u) +b(c+u)? + (c+u)
+a(c+v) 4+ ble+v)¥ + (c+ v)2n+1_1
+alc+u+v)+blct+u+v)? +(c+utw)
=T e+ w)? T (e 0)PT T (et u o)

for all ¢ € Fy2n. Therefore, multiplying the above identity by c+u+v and using the binomial theorem
(in characteristic 2) we obtain

antl_g

2n+1 -1

ontl_q

2ntl_g
(u+ v)chH_l +v(c+ u)QnH_l + u(ec+ v)2n+1_1 = Z <v W21y uvznﬂ_l_j) =0,
j=0
2nt1_2
for all ¢ € Fqy2n, implying that the polynomial Z (v W2y v2n+1*1*j) XJ € Fyon[X]
=0

has all of its coefficients 0, that is, vu2"" —177 + o2 =174 = 0, forall 0 < j < 27! — 2. In
particular, for j = 27+t — 3,

w2+ uv? =0 = v’ = w? = u = .

Thus there is no 2-dimensional subspace, L, which satisfies the required property. O
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4. Some general bent conditions related to C and D classes

In this section we investigate the choice of linear subspaces L which may potentially give rise to bent
functions in C for some specific permutations 7 and later we extend the derived conditions for arbitrary
7. The analysis uses more general bent conditions (without requesting that the initial function is in
M) given in [4, Theorem].

Assuming that f is bent (not necessarily of the form x - 7(y)), two equivalent (and more general)
conditions for the function f*(z) = f(x) + 1.(z) to be bent were given in [4, Theorem]. The first
condition states that, if L = b+ L’ is any flat in F3", then the function f*(z) = f(z) + 1.(x) is bent
if and only if f(z) + f(z + a) is balanced on L, for any a € FJ* \ L’. That is, the derivatives of f
restricted to L are balanced so that 3, (—1)/ (@)+f(z+a) — 0, for all a € FJ* \ L'. Also, it was
shown in [4, Theorem] that the dimension of L is necessarily larger or equal to n if this condition is
satisfied. The class D was derived using the result that for an n-dimensional subspace L of 5 x [y
satisfying f(z,y) = x - w(y) = 0 for any (z,y) € L, the function x - w(y) + 1 (z,y) is bent (cf. [4,
Corollary 1]).

The subclass named Dy (which is not contained in M or in PS), deduced by Carlet, corresponds
to a special choice of L = {0} x Fj. Nevertheless, the fact that f*(z,y) = x - 7(y) + 1r(x,y) is
bent for L = {0} x F% can also be easily deduced using the condition related to the derivatives of f
restricted to L. Indeed, for any a = (o, 8) € FY x F4 \ L and for f(z,y) = = - 7(y) we have

Z (_1)f(w7y)+f(x+a,y+ﬁ) — Z (_1)f(0,y)+f(0+a,y+ﬁ) — Z (_1)a-ﬂ(y+ﬁ)) =0,

(z,y)eL z=0,y€Fy yeFy

where we have used the fact that o # 0 and thus Zyeﬂ?g (—1)*™W+A)) = 0 since 7 is a permutation
of IF?, see [16, Theorem 7.7].

On the other hand, by taking L = FJ x {0}, it is obvious that the function f*(z,y) = x - 7(y) +
Ir(z,y) = x-7w(y) + [[;—;(vi + 1) = = - 7(y) + g(y) is bent, but no new bent functions can be
obtained through this selection of L, since f* € M. More generally, for the same reason the function
[*(z,y) = x-7(y)+1L(z,y) is alsoin M, for L = F4 x E where E is k-dimensional linear subspace
of F%, 0 < k < n. Indeed, since for L = F§ x E the indicator function 17,(x,y) = ¢(y), for some
g(y) € B, again f* € M. We formalize the above discussion in the following result.

Proposition 4.1. Let f € B, be a bent function given by f(x,y) = z-m(y), where 7 is a permutation
over 7, and L = Fy x E where dim(F) = k, fork = 0,...,n. Then, f*(z,y) = f(z,y) +15(z,y)
is a bent function in class M.

Thus, the case L = F5 x E is of no interest to us and it is not treated further.

4.1. The analysis for arbitrary 7 and L = E x Fy

Let us extend our investigation for f*(z,y) = z-m(y)+11(x, y) to the case when 7 is any permutation
on F%, and L = E x Fj. Notice that this particular choice of L implies that 17 (z,y) = 11(x) and
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therefore we are considering the class C. Assuming f(z,y) = = - 7(y), we have

0 — Z (_1)f(fr,y)+f(x+byy+6)

(z.y)eL

= Y (1)
(z,y)eL

= Y Y () i)
zeFE yely

_ Z Z Y)+7(y+c))+bm(y+e) 4)
yeFy zek

Notice that (b, ¢) # (0,0) and in particular b # 0, whereas ¢ can be equal to zero. We consider two
cases, namely ¢ = 0 and ¢ # 0. If ¢ = 0, then the above sum becomes

> > (=, 5)

ek yelFy

which is zero as b # 0, again using [16, Theorem 7.7].
If ¢ # 0, then rewriting (4) as

Z (_1)b~w(y+c) Z (_1)w~(7r(y)+7r(y+6))’ 6)

yelry zelE

one easily deduces the following result.

Lemma 4.2. Let f € B, be a bent function given by f(z,y) = z - m(y), where 7 is a permutation
over F3, and L = E x Fy where dim(E) = k, for k = 1,...,n. Then, a sufficient condition that
f*(z,y) = f(x,y) + 11 (z,y) is a bent function in class C is that,

> yr=o,

yeFy m(y)+m(y+c)€EL

for any (b,c) € Fy x Fy \ L.

Proof:

The double sum in (4) must be equal to zero for any (b,c¢) ¢ L. The case ¢ = 0 yields (5) which
equals to zero. The case ¢ # 0 gives (6) which must be equal to 0 for any (b, c) ¢ L. We notice that if
7(y) +m(y+c) € B+ thenz- (n(y) +7(y+c)) = 0 for any 2 € E, thus the inner sum in (6) equals
to | E| = 2F for any such y € F%. Thus, a sufficient condition that (6) equals to zero is as stated. O

Remark 4.3. The above condition ensures that even though 3~ _ -(—1)2(*®)+7(+¢) £ 0 for some
fixed y € F} (which happens exactly when 7(y) + 7(y + ¢) € E1) the double sum (6) still equals
to zero. The cases dim(FE) € {n — 1,n} are trivial and correspond to the indicator function which is
constant (dim(E) = n) or affine function (dim(E) =n — 1).
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Remark 4.4. Though taking f(x,y) = x - m(y) is just a special case of considering f to be a bent
function in M, most notably the condition on balancedness of the derivatives on E is now related to
the balancedness of the derivatives of 7 on £, as mentioned above.

Even though the condition of Lemma 4.2 appears to be hard one can find permutations 7 and a suitable
subspace F that satisfy the above condition. Nevertheless, to provide a generic method of finding such
permutations appears to be difficult.

Example 4.5. Let n = 3 and E = {000,010} thus dim(E) = 1. Then, E+ = {000,001, 101, 100}.
Let us define a nonlinear permutation 7 : F3 — 3 and compute the differentials for ¢ = (001):

ysy2y1 | T(y) | m(y +001) | m(y) + m(y +001)
000 | 000 001 001
001 | 001 000 001
010 | 011 010 001
011 | 010 011 001
100 | 111 110 001
101 | 110 111 001
110 | 101 100 001
111 | 100 101 001

This c is obviously a linear structure of 7 (thus 7(y) + 7(y + 001) = 001 for all y € F3) and since
(001) € E+ we have:

Z (_1)b‘7r(y+001) _ Z (_1)b~7r(y+001) =0,

y€F2:m(y)+m(y+001)e B+ yEeFy

where the last equality is due to the fact that 7 is a permutation and b # 0. For other (nonzero) values
of ¢ € F§ it turns out that either Im (7 (y) +7(y+c)) € E+ or Im(n(y) +7(y +¢c)) N E+ = (). For
instance, one may check that Im(m(y) + 7(y 4+ 011)) = {010,011} and the intersection with £ is
the empty set.

In both cases ZyEF” )4 (y+e)e BL (=1)7Wte) = 0, thus f(z,y) = z-7(y) + 11 (2, y), where
L = E x T3, is a bent functlon on IFS. For instance, one may check that I'm(7(y) + w(y + 011)) =
{010,011}

Given the fact that the class C is constructed by adding the indicator function of a special subspace
to a bent function, it may be of interest to investigate the relation between the spectral values of
f(z,y) =z - 7w(y) and f*(z,y) = f(z,y) + 15(z,y). Then, requiring that f*(x,y) is bent implies
the following identity

W (u,v) = Z (—1)= 7@+ 1L @y)+ () (.y)
(x,y)€Fy xFY

= Wilwv)=2 ) (-7t

(z,y)eL

_ n_ 9 Z Iﬂ'y)-%uv)(ﬂ)’
(z,y)eL
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and if f* is to be bent then we must have Wy, (u,v) = Zmy)eL(—1)“'”(?”)*(“’”)'(9”’?”) € {0,+2"},
for any (u,v) € F§ xF5. If L = E xFy3, we have Wy, (u,0) = 3, p(—1)"" 3 cpy (—1)" 7@+
and Wf|L (u,0) = 2", for any u € F. This is because for any fixed z # 0 and v = 0, the inner sum
Zyew(—l)x'“(y) = 0, unless = 0 and the sum equals then to 2".

The next result is now immediate.

Proposition 4.6. Let f € B, be a bent function given by f(x,y) = z-m(y), where 7 is a permutation
over Fy. Let L = E x F3. If f*(z,y) = f(z,y) + 1.(z,y) is a bent function, then W(u,0) = 2",
for any u € Fy.

Proof:
Assuming L = E x %, we only need to prove that W (u, 0) = 2", for any u € I3, is always satisfied.
Indeed,

Wiw,0)= 3, (Y7o en = (e} (-pmT =2,

(z,y)€Fy xFy xcFy yelry

which must be true for all u € F3. Notice that the inner sum } eFy (—1)*7W) = 0 for any fixed ,

unless = = 0 (since 7 is a permutation), and therefore W (u,0) = 2", for all u € F5. O

4.2. The subcase when 7 is a linear permutation and L = E x [y

In this section we consider f*(x,y) = = - 7(y) + 11(x,y) when w(y) = yA is a linear permutation
over Fy, L = E x Fy for some k-dimensional linear subspace E, for 0 < k < n, and A is an invertible
matrix over Fy of size n x n (thatis A € GL(n,Fy)). It will be shown that f* is always bent regardless
the choice of F, but nevertheless f* is in the completed class M™.

Theorem 4.7. Let f*(z,y) = = - w(y) + 1.(z,y) be a function on F§ x FZ and 7(y) = yA, A €
GL(n,F3), a linear permutation over 4 so that f(z,y) = x - 7(y) is bent. Furthermore, let L be of
the form L = E' x Fy where E is a k-dimensional linear subspace of 5, for 0 < £ < n. Then, f* is
a bent function.

Proof:
Since f* is bent if and only if f(z,y) + f(z + b,y + ¢) is balanced on L = E x F% for any (b, c) €
F3 x F3 \ L we have,

Z (=1)f @ +f@+byte) Z (=1)= W) Hz+b)m(y+e)
(zy)EL (zy)EL
_ Z (_1)x'yA+(x+b)~(yA+cA)
reEyelfy
_ Z(_l)(z-i-b)-cA Z (_1)b~yA
zeE yeFy
which must equal to zero if f* is bent. Now, since m(y) = yA is a permutation over F% then

Zyng(—l)bA'y = 0, for any b # 0. Noticing that b # 0 since (b, ¢) ¢ L, we have that
Z(xyy)eL(—1)f(w7y)+f(x+b’y+c) =0, thus f* is bent. 0
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However, it turns out that the functions given by f*(z,y) = x - y + 11(z,y) (7 being a linear
permutation) are embedded in M.

Theorem 4.8. Let f*(z,y) = = - 7(y) + 1r(x,y) be a function on F} x FY, and 7(y) = yA be a
linear permutation over 5. Furthermore, let L = E x [}, where E is a k-dimensional linear subspace
of 7, for 0 < k < n. Then, f* belongs to M*.

Proof:
It is well-known [9] that f € M* on [y x [F} if and only if there exists an n-dimensional subspace,
say U C F3", such that the second derivatives D, D f(z,y) = 0, for any o, 8 € U.

Notice that since L = E x [}, the support of L does not depend on the y variables, and so,
1r(x,y) = 11(z). Now, for @« = (a,b) and § = (¢, d) where (a,b), (¢, d) € F§ x FJ we have,

DoDg(x -yA) = Dg(z - bA+a-yA+a-bA),

and taking the derivative with respect to 5 = (¢, d) gives Do Dg(z - yA) = c-bA + a - dA. Soitis
sufficient to show the existence of U such that both D,Dgly(x) = 0 and DoDg(x - yA) = 0, for
any o, f € U. Taking U = {0} x F} so that @ = ¢ = 0, we clearly have D,Dgly(z) = 0 and
DoDg(x-y)=b-c+aA-d=0,forany o, € U. O

S. k-linear split permutations

In contrast to Theorem 3.3 which, for a particular class of permutations introduced by Hou [12] shows
the nonexistence of a 2-dimensional linear subspace L, in this section we look for permutations 7,
and provide both necessary and sufficient conditions on the subspace L, such that (7, L) satisfies the
property (C).

It is known that any permutation on a finite field can be written as a polynomial. We consider
those permutation polynomials which can be factored (split) into linearized polynomials.

Definition 5.1. A linearized polynomial ¢ € Fan[X] is a polynomial of the form

n—1
(X) =) a;X* with a; € Fan.
=0

The set of all such polynomials is denoted by L(n).

The action of a pair of bijective linearized polynomials (¢1,¢2) € L(n) x L(n) on Fon[X] is
defined as ¢; o ¢ o {9 where ¢ € Fan[X]. Two polynomials ¢, 1) € Fan[X] are said to be linearly
equivalent if there exist (bijective) {1, ¢ € L(n) such that /1 o ¢ o ly = 1).

Lemma 5.2. Suppose 7 and ¢ are two linearly equivalent permutations on Fon such that ¢ = ¢1omols
where (1,03 € L(n), and L is a linear subspace of Fon. If m(a + L) is a flat for all @ € Fan, then
¢(a+ 0,1 (L)) is aflat for all a € Fan.
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Proof:
For any a € Fa» we have

d(a+ L, (L)) =ty omoly(a+ Ly (L)) =ty 0m(la(a+ €55 (L)))
=l om(ly(a) + L) = £1(n(la(a) + L)).

Since w(¢2(a) + L) is a flat and ¢; is a linear permutation, ¢1 (7 (¢2(a) + L)) is a flat. O

Thus it is enough to consider C type constructions associated to linearly inequivalent permutations. In
the spirit of Blokhuis, Coulter, Henderson and O’Keefe [2] and Laigle-Chapuy [13], we extend their
construction in the next definition.

We call a polynomial ¢ € Fon[X] a k-linear split polynomial if it is of the form

¢(X) = 7T1(X)7T2(X) . Wk(X) with m; € E(n),l <i<k.

Blokhuis et al. [2] and Laigle-Chapuy [13] refer to the case k£ = 2 as a bilinear polynomial (some
authors prefer Dembowski-Ostrom polynomial), but the “bilinear” notion has a different meaning in
too many areas, so we prefer to insert “split” into the definition. Certainly, if the function associated
to the polynomial ¢ is bijective, we will refer to ¢ as a k-linear split permutation.

It is easy to see that using the transformation Y = 71 (X), the polynomial ¢ is linearly equivalent
to one of the type

d(Y)=YlH(Y) L1 (Y), where {; = m; o+ € L(n), (7

so, we will only consider these forms from here on.

5.1. C type bent functions associated to bilinear split permutations
From our observation (7) (see also [2, Section 2]), it will be sufficient to investigate the C type bent
functions (in this case) associated to bilinear split permutations of the shape

n—1
XUX) =) a;X* ! with a; € Fon.
=0

The set of all such polynomials is denoted by B(n).

Theorem 5.3. Suppose ¢ : Fan — Fon is a permutation defined by ¢(z) = zf(x) + £o(z), for all

x € Fon, where £, ¢y € L(n). Let L = (u,v) be a 2-dimensional subspace. Then (¢, L) satisfies the

(C) property if and only if @ = %}).

Proof:
For L to satisfy the required condition for all a € Fon, we must have
o(a) + ¢la+u) + ¢pla+v) + ¢pla +u+v)
=al(a) + ly(a) + (a +u)l(a+ u) + lo(a+u) + (a +v)l(a+v) + lo(a + v)
+(a+u+v)l(a+u+v)+Llola+u+v)
=al(a) + al(a) + al(u) + ul(a) + ul(u) + al(a) + al(v) + vl(a) + vl(v)
+ al(a) + al(u) + al(v) + ul(a) + wl(u) + ul(v) + vl(a) + vl(u) + vl(v)
= ul(v) + vl(u) = 0.
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Therefore the necessary and sufficient condition that a 2-dimensional linear subspace L = (u,v) has

the required property is that @ = o) a

v

Corollary 5.4. Suppose ¢ : Fon — Fon, defined by ¢(z) = zf(x) + €o(x), for all z € Fon, where
UX) = Z?;ol a; X2 € L(n). Then there exists a C type function associated to ¢ if and only if the
unction z — —- on [F5, is not a permutation.

Proof:

If there exists a C type bent function, then there exists a subspace L of dimension 2 generated by
two vectors u, v such that (¢, L) satisfies (C'). By Theorem 5.3, the map A : F3, — [F5, defined
by \(z) = @ is not one-to-one, and consequently not a permutation. Conversely, if A is not a
permutation, then it is not one-to-one, and consequently, there exist two vectors u,v € 5, with
Au) = A(v). Taking L = (u,v), again by Theorem 5.3, we see that (¢, L) satisfies (C'). O

The following result due to Payne [18] restated by Berger, Canteaut, Charpin and Laigle-Chapuy [1]
provides a complete characterization of such linearized polynomials.

Theorem 5.5. ([1], Theorem 6)
A polynomial in Fon [X] of the form

n—1
Q(X) = Z ;X% ¢ € Fon
i=1

cannot be a permutation polynomial unless Q(X) = ¢ X 2"~1 with ged(k,n) = 1and ¢ € F3,.

Let Supp(¢) = {i : a; # 0} where £ € L(n). Then P(X) = K(Xi) is not a permutation if any one
of the following conditions are satisfied.

1. The cardinality of Supp(¢), that is, | Supp(¢)| > 3.
2. The coefficient ap = 0 and [Supp(¢)| = 2.
3. The coefficient ag # 0 and Supp(¢) = {0, k} where ged(k,n) # 1.

In addition to Remark 3.2, it is possible to obtain explicitly C type bent functions, for a special
class of explicit permutations. Thus, for effective construction of the functions in C, there is a need to
characterize linear subspaces such as L with respect to permutations over Fan.

In Theorem 5.7 we consider the permutation ¢(z) = 22 4 g3 4 g, for all z € Fon where
n =2t 41 (see [11]).

Lemma 5.6. ([3], Corollary 1)
Let d, n, s be positive integers satisfying gcd(n, s) = 1 and let

d
0#g(X) =Y rX>" €FalX].
=0

Then the equation g(X) = 0 has at most 2¢ solutions in Fan.
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Theorem 5.7. Suppose ¢(z) = 22 4 g3 4 g forall o € Fon, where n = 2¢ + 1, ged(t,n) = 1.
Then there exists at least one and at most 2(2" — 2) two dimensional linear subspaces L such that
¢(a+ L) is flat for all a € Fan.

Proof:
Since, e ) is not a permutation, by Corollary 5.4 there exists at least one function in C associated

to ¢.
Let L = (u,v) be a 2-dimensional subspace of Fon. The set ¢(a + L) is a flat if and only if

2t+l 2t+l

$(a) + dla+u) + ¢la+v) +latutv)=uv’ v+uw® +uv+uw® =0,

Exponentiating both sides of the above equation by 22!, we obtain

(u” o e + uv2)22t =0

. 3t+1 2t 2t 3t+1 2t+1 2t 2t 2t
i.e., u? 02w v? + u? v 4w =0

. 2t+1 t 2t 2t 2t+1 t 2t+1 2t 2t 2t
e, (U )0 +u? (V)T +u? 0 P 0P T =0

. t o2t 2t ot 2t 2t .
ie., u?v? +u? 0¥ +w? +u® v=0, since u,v € Fon where n = 2t + 1

. t 2t 2t
ie., (u¥ +uw 2 1 =0,
Therefore,
2
it t 2t
E cifu2 = 0, where ¢ = u? + U, c1 = ¢y = u?. (8)
i=0

Since ged(t,n) = 1 where n = 2t + 1, the greatest common divisor ged (2! — 1,221 — 1) = 1. Thus
o =u +u # 0 if and only if u = 1. If u = 1, then (8) reduces to v?2" 4 v = 0, which has only one
solution v = 1. Equation (8) has at most 22 = 4 solutions if u # 1, by Lemma 5.6 among them one
solution is v = 0 and another is v = u. So, if u ¢ {0,1} C Fan, we can obtain at most two values of
v such that {u, v} is linearly independent. Thus, we can obtain at most 2(2" — 2) many subspaces L
such that ¢(a + L) is a flat for all @ € Fan. If u = 1, then the only solution is v = u = 1; giving us
no subspace L. So the total number of two dimensional subspace L such that ¢(a + L) is flat for all
a € Fon is at most 2(2" — 2). O

We now consider the case of a bilinear split permutation ¢ : Fon — Fon defined by ¢(z) = 22 *1,
for all x € Fon.

Theorem 5.8. Suppose ¢(z) = x2" +1, forall x € Fan, where ged(r,n) = e, n/eis odd and ged (2" —
1,2 +1) =1.

(i) Then (¢, L) (where L is a subspace of dim(L) = 2) satisfies the (C') property if and only if
L = (u, cu) where u € F5, and 1 # ¢ € Fi..

(7i) We assume that e = ged(n,r) > 1land L = (ug,ciug,...,cs—1u1), dim(L) = s, ¢; € Fie,
1<i<s—1,s>2,and u; € 5, . Then (¢, L) satisfies the (C') property.
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Proof:
We first show (7). Suppose that L = (u,v) is a 2-dimensional subspace of Fan. For any a € Faon we
have

a+L={a,a+u,a+v,a+u+v}.

The set ¢(a + L) is a flat if and only if
¢(a) + ¢(a+u) + ¢la+v) + ¢(a +u+v) =0.

Therefore we have

d(a) + dla+u)+dla+v)+dla+u+v)

=t (a+uw)? T+ (a+ )P T 4 (atut o)

=+ +au® +a¥u+u® T+ T+ av® e oo
+a> T +au+0)Y +a¥ (u+v)+ (u+0v)2 !

= w? +u* v

' T
=w? +u?v=0.

It follows that (uv~1)2"~1 = 1. Combining with this the fact that (uv=1)2"~! = 1, for u,v € F},,
and ged (2" — 1,2" — 1) = 2¢ — 1 we obtain (uv~1)* =1 = 1. Therefore L = (u, cu) where u € F3,
and ¢ € IF3..

We next show (ii). Assume that L = (uj, cjuy,...,cs—1u1) is of dimension s > 2, where u; €
F5n,ci € Fie, ged(2"—1,2"—1) = 2°—1. Then (¢, L) satisfies the (C') property, which is equivalent
to the fact that for any u, v € L there exists w € L such that ¢(a+u)+¢(a+v)+¢(a)+¢(a+w) = 0.
To show this, we take u = au,v = Suy, a, f € Fie, and define w := u+v = (a+ f)u; € L. Then

d(a+u) + ¢la+v) + éd(a) + ¢la + w)

=(a+u) " +(@a+ )" + a4 (a+u+v)t
=au? +uad® +av? +va® +a(u+0)* + (utv)a? +uww
=w? +vu? = au(Bur)? + Bur(aur)?

= afui™ + afuit? =0,

s T
2 +vu2

where we used that 02" = «, 32" = §, since both «, 5 € F%.. The claim is shown. ]

From the above theorem we note that if e = 1 then there is no linear subspace of dimension 2 such
that function in C can be constructed with respect to the class of permutations under consideration.

The following bilinear split permutations (all are linearly equivalent to each other) are constructed
by Blokhuis et al. [2] on Fon where 0 < ¢ < n and e = ged (i, n) (see also Laigle-Chapuy [13]):

1. X2+ where n/e is odd.
2. X2+ 4 X2 where n/e is odd and a(2"~1/2°=1) £ 1,
3. X2 4 (aX)¥ ! 4 aX? where n = 3i and a(2"~D/(2°-1) £ 1,

By Theorem 5.8 and Lemma 5.2 we can derive explicit choices of L which yield C class bent functions
associated to the above permutations.
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Example 5.9. Let n = 2p where p is any odd prime, » = 2 and e = ged(n,r) = 2. Since n/e is
odd, it is known that ged(2" + 1,2" — 1) = 1. Therefore o(x ) = 22"+ is a permutation on Fon.
Let ¢ be a primitive element of FQn Therefore, A\ = (21 = = C 7 isa generator of Foe. Suppose
that the permutation w(z) = ¢~ !(x) = 27 where y(2" + 1) = 1 (mod 2" — 1). Given r and
n, v can be computed easily by the Euclidean algorithm. Consider the Maiorana-McFarland bent
f(z,y) = = - w(y). According to Theorem 5.8 if we choose L = (1, ), then the function f*(x,y) =
x-m(y)+ 1,1 (x) is in C. The bent function f* can be explicitly written as

[ y) =Tri(zy”) + (Trf(z) + D)(Try(Az) + 1)
=Tr(zy?) + Tri(x)Tri(Ax) + Tri((1+ N)z) + 1
Thus we have obtained an infinite class of bent functions in C other than Dy. Whether the bent

functions obtained in this way are affine inequivalent to Maiorana-McFarland bent functions seems to
be a difficult problem, which we leave for future research.

©)

5.2. C type bent functions associated to k-linear split permutations

We next look at C type bent functions associated to trilinear split permutations.

Theorem 5.10. Suppose ¢ : an — Fon is a permutation of the form ¢(x) = xfy(x)l2(x), for all
x € Fan, where £1(X) = Y17} a; X2 ly(X) = S b X2 € L(n) (a;,b; € Fan), and L = (u, v)
is a 2-dimensional subspace of Fa». Then ¢(a + L) is a flat for all @ € Fo» if and only if

n—1
Z aib; <u2 v+ 021u2j> + Z aobj + a;bo) (quJ + u2jv> =0,
1<ij<n—1 j=0
n—1
Z (a;bj + a;b;) (uvzj + UZJ’U) =0, foralli=1,...,n—1, (10)
§=0
Z a;b; ((u + ) ( RNy ) +u? Y 4 vu2i+2j) = 0.
0<i,j<n—1
Proof:
Using Lemma 3.1, we see that ¢(a + L) is a flat for all a € Fan if and only if
o(a) + ola+u) + ¢la+v) + dla+u+v)
= a[£1 (U)eg (’U) + El (’U)fg (U)] + gl (CL) [uZQ (’U) + 2262 (u)}
+ EQ(G) [u£1 (1}) + Ml(u)] + u€1 (u)ﬁg (1)) + uﬁl(v)ﬁg (u)
+ wly(v)la(v) 4+ vl (u)la(u) + vl (u)la(v) + vl (v)la(u) =
for all @ € Far. Substituting ¢1, ¢ in (11) we obtain

(11

n—1ln—1 n—1 ] ) )

J J J Q
g E (a;bj + a;b;)u u?v? | a+ g a; E uv2 + u? v)b; a’
i—0 j—=0 =0

n—1
+ Zb Z (w?® +u*'v)a; | a®
7=0

+ wly (u)la(v) + uly (v)la(u) + uly (v)la(v) + vl (u)la(u) + vl (u)la(v) + vl (v)la(u)
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n—1
i 9 j j i
= E (a;bj + ajbi)UQ v | a+ g g v¥ 4 u? v) | (asbj + ajb;) a’
0<i,j<n—1 i=0 \ j=0
+ (u+v) E aibqu v? + (u+v) E a,;bju2 v?
0<i,j<n—1 0<i,j<n—1
i o Y
+u E aiijz +2 +v E aibqu +2
0<i,5<n—1 1<i,j<n—1
n—1

= Z (a;bj + ajbi)u?vy + Z(uv2j + u2jv) (apbj + ajbo) | a

1<4,j<n—1 j=0

n—1 [n—1
+ ) Do +u”v) | (aib; + ajbi) o

i=1 \ j=0

+ (u+v) Z a;b; (u2 0¥ 4 uy) + Z aibj(uvT”J + o) =0,
0<i,j<n—1 0<i,j<n—1
for all @ € Fon. Thus, in order to construct C type bents associated to the permutation ¢ with
L = (u,v), we must obtain linearly independent vectors in u,v € Fon satisfying the system of
equations (10). O

Corollary 5.11. Let us consider the case when ¢(z) = z'+2"+2° for all # € Fgn, where 1 < r < s.
Then there is no 2-dimensional subspace L = (u, v) satisfying the (C') property.

Proof:
By the previous theorem, the system of equations (10) reduces to

arbs(u¥ v?" +u*v¥) =0

(wv?” 4+ u* v)aybs =0

(uv? +u? v)aybs = 0

r 9s s or
u1+2 2 142 U2

S s
V7 +u 2’42

2,5‘ +27

S ™
+ uv +u v+ u? Tt +uZ vt = 0.

Since a, # 0 and bs # 0 we obtain the system

T S S ™
w2 v +u¥ 0 =0

S S
w? +uF v =0

T '
w? +uv=0

' S S e
2702 L 20

(12)

s r s s r
2542 25427 1+2°% + U2 'U1+2 =0

U +u v—i—u "

thatis, (wo~1)2"" "1 =1, (w12 = 1and (wo )2 1 = 1. Let
ged (2" —1,2"T°77 — 1,27 —1,2° - 1) =2° — 1

(it is immediate that if L exists, then we must have e > 1). Then uv~! € Fgc. Since e > 1, there
exists 1 # ¢ € F5. such that v = cv. Substituting v = cu in the last equation of (12) we obtain

T S T S T T S ' S
Cu1+2 +2 + cu1+2 +2 e u1+2 +2 + Cu1+2 +2 e u1+2 +2 e u1+2 +2 O7
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that is, (¢ + ¢®)u'*t2"+2° = 0, implying ¢ € {0, 1}, which is a contradiction. Therefore, there are
no trilinear split permutation of the above form for which we can construct a 2-dimensional subspace
L = (u,v) with the required conditions. ]

We can extend the previous theorem to the general case of k-linear split permutations, showing in
our next theorem a nonexistence result.

Theorem 5.12. If ¢(z) = g 2i=0 2" (k> 2),forall z € Fon, where rg = 0 <71 < ... <71} <1,
then there is no 2-dimensional subspace L such that (¢, L) satisfies the (C') property.

Proof:

We assume that L exists, and so, there exists u, v € Fon that are Fo—linearly independent such that
(¢, L) satisfies the (C') property. For a subset A C {0,1,...,k} (for convenience, we write the set
{0,1,...,k} as [0,k]), we denote by R4 := ;. 42" and A = [0, k] \ A, with the convention that if
A=10,then R4 =0.

Since, ¢(a + L) is a flat, then ¢(a) + ¢(a + u) + ¢(a +v) + ¢(a + v+ v) = 0, and so,

0 = affor + (a4 u)fon + (a+ )R + (a + u + v)Fion
k k k
— aR[O,k] + H(a+u)2ri + H(a_{_U)QTi +H(a+u+v)2m
=0 =0 =0

S| (CRTYS | (RTINS (e
= aoh 4 Z a"hufta 4 Z afiayis 4 Z 4w+ v)

AC[0,K] AC[0,k] AC[0,k]

= Z (w4 + 04 4 (u+ v)Ra) afta,
AG[0,K]

for all a € Fan. That is, the polynomial
Z (ufta + oA 4 (u + v)Fa) X Fa
AG[0,k]

has 2" roots, but it§ degree is < R[Qk] = Zfzo 2" < 2™, and therefore all its coefficients must be 0.
Hence (replacing A by A, under the condition A # (), we have

ulA 4 B 4 (u )4 =0, forall A C [0,k], A # 0. (13)
Now, taking A = {0,:},1 <14 < k, and simplifying, we get
w4+ uw?t =0, forall 1 <i <k,

and so, vu~t € F3,,,1 < i < k. Thus, if 2¢ — 1 = ged(2" — 1,2 —1,...,2" — 1) (certainly, if L
of dimension 2 exists, it is necessary that e > 1), then v = cu, for some ¢ € Fi. \ {1}. Substituting
v = cuin (13) with A = {0, 1,2}, we obtain

T14972 T1 4972 T2 4971 24971 714272 T14972
Cu1+2 +2 +cu1+2 +2 +62'LL1+2 +2 +Cu1+2 +2 +02u1+2 +2 +02u1+2 +2 :O,
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that is,
(C+ 62)u1+2 14272 — 0’

implying ¢ € {0, 1}, which is a contradiction. Therefore, there are no 2-dimensional subspaces L for
which we can construct C type bent functions corresponding to k-linear split monomial permutations.
O

. ko org .

For permutations on Fon of the form ¢(x) = 22i=12" (| > 2), we can inquire whether there are

subspaces of dimension > 2 associated to C type bent functions. While in general we cannot answer
that question, we can certainly derive some necessary conditions.

Theorem 5.13. Let ¢ be a monomial permutation of degree k, that is, ¢(z) = 22 0=r <
... <1 <n,k > 2. Anecessary condition for (¢, L) (with L of dimension s > 2) to satisfy the (C')
property is
D ufr =0, forall ) # A C [0,K]. (14)
u€eL
Moreover, if (¢, L) with L of dimension s > 2 satisfies the property (C), then both 2% — 1,2" — 2¢
must be in Np; + - - - + Npy, where 2" — 1 = Hle p;" is the prime power factorization (we adopt the
convention that 0 € N).

Proof:
Since for subspaces or flats of dimension s > 2 the sum of all elements must be zero, we can infer (as
we have done in the proof of our previous theorem) that for all a € Fon,

k
0 = z;qb(a%-u) = E:Ll:[l(a—i—u)%

- Y3

uel AC[0,k]

oy (ze)a

0£AC[0,k] \u€L

As before, the polynomial Z <Z uRA> X4 with degree < 2" and has 2" roots, and so, all
P#£AC[0,k] \u€L

coefficients must be zero (the terms X *4 are all distinct for different A by the uniqueness of binary

representations), from which we infer the first claim.

It is well-known (see Lam and Leung [14, 15] and Sivek [20]) that a sum of & distinct m-th roots
of unity is zero (we say that m is k-balancing) if and only if both k£ and m — k are in Np; + - - - + Npy,
where m = Hle p;" is the prime power factorization. Since the elements v € L C Fan are (2" — 1)-
th roots of unity, condition (14) shows that (2" — 1) is (2° — 1)-balancing (since the cardinality of L*
is 2° — 1). Expressing 2" — 1 = Hle p;t, then the previous result forces both 2° — 1 and 2" — 2° to
be in Np; + - - - + Npy. O

Using some elementary number theory arguments, we can easily get several results regarding the
nonexistence of subspaces as in property (C'). Let p(N) denote the smallest prime factor of N.
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Corollary 5.14. With the notations of Theorem 5.13, the following statements are true:

(1) If1 < s <logy(p(2™ — 1)), or log, (2" — p(2™ — 1)) < s < n, then there are no pairs (¢, L)
satisfying the (C') property, where dim(L) = s and ¢ is a monomial permutation.

(ii) Letn = P be a prime number. If 2" — 1 = p is a Mersenne prime, or 2" — 1 = p g, a product
of two primes, then there are no subspaces of dimension 1 < s < n satisfying the C type bent
condition (C') for a monomial permutation ¢ of degree k > 3.

Proof:

The first claim follows easily observing that, by Theorem 5.13, if s < logy(p(2" — 1)), then 2 <
2°—1<p(2"—-1) € {p1,...,pe}.ands0,2° —1 & Np; +- - -+ Np; if s > log, (2" — p(2™ — 1)),
then 2" — 2% < p(2" — 1), and so, 2" — 2° € Np; + - - - + Npy.

Regarding claim (7i), if 2 — 1 = p is a Mersenne prime, then, by Theorem 5.13, 2" — 1 is
(2° — 1)-balancing, and so, one needs 2° — 1 = ap and 2" — 2% = Ap, for some nonnegative integers
a, A. Thus, 2" — 1 = (A + a)p = p, which implies that (a, A) € {(0,1),(1,0)}, therefore, either
s = 0, or s = n, which contradicts our assumption that 2 < s < n.

To show the second part of claim (iz), observe that by Theorem 5.13, there exist nonnegative
integers a, b, A, B such that

2" -1 = pyg,
2°—1 ap + by,
2" —2° = Ap+ By,

from which we derive that (A+a)p+(B+b)q = pg,and so, A+a =0 (mod ¢q), B+b =0 (mod p).
If ab # 0, since A, B, a, b are nonnegativeand A < ¢,a < ¢, B < p,b < p,then A = g—a, B = p—b.
But then, 2" — 2% = Ap+ Bq = 2pq — (ap+bq) = pq+ (pqg —2°+1) > 2", which is a contradiction.
Thus, ab = 0, and without loss of generality, we assume that b = 0, but then B = 0, as well. Thus,
25 — 1 = ap, 2" — 2% = (¢ — a)p. It is well-known that ged(2" — 1,25 — 1) = 28°d(™5) _ 1. Since
p|2™ — 1,p|2° — 1 and n is prime (thus, for 2 < s < n, ged(n,s) = 1), then p[28°d(®s) — 1 = 1,
which is a contradiction. O

5.3. C class functions from z(7r}'(x) + ax)

We consider bilinear split permutations of the form

¢(x) = z(Tr (2) + ax) (15)

k=1
where I > 1,a € Fyr \ Fo and Tr}*(z) = ) 22", For details we refer to [2, 13]. We show here that
i=0

bent functions in the C class, corresponding to ¢, can be constructed by adding indicator functions of
subspaces of codimension 2. The number of such subspaces is also obtained.

Theorem 5.15. Let n = kl where k be odd and [ be any positive integer. Consider ¢ as given in
(15). Then the total number of 2-dimensional linear subspaces of Fon which satisfy the condition (C')
required for the construction of C type bent functions is (2" — 1)(2! — 2) + (2! — 1)(2"~! - 2).
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Proof:
Let L = (u,v) be any two dimensional subspace of Fan. We know that for any ¢ € Fon, ¢(c + L) is
flat if and only if ¢(c) + ¢(c + u) + d(c+ v) + ¢p(c + u + v) = 0, that is,

c(Tri'(e) + ac) + (e + u) (T (¢ +u) + alc + w)) + (¢ + o) (T} (¢ + v)
+a(c+v))+ (c+u+v)(Tri(c+u+v)+alc+u+v)) =0. (16)

Since a(c? + (¢ +u)? + (¢ +v)% + (¢ +u + v)?) = 0 and (16) can be rewritten as

0 = dIrj(c)+cTri(c) + T (u) + ul'r)(c) + ul'r)(u) + I (c) + cTrp(v) + vT'r)(c) +
vTr"(v) + Tri'(e) + e(Tr]"(u) + Tr)'(v) + (u+ )T (c) + (u+v)(Tr] (u) + Tri'(v))
= ulr](u) +oTr}(w) + ulrl(u) + uTrp(v) + vTr(u) + vTr](v) = uTr(v) + T (u),

Tri(u) Trp(v)

u v

then ¢(c + L) is flat if and only if uT'r}*(v) + vT'r}'(u) = 0, that is,

Iri(@) is not a
X

Therefore, C type functions associated to ¢ exist if and only if the function x —
n—1 .
permutation on Fan. We know that a polynomial in Fon [x] of the form Q(z) = > ;2% 1, ¢; € Fan
i=0

can not be a permutation polynomial unless Q(x) = ez =1 with ged(k,n) = 1and ¢, € F3,..

Let k = 1 then T'r}'(x) = x. Itis obvious that z — %(x) = 1 not a permutation. If £ > 3 then it

is not a permutation polynomial, where & is odd. Thus for the permutation ¢ we can find at least one
2-dimensional subspace of [Fo» which satisfies the condition (C'). Let o« = T'r}'(u) and 8 = Tr}'(v).

Case I: Let a« # 0 and 3 # 0. Then ¢(c + L) is flat if and only if v + fu =0 = v = gu, that is,
v = A\u where A = g € 5, and A # 1 as u # v. Therefore, for any u € F3., we can choose v in
2! — 2 ways. Thus, the total number of 2-dimensional subspaces is (2" — 1)(2! — 2).

Case II: Let « = 0 and 8 # 0. Then, av 4+ Bu = 0 implies Su = 0, and thus v = 0 (since 8 # 0),
which is not possible. The case oo # 0 and S = 0 implies that v = 0, which is also not possible.

CaseIIl: Let & = 0 and 5 = 0. Then, ¢(c+ L) is flat if and only if u, v € ker(T'r}) \ {0} with u # v
where ker(Tr}') = {x € Fan : Tr}'(x) = 0}. Therefore, the dimension of ker(7'r}") is kI — [. Thus,
u can be chosen in 2¥/~! — 1 ways and v in 2¥/~! — 2 ways. Hence the total number of 2-dimensional
subspaces is (2! — 1)(2k ! — 2).

To summarize, for any value of [ > 1, the total number of 2-dimensional subspaces of Fa» which
satisfies the condition (C') required for the construction of C type bent functions is (2" — 1)(2! — 2) +
(2=t —1)(2n 1 - 2). O

6. Conclusions

The problem of specifying suitable linear subspaces of low dimension for some generic classes of
permutations related to the derivation of new bent functions in C has been partially addressed. The
results clearly indicate the hardness of this problem due to the fact that whereas some “suitable”
permutations may finally yield bent functions within class C for other permutations such functions
simply cannot exist. We list the results obtained in Section 5 in Table 1.
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List of ¢ = 71, where f(z,y) = = - w(y), along with the conditions for satisfying property (C)

Permutation ¢ = 7!, where

flz,y) =z 7(y)

Condition for (¢, L) to satisfy (C).
# of 2-dimensional subspaces L =7

d(x) =22 4P 4,
n=2t+ 1, ged(t,n) = 1.

1<r <22 —2)

¢(.’1§') = x2r+1$ ng(T, n) = e, n/e Odd,
ged(2" —1,2"+1) =1

If and only if L = (u, cu),
uelF., 1#celFs

oz) = 27T

l<r<s

No 2-dimensional subspace

satisfying (C)

k T
p(x) = a2i=02" k> 2,
ro=0<rm<...<rp<n

No 2-dimensional subspace

satisfying (C)

¢(x) = z(Tr](z) + ax),
[>1,a€Fy\Fy

= (2" - 1)(2! - 2)
+(2 7t —1)(2n 7t - 2)

It appears that additional efforts are needed for getting a better understanding and deriving more
explicit subclasses within the C and D class. Also, the question whether the classes of permutations
specified here and related subspaces indeed give rise to bent functions outside M (and possibly out-
side PS as well) remains to be addressed.
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