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Abstract—Using methods from the area of
cryptographic Boolean functions we provide
a sharper estimate of the constant term
involved in the Fourier Entropy-Influence in-
equality involving quadratic Boolean func-
tions. We also consider the conjecture for
plateaued Boolean functions.

Index Terms—Boolean functions, Fourier
Entropy-Influence conjecture, Fourier spec-
trum.

1. INTRODUCTION

Let IFy,Z,Z" be the two-element field,
the set of integers and the set of positive
integers, respectively. For any n € Z*, we
use the notation [n] := {1,...,n}. Let F§ =
{X = (21,...,2p) : &; € Fy, foralli € [n]}
be the vector space of dimension n over F.
The additive identity 0 € F% is the vector
with each component equal to 0 € Fs.
Any function from F% to F, is said to be a
Boolean function in n variables, whose set
is denoted by 9%5,. The additions over F,
and F% are both denoted by “®”, whereas
the addition over Z is denoted by “+”. The
(Hamming) weight of x € F% is wt(x) =
Zie[n] x;. The algebraic normal form (ANF),
or Fy-representation of a Boolean function
feB,is

e — »a P
f(xlw-wln)* @ ,Ltalll...Jj‘n",
a:(ala-uaan)ng

where pa, € Fo, for all a € F3. The algebraic

degree of

fis deg(f) = m%x{wt(a) : pa # 0} The
ae mn

2
Fourier transform or the Fourier coefficient
of fe®B, atucFyis

Fluy =27 37 (~1)f 9 (1),

xeF?

where u - x = .., ,ux; is the inner
i€[n]

product of u = (uy,...,u,) and x =

(z1,...,2,). The multiset of Fourier coef-

~

ficients [f(u) : u € F3] is said to be the

o~

Fourier spectrum of f and [|f(u)| : u € F}]
is referred as the absolute Fourier spec-
trum of f. The Walsh—-Hadamard trans-
form of f € B, at u € Fy is Wy(u) =
2" f(u). The multiset of Walsh—Hadamard
coefficients [Wy(u) : u € F3] is said to
be the Walsh—-Hadamard spectrum of f.
Whenever convenient, we will consider the
spectrum Spec(f) as the set of distinct
Walsh—Hadamard coefficients. The men-
tioned transforms are invertible, that is, for

all x € Fz,
(1) = 2 N W) =
uery

Z f(u)(—l)”'x. Since for any f € B,
ucky

F(w? € [0,1] and ¥,cpy f(W)? = 1 (Par-

~

seval's identity), the function u — f(u)?,
for all u € Fy can be thought of as a
probability mass function. A high value of
f(u)?> means that u - x or its complement
is a good approximation of f. The entropy
of the probability distribution corresponding
to a Boolean function f, referred to as the
entropy of f, is

~ 1
H(f) = %logy =
) u%f(u) %% S

It is known that the maximum possible en-
tropy that a function in 95,, can have is n (cf.
[16, Theorem 2.6]). This happens when all
the Fourier coefficients of the function have
the same absolute value equal to 27"/2,
i.e., the function has a flat absolute Fourier
spectrum. Such functions, called bent func-
tions, were first constructed by Rothaus [[15]
for even n, whereas the the problem is open
for n odd. We refer to [4] for details on bent
and Boolean functions in general.

Let e; € % be the vector whose ith com-
ponent is 1 and all the other components
are 0. The influence of the :th variable z;
of f € 9B, is defined as

Inf;(f) = Prob[f(x) # f(X @ e;)]



where x € F% is chosen equiprobably, and
the fotal influence is then

Inf(f) =Y Infi(f).
i€[n]

The influence of the ith variable and the
total influence on f is related to the Fourier
coefficients of f (cf. [14]) as

Infi(f) = > (u-e)f(u)?,

uekFy

and

~

Inf(f) = > Infi(f) = > wi(u)f(u)*.

i€[n] uck?
The derivative of f € 9B,, ata € FY is
Daf(x) = f(x@a)® f(x), for all x € F5.

An expression of the total influence of f
involving the derivatives of f with respect
to the weight 1 vectors in F7} is

Inf(f) = g—ﬁ Z Z(_1)Deif<’0. (1)

i€[n] xeFy

A very important conjecture involving the

total influence and the entropy of a Boolean
function is as follows.
Fourier Entropy—Influence (FEI) conjec-
ture (Friedgut—Kalai [5]). There exists a uni-
versal constant C' such that for any Boolean
function f we have

H(f) < C-Inf(f).

The FEI conjecture is known to imply the
well-known Kahn-Kalai-Linial theorem (in
fact, it implies even a strengthening of it due
to Talagrand [17]]).

Theorem 1 (KKL '88). For every Boolean
function f there exists 1 < i < n such that

Inf,(f) = Var[f] - Q ('09")

n

where Var(f] = 3o acry f(a)? is the vari-
ance of f.

The FEI conjecture also implies a version
of Mansour’s conjecture (see [[10], [14]),
which states that given a Boolean function
f whose disjunctive normal form (DNF) has
t terms, then most of the nonzero Fourier
coefficients are also concentrated on poly-
nomial poly(t) number of coefficients. We

state below Mansour’s conjecture (without
being precise on the dependence upon e).

Conjecture 2 (Mansour '94). Let f be
a Boolean function computed by a t-term
DNF formula. For any constant ¢ > 0, there
exists a collection of vectors V C Fy of
cardinality poly(t) such that >",.,, f(a)? >
1—e

The FEI conjecture (and variations) gen-
erated a lot of research in the past twenty
years (see [7], [8], [Q8], [12], [13], [14], [21]
and the references therein). We mention
here that O’Donnell et al. [14] have verified
the conjecture for symmetric functions and
functions computable by read—once deci-
sion trees. The results from [9] make signif-
icant progress showing that the conjecture
is true for randomly chosen DNF formulas
and read-k DNF formulas for constant £,
among other classes.

In this paper, we provide a sharper es-
timate of the constant term involved in the
FEI inequality involving monomial Boolean
functions. We also consider the conjecture
for plateaued Boolean functions.

Suppose g,h : Zt — RT, the set of
positive real numbers. We write h = Q(g)
(equivalently, g = O(h)) if there exist ng, c €
7% such that cg(n) < h(n), for all n > ng. If
both h = Q(g) and h = O(g) hold, then we
say that h = O(g).

2. THE FE| CONJECTURE FOR MONOMIAL
BOOLEAN FUNCTIONS

In this section we provide our sharp
estimate for the constant involved in FEI
when the algebraic normal form (ANF) of
f € B, is a monomial (i.e., contains only
one term). Without loss of generality, we
assume f(X) =z ...z where k < n.LetV
be the span of the elementary basis vectors
€ki1,-.-,€y, thatis, V= (ex.q,...,e,)and
u, = e; d...doe.. The indicator function of
any S C F7 is 15(x), which is 0, if x ¢ S,
and 1, if x € S. Then f becomes

f(X) =T1...Tp = 1uk@v(X).

Theorem 3. The FEI conjecture is true for
monomial Boolean functions with C = 4,
which is the best possible.

Proof: It will be sufficient to show
the conjecture for f(x) = 1y,4v(X). The



Walsh—Hadamard transform of f is

Wiu) = 37 (-1)weu

XEudV
+ Z f(x)@ux
X¢Uk+V
=(=2) Y (—)**+ > (-
XEU, OV xeFy

=2(—1)touu Y Sy Y (-

xeV xeFy
= 2(—1)! WUy (1) % 4 2" (u)
xeV

= 2”—"'+1(—1)1@“‘“k1w (u) 4+ 2"6g(u)
on — =kl ify =0,

= {(—1)169“*%2”’“+1 if 0 £uecVt,
0 otherwise.

Therefore

1-2"%ifu=0
f(u) = (=1)1euwunl=k jf y £ 0,u c V*,

0 otherwise,
that is,
(1-2"F)2ifu=0,
Flup? = {220-0) if u £ 0,u e V*,
0 otherwise.

Thus, f(u)? is (1 —2'=%)2 at 1 element in
F and 220%) at 2 —1 elements of F}, that
is, at all the nonzero elements of VL. The
entropy of f is

H(f) = (2%~ 1
+ (1 —2'"%)2og,

220Kk — 1)
1
=(2F —1)23" %k —1)
2k—1

+2(1 - 2'"%)2log, T—
=(2F 1)k —1)

+2(1 =212k - 1)

—2(1 —2'F)21og, (2871 — 1).

For ¢ = 1 we have Inf(f) =
% o 2n+1 erw( )f(x)eaf(x@ei)- If
i € [k], then f( ) @& f(x & e) =
T1...TDx1 ... 25 DPT1 ... Tic1Tiq1 ... T =

L1 Tj—1Ti41 - - - Tk, that iS,

Z (=1)/ @S (xoe:) —

xeFy

2n—k+1 — 2TL _ 2‘!L—k+2

_ (2n _ 27l—k‘+1) _

If i € [n]\ [k], then f(X) ® f(x D e;) =
T1...2,Dx1...2, =0, that is,

Z (71)f(X)€Bf(X@ei) —9n

x€Fy
The influence of x; on f is

1 — g (2n —2n7k 2y if € [k]

Infi(f) = {Swze[}um.

The total influence becomes

Inf(f) = Z Inf; (f)

_ Z < 2n+1 2nk+2))
1
— g = g (2" — k2" RH2y = g2tk

Thus we have

HG) [, 1 .
|nf(f)_(1_§> L

o roat) (1))

Using the transformation k& = 1 +log,(s+

1) in the expression mf((J})) we see that

H(f) 2((s+1)*In(s+1) —s?Ins)

Inf(f) (s+1)In(2(s+ 1)) ’(3)
(A more delicate analysis would show that
this expression is in fact increasing, but we
will not need that.) We next show that

2((s+1)%In(s + 1) — s?Ins)
Grines+n)  =°
(s+1)?In(s+1) —s%Ins
<2(s+1DIn(2(s+1))

<—sln 1+i>s+(2s+1)ln(s+1)
<2(s+1)In(2(s +1))

s
<2(s+1)In2

o2 i

<In(s+1)+2In2,

1 S
+<=sln 1+> —In(s+1)



which is certainly true, since In (1 +1)" —
2In2 < 0 using the fact that the se-
quence {(1+ 1)"} s increasing with the

limit Ii_)m 1 +§ = e (Euler’s constant).
(Certainly, when k& — oo, then s = 2F—1 —
1 — 0.)

Certainly, since the quotient m&% de-
pends upon k only, to show that C' = 4
is the best possible, it will be sufficient to
investigate what happens when k£ — oo.
The limit of the first term in (@) is 4, as
k — oco. We will show that the limit of the
second term is 0, as k£ — oo. (We could
have used L'Hépital’s rule in (), together
with some elementary considerations, but
we preferred a more direct approach be-
low.) With & = 1 + log,(s + 1), the limit
of the second term in (B) (disregarding

2(1- %%1)2 — 2, as k — co) becomes

i (s+1) (logy(s + 1) —log, s)
im
5—00 1+logy(s+1)
(s+1)logy(1+1/s)
s=oo  14logy(s+1)
B logy(1+1/s)5t1
T smoo 1 + |092(S + 1)
— im logy(1+1/5)® +10gy(1 +1/s)
s—00 1 +logy(s+1)

:0’

since the numerator of the last fraction
approaches log, e, and the denominator ap-
proaches infinity, as s — oo. Therefore,

limy o % = 4. This proves the FEI
conjecture for monomials with (the best
possible constant) C' = 4. |

3. THE FEI CONJECTURE IS TRUE FOR
FUNCTIONS SATISFYING SAC AND PC({)

In this section we will show the Fourier
Entropy—Influence Conjecture is true for a
class of log-density 1. Throughout, we as-
sume that n > 4.

The Strict Avalanche Criterion (SAC) was
introduced by Webster and Tavares [19]
in a study of design criteria for certain
cryptographic functions. A Boolean func-
tion f satisfies the SAC if and only if by
changing any input bit the output changes
with probability 1/2. Equivalently, a func-
tion is SAC if and only if the derivative
Daf(x) = f(x) & f(x @ a) (with respect to

any vector a with wt(a) = 1) is balanced [4,
Chapter 3]. Further, we say that a function
satisfies the SAC of order 1 < k < n — 2
(with notation SAC(k)) if and only if by
fixing k variables, the resulting function in
n — k variables is SAC. Also, if f satisfies
SAC(k), then its algebraic degree satisfies
2 < deg(f) < n—k — 1. If for a func-
tion f, by changing k variables the output
changes with probability 1/2, we say that
the function satisfies PC(k). It is known [4]
that if a function satisfies the SAC(k), then
it satisfies SAC(j), 1 < j < k. Equivalently,
a function is PC(k) if and only if all the
directional derivatives D, f(x) (with respect
to any vector a with 1 < wt(a) < k) are
balanced [4, Chapter 3].

It was shown in [{] that the number of
SAC functions L,, satisfies

—1 n
Ln > (;n 2) 22"’—n2"71 — 1/2 22”'—%4—71)
- n— ﬂ-n

where the last approximation uses Stirling’s

formula. Thus, the number of SAC func-
. : . . . logy Ly,
tions in n variables satisfies lim ———— =

1, so, the set of SAC fungt%%os has log-
density 1.

Lemma 4. We have

() = 5(}) - g 2 X (1P

xeFy ueFy
wt(u)=¢

4
Infi)( ) — % (T;) _ 27% YT (P,
=1

i X€Fy  ueFy

1<wt(u)<#¢

Proof: It is easy to show that (see
also [4, p.9]])

Prob[f(x) # f(x @ u)] =
fracl2 — QW% Z (—1)Puf ),
xeFy

which, by summing, implies

1 1
|nf[g](f) _ 2<Z)W Z Z (71)Duf(X)7

X€Fy ueFy
wt(u)=¢

and the lemma is shown. [ |

Theorem 5. The FEI conjecture is true for
the SAC Boolean functions (a log-density 1
set).



Proof: Using Lemma H, we restate the
FEI conjecture as

~ 1
H(f) = 2logy =
() U;F;f(u) %% 57

¢ %_ 2n1+1 Z Z (=1)Per0

acFy xeFy
wt(a)=1

(4)

for some universal constant C. Thus, since
the entropy is upper bounded by n, to show
the FEI conjecture for a class of functions
it is sufficient to show that the right hand
side of the expression () is lower bounded
by n (for some constant C). Thus, if we
assume that f is SAC, therefore D,f(x)
is balanced, we get erFg(anaf(X) =0.
Then the right hand side of (4) becomes
%n, and so, the FEI conjecture is shown,
with C = 2, for the set of SAC Boolean
functions. |

Remark 6. Certainly, if [ satisfies PC(¢),
the (-level and (-total FEI conjectures are
also true.

Remark 7. We observe that the FEI con-
jecture is fully proven for any f if one can

show (denoting da(f) = Z(_l)Daf(X))

xe€Fy
that Z

da(f) < en2", ¢ < 1, be-
acFy:wt(a)=1

cause then, by () we get

n 1

=z _1)Daf(x)
2 gn+1 Z Z ( 1)
acF; xeFy
wt(a)=1
n 1 n 1-—c
> 5 — WCHQ = B n,

and so, since H(f) is upper bounded by n,
the FEI conjecture follows.

4. THE FEl CONJECTURE FOR PLATEAUED
FUNCTIONS

A Boolean function f is called plateaued
(the concept was introduced by Zheng and
Zhang [20] to generalize bent and semibent
functions) if the set of Fourier coefficients
Spec(f) C {0,+\}, for some X\ # 0 (called
the amplitude of f). If f is neither bent nor
affine the inclusion above is equality. Using

Parseval’s identity, it is easy to see that A
must be of the form 2(-=7)/2 where 0 <
k < n is such that n = k£ (mod 2) (we shall
refer to k as the level of f).

We consider general plateaued functions
(under some technical condition on their
level: precisely, we show the FEI conjecture
if the level k of the plateaued function is
either small or large).

Theorem 8. For any fixed but arbitrary
constant 0 < e < 1/2, the Fourier Entropy—
Influence conjecture is true for the class of
plateaued Boolean functions of level k such
that n — k = O(1), or YL () < 2nk,
Proof: If f is affine, then the FEI con-
jecture is obviously satisfied. If f is bent,

then its Fourier coefficients are all 2—"/2
and so, the FEI conjecture becomes

> 27M0g, 2" =n < C > wh(u)2"

ucezy uezZy

=C2 " Zz(j) = %n,
1=0
(%)

and so, we can take C = 2, for the class of
bent functions.

Next, we assume that f is a plateaued
function that is neither affine, nor bent, of
Spec(f) = {0,£2--"/2Y 1 < k < n.
It is known that the number of nonzero
vectors u for which f(u) # 0 is exactly
2"—k_The FEI conjecture for the plateaued
functions is written as

S Flu)log, = (6)

ucky u)2

<O wi(u)f(u)?
ucky
= >
ueIF;:f(u);éO
<c >
uery: f(u)£0
=n-k<c2r
uEFy: f(u)#0

=

2k=" |og, 2" F (7)
wt(u)2k—n
wi(u) (8)

for some universal constant C.

In the worst case, we assume that all
nonzero Fourier coefficients are clustered
in the smallest weight input vectors. We
take T, ; the smallest integer such that



e

@
O

2k
(n> > 277k It may be worth show-
2
t

hat T . is in fact increasing. Using

9
(") < 2(";") (for i < T, < n/2) and the
definitions of 7}, 1.r and T,, ,, we obtain
T,k T,k 1
2k <y <n> <2Z (nf )
=0 L i=0 v
-1
on—k  gn—k < " >
Thak+1
S n—1 n—1
<2 )+
B ; ( L ) (Tn 1k+1>
Tnfl,k‘Fl

Il
Il
[e=}
7N
=3
~_

which immediately implies that 7;,_;; <
Tn,k < Tn—l,k + 1.

Next, using the identity (") = n(j:%
the right hand side of the inequality ()
becomes

Tp—1
> k—n (T
Inf(f) > 2 le z(z)
Ty, k—2

()

We need to show that there exists a univer-
sal constant C' > 0 such that

Ty, r—2

> ("ot @

=0

First, we observe that, if n—k = O(1), since
the left hand side of the above inequality (B)
is certainly increasing and unbounded with
n, it will overcome 27—k = 201 for n >
ng. One can choose C' = 1, and the FEI
conjecture holds, for n > ny.

We next assume that L) (7) < 2n—F,
It then implies that |en| < T, ; <n/2.

For brevity, let T := T, ;. Next, we
observe that the function 7' — 2T+l s
decreasing, and so, for en < T < n, we
get n— T+1 < n— en+1 S % (forn > 52—21’

en—1
along W|th 7<= 6, then we get that

EN

(7) = " (1 )

+1 n
when n > <tl Therefore, (7) <

o) ZT 2 " 1) from some constant C;, and
SO from the definition of T, ;, we get

from which (B) follows. [ |
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