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Abstract

The goal of this paper is to introduce a new way of constructing
continued fractions in a Galois, totally and tamely ramified extension
of local fields. We take a set of elements of a special form using the
norm of that extension and we show that the set such defined is dense
in the field by the means of continued fractions.

1 Introduction

A ring A is a discrete valuation ring (DVR) if it has a unique maximal
ideal my, it is a principal ideal domain, but not a field. The residue field
of A is the quotient field ky = A/my4. Recall that a complete discrete
valuation ring is a DVR that is complete with respect to the topology in
which {m’},>; forms a basis of open neighborhoods of 0; that is, every
series Z?io ajm’ converges to an element of A, where 7 is a generator (often
called uniformizer) of the (principal) maximal ideal m 4.

Throughout this paper, k denotes a local field with a discrete valua-
tion vy, which is a field of fractions of a complete discrete valuation ring Ay [7,
§2, P.3|, with finite residue class fields. Its maximal ideal is 7y, its finite
residue field is k = Aj, /7K, and Uy = Ak — 7y is the multiplicative group
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of invertible elements of Ai. The local fields are the p-adic fields, which
are finite extensions of the field @, of p-adic numbers (characteristic char
= 0), and the finite extensions of the power series field F,((z)) (case char
= p > 0); these are also locally compact, but we do not need that here. We
refer to [7, 3], for example, for more on this topic.

If K is a finite extension of k (here, we write this as k — K), we de-
note by Ag the integral closure of Ay in K. We define vk, IlIg, Uk, K as
before. We will always assume that k — K is Galois, totally and tamely
ramified extension. The ramification index of K/k, which is the degree of
this extension will be denoted by e. We also assume that vy is the restriction
to k of vk, so we will use the same notation v for both of them. Choose
IT € K, m € k prime elements, such that II® = 7 (see [5, Theorem 5.11]).
Denoting the norm of K/k by N, it is known that

v(z) = éfu (NK/]k(x)) , Vaxek.

and we may assume that v(I) = 1 and v(7) = e.
For easy writing, we use the notation [«, 3,7, ...] to mean

1
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We want to mention that there are several nonequivalent definitions of
continued fractions in the the field Q, of p-adic numbers (see [1, 2] and the
references therein). There are similarities as well as differences between these
definitions and the classical real continued fractions. Among other continued
fractions approaches, we want to mention the expansion of o € @, in the
form

o = [bo, bl, .. .],
where b; € Z [%] N (0,p) (see Ruban [6]), and b; € Z {ﬂ N (=5,8) (see
Browkin [1, 2] and the references therein).

The groups of norms in such extensions play a very important role in
class field theory. The goal of this paper is to introduce a new way of
constructing continued fractions in a Galois, totally and tamely ramified
extension of local fields K/k. We take a set of elements of a special form
using the norm of that extension and we show that the defined set is dense
in the larger field K by the means of continued fractions. This will give a



glance to the “topological distance” between the set of norms of K/k and
K. The approximation will be exact, and we will give the degree of the
approximation as exact as we can by our method. In the last section we
solve an equation in two variables using our continued fraction expansion.

We take AU{0} to be a complete system of representatives of K = k, such
that A C Ai, AP = A where p is the (prime) characteristic of the residue
field k. A has the structure of a group that is isomorphic to k — {0} =
K — {0} [4, Theorem 4.10]. Put

R = {[II"* Noco, ..., IIP* Nyeo] | pi € (1 — €)Z, ¢; € A¢
and dx; € K, NK/]k(xz) =N;, i=1,.. .,S} .

We define the choice map c¢: Ug — A* = A — {0} by ¢(u) := a, where a is
the unique element of A such that v = a (mod II) [4, Theorem 4.10]. The
map c has the following properties:

(i) cis surjective and c|4 = 14.
(71) c(uiuz) = c(uy)c(usg).

(ii7) c(u™t) = c(u)~t.

2 The normic continued fractions approach
We shall need the following lemma.
Lemma 2.1. We have
v (14 Mz — Ng /(14 x)) > 1+ v(z), whenever v(z) > 0.
Proof. We have
1+ o — Ny (1 + o) = 1+ Mz — (1 + Hz)(1 + TWa) - (14 T V)
=z — Trg () — Z IO @6 ..

where () TI() are the conjugates of z,II in the extension. Since v(H(i)) =
v(II) and v(z®) = v(z) for all conjugates II®) of IT and =) of z, we get

v (14 Oz — Ng /(1 +1z)) > min (v(Ilz), v (Trg i (Ilz)) ,...) = 14 v(x)

when v(xz) > 0. We have used here the fact that we deal with local fields,
hence with Henselian fields (fields where Hensel’s lemma holds, that is, a
simple root in a residue field can be lifted in the field above). O



Take an element o € K — {0}, and define the (finite or infinite) se-
quences {a, b, {antn, {un}n as follows:

Qg :=a,ag := Ng /i (a),up = all~?(@)

If oy, an, u, are defined, then
-1
Qn41 = <04n - C(un)17€H(1ie)v(an)NK/k(an)> ) (1)

(if the inverse exists, otherwise the sequence “terminates” at n)

ant1 =Ng /1 (Oni1), Uy 1= g T2

where c is the choice map defined in Section 1. Putting

ap = V@n)qy, = H”(O‘")c(un)u;

where u/, is a unit in Ug which starts with 1 in the canonical expansion after
powers of IT and coefficients in A, that is, u}, = 1 + Iz, and v(z,) > 0, we
see that (1) can be rewritten in the following form:

B -1
ant1 = (c(uy)) ' vlan) (U% - NK/IK(U%)) . (2)
Thus, the sequence terminates if u;, — Ng /i (uy,) = 0 (we will deal with this
condition in Theorem 3.5).
Our intuition tells us that a # 0 can be expanded as

c(uO)l—eGOH(l—e)v(a0)+ 1

1

C(ul)l—ealﬂ(l—e)v(a1)+ :
C(u2)1—ea2n(1—e)v(a2) + =

and proving this and other basic properties will be our goal in the main
section of this paper.

3 The results

We start with a lemma on the valuation of .

Lemma 3.1. With the notations of the previous section, let
th =0 (un’ — NK/k(un’)) .
We assume that Ng i (un') # un', hence t, < oo. Then

v(apant1) = —tn, <0, for all n € N, (3)



Furthermore,
v(an+1) = —tp + o1+ -+ (=1)"0 + (=1)"v(a0), for alln € N.

Proof. We first observe that 41 exists since Ny i (un') # u,/. The first
claim is immediate from Lemma 2.1 and equation (2). The last claim follows
by induction. 0

We will define now the approximation of elements of K with elements
of . Take

-1 = ]-a q—1 = 07 Po ‘= aOC(UO)l_eH(I_e)U(aO)v qo ‘= ]-a (4)
and

Pt =app1¢(tppr) ATty gy (5)

Qn+1 :Zan+10(un+1)keH(l*e)v(a"“)Qn + qn-1,

assuming that ay,41 defined by (1) exists. We will call {%‘}neNu{—l} the
convergents of a and we observe that they belong to the set R.
Lemma 3.2. We have
Gn+1Pn — Pnt1qn = (—1)".
Proof. Follows from the definitions (4) and (5) of p,, and gs,. O

Theorem 3.3. Let ag € K*. We have v(qp) = 0 and

v(pn) = v(apar - ap)

n+1 (6)

v(gn) = v(aiag...ap) < — [ ] — e v(ap), for alln >0,

where € =0, 1, if n is even, respectively, odd.

Proof. The first assertion follows from (4) and the second claim will be
proved by induction. Obviously, from (4) and (5) we get v(po) = v(ap) and
v(p1) = v(apaq). Now we show that

v(ppt1) = v(aoar - i),
using the induction assumption. So,

V(pry1) = V(anp16(tp ) ITOTAO @)y 4y )



= min{v(ag - ant1),v(ap - an_1)}

= U(aoal o e an+1>7

since v(apan41) = —t, < 0, according to the Lemma 3.1.
The second claim of (5) will also be proved by induction. From (5), for
n = 1 we have

v(q1) = (1 —e)v(ar) +v(ar) +v(q) = v(ar) + v(go) = v(aq).
Suppose that the assertion is true for q1, ..., q,, for n > 2. Then,
v(gnt1) =v (C(Un+1)1fean+1H(lfe)v(a"“)qn + qn—1>
= v(ant1) +v(gn) = v(araz - api1),
since

U(an+lc(un+1)1761_[(176)1)(%“)%) = (1 = e)v(ant1) +v(ant1) + v(gn)
= v(ani1) +v(gn) = v(araz - anta)
< v(oz1042 e 04n—1) = (qn-1),

using (3).

We now show the inequality (5) satisfied by v(gy). From Lemma 3.1 and
the previous result of this theorem we have

U(Q2m) = U(Oé1042) +--+ v(a2m—1042m)

=—t1 —ty— - lam—1 < —M
and
v(g2m+1) = v(aoon) + -+ - + v(Q2mazmt1) — v(ao)
=—tg—t1— -+ —tam —v(ag) < —(m+1) — v(ag).
The theorem is shown. O

Now we will study the behavior of the sequence {p—”

an }nGNU{—l}
prove now that our sequence is Cauchy and, consequently, it has a limit.

. We shall

Theorem 3.4. The sequence {p—”

} is convergent and its limit is a.
I J neNU{-1}



Proof. First observe that

Pn+1 Pn) _ (_1)n+1 _
o (Bt o2y (CU) C o ggan)
dn+1 dn gngn+1

=v(ag) +to+t+ -+t >n+1+v(a)

(ps pr) . ( (ps p31> <pr+1 pr>)
v =) >min (v | = — I T [
ds qr gs ds—1 dr+1 qr

=v(a) +to+t1+---+t, > 00as s, — 00

and

assuming, without loss of generality, that s > 7.

Next, take
v — — =
4n Qn(an—HQn + Qn—l)

= —v(qn) — v(Qnt1qn + Gn-1)

since
Qn+1Pn + Pn—1

Qn+1qn + gn—1 ’

which follows from our definition (1) of a,,. Now set wp11 := nt1Gn + Gn-1
and estimate

Wn+1 = an—l—l(Qn + a;i1Qn—1)
= Qpp1 <Qn + (an o anc(un)l—en(l—E)v(an)) Qn—l)

= Onp+1 <Qn + angn—1 — anc(un)176H(176)v(an)Qn—1)

= an+1(anQn—1 + Qn—2) = Op41Wp = 01 -+ - Olpyd. (7)
Hence
DPn
v (a - q> = —v(qn) —v(oq - apy1) = —0(GnGnt1) — 00,
n
as n — 00, so « is the limit of our sequence. O

It is known that in the classical case, finite continued fractions with
integer terms represent rational numbers. We investigate the same problem
next for our continued fraction expansion.



Theorem 3.5. The sequence {ay}y is finite if and only if there exists n
such that

an = ae IV, (8)
where a € A and .1 is an (e — 1)—root of unity in k.
Proof. Our sequence terminates if and only if there exists n such that
Up — c(un)lfeNK/]k(un) = 0.
This is the same as saying that
1+ Tz, = Ngji (1 +1zy,) € k

where u,, = c(uy,) (1 + Iz, ), for an element x,, € K with v(z,,) > 0. So there
exists an element 2/, € k such that

T, = 2,17 and v(z)) > 0.
We also must have the condition
Ni (14 may,) =14 7wy,
fulfilled, which is equivalent to (knowing that (1 + wal,) € k)
Ni (14 may,) = (1+7ay,)® = 1+ way,. 9)

Obviously, 1 4 7w}, can never be zero, so the only case we could have (9) is
when
(1+mz)) =1,

hence u,, must be of the form
Up = c(up)ée—1 and a, = c(un)ﬁe_lﬂv(a”) (10)
where §,_1 = 1+ Iz, € k is an (e — 1)-root of unity. O

Remark 3.6. In the p-adic field Qp, the condition (8) could be re-written as
Logp(an) = 0, in terms of the analytic continuation of the usual logarithm,
called the Twasawa logarithm Logy, (for example, if x € Z,, then Logp(x) =

_«bp—1\k
ﬁLng(XP_l) = % D1 w), but this gives no other indication on

the set of elements of the form (8).



4 An application

We will use our continued fraction process to solve an equation, namely
ar +by+d=0 (11)

where

ged(a,b) =1 and a,b,d € Ak

are such that

% . <%Hv(§)>(1—e) ma-ev($) N/ (%) =&

is an (e — 1)-root of unity in a Galois, totally and tamely ramified extension

k — K of degree e and
b
d)>v|-].
()

We are looking for solutions in Ag. Suppose that we found a solution of (11),
say (xo,y0). Thus
axg +byo +d = 0. (12)

Subtracting (12) from (11) we get
a(x — x0) +b(y —yo) =0
or "
Y—Y = 3(900 - x).

Since ged(a, b) = 1 we must have b|(z — zg) in Ag, so

x =x09 — bt

X (13)
Y =yo + at

for some t € Ag. So we have showed that if (z,y) is solution of (11), then
it must satisfies (13) for some ¢t € Ag. Conversely, we take (x1,y1) of the
form (13) and we show that it is a solution of (11). We have

axi + by, +d = axg + byy + d + abt; — abt; = axg + byg +d = 0.

We must find now a particular solution of (11). This can be done using
our continued fraction expansion for ap = a/b. We will use the notations of
Section 2. Since

o= (8 e () oo, (3



is an (e — 1)-root of unity this implies that ap does not exist. Hence

p_a
g b
and
pr_po_ L
q1 q0 q190
or
a po 1
b g bgo

Furthermore, aqy — bpg = 1 or aqg — bpg — 1 = 0. Multiplying the previous
relation by —d we get
—adqg + bdpy +d =0

and taking

Trog — — dq() = —d

a 1- a ].4
o = dpo = d ag e (3 IH) 7 0D 1)
we have produced a particular solution of (11) and consequently, we have
found all the solution of our equation in algebraic integers of the extension
k — K. However we must make sure that our particular solution is in Ag,
so we have to check that both v(xg) and v(yp) are positive. We have no
trouble with xg since gg = 1 and d € Ag. For yo we get

v(yo) = v(d) +v(po) = v(d) + v (aoc(uo)l_eﬂ(l_e)”(%)> =v(d) +v (%) >0
and we have solved the problem.
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