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Abstract In this paper, we investigate the properties of generalized bent functions defined
on Z7 with values in Z,, where ¢ > 2 is any positive integer. We characterize the class of
generalized bent functions symmetric with respect to two variables, provide analogues of
Maiorana—McFarland type bent functions and Dillon’s functions in the generalized set up. A
class of bent functions called generalized spreads is introduced and we show that it contains
all Dillon type generalized bent functions and Maiorana—McFarland type generalized bent
functions. Thus, unification of two different types of generalized bent functions is achieved.
The crosscorrelation spectrum of generalized Dillon type bent functions is also characterized.
We further characterize generalized bent Boolean functions defined on Zg with values in Zg4
and Zg. Moreover, we propose several constructions of such generalized bent functions for
both n even and n odd.
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1 Introduction

In the recent years several authors have proposed generalizations of Boolean functions [10,
15,16,18,19] and studied the effect of Walsh-Hadamard transform on these classes. As in
the Boolean case, in the generalized setup the functions which have flat spectra with respect
to the Walsh—-Hadamard transform are said to be generalized bent and are of special interest
(the classical notion was invented by Rothaus [13]).

Let us denote the set of integers, real numbers and complex numbers by Z, R and C,
respectively and let the ring of integers modulo r be denoted by Z,. The vector space Z7 is
the space of all n-tuples x = (x,, ..., x1) of elements from Z, with the standard operations.
By ‘+’ we denote the addition over Z, R and C, whereas ‘@’ denotes the addition over Z)
for all n > 1. Addition modulo ¢ is denoted by ‘+’ and it is understood from the context.
Ifx = (x,,...,x1)andy = (yp, ..., y1) are in Z5, we define the scalar (or inner) product
by Xy = x,y, @ --- @ x2y2 @ x1y1. The cardinality of the set S is denoted by |S]|, and
the conjugate of a bit » will also be denoted by b. If z = a + b1 € C, then |z| = Va2 + b2
denotes the absolute value of z, and 7 = a — b1 denotes the complex conjugate of z, where
1?=—1,anda,b e R.

We call a function from Z4 to Z, (g > 2 a positive integer) a generalized Boolean function
on n variables [16]. We denote the set of such functions by GBI 1t q = 2, we obtain the
classical Boolean functions on n variables, whose set will be denoted by 5,,.

Let ¢ = ¢*™'/4 be the complex g-primitive root of unity. The (generalized) Walsh—Had-
amard transform of f € GB}. at any point u € 74 is the complex valued function

Hp) =275 > ¢/ M=

n
X€Zh

If ¢ = 2, we obtain the (normalized) Walsh—-Hadamard transform of f € B,, which will be
denoted by Wy. A function f € GBYisa generalized bent (gbent) function if |H s (u)| = 1
for all u € Z5. When ¢ = 2, then f is bent (these exist for n even, only). If n is odd, a
function f € B is said to be semibent if and only if |W(u)| € {0, 2}, forallu € zy.
Suppose f € GB{ is a gbent function such that for every such u, we have H ) = ¢k, for
some 0 < k, < g. Then, for such a gbent function f, there is a function F : Zj — Z, such
that ¢ ¥ ="M f- We call such a function F the dual of f (Caution: only some gbent functions
admit duals). By applying Theorem 1 below, one can easily see that the dual of a gbent func-
tion is also gbent, since the Walsh—-Hadamard transform of the dual F is Hr(u) = cfw,
The sum

Crg(z) = Z ¢/ ®-gx@2)

n
X€Zy

is the crosscorrelation of f and g at z. The autocorrelation of f € GBY atu 7 is Cy, r(m)
above, which we denote by Cr (u).

If2"~1 < g < 2" forany f € GB; we associate a unique sequence of Boolean functions
a; € B,(i =0,1,...,h — 1) such that

FX) =ao(x) +2a1(x) +--- +2"'ay_;(x), forall x € Z3. 1)
If g = 4, then for f € ng as in (1) we define the Gray map ¥ (f) : gBﬁ — B,+1 by
Y (f)(z,X) = ap(x)z + ai(x), forall (z,Xx) € Z x Zj. 2)

The function ¥ ( f) is referred to as the Gray image of f.
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Bent and generalized bent Boolean functions

2 Properties of Walsh—-Hadamard transform on generalized Boolean functions

The following properties of the Walsh—-Hadamard transform on generalized Boolean func-
tions are similar to the Boolean function case.

Theorem 1 We have:

(i) Let f € GB}.. The inverse of the Walsh-Hadamard transform is given by

¢/ =275 Hp)(—D"Y.

n
uezZy

Further, Cyq(u) = m, for allw € Z%, which implies that Cy (u) is always real.
(ii) If f, g € GBY, then

D (=D = 2"H () H (%),
uezZy
Cre) = > HX)HX)(—DH"™™.

n
X€Z

(iii) Taking the particular case f = g we obtain Cr(u) = Z IH X)|?(=1)"*.

X€Zj
. q . . . . 2" l.fll =0
(iv) If f € GBy, then f is a gbent function if and only if Cy(u) = ;
0 ifu#0.
(v) Moreover, the (generalized) Parseval’s identity holds Z |H ¢ x)? = 2"
xeZj

The properties of these transforms for ¢ = 2 can be derived from the previous theorem (for
more on Boolean functions, the interested reader can consult [5-7]).

Let ¢ = e27'/4 be the g-primitive root of unity, and f : 7} — Zg asin (1). It turns out that
the generalized Walsh—Hadamard spectrum of f can be described (albeit, in a complicated
manner) in terms of the Walsh—-Hadamard spectrum of its Boolean components a;.

Theorem 2 The Walsh—Hadamard transform of f : 75 — Zy, 2h=1 < ¢ < 2" where
fx)= Zl 0 ai(X)2, a; € By is given by

Hy() = 27" z CZiEl ? Z (_1)|J\ WZ(%eJuK apx) (W).

1<{0,....,h—1} JCI,KCI

Proof For brevity, we use the notations ¢; := ;21 . It is easy to see that, for s € Z,, we have

IR B G VA e G}

2 2 @ &

and so, we have the identities ;a’ ® _ =3 (A —|— Al g“,) where A; = 1 4+ (—1)%®, Al=1-
(=% ™ and the complement I:={0,1, — 1}\1, for some subset / of {0, 1, ..., h—
1}. The Walsh-Hadamard coefficients of f are
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2”/2'Hf(ll) — z Cf(X)(_l)“'X — z ;Zf’;& ﬂi(X)Zi(_l)ll‘X

X
h—1

=2 H ()"

h—1

=2 0] % (14 D% 4 (1 = )= 0)g)

i=0
=2h Z(—l)‘”‘ Z [ aaia;
x I<{0..., —Wier jel
=271 (=™ Z ¢Zia? T a4
X 1<{0,...,h—1} iel,jel
—2- hZ( 1)“X Z rZier? Z (=DM (1) Zjes 4 RBLpex aX)
<{0,....h—1} JCI,KCI
= h z ;Zzeﬂ Z (—Dl! Z( 1)¥(—1)2eesuk ae®)
1€0,....h—1} JcI.KCi
and so, we obtain our result. m}

In Sect. 7 we will use this result, for the particular case ¢ = 8, which will allow us to
completely describe the gbent Boolean functions in that case.

3 Characterization and affine transformations of generalized bent functions

Letv = (v, ..., v1). We define

v Xn—ry ..., X1) = n="Urs. e XAnp—r4+1 =Vl Xp—p, ..., X1).
fvx x1) = f(x v X Vi, X X1)
Letu = (uy,...,u;) € Zband W = (Wy—r, ..., w;) € Zy . We define the vector concat-
enation by
uw = (U, ..., U], Wy—p, ..., W]).

Two functions f, g € GBi are said to have complementary autocorrelation if and only if
Cr(u) + C4(u) = 0 for all u € Z7\{0}.

The next two results were shown in a different context in [17]. One can straightforwardly
infer, by modifying those proofs that these result hold under the current notions, as well.

Lemma 3 Letu € Z), w € 237" and f be an n-variable generalized Boolean function.
Then

Craw) = D" Cp fiou(W).

"
\(SV/A

In particular, for r = 1, Cr(OW) = Cp(w) + Cr (W), and Cy(lw) = 2Re[Cy 5 (W)].
Further, f, g € GB} have complementary autocorrelation if and only if

IH )| + [He()|*> =2, forallu e Zj.
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Theorem 4 [f n is a positive integer and h is an (n + 1)-variable generalized Boolean
function, we write

h(xXpg1, Xns oo x1) = (L@ xpg1) f(Xny oo, X1) + X 18X, -0y X1)-
Then the following statements are equivalent:

(a) his gbent.

(b) f and g have complementary autocorrelation and R:;[C fe(W)]=0.

© M WP + [H P = 2, for all u € 73 and 7639
He (W] # 0.

€ Rt whenever |H r(w]|

Theorem 5 Let f, g be two generalized Boolean functions in n variables, where

g(x) = f(Axda)+eb-x+d, whereAeGL(Z,n),a,beZ",deZq,

0.q/2 i ,
and € = [ a/2 if qis even. Then f is gbent if and only if g is gbent.

0 if qgisodd

Proof Let B = A~'. We show the theorem when ¢ is even and € = ¢/2, since the other
cases are absolutely similar. Using ¢ I =—1,we compute the Walsh-Hadamard transform
of gatz € 7%,

Hg (z) = 2_% Z é-f(AXGBa)+%b-X+d(_1)Z~X

Xzl
_ z—ggd Z ;f(Ax@a)(_l)(zéBb)-x
xeZj
— 2~ 3¢d(—1)B ben)a Z /00 (Z1)B" b@n)x

xXeZj
= ¢ (=DP 0% (BT (b @ 2)),

which concludes our proof. O

4 Generalized bent functions symmetric about two variables

A generalized Boolean function i € QBZ 1o 18 symmetric with respect to two variables y and
z if and only if there exist f, g, s € GBf such that

hz,y,x) = f(X)+ (D 2)gx) + yzs(x) 4)

where y,z € Z and x € Zj and ZZ“ is identified with Zy x Zy x Z7. The binary case,
that is, ¢ = 2, is investigated by Zhao and Li [20]. In the following theorem we obtain a
generalization of their main result.

Theorem 6 Suppose that q is a positive integer. Let h be a generalized Boolean function
symmetric about two variables, as in (4). Then h is gbent if and only if f, f + g are gbent
and s(xX) = % (and consequently, g must be even).
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Proof Let A(F) = F(x) — F(x @ u). Now, for a function # as in (4),

h(z,y,x) —h((z,y,x) ® (a,b,0)) = f(X) + (y ® 2)g(X) + yzs(x)
—fEXOU) - DzDadb)gxdu) — (2D a)(y db)s(xDu)
=AN)+ DDA +yzAl) —(a®b)g(xDu) — (ay ® bz ®ab)s(xDu),

and the autocorrelation

Glabw= > ANTOSIAE-@INLEOW 0D (5

n+2
(y,2.X)€Z)

Assume that £ is gbent on Zg*z, and so, in particular C¢(1, 1,0) = 0.Replacea = b =1
and u = 0 in Eq.5, and since A(f) = 0ifu = 0, we get

Cr(1,1,0) = Z ;-(,VZ—S’Z)S(X) — Z Z é_(yz—ﬁ)s(x)

v,z x)€Zi+? XeZl Y2
=2 (4““"’+;“">+2)= o+ D> D> k.
XeZy xis(x)=% 1€Zy\(%) X:s(x)=1

2m

which follows from the following relations (since { = e ¢ )

k1:;’+;*’+2:0©§’:—1©l:%, and

2l
kl:;l+§‘l+2:2(1+cosl) € (0,41, ifl;é%.
q

Since C4 (1, 1, 0) = 0 it follows that s(x) = £ for every x € Zj. Further, using s(x) = % in
(5), we obtain

Ch(a,b,u) = Z gA(f)—(aéBb)g(xGBU) Z g(y®z)A(g)+>'zS(X)—(zeaa)(yeab)S(xeau)
XeZy (v.2)€Z3
_ Z é.A(f)—(aGBb)g(xéBu) (g.—abs(xﬂ;u) +§.A(g)—l;as(x€9u)
xeZs

+¢ A(g)—abs(x@u) | ;s(x)—ﬁé s(x@u))

= (A-@ahseew (§—<q/2>ab 4 ¢ A®)—(@/2ba
xeZs

+h@—/ab ;(q/2>—<q/2>5a) _
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Moreover,
C(0.0.w) = > ¢ Q2 +205E) =20 () +2C1 45 (w):
xeZj
Cr0. 1wy = 37 MDA 208 = 0,

n
X€Zh

Ch(1,0.w) = D7 ¢AN A 4 ¢8O —o;

n
X€Z

Cr(l, Lwy = > 2D (=24 202®)) = —2C 1 (u) +2C 14 ().

n
X€Z4

(©)

Now, since h is gbent, then C,(0,0,u) = Cp(1,1,u) = 0, from which we derive that
Cr(a) =Cryg(u) =0 (if u # 0) and so, both f, f + g are gbent.

Conversely, we assume that both f, f + g are gbent and s(x) = %. From Eq. 6, we obtain
that C;(0,0,0) =2C7(0) +2Cr14(0) =2-2" +2.2" = 2"+2 and Cy(z, y, u) = 0, when
(z,y,u) # (0,0,0). The theorem is proved. O

For g = 0, we have the following corollary.

Corollary 7 Let h : 7 x Zy X Zy — Zq (n even) be the generalized Boolean function
(symmetric with respect to two variables y, z) given by h(z, y, X) = f(x) + % yz forallx €
Z5,y,z € Ly, where f : 7, — Z, is an arbitrary generalized Boolean function. Then h is
gbent if and only if f is gbent.

5 Generalized Maiorana—McFarland and Dillon functions are contained in the
generalized spreads class

Let ¢s denote the indicator function of any subset S of Z7.

In Theorem 8 below we generalize a result of Schmidt [15, Theorem 5.3] (obtained for
g = 4). The class of functions (7) below is referred to as the generalized Maiorana—McFar-
land class ( GMMF).

Theorem 8 Suppose that q is an even positive integer. Let o be a permutation on 7, and
let g : 23 — Z4 be an arbitrary function. Then the function f : Z%” — Zg defined as

Fxy) = g(y) + %x Lo (y) forallx,y € 7} )

is a gbent function and its dual is g(a_1 x)) + %y (o7 (x)).

Proof Compute
Hy(u,v) =27" Z Z [EWTIXOM) (_yuxdVy

XeZh yel

=27" D W (Y D (U

YEZY xeZs
= > VD)Y@ o (y) = g8 gyl @)
YEZ5
and the theorem is proved. O
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In Sect. 7 (Conclusion and open problems) of [16], Solé and Tokareva mentioned that
although there are analogues of Maiorana—MacFarland type construction in the context of
quaternary Boolean functions and generalized Boolean functions [10,15], no construction
has been proposed, which would generalize Dillon’s partial-spreads type bent functions [8].
We propose such a construction, thus answering the challenge by Solé and Tokareva [16].

Let n = 2r. Suppose that E;(i =1, ..., 2" + 1) are t-dimensional subspaces of Z with
E;NE; ={0},ifi # j (italso follows that E;* N Ejl = {0}, if i # j).Itis also noted that in
this case U2 H E; 2 +lE P 75 . In the following theorem we propose a class of gbent

functions Wthh we refer to as the generalized Dillon class (G D).

Theorem 9 Let n = 2t and k,my, ..., my | be integers such that Zz +1 {k. Let
F : 7 — C be given by
2041
F(x)= > ¢("g (x). forallx € Zj.
i=1
Then the function f : Z5 — 7, defined by
™ = F(x) forall x € 73 )
is a gbent function.
Proof We compute
2'4+1
Hp) =27 D" /0" =27 3" F(=D" =27 D" > "igg (0 (—H"™
xeZj xeZj xeZj i=l1
2041 2141
=2 2" 2 MM =2 D M D ()"
x€eZj xeE;
2'+1
=27 (M2, (u)
i=1
2041 . L
¢™oifu e E-\{0},
— mi u i
Z¢ P (W) = [ E ifuo.
which proves that f is a generalized bent function. O

Carlet [2] introduced the generalized partial spreads class (G P .S) of bent functions and
conjectured that any bent function belongs to G P S. This conjecture was proved in affirmative
by Carlet and Guillot [3]. A similar construction which provides a unique representation of
bent functions was proposed by Carlet and Guillot [4]. Below we introduce a class for gbent
functions which we refer to as the generalized spreads class (G S). We demonstrate that the
Dillon type gbent functions as well as generalized Maiorana—McFarland type bent functions
belong to G S. The question whether any gbent function is in GS remains open.

Let n = 2¢. Suppose that E1, ..., Ey are t-dimensional subspaces of Z5 such that

U, Ei = US_|Ei =175, ©
For each x € Z7 we define the following two sets

E =1{E;:x e E}and & = (Ei :x € Ef). (10)
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Theorem 10 Letmy, ..., my € Zand F : 2 — C be defined by
k
F(x) = Z;m'mi (x) for all x € 7. (11)
i=1
Suppose that
DU D> el j=0.1.....q— 1}, forallx € Z}. (12)
{i:Eie&x} {i:Eregd)

Then the function f : 7 — 7Z, defined by
¢™ = F(x), forallx € 75, (13)

is a gbent function. The class of such functions is referred to as the generalized spreads class
(GS).

Proof Suppose f € GBy satisfies (13). Then
Hyw =272 3 (/0 =272 ST P (-1

X€EZs X€EZj
k k
=272 2 2 M n 0D =27 Y M D gr =DM
xeZy i=1 i=1 X€eZs
k k
=272 D= M w = D
i=1 xekE; i=1

{i:Efecd)
Therefore any function f € GgBl satisfying (11) is gbent if the condition (12) is satisfied. O

Since the only units in the ring of Gaussian integers are 1, &=z, we have the next corollary,
for the case g = 4.

Corollary 11 Let my,...,my € Z and F : 75 — C be defined by F(x)
Zletm'd)Ei(X)forallx € Z5. The function [ : Zj — Z4 defined by ™ =
F(x) forallx € Zj is a gbent function if and only if 3 ;. p.ce 1™ Z{i:E[Leng} M€
{£1, L1}, for all x € Z5.

The fact that integers k,mi,ma, ..., mpyy) exist (at least for g even) such that
Zi;fl cmio= ¢k s guaranteed by the main result of Lam and Leung [12, Main Theo-
rem], which we briefly state below. For any given ¢, let W(g) be the set of weights ¢ for
which there exist m; with Zle ¢™ = 0. Lam and Leung showed that, if ¢ = [];_, p{",
then W(g) = piN+ ---+ p,N. Thus, in our case, if ¢ = ]_[f=l pfl’ is even, and so, p; = 2,
then 2/ +2 = 22" + 1) € W(g) = 2N + --- 4+ p,N. It follows that there exist m;,

13 t .
1 <i < 2'+2,such that Z? qu ™ =0, and so, zizjl oMo = =¥+ = pa/242'42 yging

the fact that ¢9/> = —1, which shows our claim.
Below we demonstrate that GD and GM M F both are contained in G S. Our proof is
similar to the proof by Carlet [2] in the Boolean case.

Theorem 12 The generalized Dillon and generalized Maiorana—McFarland classes are both
contained in the generalized spreads class (i.e, GD UGMMF < GS).
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Proof First, it can be directly checked that, for generalized Dillon type gbent functions with
mi,...,myy1, k € Z such that 24 ¢mi = ¢k B, E; = {0} and EX N Ef = {0} if
i # j,the Eq. 12 are satisfied by the subspaces E;’s and Ell’s. Therefore, GD g GS.
Next, we concentrate on the G M M F and assume ¢ to be an even positive integer. Without
loss of generality, we assume o (0) = 0. Consider the following 7-dimensional subspaces,

E, =o(z)" x {0, z},

15)

= (e (@" x {0}) U (ZH\(o (@)h)) x {z}),

forallz € Z! 5\{0}. The duals of the above subspaces are as follows:
E} ={0,0(z)} x z*, 16

K; = ({0} x z) U ({o (@)} x (Z4\z1)).

for all z € Z/, 5\{0}. Let

Fay = 2, ¢Pr,xn+ 2 e ok, &9 + Vom0 &0, (19

2€Z)\ (0} 2€Z)\ (0}

for all x, y € Z5. We observe that when y # 0

8V ifx e o (y)*

F(x,y) =
) L%ﬂ'(y), if x € Z{\o (y)*.

When y = 0 we observe that (x, 0) € E; if and only if (x, 0) € K,. Therefore for all x € ZJ,,
F(x,0) = ¢8O, Thus, the function

fxy) = fx o(y) +g(y)

satisfies F(x,y) = ¢/®Y forallx,y € Z5. This proves that GMMF < GS. O

6 A characterization of generalized bent functions in G2

In this section we start by giving the crosscorrelation spectrum of any two Dillon type func-
tions in gBﬁ. Suppose that n = 2¢ and E; (i = 1,...,2" + 1) are t-dimensional subspaces
of 7 with E; N E; = {0}, if i # j.

Theorem 13 Suppose f and g are two Dillon type generalized bent functions from Zj to

Zy :vuch that 1/® = Zth “ifj)E (x) and 18% = zg’;l zb'd)Ei (x) for all x € 73 and
241 a _ 2+1 § 24l 21 b _ k—t

S =k S e =y Do ji 1970 =1"7F, then

20,4~ ffu £ 0
Cro(n) = 18
fs (W) lzfzk—‘f, ifu=0. (18)
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Proof Using Theorem 9 we obtain H r(u) = Z?:{l 1% ¢ (u) and He(u) = let:ll 1bi Gl
(u). The crosscorrelation of f and g atu € Z}

2041 2041
Cre@) = D> HrH (D" =D [ > %0 | | D ibigpi 0 | (=D
xeZs xezZy \ i=1 i=1
241 2141
— z Z lai—bi(ﬁE.l(X)(_l)lLX — Z la,-—b,- Z (_l)u-x
xeZl) i=1 ' i=1 xeE: (19)
2 +1
= > 1Pl (w)
i=1
2'4+1 b .
20,4=bi ifu e E;
— 2[ lai_bi (u) = ’ L
; o (W) {%H,ifu =0.
Therefore for all u € Z5 we have |Cr,(w)| = 2!, O

Next, we compute the crosscorrelation of two arbitrary generalized Boolean functions in
g Bﬁ in terms of the crosscorrelation of their component Boolean functions. As corollaries to
the theorem proved below we provide alternative proofs of some results proved by Solé and
Tokareva [16].

Theorem 14 Suppose f and g are two generalized Boolean functions from 77 to Z4 such
that f(x) = a1 (x) +2b1(x) and g(x) = az(x) + 2by(x), where a;, bi(i = 1,2) are Boolean
functions from Z, to Z. Then the crosscorrelation between f and g atu € 7 is

1
2

Assume that f : 75 — Zs, and write it as f(X) = a(X) + 2b(x), where a, b are Boolean
functions from Z, to Z,. Then the autocorrelation of f atu € Z3 is

1
C.f’g(u) = E (Cblbe (u) + Cd]+b1,a2+b2 (ll)) + (Cbl,a2+b2 (ll) - Ca1+b1,b2 (u)) .

1
Crw = 2 (Cpw) + Carp(w).

The function f € gBﬁ is generalized bent if and only if the functions b and a + b have
complementary autocorrelation, that is,

Cp(u) + Coyp(u) = 0 for all u € Z5\{0}.
Proof We compute

Cre(u) = Z (S —gxdu) _ Z I =—a(x@w) ()b (X)Sb2(xdu)

xeZj xeZj (20)
1

1
== (Cbl,bz (ll) + Ca1+b1,a2+b2 (ll)) + (Cbl,a2+b2 (ll) - Cal+b1,bz (ll)) .

2 2
which follows directly from the formula 197b = H(*zl)ﬁb + (71)}75(71)0 1, foralla,b €
{0, 1}.
The second part follows from (20) by setting f = g (that is, a; = a» = a and
by = by = D). O
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The following corollary is Theorem 32 proved by Solé and Tokareva [16].

Corollary 15 Suppose n is a positive even integer and [ € 983, a,b € B, such that
f(X) = a(x) + 2b(x) for all x € Z}. Then the following statements are equivalent:

(i) The generalized Boolean function f € gBﬁ is gbent;
(ii) The n-variable Boolean functions b and a + b are both bent.

Proof Suppose f € QBﬁ is gbent. Therefore, by Theorem 14 the functions b, a + b have
complementary autocorrelations which implies that both b, a 4 b are bent functions (n is
even).

Conversely, if b and a + b are bent functions they have complementary autocorrelations,
and so, by Theorem 14, f is gbent. O

Next we give an alternate proof of Corollary 43 and a slightly generalized version of its
converse presented in Proposition 44 by Solé and Tokareva [16].

Corollary 16 Suppose [ € gBﬁ, where f(x) = a(x) + 2b(x) for all x € Zj for some
a, b € By. The function f is gbent if and only if
(i) Y (f)isbent, ifnis odd.

@ii) Y (f) is semibent, if n is even and b and a + b have complementary autocorrelation.

Proof Let n be an odd positive integer. Suppose f € gBﬁ is gbent. Theorem 14 implies
that b and a + b have complementary autocorrelation. Therefore by Theorem 4.2 of [14] the
function ¥ (f) € B, is bent.

Conversely, we suppose that the function ¥ (f) € B,y is bent. Then, by Theorem 4.2
of [14], b and a + b have complementary autocorrelation. Therefore, by Theorem 14 f is
gbent.

Let  be an even positive integer. Suppose that f € G2 is gbent. This implies that b and
a + b have complementary autocorrelation, which in turn implies that b and a + b both are
bent functions. Therefore ¥ ( f) is a semibent function.

Conversely, we suppose that ¥ (f) is a semibent function. Let b(x) = ¥ (f)(0, x) and
a(x) +b(x) = ¥ (f)(1,x), forall x € Z3. In this case, it is to be noted that b and a + b may
or may not have complementary autocorrelation. Therefore, by Theorem 14, the function f
is gbent if b and a + b have complementary autocorrelation, otherwise f is not gbent. 0O

7 A characterization of generalized bent functions in GBS

In this section we extend the result of Solé and Tokareva [16] to generalized Boolean func-

tions from Zj into Zg. Let { = e21 /8 — 4(1 + 1) be the 8-primitive root of unity. Let
f :Z5 — Zg be as in (1), that is,

f(X) = ag(x) + a1 (x)2 4 a2 (x)22, (1)

where a; (x) are Boolean functions, and ‘4’ is the addition modulo 8. The next lemma is a par-
ticular case of Theorem 2, which gives the connection between Walsh—Hadamard transforms
of f and its components as in (21).

Lemma 17 Let f € GBS as in (21). Then,
4Hf (u) = o Waz (u) + o WaoEBaz (u) + a2 WaléB(lz (ll) + a3 Wao@m@az (u),
whereag =14+ (1 +V2D, 01 =141 =V, a0 =14+V2—-1,a3=1—-2—1.
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Corollary 18 With the notations of the previous lemma, we have
AN2AH )P = W2 — X2 42XY + Y2 —2WZ — Z2 + V2(W? + X + Y2 4 77,

(22)

where, we use for brevity, W = Wy, (), X = Wyaee, W), ¥V = WygeW), Z =

WaoéBa] Dar (u)

Proof By replacing «;, ¢ by their complex representations, the corollary follows in a rather

straightforward, albeit tedious manner. O

Theorem 19 Let f € GBS as in (21). Then:

(i) Ifnis even, then f is gbent if and only if az, ag @ az, a1 @ az, ag ® a; @ ay are all
bent, and (x): Wyoga, (W) Wa ga, @) = Wa, (@) Wyga, @0, (W), for allu € Z;

(ii) Ifnisodd, then f is gbentifandonlyifas, ag®az, ai ®as, agDa) D ay are semibent
satisfying (xx): Way@a, (@) = We, (0) = 0 and |Wy g0, W] = [Wayga @a W] =
\/Z; or, |Wao®a2(u)| = |Waz(u)| = \/i and Wal@az (ll) = Wao@lﬂ@az (u) =0, for
allu e Zj.

Proof We use the W, X, Y, Z notations of Corollary 18. First, assume that az, ap @ a>, a; ®
as, ap®aj Bay are all bent (respectively, semibent). Then, replacing the corresponding values
of the Walsh—Hadamard transforms in Eq. 22 and using the imposed condition () (respec-
tively, condition (x*)) on the Walsh—Hadamard coefficients, we obtain 4ﬁ|H f (u)|2 =
44/2, and so, [H ()| =1, thatis, f is gbent.

Conversely, we assume that f is gbent, and so,

4V2=W? = X2 42XY + Y2 —2WZ = 22+ V2(W2 + X2+ Y2+ Z7),
which prompts the system
W2 — X2 42XY + Y2 —2WZ—-27%=0 (23)
W24+ X2 +Y2+ 272 =4. (24)
We are looking for solutions in 27/27 (a subset of Q, if n is even or /2 Q, if n is odd).
We look at Eq. 24, initially, and apply Jacobi’s four squares theorem (see [9]).
Case (i). Let n = 2k be even. Thus, W, X, Y, Z are all rational (certainly, not all 0). Write
W =2""2W X =2""2X Y =272y’ Z = 27"/27’, and replace (23) and (24) by
the system in integers
W2 —X?42X'Y +Y?-2W'Z -2 =0 (25)
W/2 + X/2 + Y/Z + Z/2 — 22k+2' (26)
Now, by Jacobi’s four-squares theorem, we know there are exactly 24 solutions of (26),
which are all variations in =+ sign and order of (22, 42K, £2k 42Ky or (£251 0,0, 0).

Further, it is straightforward to check that among these 24 solutions, only the eight tuples
(X', Y’, W, Z') in the list below are also satisfying Eq. 25,

(=2, =2k, 2k, 2ky ok 2k ok _oky (2K, 2k 2k 2Ky (2K 2K 2K oK)
(2k, =2k, =2k 2ky (2K 2k 2k oKy (2k 2k 2k 2Ky (2k 2k 2k 2Ky,
This implies that (X, Y, W, Z) € 271274 are any of the following:

=L-1,-1,-D,d,1,-1, -1, (-1, =1L, LD, (-1, 1, =1, 1),

27)
(13 _15 _]5 l)s (_13 l» 17 _1)7 (17 _17 13 _1)7 (17 13 17 1)7
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and (7) is shown (one can check easily that these solutions also satisfy condition (x)).

Case (ii). Let n = 2k + 1 be odd. Then, at least one of X, Y, W, Z is nonzero and belongs
to /2 Q). As before, write W = 27"/2W’' X =27"2X' Y =272y’ 7 =227 and
replace (23) and (24) by the system in integers

W2 X2 42X'Y +Y? 2wz - 7% =0 (28)
W/Z + X/2 + Y/Z + Z/Z =2. 22k+2’ (29)

and so, by Jacobi’s four-squares theorem, Eq. 29 has exactly 24 solutions, which are all vari-
ations in = sign and order of (:l:2k+1, +2K+1 0, 0). Further, it is straightforward to check
that among these 24 solutions, the eight tuples (X', Y’, W’, Z’) in the list below are also
satisfying Eq. 28,

(0 2k+1 0 2k+1) (0 2k+1 0 _2k+1) (O _2k+l 0 2k+1) (O _2k+1 0 _2k+1)
(2k+l 0 2k+l 0) (2k+1 0 _2k+l 0 (_2k+l 0 2k+l 0) (_2k+l 0 _2k+l 0).
Thus, the solutions (X, Y, W, Z) to (23) and (24) are
(0.+/2,0,+/2), (0, 42,0, =v/2), (0, —v2,0,/2), (0. —v/2,0, —V2),
(v2,0.4/2,0), (v/2,0, =v/2,0), (—=v/2.0,v2,0), (2,0, —v2,0),

which also satisfy condition (¥*). The converse is immediate, and (ii) is shown. ]

Example 20 A set of Boolean functions is called a bent set if the sum of any two dif-
ferent elements of the set is a bent function. Proposition 1 of [1] shows the existence of
a bent set (based on a vectorial bent function F : F; — Fg) of cardinality 2%, namely
{F, : Fj — F, Fy(x) = v- F(x)}, which is also closed under addition. Taking any such
bent set of cardinality > 4, say S = {fo, f1, f2, f3,...}, define ag = fo ® fi,a1 =
fo @ f2,a2 = fo @ f3, which satisfy the conditions of Theorem 19(a), because S is a bent
set closed under addition.

Example 21 Let n = 2t. A polynomial F(X) € Fy[X] is said to be a complete mapping
polynomial if F(X) and F(X) + X both correspond to permutations on Fy:; let us denote
the permutation corresponding to F'(X) by mr. We establish an isomorphism between Fy:
and F} and consider the permutation 75 as a mapping from F to F}. Let ag, a; and as be
defined as follows:

ap(x,y) =x-yforallx,y € F,
a)(x,y) =x-yforallx,y € F,
ar(x,y) = wp(x) -y forallx, y € F5.

Since 7 is associated to a complete mapping polynomial all the functions ay, ag®az, a1 Bas
and ap @ a; ® a> are Maiorana—McFarland type bent functions. Further, Wy g4, (0, V) =
Wa,@a, (0, V) for all u,v € F5, which implies that Waoea, W, VIW4 @, (0, v) = 27" for
all u,v € F5, whereas ap @ a1 ® ax = ap implies that Wy, (0, v) Wy 00, (0, v) = 2"
allu,v e IB"2 Thus, we obtain bent functions ag, a; and a» which satisfy the conditions of
Theorem 19 for the even case. For details on complete mapping polynomials we refer to [11].

8 Constructions of generalized bent functions in GB3

In this section we characterize and define several classes of gbent Boolean functions.
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Theorem 22 If f : Z’ZH'Z — Zg (n even) is given by
fX,y,2) =4c(x) + (4a(x) + 2c(x) + D)y + (4b(x) + 2c(x) + 1)z — 2yz,
where a, b, c € By, such thatalla,b,c,a ® c, b ® c and a ® b are bent satisfying
Wo () Wp(X) + Waee(X) Wpae (X) = —2Waap (X) We (X)), for all x € Z, (30)
then f is gbent in gBﬁﬂ.

Proof We compute the Walsh—-Hadamard coefficients (using that { = \%2 (141)and¢? =1)

2(n+2)/27‘lf(ll, v, w) — Z é.f(x,y,z)(_l)u-xeavyeawz
(x,y,z)eZ’;+2

— Z ;4C(X) (_l)u-x Z g.(4a(x)+20(x)+1)y+(4b(x)+20(x)+1)z—Zyz (_l)vy®u)z

X€Z; (v.2)€23
— Z (_ 1 )C(X)@U'X (1 + (_ l)U(_l)a(X)lC(X)g + (_ ] )w (_ ] )h(X)lC(X)g
xeZj

+(— 1)a(x)€Bb(x)€Bc(x)éBv€9w) )

Applying Eq.3 with (z, $) = (1, ¢(x)), that is, i°® = 1HEDT 4 12CDD, e ghiain
(=1)v¢
2

2Hy(a, v, w) = We(u) +
(=D"¢
2

Wage(@) + Wy(a) + 1 Woge(u) — 1 W, (w))

+ (Whe (W) + Wi () + 1 Wpge (1) — t W (@) + (= 1) Wegp (u)

D% o + 1 Wage(@) + bl
V2 V2

H(=DYE Wogp ().

= We(u) + (Wp(a) + 1 Whge (w))

Therefore, the real and the imaginary parts of H r(u, v, w) are

(=D"Wa(w) + (=D" Wy (w)
7 ,

Re(Hy(u, v, w)) = We) + (—=1)"®" Wygp (w) +

(=D"Wage @) 4 (=1)" Whge (u)

Im(Hyf(u, v, w)) = NG

and so,

dH (v, w)* = % (Wa()? + Wp()* + Wage(W)* + Wpee (w)?
F2We()? + 2W,gp (0)?)
F (=1 (Wa () Wi () + Wagse (@) Whae (W) + 2We (W) Wagsp () 31
+ V2 (=) (Wa (@) We () + Wy () Wagp () + (= 1) (W, (w) We (w)
+W,(u) Wa@b (w)))

Since a,b,c,a ® c,b @ c,a @ b are all bent then |W,(u)| = |Wp(u)| = |W.(n)] =
[Wagp ()| = |Wage ()| = |Wpge(a)| = 1. Further, from the imposed conditions on these
functions’ Walsh—Hadamard coefficients, we see that W, (w) Wy, (u) + W,g. (1) Wpe (1) +
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2We(a)Wogp(m) = 0, and also Wy(w)We(u) + Wp@)Wegp(m) = 0, Wp(m)We(u) +
Wo(w)Wygp(n) = O (that is because if W,(u) and Wj(u) have the same sign, then
W.(u), Wyqp have opposite signs; further, W,(u) and Wj,(u) have opposite signs, then
We(u), W,gp have the same sign). Using these equations, we get that 4|H ¢ (u, v, w)|2 =4,
and so, f is gbent.

m}

Remark 23 1t is rather straightforward to see that condition (30) has 16 solutions. More
precisely, (W, (x), Wy (X), Wage(X), Whae, Waen (X), We(x)) could be any of the following
tuples:

-1, -1, -1, -L-L1D; (-1, -1, -1, -1, 1, =1); (-1, 1, 1,1, -1, 1); (=L, =L, L, 1,1, =1);
LL-L1L-1L=-D; (=1 1,-1111) =1L 11 -11-1;(-1,1,1,-1,1,1);

(I, -L-11-1,-D; O, -1,-1111) a,-1,1,-11,-D; d,-1,1, -1, 1, 1);
a1 -1-1-Ln; 4, 1,-1,-11-; (1 1L1L1-1,h; (1 LLILIL-I.

Theorem 24 If f : Zg+2 — 73 (n even) is given by
FEx, y,2) =4e(x) + (da(x) + Dy + 4b(x) + 1)z + 2eyz, (32)
where € € {1, =1}, a,b,c € B, suchthatall c,a ® ¢, b @ c and a & b & c are bent, with
Wage (@) Wige (@) + e We(w) Wagpae (@) = 0, forallu € Z, (33)
then f is gbent in (]Bfl+2.

Proof Asin the proof of Theorem 22, we compute the Walsh—Hadamard coefficients, obtain-
ing
2H pe(u, v, w)
= W) + (=)' Wage () + (=1 Wpge () + (=D 22 W, gpae (1)
= W) — e(— 1) Wygpge(u) + D Waee@ + ZDTWigew)

V2
iy (=1D)"Wage (@) + (=1 Wpg(u)
N )
using the fact that 272 = —¢, for € € {1, —1}. Taking the square of the complex norm, we

get

4H pe (u, v, WP = Wage ) + Whae@) + We)* + Woapac (W)’
F2(= D" (Wage (W) Wpge (1) 4 € We (1) Wagpae (1))
V2 (=) Wage (@) We (@) + € Whge (W) Wagbee (W)
+(= D" Wrge @) We (1) + € Wage (1) Wagpae (1)) = 4,
because ¢,a®c, b®c and a @b P c are all bent, so their Walsh—-Hadamard coefficients are 1 in
absolute values, and Eq. 33 implies that the remaining coefficients are all O (that can be seen
by the following argument: if A, B, C, D € {£1}, and AB + CD = 0, then by multiplying
by BC, we get AC + BD = 0, and by multiplying by AC we get BC + AD = 0).
Therefore, |H < (u, v, w)l2 =1, so f is gbent, and the theorem is proved. O

Remark 25 The Eq.33 has 8 solutions (as expected, since there are four degrees of freedom
and one constraint). Moreover, one can give plenty of concrete examples of functions a, b, ¢
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satisfying the conditions of our theorem. For example, if ¢ = —1, one could take in Eq. 32,
a bent Boolean ¢, and a = b such that ¢ @ a is bent (for instance, if a = b are affine
functions, that condition is immediate). Then, W,g. (@) Wpge (1) + e W (@) Wygpac (1) =
Wega (w)2 — Ws(w)? = 0, and so, g as in our theorem is gbent.

Theorem 26 Let f : Z5T" — Zg (n is even) be given by

F&, y) =4c(x) + (4a(x) +4c(x) + 2¢€)y, (34
where € € {1, —1}. Then f is gbent in ngH_l if and only if a, c are bent in B,. Moreover, if
g is given by

g(x,y) = 4c(x) + (da(x) + 2¢(x) + 2¢€)y, 35)

8

where € € {1, —1}, a,c € B, such that a, c, a @ c are all bent, then g is gbent in anH'

Further, let h be given by

h(x,y) = 4c(x) + (4a(x) + 2¢)y, (36)
where € € {1, —1}. Then h is gbent in QBE_H if and only if c, a @ c are bent in B,,.

Proof We will show the first claim, since the proof of the remaining ones are absolutely
similar. As in the proof of Theorem 22, the Walsh-Hadamard coefficients at an arbitrary
input (u, v) are

V2H(u, 0) = We(u) + 16 (= 1) Wa () = We(u) + e 1(— 1) W, (w),
and so,
2IH s (u, v)[* = We(w)? + W, (w)?.

If a, c are bent, then |W ()| = [W,(w)| = 1, and so |H s (u, v)| = 1, thatis f is gbent. If f
is gbent, then the equation W,(u)? + W, (u)? = 2 has as rational solutions only [We(u)| =
|[W,()| = 1, and so, a, ¢ are bent. ]
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