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(1) Introduction 

Major Ocean Data Assimilation Schemes

• Optimal Interpolation (OI)

• Kalman Filter

• Variational Methods



Assimilated Variable c(x, z, t)

ct → “true”

ca → analysis (assimilated)

cb → background (modeled)

co → Observation → Obs points

(ct, ca, cb) → grid points



Ocean data assimilation with cb located at the grid points, 

and  co located at  the points ‘*”. The ocean data assimilation 

is to convert the innovation,   d = co – H(cb),  from the 

observational points to the grid points. 



Data Assimilation 

( )o b= −d c H c

,  a b= +c c Wd

Various ways →   W – Weight Matrix

Innovation → 

→  Conducted in the Physical Space (i, j, k)

→ Different Data Assimilation Schemes



W → Gain Matrix (OI)

min ( )T

a aε ε → 

1( )T T −= +HBW H R HB

W → Depends on B,  R

B → Background Error Covariance Matrix 

  R →  observational error covariance matrix 

(usually assumed given)



W – Gain Matrix (3D-Var)

(x) = 0JMinimizing Cost Function → 

1 1 1 1( )T T− − − −= +W H HB R H R

→Depends on B,  R (usually given)
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W – Gain Matrix (Kalman Filter)

W – Matrix is called Kalman Gain

1( ) [ ( ) ]f T f T

i i i i it t −= + BW H R H HB

→Depends on forecast error covariance matrix       

             

                 Bf(ti),  R (known)



It is challenge to determine the 

matrix  B.

Is there any data assimilation method 

that does not require the matrix B?



All the existing methods were ‘borrowed’ 

from atmospheric data assimilation

• Optimal Interpolation (OI)

• Kalman Filter

• Variational Methods

Atmosphere has bottom boundary, but no lateral 

boundary

Ocean has both bottom and lateral boundaries

 



A new ocean data assimilation method 

without requiring 

a priori knowledge of matrix B

Effectively using the ocean 

topographic characteristics  



A New Ocean Data Assimilation Method

 ( )a b o bF= + −c c c H c

F → Operator (innovation → updating)

What is “F”?

Optimal Spectral Decomposition  (OSD) Operator 



(2) Theoretical Base Of OSD
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1 2( ) ( ) ( )b c b c D   + =n

 → the horizontal gradient operator

n → the unit vector  normal to 

the boundary

→ moving point along the 

boundary

Piecewise Lateral Boundary 

Conditions (General)





Piecewise Lateral Boundary 

Conditions (LBCs)

( ) 0D   →Inhomogeneous LBC
 

( ) 0D  = →Homogeneous  LBC

Homogeneous → 

Dirichlet boundary condition when b1 = 0

Neumann boundary conditions when b2 = 0



Assimilated Variable c(x, z, t)

1 2( ) ( ) ( )b c b c D   + =n

Horizontal coordinates → x

Vertical coordinate → z

Time → t

(1)



Two Parts of c(x, z, t)

ˆ( , , ) ( , , ) ( , , ),c z t c z t S z t= +x x x

2

1 20,     ( ) ( ) ( )  at   S k S k S D   =  + = n

ˆ( , , ) ( , , ) ( , , ),c z t c z t S z t= −x x x

1 2
ˆ ˆ( ) ( ) 0b c b c  + =n

Homogeneous Boundary Condition →

S can be pre-determined before data assimilation.

(2)

(3)



Basis Functions

 2

k,      1 2( ) ( ) | 0,    1,...,k k k kb b k        = −  + = = n

→ The eigen functions of the 2D Laplacian Operator
k

satisfaction of the same homogeneous boundary 

condition (3) of the assimilated variable

(4) 



Three Features of the Basis 

Functions

(a) Satisfaction of the same homogeneous boundary 

condition of the assimilated variable 

(b) Independence on the assimilated variable

(c) Orthonormal  

' '

( )

( , ) ( , )k k kk

R z

z z d  = x x x

'

0    if  '

1     if    '
kk

k k

k k



= 

=



First 12  basis functions 

for the Pacific Ocean 

at the surface. 

DBDB5

Dirichlet boundary 

condition at the southern

 boundary (Antarctic), 

Newmann  boundary 

condition elsewhere



“True”                                   ct(x, z, t)

  Background (modeled)        cb(x, z, t)

Satisfy the Boundary Condition (1)  →

ˆ ˆ( , , ) ( , , ) ( , , ) ( , , )t b t bc z t c z t c z t c z t− = −x x x x

 1 2( ) ( ) ( )( ) 0t b t bb c c b c c 


 − + − =n (5) 



Generalized Fourier Series 

Expansion 

( ) ( )
1

( , , ) ( , , ) ,  ,
K

t b k k

k

c z t c z t a z t z 
=

− = −x x x (6)

( , , ) ( , , )a tc z t c z t = −x x

OSD Data Assimilation Equation → Whole  Domain 

( ) ( )
1

( , , ) ( , , )  ,,
K

a kb k

k

a zc z t c z ztt 
=

− =x x x

(8)

Given  spectral coefficients  {a1(z, t),   a2(z, t), …, aK(z, t)} → 

(7)



Two Issues

(1)Obtaining the spectral coefficients at 

given K

(2) Determine the optimal truncation 

        K = Kopt



(1) Obtaining the spectral coefficients at given K

M observational profiles collected at time t, and 

horizontal locations  (x1, x2, .., xM) with various 

depth z. 

1 2[ ( , , ), ( , , ), ...,  ( , , )]o o o Mc z t c z t c z tx x x

( , , ) ( , , )t m o mc z t c z t=x x

It is reasonable to  assume that the “true” field 

takes the observational values at the observational 

points, i.e., 



( , , ) ( , , )a tc z t c z t = −x x

( , , ) ( , , ),       1, 2,...,m a m o mc z t c z t m M = − =x x

Definition of Errors (8) →

( , , ) ( , , )t m o mc z t c z t=x x

At observational points →

→



( ) ( )
1

( , , ) ( , ,  ,    1,2,...) ,, ,
K

k m

k

o m b m k mc z t c z t z t mza M
=

− = − =x x x

Apply (6) at the observational points → 

Variables with the red ink are given →

(9)

[ ], ( , , )   mk mk k md d z t= =D x

1 2[ , ,..., ]T

M  =ε

(10)= +Da g ε

1 ,    [ ,..., ] ( , , ) ( , , )T

M m o m b mg g g c z t c z t= = −g x x



2

1

1

1
( ,..., , , ) ( , )

M

tr K m

m

J a a K M z t
M


=

= Training error  Jtr →

22

1 1

1
( , ) ( , ) 0

M K
tr

mk k m

m kk k

J
d a z t g z t

a M a = =

     
= − =       

 

1 11

(( , ), )
K M

l

M

ml mk mk m

m m

la z td d d g z t
= = =

= 

( ) ( )
1

( , , ) ( , , )  ,,
K

a kb k

k

a zc z t c z ztt 
=

− =x x x

OSD Assimilation Equation →  for the whole domain

(7)



(2) Determine the optimal truncation  K = Kopt

               

         Using the Vapnik-Chervonenkis Dimension

                      (Statistical Learning Theory)

  

( ) ( )
1

(( , , ) , , ), ,
K

K b k k

k

tc z t a z t z c z t 
=

= + − x xx

For a given mode truncation K,   the error → 

ca(x, z, t)

( , , )tc z tx → Unknown  → 
K estimated probabilistically

( , , ) ( , , )t m o mc z t c z t=x x

(11)

 Observational points



J 2 → ensemble average of  
2

K

 
*

ln(2 / ) 1 ln( / 4)
1tr

K M K
P J J J

M




 + − 
 + = − 

  

(12)

(Vapnik 2000;  Chu t al. 2003a) 

J →  Test Error

J* → the upper bound of Jtr 



Minimization of the VC cost 

function (JK)  

 
*

( , , ),

ln(2 / ) 1 ln( / )
( , , ) ,    1, 2,...,

K trJ J K M

K M K M
K M J K

M

 


 

= +

+ −
= = 

min ( )
optK

K
KJ J=



(3) Ocean Model

• The Parallel Ocean Program (POP) model is 

used to show the feasibility of the OSD data 

assimilation.

•  As the Bryan-Cox-Semtner class of models, 

the POP (Dukowicz and Smith 1994) was 

officially adopted as the ocean component of 

the CESM based at NCAR in 2001.



Level Depth 

(m)

Leve

l 

Depth 

(m)

Level Depth 

(m)

Leve

l 

Depth 

(m) 

Level Depth 

(m) 

1 5 13 125 25 268 37 708 49 2649

2 15     14 135 26 285 38 787 50 2890

3 25 15 145 27 305 39 879 51 3133

4 35 16 155 28 328 40 985 52 3380

5 45 17 165 29 351 41 1106 53 3628

6 55 18 175 30 378 42 1245 54 3876

7 65 19 186 31 409 43 1401 55 4126

8 75 20 198 32 443 44 1574 56 4375

9 85 21 210 33 483 45 1764 57 4625

10 95 22 223 34 528 46 1969 58 4875

11 105 23 236 35 579 47 2186 59 5125

12 115 24 251 36 639 48 2414 60 5375

Depths of vertical levels in the POP model. 

Corse Resolution

Horizontal: 3 degree        Time Step:  2 hours   



Atmospheric Forcing

• Annually varying climatology derived from the 

surface Coordinated Ocean Research Experiments 

(CORE) version 2 (Large and Yeager 2009). 

• All fluxes are computed over the 23 years from 1984 

to 2006.

• https://climatedataguide.ucar.edu/climate-data/large-

yeager-air-sea-surface-flux-corev2-1949-2006 

• The forcing is interpolated to the time step of the 

model.  

https://climatedataguide.ucar.edu/climate-data/large-yeager-air-sea-surface-flux-corev2-1949-2006
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https://climatedataguide.ucar.edu/climate-data/large-yeager-air-sea-surface-flux-corev2-1949-2006
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“Truth Field” 

• The POP model has been spun up from rest 

and climatological annual mean (T, S) with the 

daily climatological surface forcing from the 

CORE version 2 (Large and Yeager 2009) and 

integrated for a period of over 300 simulation 

years. The model output data of the year-210 

(c210) is treated as the “truth field”, 

( , , )tc z tx



Initial Error

• The model is integrated from 1 March of 

year-210 but uses the fields from 1 March 

of year-300. The initial error (the variable 

c denoting temperature) is 

0 210 0 300 0( , , ) ( , , )- ( , , )x z t c z t c z t = x x



Initial errors in temperature (oC) at: (a) the sea 

surface, and (b) the depth of 1106 m (at the level 41)



(4) Twin Experiment

• (a)  Model Integration with no Data 

Assimilation

• (b) Model Integration with Data 

Assimilation 



Exp-1→ No Data Assimilation

The model is integrated without data assimilation 

from 1 March with the initial condition, 

0 300 0( , , ) = ( , , )bc z t c z tx x

Use daily surface forcing for 20 days, 

and get 

                 cm(x, z, t)  



Exp-2 → OSD Data Assimilation

(a) The assimilation model is then run forward in 

time for 24 hours with the model field saved at 

the end of 24 hours, which is the background 

field for the day = (t+1), 

(b) At each assimilation time (1 day), the optimal 

mode truncation (Kopt) is re-calculated.  

( ) ( )
1

( , , ) ( , , ) ,  ,
K

a b k k

k

c z t c z t a z t z
=

− =x x x

( , , +1 day)bc z tx



Daily sampling taking from horizontal distribution of the Argo 

floats (just using the horizontal locations) in March 2003. It is noted 

that the “observational” data-rich area is north of 20oS, and the 

“observational” data-poor area is south of 20oS.  

Sampling

( , , )tc z tx

210( , , )c z t= x



Optimal mode decomposition (Kopt) at 125 m depth and 

day-0 is determined the minimization of the VC cost 

function (denoted by red square). 



Basin-wide RMSEs for the assimilation run 

(Eass) and non-assimilation run (Enon)

 
2

1 1

1 1
( ) ( , , )- ( , , )  

lNL

ass a i l t i l

l il

E t c z t c z t
L N= =

 
=  

 
  x x

 
2

1 1

1 1
( ) ( , , )- ( , , )

lNL

non m i l t i l

l il

E t c z t c z t
L N= =

 
=  

 
  x x



Comparison of temporally varying basin-wide RMSEs for 

the assimilation and non-assimilation runs



Basin-wide biases for the assimilation run (Bass) 

and non-assimilation run (Bnon)

 
1 1

1 1
( )  ( , , )- ( , , )

lNL

ass a i l t i l

l il

B t c z t c z t
L N= =

 
=  

 
  x x

 
1 1

1 1
( )  ( , , )- ( , , ) .

lNL

non m i l t i l

l il

B t c z t c z t
L N= =

 
=  

 
  x x



Comparison of temporally varying basin-wide biases for 

the assimilation and non-assimilation runs.



Local RMSEs for the assimilation and 

non-assimilation runs

 
2

1

1
( , ) ( , , )- ( , , )  

L

ass i a i l t i l

l

E t c z t c z t
L =

= x x x

 
2

1

1
( , ) ( , , )- ( , , )  

L

non i m i l t i l

l

E t c z t c z t
L =

= x x x



.

Comparison of temporally varying  local RMSEs for the 

assimilation and non-assimilation runs 

Day-1

Day-10

Day-20

Left → 

Assimilation

Right → 

Non-

assimilation



Local  biases for the assimilation and  

non-assimilation runs 

 
1

1
( , ) ( , , )- ( , , )  

L

ass i a i l t i l

l

E t c z t c z t
L =

= x x x

 
1

1
( , ) ( , , )- ( , , )  

L

non i m i l t i l

l

E t c z t c z t
L =

= x x x



.

Comparison of temporally varying  local biases for the 

assimilation and non-assimilation runs 

Day-1

Day-10

Day-20

Left → 

Assimilation

Right → 

Non-

assimilation



Conclusions

• OSD is a useful method especially for ocean data  
assimilation.

• OSD method effectively uses the ocean topography 
and lateral boundary conditions.

• The basis functions are orthonormal 

• The basis functions are the eigen functions of the 
Laplacian operator (pre-determined).  

54
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