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(1) Earth Gravitation due to Inhomogeneous
and Homogeneous Mass Densities
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. M, and M, are two point-masses (no volume) or far apart =2
The distance between M, and M, are much larger than their radii.

Newton’s Gravitational Constant: G = 6.67408 X 10-1'Nm?kg2
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Layers of the Earth
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Newton’s gravitation is the volume integration over all the point
masses 1nside the solid Earth to the point mass in atmosphere and
oceans.

Newton’s Gravitational Force
of the Solid Earth on a Point
Mass m, at r, in atmosphere

l

Volume Integration over the Solid Earth

|
n= Gjlj;jﬁ%(r—rfi)dﬂ

Solid Earth i "

Volume N

— ————
o

Mass Density o(r)
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Standard Earth Gravitation (n,) 1s used in
Meteorology and Oceanography

Solid Earth e S N

Solid Earth

e -—
-

Mass Density
o(r) = const Solid Earth is treated as a point

mass at the Earth center (O)
with the whole Earth mass (M)

GM

ksl np = — r
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(2) Spherical, Spheroidal, and True Geopotential
Coordinates
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Spherical, Spheroidal, and True

mw'm'ﬂmm POSTGRADUATE

T\ saoo Geopotentials and Coordinates
Standard Gravity Apparent Gravity True Gravity
8~ Mo g =n,+Qx(Qxr) g, =n+Qx(L2xr)

(a) (b) (c)

Standard Gravity Apparent Gravity True Gravity

= -gok, g, ~ -2k, g~ -%oK,
Spherical Geopotential Spheroidal Geopotential True Geopotential
Surfaces Surfaces Surfaces
@ (r) = const @ (@, ) = const @4, ¢, r) = const

No any air-ocean model uses the true geopotential coordinates
9
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Sg=g,—g,=n-n, =V3<<Dt—cba):ijj[j(")_f"](r—m)dn

r—r,

o, = Average Mass Density of the Solid Earth

0g 1s neglected 1n meteorology and oceanography through
spheroidal geopotential approximation (EGA) and spherical
geopotential approximation (SGA).
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Spherical and Spheroidal Geopotential
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SGA -2 Approximate the EGA - Approximate the
spheroidal geopotential true geopotential surfaces as
v | surfaces as spherical spheroidal

EGA has never been verified.
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Ellipticity ¢ Centrifugal-Gravitation Ratio u
o= b _ Q’a’
- a = GM

a = 6,378 km, equatorial semi-axis of Earth’s assumed spheroidal surface

“% b =6,356km, polar semi-axis of Earth’s assumed spheroidal surface
. G =6.67408x10"""Nm?kg, the Newtonian gravitational constant

- M=598x10*kg, the total mass of the solid Earth
A Q=1Q|[=2n/(86164 5)]
5
i 2 2 P :

O(g L EU, L ) — O(]() ) Staniforth 2014 (QJRMS)
2 O(e, 1) = 1052 = 0.003

12
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Thinness of Combined Ocean and
Troposphere

Thickness of combined troposphere and oceans is much thinner in
comparison to the Earth radius R

A

y¥—R

— 1+ O(¢, 1) O(e, 1) = 0.003

Negligible radial variation in the standard gravity g,
and gravitational disturbance vector og

gs — gO’ gO = 981 m S_Z 8g — g()VN
g.|- 2| 10 le.|- 2| 10 N = Geoid Height
r-";j 8o o V = Horizontal Vector
) s | =g, |gt| =g, Differential Operator

13
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Kk Basic equation for GPS levering

h=h-N

Geoid -

h, Orthometric Height

h Ellipsoidal (Spheroidal) Height

N: Geoid Height

k,: Unit Vector for Ellipsoidal (Spheroidal)
Normal

k;: Unit Vector for Geoid Normal

Spheroid (Ellipsoid)

The angle between (k_, k,), defined as the deflection of vertical, is tiny (the figure is
over exaggerated), e.g., only 5" in the Himalayas through astrogeodetic measurements
[see Page 141 in Physical Geodesy, Hofmann-Wellenhof and Moritz (2006)].

14
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Y schoot Coordinates vs Cartesian Coordinates

@ 2> Geodetic Latitude

¢ > Geocentric Latitude

Spheroidal Geopotential Coordinates True Geopotential Coordinates

A, @, h]® A @, kel

[, ¢,h] < (A,9) = horizontal, h —> vertical

s lmlh

' d
Fl @0
‘,, vy ‘)?
A ke

i

Cartesian Coordinates = (Oxyz)
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Coordinates

v y¥—R

Thinness = IS 1+

=1+0(¢, 1)

Approximate Spheroidal Geopotential (Staniforth 2014 QJRMS)

GM

r

(D ((D,l")—

_ 3 _ 2 3
1 (25 ,uJ : +ﬁR_ sin’ GM (28 ,ujcz2 +ﬁR_3
2 JR® 2a R 6 JR° 2a

Approximate Spheroidal

%
[T AG 09 A 9 Geopotential Coordinates

y A @, 7] a
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;1 (3) Negligible Advective Metric Terms Among
<« Spherical, Spheroidal, and True Geopotential

Coordinates
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[ @, Approximate Spheroidal Geopotential Coordinates
4 @.7]* " Spherical Geopotential Coordinates

' = Curved & Quasi-Orthogonal Coordinates

The unit vectors (i, j, k)
DV —i Du +i Dy +k Dw ty Di + vﬂ n w% are fo.r the four geopotential
Dt Dt = Dt Dt Dt Dt Dt coordinates
L |dV _ . Du L Acceleration vector as if it is in the
e i = .
wy (4 Dt Dr Dr global Cartesian system

M=u2i+v2j+wﬁ < Advective Metric T
=ur Dt Dy vective Metric lerms

18
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Spherical (Gill 1982) [y; _ {ﬂ_ﬂtan R W} M, | < |dV/dt |
r r r r r
Spheroidal (Gates 2004)

} B 2 2 a
ﬂtanhi—u—vtango} ( vw3 sinhécosh§+u—tanq)— V. S singocosgo], 0(|M -M )
cx cx cx cx cx !

(M, = , ) o(|Mm,|)

\% . u vw .
———sinh {cosh§ ——tanh & + —; smgocosqu
. cx cx cx |
The geoid height (N) varies from a minimum O (|M M )
value of -106.20 m in the Indian Ocean, and a :> : V<1
maximum of 85.83 m near Greenland, which 1s O (|Ma )
much smaller than the difference between the
7 Earth spheroidal and spherical surfaces. All the advective metric
\
' terms (M, M, M) are
dV .
(IMg|, [Mgl, IM¢]) « ‘ /dt‘ negligible
19
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; All the advective metric terms (M, M,
M,) are negligible

(1M, M, 1M, ) « [4V/, |

j> NOT Sufficient for Verifying
SGA and EGA

20
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(4) Metric Coefficients in the Vector Differential
_ Operator Among Spherical, Spheroidal, and True
Geopotential Coordinates

21

WWW.NPS.EDU



Metric Coetficient Tensors in Vector

POSTGRADUATE

¢/  scHoOL

Differential Operator

_ ox” ox* _ox” ox”

ogtogt o8 og

8jj

1= [x, v, z] = Cartesian Coordinates

hel®  True Geopotential Coordinates
h1*  Spheroidal Geopotential Coordinates

I“  Approximate Spheroidal Geopotential Coordinates
r1s Spherical Geopotential Coordinates

22
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Same Metric Coefficients between the True
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and Spheroidal Geopotential Coordinates

x=(R, +h)cospcos

Spheroidal
Geopotential o
Coofdinates y=(Ry +h)cos@sin A
b2
A, @, h]? Z=[?RN +h]sin¢3
2
R, = — il ___
\/a cos” @+b"sin” @
True x=(Ry +h +N)cospcos A
Geopotential -
Coordinates y=(Ry+h +N)cosgsini
b2

a

Hofmann-Wellenhof and Moritz (2006)

a 1
[V3] :(R ~ ’ )
vCosQ Ol R, O0p Oh

o 1 0 aj

9p( 6, )] [

R, cosp 04 R, 09

1 op 1apJ )

V = horizontal vector differential operator
R, 1s the normal radius of the curvature

1@15@}

V.| = ; ;
V] [RNcosgﬁc'M R, 8¢  Oh,

h=h-N

A . 0 G, dh, i, d dh¢
VP, @, kel zll/(RNcoscﬁ)( Ylont " on, /ax)'l/RN( log+ " on, /0</3>] (2)

WWW.NPS.EDU
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_iwg_ wa Metric Coetficients for the Approximate Spheroidal

POSTGRADUATE

\Y/ i schoor and Spherical Geopotential Coordinates
Approximate { K 26— mj a* mR’ } }
. x=RJl- —2+—— sin” @ + cos @ cos A -
Spheroidal 2 JR Staniforth (2014)
Geopotential .
Coordinates y=R {1 —K 2‘92_ mj% %R—J }COS(BSIH/’«

.“;_“‘ R
J‘ A @, 71" Z:R{l—
|

(28 m a’ 3} }
> sin’ @ rSin @
2

R’ . . ;
;— %a }(Z—Sszq))smz (p} sin” @

2
}( —3sin’ (ps)sin2 go} cos’ @

\_/ )
>u|a
t\)|‘:
w|>U

[Vsa_(/\/—/a)p /\/gT/ago /\/g_gar) (3)
Spherical

) | Geopotential 9 4
Coofdinates A @, r]? V51" </Rcoscp loa 'R /a<p /ar) P
24
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(5) Verification of SGA and EGA

25
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F - Frictional Force

[dU,/dt]S + 2Q X [U,]° = —%[Vp]s +F

Spherical A @, 7] )
| [op/or] =-pg, (5b)

5 [dU,/dt]? +20x[Uq]® = == [Vp]® + F

" Approximate [}, ¢, r]? -
& Spheroidal [op/or] =-pg, (6b)

[dU,/dt]® + 20x[U,]* = —% [Vp]® + F

Spheroidal  [A, @, h]®
[ap/ k] ==pg, (7b)

[dU,/dt]t + 2Qx[U,]t = —%[Vp]t +F

True [}\) (Z\)r ht]t v
[op/oh] =-pg,  (8b)

WWW.NPS.EDU

Hydrostatic Equilibrium

(5a)

(6a)

(7a)

(8a)
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SGA is to use the equation of motion (5a) on the spherical
geopotential surfaces for the approximate spheroidal geopotential

[dU, /dt]* + 20x[U,]S = —% [Vp]® + F + €, 9)

|
/ o ‘ . . . .
ok to get the same velocity and acceleration as 1f they are on the spheroidal
geopotential surfaces

[Ua]d — [Ua]sa [dUa/dt]d = [dUa/dt]S (10)

Subtracting Eq. (9) from Eq. (6a) and using Eq. (10) =

81:

1 s 1 a
; [vp(}\, ©, r)] — ; [VPO\: @, 7")] (11)

27
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71t = (1/ i “%or Y/ Jm °/ aqo'a/@ar) (3)

[VS]S = (1/RCOS§0 a/a)[’ 1/R a/('?(p ! 6/67‘)

i Longitudinal @
«: _ 9 9 9 g
‘911 Ya= (1/@ p/6/1 -~ 1/Rcos 0, p/a,1>/<1/@ p/6/1> =1- \/? Rcos ¢
- 2e — - R3 _
= |7 fary +* Jaay | sin®
Latitudinal
Yo = (1/@ap/a<p — /R ap/w)/(l/m—zzap/acp) =19/,
— 2 3
S [(28 Wa /(ZRZ) + MR /(2a3)] (2 — 6sin?¢)sin?¢
0(lval) = 0(ly,]) = 0(e, ) = 1072 = 0.003
28
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EGA is to use the equation of motion (7a) on the spheroidal geopotential
surfaces for the true geopotential

[dU./dt]* + 2Qx[U,]¢ = —%[Vp]a +F+¢, (12)

|
/ o ‘ . . . .
ok to get the same velocity and acceleration as 1f they are on the spheroidal
geopotential surfaces

[U.]° = [U,]%, [dU,/dt]® = [dU,/d¢] (13)

Subtracting Eq. (12) from Eq. (8a) and using Eq. (13) =

£ = [Vp]“—%[vp]t (14)

1
p

29
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A o4 1 op 1 op _
V ﬂ-« h = s hl‘ _h _N

I d 0 Ohy 0 0 Ohy
[Vo(A, @, hy)] :[1/(RNcos¢))( p/a;ﬁ‘ p/aht /a)\)»l/RN( p/a¢+ p/aht /agﬁ)] (2)

[op/on] =-pg, Vh,= -VN

€ = goVN

30
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(6) Horizontal Equation of Motion Using the True
Geopotential

-

= |
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i
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A ke
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3
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@ w Horizontal Equation of Motion with the True
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Spheroidal Geopotential Coordinates >

[dU,di] +29x[U ] = L[Vp] + ¢, [VN] +F
Yo,

: Spherical Geopotential Coordinates Using SGA -
[dU, / dt] +2Qx[U,] = . [Vp] +g,[VN] +F

i %

o

32
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Horizontal Momentum Equation 1n the Spheroidal
- Coordinates with Pressure as Vertical Coordinate

5 DU
Ty TKIU =gVt VN AF
A

33
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(7) Nonnegligible (Sufficiently Large) Horizontal
Disturbance Vector g,VN

34
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\Y/  schooL Gradient and Coriolis Forces

; » Ol 5g))
O(| Pressure Gradient Force|)

~ O(JVN]) mean(|VN )

- o[Ivz|]  mean [IVZ]]

B O( 5g))
O(| Coriolis Force|)

_80O(VN] _ , mean(VN])
O(| fU|) " mean(| fU|)

s lmlh
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‘,, v ‘)?
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(a) International Center for Global Earth Models (ICGEM) static gravity field
model EIGEN-6C4 (http://icgem.gfz-potsdam.de/home) for N(4, )

|
- (b) NCEP/NCAR Reanalysed Monthly long-term mean (effective) geopotential
- height (%), wind velocity («, v), and temperature (7) at 12 pressure levels 1,000,
,Q_:_f - 925, 850, 700, 600, 500, 400, 300, 250, 200, 150, and 100 hPa
- (https://psl.noaa.gov/data/gridded/data.ncep.reanalysis.derived.pressue.html)

g (c) Climatological annual mean temperature and salinity from the NOAA/NCEI
Lﬁ% WOA18 for the sea water density (p) data (from
& https://www.ncel.noaa.gov/access/world-ocean-atlas-2018/)

¢ (d) Climatological annual mean surface wind stress (z;, 7,) from the Atlas of
=) 5 Surface Marine Data 1994 (SMD94) (from

'i“{ ) https://iridl.ldeo.columbia.edu/SOURCES/.DASILVA/.)

36
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s Geoid Height N from EIGEN-6C4

SCHOOL

() N(Z, )

(b) Histogram of |[VN]®]

4000
3500
Mean: 2.36e-05
\ 2000
Std: 1.756e-05
Ty 20 Skew: 2.694
c
» h % 2000 Kurt: 17.53
@
: y fro
;ib % 1500 ]
i 1060 J
3
il @b a»
~ 5 ﬂ”ﬂﬂﬂnﬂﬂﬂnﬂn nnnnnnnn
Pon 2 3 4 5 6 7 8
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Long-term Annual Mean Z at
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T sl (1000, 850, 500) hPa

(a) Zat 1,000 (d) [Vz] at 1,000 hPa (2) Histogram of [vZ]

1000 hPa _

at 1,000 hPa

1000 hP:

g & Skew:2.7
E Kurt: 10.8
) B = 0.4052
Il { ’HW\ H[H,W] | P
B () [VZ] at 850 hPa (h) Histogram of |[VZ]|at 850 hPa
"
{w
B=0.4176
HHUHHwHH[(—(HHIWHHWFWqﬂﬂFﬂ[nzf: cannane0lls

1
1vzo 10*

at 500 hPa

(® [VZ]'at 500 hPa (1) Histogram OEDJIVZ]J

¥20 at 500 hPa
14 L

Mean: 8.2856-05
W,
A Lo Std: 7261005
%4 Skew: 0.8666
H 3
2 g_ Kurt: 2.93
- &

’f_}HﬂﬂmWH_,(_(_UUHJH

2 25

N:H“H1Jﬂ“ﬂ“[;ﬂﬂlHﬂuanﬂ:nn

s 15
vzo|

WWW.NPS.EDU




Long-term Annual Mean Wind Vector
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ﬁ“..’.‘.f\

¥ o
A

1000 hPa

Frequency
=
8

(d) 1,000 hPa

Mean: 0.0003753

Std: 0.0003295

Skew: 1.181

Kurt: 3.275

mﬂﬂﬂﬂﬂﬂﬂ

Hl]ﬂnﬂnﬂﬂHﬂsﬂﬂﬂﬂﬂﬂnﬂonﬂﬂwﬂmqg~

Ifu]

777777

| (e) 850 hPa

g

N HHHH‘ Iy

(c) 500 hPa 800

_Uat500 hPa

WWW.NPS.EDU

500 hPa

(f) 500 hPa

Mean: 0.0008319
Std: 0.0006743
Skew: 0.8483

Kurt: 2.949

T

05

”HHHHHHHHﬂﬂﬂﬂﬂﬂnﬂﬂnnﬂnnﬂnﬂq@n:
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Geostrophic Vorticity

(==Vo=(, 40, ¢ ==V, =Bz o o vy

; ‘ eff gd? eff f eff f > ad f
Ekman Pumping Velocity
¢ r1°( s
WEkman = = (geﬁ” + é/gd )’ 7/ S/ i
S 2y 2y e |f |
4 G-Number

?. _ O( ggd ) OI: V2N|:|

G = - 2
o(le,) ollv'7]

40
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> , 0w K >
N'w+ [ ——=-2VeQ-—VJ
op p
\ VeQ’ = tEiyag?, veQ¥ =ty g
| J pf of
= Non-Dimensional (£, £,, E;) Numbers
| EIEO(qlg )—mean(J(a—N,Ta)D/mean(J(a—Z,Ta)j
0(|qleﬁ|) Ox Ox
ijw E szmean J(a—N T)| |/ mean J(a—Z T)
Q!’i 2 O( qzeﬁ” ) ay >*a ay > L g
i o _O0(vea”))
I T (25
: 1 41
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Pressure B C G E, E, E,
Level Pressure Coriolis Geostrophic Omega
(hPa) Gradient Force Force Vorticity Q Q, Equation
1,000 0.4052 0.6168 0.6712 1.4268 0.5482 2.584
i 925 0.4151 0.5086 0.7539 1.6708 0.6205 3.366
3 850 0.4176 0.4724 0.8534 1.9850 0.7247 4.510
! 700 0.3836 0.3829 1.1078 2.8620 0.9097 6.911
600 0.3435 0.3327 1.3344 3.3175 1.0570 8.622
500 0.2849 0.2783 1.3381 3.3550 1.0077 8.797
400 0.2298 0.2241 1.2529 3.3121 0.9395 8.834
300 0.1861 0.1797 1.1169 3.0013 0.8091 7.495
250 0.1713 0.1645 1.0701 3.2204 0.7786 7.590
200 0.1630 0.1573 1.0564 3.1943 0.6829 7.667
150 0.1639 0.1611 1.0955 3.4567 0.7789 9.165
100 0.1869 0.1837 1.2109 4.3834 0.9965 11.713
Mean 0.2792 0.3052 1.0718 2.9313 0.8211 7.271
42
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Horizontal Momentum Equation With the Boussinesq Approximation

DU A
Po |:_+jka:| =—Vp+(p—p0)g0VN+p0(Fh +F,)

} Dt
&
Reference Density p,= 1,028 kg/m’ F, and F, are the
horizontal and
Reference Pressure |Po = —£o&o(z—N) vertical frictional
A forces

Dynamic Pressure P = P — Py

N

. op
Hydrostatic Balance . =—(P— )8,
Z
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| R _
fkxU=——Vp+L2L0 o yn

Lo Lo
5l
oU
f—=k><[—(go /po)Vp+®2VN], 0 =8P
0z Py 0z
i Depth-dependent non-dimensional G number
i

D(z) = 0(0(‘®2VN‘) N mean (‘®2VND

(g,/ P)Vp|) mean (|(g,/ p,)Vp|)
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| (g, / p,)Vp | inthe unit of Eotvos (E) (1 E =107 s)

- From NOAA/NCEI
2

g WOA18 Data

g

2

g
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Longitude Longitude
| | |
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Histograms
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|®°VN | in the unit of Eotvos (E)

Depth: 0(m)

v

Depth: 500(m)

Latitude

From
EIGEN6C4

Latitude
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Histograms
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0
—Av4\11+yv2t}'+ﬂm'= 1 cur11+g0jk-(vp><VN)dz
-H

ox P,

0
J=g, [ ke(VpxVN)dz
—H
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Wind Forcing
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e (1) Gravity used in meteorology and oceanography
1s not the true gravity.

* (2) The effect of gravity disturbance vector g,VN
<« 1n atmospheric and oceanic dynamics 1s important.

* (3) Itisurgent and easy to include g,VN in
‘1 atmospheric and oceanic dynamics and numerical
models.
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* Thank you very much.

* Any questions?
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