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Summary

1. (Two-player zero-sum) Markov games are Markov decision processes with two diametrically
opposed players.

2. Pollatschek & Avi-ltzhak (1969) proposed using Newton’s method to solve Markov games.

» Usually works and is fast in practice, but there are (simple) instances where it doesn’t work.
3. Filar & Tolwinski (1991) proposed using backtracking line search instead.
» Their convergence proof contains a gap; we construct an instance where convergence fails.

4. We propose residual-conditioned policy iteration (RCPI), which matches the empirical
performance of Newton's method while being provably convergent.*

*This talk is based on the following paper: Badger, Huang, and Petrik, Fast Policy Iteration in Markov Games and Robust
MDPs, Proceedings of the 40th Annual AAAI Conference on Artificial Intelligence, 2026.



Markov Games

Definition

A two-player zero-sum Markov
game is a Markov decision pro-
cess where two players jointly
control the one-step payoffs and
transition probabilities.

» Player 1 wants to maximize payoffs.

» Player 2 wants to minimize payoffs.

On each time step t =0,1,...:

1. Both players observe the current state S; € S.

2. Based on the current state,

2.1 Player 1 selects a feasible action A; € A(S;), and

2.2 simultaneously, Player 2 selects a feasible action
B: € B(S:).

3. A one-step payoff r(S;, A;, B;) is paid to Player 1 by
Player 2.

4. The next state is S;,; according to the transition
probabilities p(-|S;, A;, B:).



Total Discounted Payoffs

> Player 1's “decision variable” is a (possibly randomized) policy 7t; € T1;.
> Player 2's “decision variable” is a (possibly randomized) policy 7, € T1,.

Given a discount factor y € [0, 1), Player 1 wants to maximize the expected value of the total
discounted payoff given the initial state s € §, i.e.,

V(WI'WQ)(S) =E Z’Yt"[stvTfl(At|5t)v7T2(Bt‘St)] ‘ So = 5:| )

t=0

while Player 2 wants to minimize it.

Definition

A pair (715, 75) € TT; x T, of policies is optimal if they are Nash equilibrium policies for every

starting state, in the sense that

v(mr) (s) < v (6) < v () V m €Ty, m €11, s €8.




The Value Function of the Markov Game

Shapley (1950) showed that when the
state set 8 and action sets A(s), B(s)
are finite, there exists an optimal policy
pair (7}, 75).

An optimal policy pair can be derived
from the value function

v¥(s) = max min v(™™)(s), se8.

1 €111 1 €T,

The value function is the unique solution to a nonlinear
system of equations
v==%v

called the optimality equations.
» For each state s € 8§, Tv(s) is the value of the one-shot

zero-sum game with payoff matrix A(s, v) = [A, (s, v)]
with entries

A,p(s,v)=r(s,a,b)+vy Z v(s')p(s'ls, a, b)

s'e8



Finding Optimal Strategy Pairs

Definition

Given a v € R®, a policy pair (n}, 7t3) is greedy with respect to v if for every state s € 8,
the probability distributions 7t} (:|s) and 755 (+|s) are Nash equilibrium strategies for the zero-sum

matrix game A(s, v).

» B(v) = set of all policy pairs that are greedy with respect to v.

» Shapley (1950) showed that any policy pair (7}, 7;) that is greedy with respect to the value
function v* is optimal.



Computing the Value Function

Since the value function v* € R® is the unique solution to the optimality equations
v=%v

the problem of finding v* can be solved by finding the (unique) solution to the unconstrained
optimization problem

mlnlmlze f(v fH‘Iv— v|3 = ‘Iv— v)T(Zv —v)
vERS

> A natural approach is to apply a line search method (e.g., Newton's method).



Line Search Methods

We want to solve

minimize f(v)
vERS

Starting from an initial guess v° € RS, a line
g g

search method computes (hopefully) successively

better solution estimates v!, v?, ... using a

formula of the form
VKL = Uk 4 dk

where:
> d* € RS is the search direction, and

> a4 € R is the step size.

When f is differentiable, the search directions usually
have the form

d* =B, 'Vf(v), k=0,1,...
where each matrix B is positive definite.
> Newton’s Method: «, =1 for all k.

» Backtracking Line Search: Use “Armijo’s rule”
to pick step sizes.

Convergence can be guaranteed when f is
continuously differentiable; see e.g., Chapter 3 in
Nocedal & Wright (2006).



Search Directions for Markov Games

For Markov games, the search direction given the current guess vk € RS is

dk = —(yPmm) _mL(gyk — vk for some (111, ) € &(vX),

where P(™72) js the transition matrix of the Markov chain on the state set 8 obtained when Players 1

and 2 respectively follow policies 7t; and 71,.



Newton’s Method May Not Converge (van der Wal, 1978)

Example 2.1. Consider the Markov game (Fig. 1) with two states,
both players having two actions in state 1 and only one in state 2. The
notation reads as follows. If, in state 1, P; takes action 1 and P, takes
action 2, then P; receives 6 from P,, the system remains in state 1 with
probability 1/3 and moves to state 2 with probability 2/3, etc. So, state 2 is
absorbing. The discount factor used here is 3/4.

Fig. 1. Two-state Markov game.



Backtracking Line Search May Fail (Badger, H., and Petrik, 2026)

> 8 ={s1, 5,8} For a discount factor y = 0.6, backtracking line search will
“backtrack forever” when the initial guess is vy = 0.
> A1) = A(2) = A(3) ={a1}
> B(1) = {by, b}, B(2) = B(3) = {b;} Visualization from the paper:
» In state s, L5
» action by incurs a one-step reward 15r
of —v/2/2, and the next state is * r4
s3 with probability 1, and g 1.0f .
P action by incurs a one-step reward + :'3
of —ﬁ/2, and the next state is S 051 .
s> with probability 1. \ 02
> States s, and s; are absorbing 0.0r =1Uﬁ+d 5.1
states, with respective one-step —osk //. -
rewards —1/2 and 1/2. 20 -15 -1. o -0.5 0.5

Uy
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Residual-Conditioned Policy Iteration (RCPI)

Newton's method may diverge because the iterates See Badger, H., and Petrik (2026) for:

vk may not provide a big enough reduction in the

» the details of RCPI, and

objective function f(v) = 1[|Tv — v|j3.

» numerical comparisons to Newton’s method
Solution: On each iteration, make sure that the (and others!) on randomly generated Markov
2-norm 9f the Bellman residual Tv — v is reduced games and Markov games modeling the robust
enough in order to guarantee convergence to the control of “gridworld”, gambler's ruin, and
value function v*. inventory control environments.
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Recap

1. (Two-player zero-sum) Markov games are Markov decision processes with two diametrically
opposed players.

2. Pollatschek & Avi-ltzhak (1969) proposed using Newton’s method to solve Markov games.

> Usually works and is fast in practice, but there are (simple) instances where it doesn’t work.
3. Filar & Tolwinski (1991) proposed using backtracking line search instead.
» Their convergence proof contains a gap; we construct an instance where convergence fails.

4. We propose residual-conditioned policy iteration (RCPI), which matches the empirical
performance of Newton’s method while being provably convergent.

tThis talk is based on the following paper: Badger, Huang, and Petrik, Fast Policy Iteration in Markov Games and Robust
MDPs, Proceedings of the 40th Annual AAAI Conference on Artificial Intelligence, 2026.
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