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ABSTRACT 
Many people in communities around the world are facing homelessness due to housing shortages. 
The San Francisco Bay Area has struggled to provide housing for thousands of people who are 
unsheltered. Permanent housing is the ideal solution for most people entering the system, but 
temporary shelter is also critical. Investment in housing and shelter is paramount to providing a 
long-term solution to serve the current and future homeless population. We construct a queueing 
model for tracking the flow of single adults through shelter and housing based on Alameda 
County’s coordinated entry system. In contrast to routing or allocation policies, we optimize the 
system through increasing shelter and housing server capacities. We formulate optimization prob
lems to reduce the size of the unsheltered population given cost constraints by varying invest
ment in housing and shelter over time. Additionally, we impose policy-based shape constraints to 
reflect the time-dependence and feasibility constraints associated with planning decisions. We 
thus show how resources can be allocated between housing and shelter over time. While this joint 
optimization approach can be used to analyze homeless populations outside of Alameda County, 
it also can be broadly applied to capacity investment decisions for tandem queueing systems, for 
example, in healthcare settings.
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1. Introduction

In the San Francisco Bay Area, there are many communities 
which are struggling with unprecedented levels of homeless
ness. Directly east of San Francisco, Alameda County con
tains the cities of Berkeley and Oakland with over 1.6 
million residents. There are high levels of homelessness, 
with approximately 8,000 people experiencing homelessness 
each night. In 2020, Alameda County formed an Office of 
Homeless Care and Coordination to conduct leadership and 
strategic planning with regards to the Continuum of Care 
(CoC) (Alameda County, 2022). The CoC is defined by the 
Office of Housing and Urban Development (HUD) as 
“designed to assist individuals (including unaccompanied 
youth) and families experiencing homelessness and provide 
the services needed to help such individuals move into tran
sitional and permanent housing, with the goal of long-term 
stability” (Office of Housing and Urban Development, 
2024). Counties are responsible for implementing support 
for the CoC within their geographical areas according to 
federal guidance from HUD, but may adjust their specific 
plan depending on the needs of their populations.

Alameda County has developed a particular focus on 
racial equity to drive their efforts. This is because a thor
ough examination of population data determined that some 
racial groups were overrepresented in the homeless 

populations. Details on the population analysis are contained 
in Oakland-Berkeley-Alameda County CoC (2020). The 
result of the analysis is that investment into certain types of 
housing is critical to alleviating homelessness, and also 
reducing racial disparity that exists in the housing market. 
This paper will address the critical problem of determining 
how to best invest in housing resources to address homeless
ness, and our approach will contribute to the general litera
ture on capacity planning problems.

There are two main types of resources in Alameda 
County to support people experiencing homelessness. The 
first resource is access to permanent housing, which is 
defined as “community-based housing without a designated 
length of stay in which formerly homeless individuals and 
families live as independently as possible” (Office of 
Housing and Urban Development, 2024). This can take 
many forms, for example, permanent supportive housing 
provides affordable housing in tandem with social services 
to allow the client to maintain successful housing. Dedicated 
affordable housing may be used to support households with 
extremely low incomes without the potential for salary 
increases. Rapid rehousing subsidies may allow clients to 
afford rent to remain in their current homes when the client 
has the potential to increase their income within an 
expected time period (Oakland-Berkeley-Alameda County 
CoC, 2020).
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The second main type of resource is transitional housing, 
or emergency shelter, which is “designed to provide home
less individuals and families with the interim stability and 
support to successfully move to and maintain permanent 
housing” (Office of Housing and Urban Development, 
2024). In the absence of a permanent housing solution, 
emergency shelter can provide temporary accommodations 
until a permanent housing solution can be established. 
While emergency shelter is an important part of a county’s 
infrastructure, it should not be relied on as a sole substitute 
for housing. Shelter is often congregate, in that many people 
will be grouped together in a shared space. Permanent hous
ing may include social services like drug rehabilitation, men
tal health support, and other health and medical services. 
This makes it more expensive than shelter, but also more 
desirable because it is more likely to lead to long-term suc
cess in terms of clients remaining successfully housed and 
having better health outcomes. The goal is to successfully 
house clients as quickly as possible, with shelter serving as a 
backstop when housing is limited.

In the rest of this paper, we will refer to permanent hous
ing as “housing” and transitional housing or emergency 
shelter as “shelter”. Our goal will be to optimize the choice 
of investment into building/acquiring these resources. Let ht 
be the inventory of housing at time t, and st be the amount 
of shelter at time t. The decision variables ht and st will be 
the key focus of our optimization model.

People in the system may occupy housing or shelter, or 
they may be unsheltered while waiting for county resources. 
The large number of unsheltered people in the Bay Area is 
what has driven increased attention and visibility around 
this crisis. The quality of the CoC performance will be 
driven by an objective function that depends in part on the 
number of unsheltered people in the system over time, ut:

The value of ut is not a decision variable, but is calculated 
as an output of a queueing model. Increasing ht and st will 
decrease ut: Figure 1 shows how one might model this sys
tem as a sequence of servers. A client arrives to the system, 
and if there is no housing or shelter available, they wait in 
the unsheltered queue. Shelter serves as a resource, but peo
ple only occupy shelter if housing is not available. Thus, 
people do not leave shelter until housing is available, so 
there exists a blocking mechanism between the servers with 
zero buffer.

The lack of a defined service time at shelter combined 
with a blocking dynamic between shelter and housing means 
we can simplify the model to the setup in Figure 2. Thus, 
people in shelter are still in a queue for housing, they are 
just in a potentially better situation than those who are 
unsheltered by the county and are often (but not always) 
prioritized for limited housing resources. This means we can 
treat the decision variable st as an allocation of resources to 
shelter part of the queue, with housing being the sole server 
system. While housing is considered a permanent solution 
for those who are able to remain successfully housed, there 
may be a turnover rate of approximately 8% per year 
(Oakland-Berkeley-Alameda County CoC, 2020). This allows 
us to model the system as an Mt=G=ht queue, given a non- 

homogeneous Poisson arrival process and general service 
time distribution.

In reality, people may move in and out of shelter while 
waiting for housing. However, because Alameda County 
faces a high unsheltered population, we model the shelters 
as always full using a fluid flow model and the effect of indi
vidual transfers in and out of shelter is negligible. Because 
shelter does not have its own service time distribution and 
simply holds clients until housing is available, the setup in 
Figure 2 is an equivalent model to Figure 1. This paper will 
construct a fluid flow model for the flow of clients through 
this system, and optimize the values of st and ht over time 
to reduce the value of ut; subject to budgetary and policy 
constraints.

We next describe some background that motivates our 
formulation. There are multiple actions that federal and 
local governments can take to address homelessness. At the 
federal level, the Office of Housing and Urban Development 
has established that each county must operate a Coordinated 
Entry system to ensure a standardized series of access points 
for clients experiencing homelessness to seek support (HUD 
Exchange, 2022). However, each county has flexibility to 
adjust their approach to prioritizing and allocating resources 
based on the particular needs of their constituents. Thus, 
different policies and procedures may be employed by dif
ferent locations.

One goal of Alameda County is to reach “functional 
zero” in five years. The system is at functional zero when 
there is effectively no unmet need, meaning that the 
“expected” waiting time for housing is under 90 days 
(Alameda County, 2022). In queueing terms, this means that 
the probability that someone experiencing homelessness 
must wait in the queue (sheltered or unsheltered) more than 
90 days for housing is small or close to zero. There are mul
tiple strategies for achieving functional zero, including pre
vention of homelessness through early intervention, and 
investment in building housing and shelter to address the 
unique needs of the community. While building temporary 
shelter does not directly decrease the time until a client 
receives housing, a secondary goal is to provide shelter to 
those seeking health and safety benefits. Additionally, it may 
be easier to locate and provide resources to clients who are 
sheltered, compared to those who may be unsheltered.

The problem of limited financial and physical resources 
to address this crisis is obvious. Another constraint is time: 
it can take time for housing to be obtained or shelter to be 
constructed. Thus, a one-shot optimization may not be feas
ible to implement in a single time period. This motivates us 
to consider investment over time, with the state of the 
queueing system improving as housing and shelter inventory 
increases. It is better to invest early when possible since 
there is a human suffering cost to waiting years for shelter. 
Thus, one major way our model differs from other capacity 

Figure 1. Tandem queue model of housing and shelter.
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sizing problems is that we allow the capacity variables st and 
ht to change over time. Similarly, our objective function will 
integrate over time to penalize delays in obtaining housing 
for the unsheltered population.

Alameda County undertook a system’s modeling effort to 
model the flow of clients through the system and test the 
effects of different levels of investment in housing and shel
ter each year (Alameda County, 2022). This allowed the 
stakeholders to determine an approximate cost needed to 
operate enough housing to reach functional zero. While the 
past efforts by the county delivered an excellent feasibility 
and cost analysis to an otherwise highly uncertain problem, 
they did not include queueing, uncertainty, or optimization 
directly. Singham et al. (2023) improved the county’s efforts 
by developing a simulation of a queueing model with uncer
tainty. However, the lack of tractability around this highly 
complex simulation model made determining an optimal 
solution difficult.

The present paper aims to address the problem of capacity 
sizing over time by constructing and optimizing a tractable 
fluid flow queueing model. To the best of our knowledge, this 
would be the first way capacity investment over time would be 
addressed. These results would allow Alameda County to 
determine the best allocation of resources between housing 
and shelter given a limited budget. The complexity in this 
approach stems from the fact that we optimize the capacity of 
the system over time, so we are effectively estimating optimal 
service capacity functions over time. We accomplish this by 
discretizing time and adopting a fluid flow model which tracks 
queueing as capacity is added to the system. This model 
returns the number of housed, sheltered, and unsheltered peo
ple over time. We then formulate objective functions which 
model the performance of a given capacity plan using the fluid 
flow model.

An additional feature that we incorporate to improve real- 
world feasibility is to include policy-based shape constraints on 
the decision variables. For example, it may be more feasible 
from a tax-raising standpoint to increase investment slowly 
over time, rather than requiring a large one-time investment 
up front, even though that may be the fastest resolution. 
Additionally, while shelter is critical to reducing unsheltered 
homelessness, communities may not want a large long-term 
reliance on shelter. One idea is to ramp up shelter in the short 
term while housing is still being built, and convert some of the 
shelter to housing in later years. This means that st would be 
unimodal over time with a peak partway through the model 
timeframe. Our flexible framework would allow for optimal 
solutions meeting feasibility constraints on what could be rea
sonably implemented.

Our modeling choices are motivated by numerous discus
sions with leadership of the Alameda Office of Homeless Care 
and Coordination, and the San Francisco Department of 

Homelessness and Supportive Housing. One author joined bi- 
weekly virtual data analysis meetings with Alameda County 
during 2022. The group was analyzing the results of survey 
work performed with stakeholders across housing organizations 
and focus groups including people with lived homeless experi
ence. Two authors met in person in 2023 with the now- 
Director of Alameda County’s Office of Homeless Care and 
Coordination, as well as leadership and analysts in San 
Francisco’s Homelessness and Supportive Housing Office. Our 
desire to find optimal capacity functions over time using a 
queueing model is directly motivated by planning needs faced 
by both counties.

Section 2 will briefly review the literature and place our 
contributions relative to past work. Section 3 describes the 
fluid flow queueing model, while Section 4 presents the opti
mization formulations and the corresponding numerical 
results are displayed in Section 5. Section 6 presents the 
results of sensitivity analysis for the optimal results, while 
Section 7 concludes.

2. Literature review

This section will briefly review the literature related to our 
approach. We will first consider the capacity sizing problem 
for queueing systems. Much of this research operates in a 
healthcare setting and support for people experiencing 
homelessness often involves aligning homeless services 
closely with healthcare resources. Next, we will discuss 
research that approaches resolving homelessness from a 
healthcare perspective. Finally, we will conclude this section 
by discussing key simulation and optimization literature 
related to modeling of homelessness systems, including those 
related to runaway youths.

There are traditional tradeoffs between a quality driven 
regime, where the focus is on reducing the customer’s wait
ing time, and an efficiency driven regime, where the focus is 
on having the servers always busy. In an efficiency driven 
regime, the probability that the customer must wait for a 
server converges to one. A balance between these regimes is 
the quality and efficiency driven (QED) regime. The well- 
known square root safety (SRS) rule determines a capacity 
that will achieve a QED regime. The SRS capacity is the 
sum of a base level to handle the mean arrival rate, plus a 
square root safety factor to accommodate variability. The 
effectiveness of the SRS hedging factor is measured relative 
to input parameter variability in Bassamboo et al. (2010). 
Besbes et al. (2022) also determine capacity planning rules 
for spatial contexts, whereby the SRS rule is insufficient to 
achieve a QED balance.

There has been much work in capacity planning for 
healthcare settings. Queueing models have been used to 
determine how many appointment slots to allow, for 
example, in planning for specialty clinics (Izady, 2015). Our 
approach is concerned with capacity planning over longer 
time horizons, with thousands of clients spending years in 
the system. Additionally, it can take years to build enough 
housing and shelter, so this type of capacity planning 
requires large-scale modeling compared to many healthcare 

Figure 2. Mt=G=ht Model of housing and shelter.
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models which seek to plan daily appointment schedules. 
Optimal capacity planning in queueing systems is often per
formed by varying the arrival and service rates of a system 
(Bretthauer, 1995; Stidham, 2009). In the context of home
lessness, we cannot necessarily control the arrival and ser
vice rates, but we can potentially control the levels of 
housing and shelter. This motivates us to consider varying 
server capacities over time. Liu et al. (2011) combine analyt
ical queueing methods and simulation modeling to deter
mine capacity expansion plans for a semiconductor 
production manufacturing system. Izady and Worthington 
(2012) develop an approach for determining staffing of 
emergency departments over time subject to changing 
arrival rates and a probabilistic requirement on the sojourn 
time. Konrad and Liu (2023) use a simulation-based learn
ing approach to balance exploration and exploitation in 
staffing models that seek a probabilistic tail delay limit.

To the best of our knowledge, there are very few exam
ples of long-term capacity planning studies which strive for 
not only an optimal future capacity, but also optimal inter
mediate steps. Mohammadi Bidhandi et al. (2019) optimize 
future capacity across a network of community health serv
ices but only model the change from the status-quo to the 
optimal capacity, rather than optimize it. Zhang et al. (2012) 
propose the use of a simulation optimization approach 
called bisection search for setting long-term capacity for 
beds in care facilities. From year to year they find the min
imum number of beds required to have a high probability 
of meeting set service levels. Each search step requires mul
tiple runs of a discrete-event simulation model. Lin et al. 
(2025) use this approach to optimize annual care capacity 
over a twenty year planning horizon for an elderly care sys
tem in China. In contrast to simulation optimization, we 
aim to use a fast deterministic model to optimize long-term 
capacity plans.

The notion of tandem queues is widely present in health
care settings, and is relevent to our modeling of housing 
and shelter systems. For example, emergency departments 
feed into hospitals, or acute term care facilities feed into 
long-term care facilities (Patrick, 2011; Patrick et al., 2015). 
In many of these cases, if there is an issue with downstream 
capacity in the second server system, there will be long wait
ing times for the first server system. This is especially true if 
blocking exists between servers, so patients cannot leave the 
first server system until there is a spot available in the 
second server system. Methods for allocating resources 
across servers in zero-buffer systems for the purposes of 
optimizing throughput are studied in Yarmand and Down 
(2013, 2015). While the homeless housing system can be 
thought of as a tandem queue (as in Figure 1), because cli
ents only stay in shelter if housing is not available, we are 
able to reformulate the tandem queue to the format in 
Figure 2.

The application of operations research approaches to 
modeling specific homelessness solutions is an active area of 
research. The combination of healthcare modeling with 
homeless resource planning has become an important area 
of research for solving critical issues affecting the homeless 

population (Higgs et al., 2007; Ingle et al., 2021; Reynolds 
et al., 2010). There has also been research invested into 
determining the right level of detail or specification of a 
portfolio of services for homeless populations (Arora et al., 
2022). Rahmattalabi et al. (2022) create a queueing system 
to study the effect of matching a client with resources 
according to an eligibility structure while taking fairness 
constraints into consideration. Optimization of equity in 
food redistribution for soup kitchens and homeless shelters 
is considered in Balcik et al. (2014).

In particular, there have been recent efforts to model 
homelessness as a queueing problem. There is a stream of 
research related to shortages of shelter beds for runaway 
youths in New York. Miller et al. (2022) analyze alternatives 
by comparing improvements from increasing shelter cap
acity by optimizing benefit to cost ratios. Kaya and Maass 
(2022) develop a queueing model with abandonment to 
improve equitable access to youths with different types of 
shelter needs and priorities. Their formulation minimizes 
the number of servers needed subject to some constraints 
on the quality of service. Homelessness may also be tied to a 
higher risk of human trafficking, and optimization has been 
used to determine the allocation of shelters and the impact 
on societal value (Maass et al., 2020). Kaya et al. (2024) 
develop a complex optimization model to determine how to 
assign youth to shelter resources given particular profiles of 
the individual and the specific services offered by the 
shelters.

Singham et al. (2023) modeled the homeless system in 
Alameda County as a sequence of serial and parallel queues 
and used simulation to provide in-depth feasibility and cost 
analysis of different strategies under reasonable levels of 
uncertainty. While this simulation model provides a first 
approach to county-level modeling as a queue, it is not 
amenable to optimization given its complexity, high levels of 
uncertainty, and long runtimes. However, Singham (2023) 
does attempt to determine the appropriate long-term level 
of shelter using a batching-based quantile estimation method 
applied to highly dependent simulation output. Coordinated 
entry has also emerged as an important federally-mandated 
mechanism for streamlining client entry into county man
aged homeless systems to enable efficient matching with 
available resources, and tracking wait-lists for various types 
of shelter and housing. Clients experiencing homelessness 
can enter the system at coordinated entry access points, 
where their needs will be managed as part of a centralized 
system to avoid attempting to find housing at separate indi
vidually managed facilities (U.S. Department of Housing 
and Urban Development, 2024). Managing routing of clients 
through a queueing system using coordinated entry in San 
Francisco is simulated in Singham et al. (2025). While these 
papers attempt to model specific policies and system behav
iors, we are motivated to construct a simplified model that 
can directly be optimized to suggest long-term planning sol
utions to guide policymakers.

Finally, we discuss recent function estimation methods 
that can incorporate shape information as constraints. The 
ability to incorporate shape information into function 
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estimation problems is an important area of research. While 
the literature on these types of models spans a broad range 
of statistical literature that we omit here, we note shape con
straints are an important part of structuring distributionally 
robust optimization problems over function spaces. In par
ticular, a focus on unimodal functions may lead to tractable 
formulations (Lam et al., 2021, 2024), and we will employ 
unimodal shape constraints in our formulations. In particu
lar, we will suggest that investment into housing increases 
monotonically over time to encourage increased investment 
into the system. Additionally, we will test the effects of a 
unimodal shelter function, whereby shelter will initially 
increase to serve the current unsheltered population, but is 
allowed to decrease after additional permanent housing has 
been constructed.

3. Queueing model for a homeless care system

The previous section discussed many papers that model and 
simulate the specific movements of people through the 
homeless system (Kaya et al., 2024; Kaya and Maass, 2022; 
Singham et al., 2023, 2025). In contrast to this work, we 
develop a simplified queueing model that will allow us to 
optimize long-term planning investments in housing and 
shelter. This analysis will enable Alameda County to esti
mate the overall level of investment needed to reduce the 
unsheltered queue, and will help determine the relative allo
cation of investment into housing versus shelter over time. 
Because there are thousands of people in the system, a fast 
model that considers the general flow of clients through the 
system as in Figure 2 could approximate aggregate behavior 
effectively. A corresponding optimization formulation could 
then suggest an optimal capacity plan that could then be 
applied to a more detailed simulation model, such as the 
one in Singham et al. (2023).

Given the current limits on homeless resources in 
Alameda County relative to demand, the system operates in 
an efficiency driven regime where the servers are always 
occupied due to queueing instability in the system. In the 
status quo the servers are not able to house people as 
quickly as needed because the arrivals to the system outpace 
the service rate, and there exists a large queue of people 
waiting from previous years. Not only are there not enough 
housing slots, but turnover may be low because people are 
staying in the system for long periods of time, and possibly 
permanently in some cases. This assumption that there is 
always a queue motivates the use of a fluid flow model, 
described next.

3.1. Fluid flow model

The overloaded state of this efficiency driven regime moti
vates our use of a fluid flow model. Since servers are always 
occupied, the outflow from the system is independent of the 
inflow. The mean queue length can then be easily approxi
mated using fluid flow equations. This involves modeling a 
continuous-valued number of people which is reasonable 
when the numbers are large. Because the assumption of an 

efficiency driven regime with a large inflow of customers 
relative to system outflow is realistic for many homeless sys
tems in California, we employ a fluid flow model to allow 
for tractable optimization. This optimization is fast in part 
due to the low computational cost of our fluid flow model. 
We use the terms fluid flow model and fluid flow queueing 
model interchangeably. Fluid flow models can be useful for 
evaluating waiting times in healthcare systems 
(Worthington, 1991), for establishing the limits of complex 
queueing systems (Nov et al., 2022), and as a basis for 
understanding preliminary aspects of a simulation optimiza
tion (Jian and Henderson, 2015). Background on the devel
opment of fluid flow models as the limits of queueing 
systems using the functional strong law of large numbers is 
available in Chapter 5 of Chen and Yao (2001).

This section introduces a fluid flow queueing model 
which tracks the number of housed, sheltered, and unshel
tered clients over time. The two main inputs to the model 
are a changing arrival rate over time, and a housing service 
rate which changes as housing is built. Additionally, the 
amount of shelter space available to support the queue for 
housing may change over time. This models the dynamics 
in Figure 2. Due to the current large queue for housing and 
continued inability for housing rates to keep up with arrivals 
to the system, the assumption that the servers will always be 
busy is not only reasonable, but significant enough to negate 
the usual assumptions of steady-state queueing behavior 
where the servers are idle with some positive probability.

In our fluid flow model we ignore the randomness in the 
arrival process and the service process for homeless people 
entering and leaving the homeless care system. Instead we 
assume that “fluid” flows into the system continuously at a 
rate kðtÞ and flows out at rate lðtÞ ¼ l0hðtÞ where l0 is the 
service rate of a single housing unit and hðtÞ is the continu
ous-valued number of houses at time t. Given the initial 
number of people in the system X0; at time t we can calcu
late the subsequent number of people in the system, XðtÞ; as

XðtÞ ¼ X0 þ

ðt

0
kðvÞdv −

ðt

0
l0hðvÞdv:

We split the queue for housing into an unsheltered and a 
sheltered part. We denote by sðtÞ the continuous-valued 
number of shelters at time t. The size of the unsheltered 
queue uðtÞ is then

uðtÞ ¼ XðtÞ − hðtÞ − sðtÞ

¼ X0 þ

ðt

0
kðvÞdv −

ðt

0
l0hðvÞdv − hðtÞ − sðtÞ,

(3.1) 

where we assume that capacities hðtÞ and sðtÞ are sufficiently 
small compared to the given arrival rate kðtÞ so that these 
resources are always full, and the use of a fluid flow model 
remains appropriate. In other words, the number of people 
housed and the number in shelter are the same as the hous
ing and shelter capacities hðtÞ and sðtÞ; respectively. In real
ity, there may be some friction in the system in that 
housing may be idle while units are experiencing turnover 
and the next person in the queue is being located, but this 
time can be incorporated into the service time distribution.
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When analyzing the dynamics of the fluid flow model 
over a modeling horizon, we discretize time into days. We 
now let kd, hD

d , sD
d and ud for all d 2 f1, :::, Dg be the discre

tized equivalents of kðtÞ, hðtÞ, sðtÞ and uðtÞ; respectively, 
where D is the modeling horizon in days and is used as a 
superscript where we must later distinguish between daily 
and annual capacities. In order to evaluate our various 
objective functions (which we describe in Section 4) we typ
ically approximate (3.1) with the sum

ud ¼ X0 þ
Xd

d0¼1
kd0dt −

Xd

d0¼1
l0hD

d0dt − hD
d − sD

d , (3.2) 

where l0 is the daily service rate of a single housing unit 
and the stepsize dt ¼ 1 day: In Figure 3 we give an illustra
tive example of the dynamics of ud given by our fluid flow 
model, calibrated using realistic estimates for X0, l0 and 
kd, hD

d , sD
d for all d 2 f1, :::, Dg based on Singham et al. 

(2023). The arrival rate first increases and then subsequently 
decreases as independent prevention efforts take effect 
(Alameda County, 2022). The daily service rate l0 is equiva
lent to a service time of 4 years.

Figure 3 shows an example of how one might come close 
to reaching functional zero in five years. The level of housing 
investment steadily increases over time. There is some initial 
increase in shelter, though in general there is less investment 
in shelter over the long term than in housing. The unsheltered 
population is stabilized and then eventually decreases 
approaching zero. We emphasize that Figure 3 displays the 
results for optimistic current estimates which cannot necessar
ily be extrapolated to future years. The user may use our opti
mization model to recompute the figure using adjusted arrival 
and service rates representing actual conditions in future years 
if more information becomes available.

In Section 4 we will evaluate (3.2) using annual housing 
and shelter capacity vectors h ¼ fht 8t 2 0, :::, Tg and s ¼
fst 8t 2 0, :::, Tg where T is a time horizon in years. In this 
case we assume that any annual increase or decrease in cap
acity is spread evenly throughout the year, and (3.2) becomes

udðh, sÞ ¼ X0 þ
Xd

d0¼1
kd0dt −

Xd

d0¼1
l0hD

d0 ðhÞdt − hD
d ðhÞ − sD

d ðsÞ,

(3.3) 

where

hD
d ðhÞ ¼ hb d

365c
þ

d
365

−
j d

365

k� �

hd d
365e

− hb d
365c

� �
(3.4) 

and

sD
d ðsÞ ¼ sb d

365c
þ

d
365

−
j d

365

k� ��
sd d

365e
− sb d

365c

�
: (3.5) 

3.2. Modeling assumptions and extensions

This section describes the assumptions required for our 
model, and also the ways in which our model can be 
extended to other settings by changing the inputs to our 
code.

3.2.1. Queue structure
The main assumption motivating the use of a fluid flow 
model is that the housing servers are always busy and there 
exists a queue. This motivates the use of an aggregate model, 
with which we are looking to optimize a capacity plan for 
the entire system. In the aggregate model we consider a sin
gle queue for the entire system, which does not necessarily 
represent an actual physical list of clients waiting for hous
ing, but rather the county-wide count of unsheltered people 
that require resources. We do not consider individual needs 
of clients for differentiated types of housing services. We do 
allow for a non-homogeneous arrival process, but assume 
the service rate for each housing unit stays constant for the 
duration of the model run (the overall service rate will 
change with changing levels of housing). We also assume 
that the housing and shelter capacity changes occurring in a 
given year are spread equally throughout the year.

Additionally, we do not consider abandonment from the 
queue. In reality, there will be a lot of friction in the system pre
venting a simple first-in-first-out execution. For example, clients 
need to be eligible sobriety-wise for some types of housing, or 
priority will be given to clients with certain physical or mental 
health needs. Since our model considers planning at an aggre
gate scale which assumes there will always be clients available to 
fill empty housing spots, we can absorb friction from abandon
ment and other implementation issues into the service time at 
housing. These simplifying assumptions are all directly in-line 
with Alameda County’s Home Together Plan (Alameda County, 
2022) which attempts to assess the overall costs and housing 
needs for future years.

3.2.2. Client type
The model is designed to treat clients arriving to the system 
as homogeneous. The homeless population in Alameda 
County consists largely of single adults, with 91% of clients 
falling into this category (Oakland-Berkeley-Alameda 
County CoC, 2020). Alameda County has developed parallel 
modeling analyses for single adults, families and youths, by 
using the same modeling approach but varying the data 

Figure 3. Dynamics of ud; sD
d and hD

d : X0 ¼ 12000; l0 ¼
1

4�365 days ; daily arrival 
rates kd in each year: 12:0, 13:2, 13:2, 11:9, 10:7:
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inputs. In this paper, we focus on a model for individual 
homelessness so that one person should be allocated one 
housing unit. However, by adjusting the arrival rates and 
service rates for a different type of customer (i.e., families, 
couples, or youths) the same formulations could be applied 
as long as there was a one-to-one matching between a client 
and a type of housing unit. We calibrate our numerical 
results using the single adult category which has greatest 
amount of housing need in Alameda County and supports 
the assumptions required for using a fluid flow model.

3.2.3. Numerical results and extensions
We make certain assumptions in our displayed numerical 
results that are not required to extend the model and for
mulations to other settings. For example, our numerical 
results will show a particular sequence of arrival rates over 
time. The arrival rates can be modified for each year by 
changing the input files to the optimization, while we 
assume the service rate for a housing unit stays constant 
(though this constant value can be varied by the user). 
Section 6 will demonstrate the optimal objective sensitivity 
from varying the arrival and service rate inputs. Finally, 
while our numerical formulations contain constraints requir
ing housing capacity to increase over time, this constraint 
can be removed allowing housing capacity to decrease. We 
suggest some shape constraints in the formulations to be 
presented in Section 4, and additional shape constraints may 
be included as desired.

4. Optimization formulations

The fluid flow model represents a new approach for quickly 
assessing the feasibility and effectiveness of different invest
ment plans ht , st: High levels of investment earlier in our 
horizon will more quickly decrease the unsheltered queue. 
However, there are obvious cost and implementation limita
tions, which motivates a constrained optimization approach.

In this section, we will present different optimization for
mulations applied to our fluid flow queueing model. These 
formulations will optimize the levels of housing and shelter 
to be built over time, and the objective functions will 
attempt to minimize the unsheltered and sheltered popula
tion according to different metrics. First, we present the 
basic notation associated with the terms in our formulation. 
Section 4.1 will present a linear formulation, while Sections 
4.2 and 4.3 will present more complex nonlinear formula
tions. The associated numerical results will be presented in 
Section 5 with sensitivity analysis in Section 6. We define 
the following terms:

� Let subscript d denote time in days and subscript t 
denote time in years.

� Let Ta be the horizon (in years) over which we model 
the dynamics of the system while altering housing and 
shelter capacities, where Ta 2 N:

� Let Tb be the additional horizon (in years) over which 
we continue to model the dynamics of the system 

without altering housing or shelter capacities, where Tb 2

N: We do this in order to allow increased housing cap
acity to have a meaningful effect on the system over a 
long period of time beyond a finite investment period.

� Let D ¼ ðTa þ TbÞ � 365 be the total modeling horizon 
in days.

� The vectors h ¼ fht 8t 2 0, :::, Ta þ Tbg and s ¼
fst 8t 2 0, :::, Ta þ Tbg are the model decision variables 
which contain continuous-valued annual housing and 
shelter capacities, respectively. The fluid flow model 
spreads annual changes in capacity equally over each day 
in the year, as detailed in equations (3.4) and (3.5).

� C is the total budget for building housing and shelter.
� Let ch and cs be the costs of increasing ht and st; respect

ively, by 1, at any time.
� Let H0 and S0 be the initial housing and shelter capaci

ties, respectively.
� Let Bh and Bs be baseline minimum annual housing and 

shelter build rates, respectively, where Bh, Bs > 0:
� Define w 2 ð0, 1Þ as a weight between two objective 

terms which ensures that a sheltered queue is not penal
ized more than an unsheltered queue of the same size.

4.1. Linear formulation/objective 1

Our first formulation U0 minimizes a linear combination of 
the unsheltered and sheltered queues subject to minimum 
build constraints and a total budget constraint. Recall that 
ud and sd are the output of the fluid flow model reporting 
the unsheltered and sheltered populations each day, respect
ively. Let y0ðh, sÞ be a deterministic linear objective function, 
evaluated using the fluid flow model equations (3.3), (3.4)
and (3.5): 

y0ðh, sÞ ¼
1
D

XD

d¼1
udðh, sÞ þ

w
D

XD

d¼1
sD

d ðsÞ: (4.1) 

The following linear formulation U0 is

U0 ¼ min
h, s

y0ðh, sÞ (4.2) 

s:t:
XTa

t¼1
ch ht − ht−1½ � þ cs st − st−1½ � � C (4.3) 

h0 ¼ H0 (4.4) 

ht � ht−1 þ Bh 8t 2 f1, :::, Tag (4.5) 

ht ¼ hTa 8t 2 fTa þ 1, :::, Ta þ Tbg (4.6) 

s0 ¼ S0 (4.7) 

st � st−1 þ Bs 8t 2 f1, :::, Tag (4.8) 

st ¼ sTa 8t 2 fTa þ 1, :::, Ta þ Tbg: (4.9) 

Constraint (4.3) ensures the total budget is not exceeded. 
Constraints (4.4) and (4.7) enforce the initial housing and 
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shelter capacities. Constraints (4.5) and (4.8) ensure levels of 
capacity are always increasing by a baseline amount, needed 
to ensure a sensible amount of building takes place through
out the horizon Ta: This equates to a shape constraint that 
says st and ht must be monotonically increasing over time. 
This constraint is needed to ensure the optimization does 
not allocate all resources towards building in time 0, which 
would not be feasible from a long-term implementation 
planning perspective since continual investment is easier to 
budget and justify to stakeholders. Finally, constraints (4.6)
and (4.9) fix ht and st during the horizon Tb after the build
ing horizon has occurred.

4.2. Nonlinear formulation/objective 2

Here we introduce a quadratic objective function to reflect the 
fact that neither the unsheltered nor the sheltered queue should 
become excessively long. Finding this balance involves a careful 
tradeoff between building shelter (which quickly reduces the 
unsheltered queue) and building housing (which gives long- 
term relief to the system, at the expense of initially large unshel
tered queues). Furthermore, as seen in Alameda County, long 
waiting times can increase subsequent service times as people’s 
situations may deteriorate (though we do not model state- 
dependent service times here). This further motivates the quad
ratic penalty on both parts of the queue. We keep the same 
budget constraint and constraints on increasing capacity by 
some minimum amount. Let y1ðh, sÞ be a deterministic quad
ratic objective function, evaluated using the fluid flow model:

y1ðh, sÞ ¼
1
D

XD

d¼1
udðh, sÞ2 þ

w
D

XD

d¼1
sD

d ðsÞ
2
: (4.10) 

Our first nonlinear formulation U1 has objective (4.10)
with the same constraints as in the linear formulation:

U1 ¼ min
h, s

y1ðh, sÞ (4.11) 

s:t:
XTa

t¼1
ch ht − ht−1½ � þ cs st − st−1½ � � C (4.12) 

h0 ¼ H0 (4.13) 

ht � ht−1 þ Bh 8t 2 f1, :::, Tag (4.14) 

ht ¼ hTa 8t 2 fTa þ 1, :::, Ta þ Tbg (4.15) 

s0 ¼ S0 (4.16) 

st � st−1 þ Bs 8t 2 f1, :::, Tag (4.17) 

st ¼ sTa 8t 2 fTa þ 1, :::, Ta þ Tbg: (4.18) 

4.3. Nonlinear formulation/objective 3

Here we introduce different shape constraints to show the 
flexibility of our framework. Instead of ensuring capacity 

increases by a minimum amount each year, we ensure that 
the rate of capacity increase must stay the same or increase 
over Ta to reflect the fact that the budget available for hous
ing capacity expansion may typically grow over time and 
not all be available immediately. This not only requires 
housing to increase over time, but the rate of change must 
not decrease as well, which amounts to a non-decreasing 
derivative shape constraint. We note that this assumption is 
not realistic in practice, in that planners cannot usually 
guarantee increasing rates of investment levels over time 
due to fluctuating budgets and resource availability. 
However, planners may wish to show the effects of an ideal 
investment situation where there is continually increasing 
investment into housing and shelter. Thus, this constraint 
demonstrates the feasibility of adding custom time-varying 
shape constraints to our formulations.

We can also require shelter investment to follow a uni
modal function, whereby it increases for a given time 
period, and then decreases. This shape constraint has been 
suggested by Alameda County as a way of encouraging an 
initial ramp-up of shelter, but eventually excess shelter could 
be converted to housing to avoid permanent large shelters 
once the queue has been reduced. To implement this unim
odality constraint on st; we introduce a mode Tc for the 
shelter capacity function over time, where Tc � Ta and Tc 2

N: We ensure that the shelter capacity monotonically 
increases before Tc and monotonically decreases subse
quently. Decreases in the shelter capacity correspond to 
shelter being decommissioned, which simply means the 
objective function shelter penalty decreases. Furthermore, 
there is a financial saving when shelter capacity decreases, in 
which case the second term in the summation in our budget 
constraint is negative. The planned implementation is for 
excess shelter to be converted to housing, but we don’t 
model that conversion explicitly here. The non-linear formu
lation including this unimodal shape constraint and rate of 
change constraint is:

U2 ¼ min
h, s

y1ðh, sÞ (4.19) 

s:t:
Xt0

t¼1
ch ht − ht−1½ � þ cs st − st−1½ � � C 8t0 2 f1, :::, Tag

(4.20) 

h0 ¼ H0 (4.21) 

ht � ht−1 8t 2 f1, :::, Tag (4.22) 

ht ¼ hTa 8t 2 fTa þ 1, :::, Ta þ Tbg (4.23) 

htþ1 − ht � ht − ht−1 8t 2 f1, :::, Ta − 1g (4.24) 

s0 ¼ S0 (4.25) 

st � st−1 8t 2 f1, :::, Tcg (4.26) 

st � st−1 8t 2 fTc þ 1, :::, Tag (4.27) 
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st � s0 8t 2 fTc þ 1, :::, Tag (4.28) 

st ¼ sTa 8t 2 fTa þ 1, :::, Ta þ Tbg: (4.29) 

Constraints (4.20) ensure the total budget is never 
exceeded. Here a single budget constraint as in our previous 
formulations is not enough, since then the total budget 
could be exceeded in one year as long as a saving was subse
quently made from decommissioning shelter. With this set 
of constraints we ensure that at no point can the total 
expenditure to that point exceed the total budget, so any 
savings from decommissioning shelter cannot be spent 
before they are made. Constraints (4.22) ensure the housing 
capacity monotonically increases, while constraints (4.24)
ensure the rate of change of housing capacity also monoton
ically increases from year to year. Constraints (4.26) ensure 
the shelter capacity monotonically increases up to the mode 
Tc and constraints (4.27) ensure it subsequently decreases 
monotonically. Finally, constraints (4.28) ensure the shelter 
capacity never drops below its initial capacity.

5. Numerical results

In Table 1 we list the model parameters we used when opti
mizing formulations U0; U1 and U2: These approximate val
ues are based on Alameda County (2022) and Singham et al. 
(2023). We choose Bh, Bs ¼ 500 units in order to allocate 
half of the budget C to meeting the minimum build con
straint and allow the remaining half to be spent in an opti
mal way. We considered a range of weights w for the 
quadratic shelter penalty in Equation 4.10. A higher weight 
corresponds to a preference for long-term housing solutions 
at the expense of a larger unsheltered queue in the short- 
term. The choice of weight should in practice be guided by 
the decision-makers preference for a long- or short-term 
solution. We settled on w ¼ 0:3 to give a meaningful penalty 
to shelter but without undermining its advantage over an 
unsheltered queue. We use a current estimate of the arrival 
rate of 10/day for the first Ta years of the modeling horizon. 
We anticipate that with major local prevention efforts 
(Regional Impact Council, 2021), which take place inde
pendently of capacity expansion, the arrival rate might 
potentially drop significantly to an estimate of 6/day in the 

long run. However this assumption is based on optimistic 
predictions from discussions with Alameda County and so is 
not well-justified with data. In Section 6 we test a variety of 
possible long-term arrival rates to analyze the sensitivity of 
the optimization results to this updated arrival rate, includ
ing the case where the arrival rate does not change at all.

Our framework is flexible to alternative arrival rate func
tions, so we recommend planners adjust their input values 
accordingly as data is updated. In practice, actual housing 
resources may not match anticipated levels, so the input val
ues to the model and code should be updated using recent 
data as it becomes available. While we employ values from 
Alameda County’s single adult population which has 
extremely high queues, our code and approach can be used 
to help with capacity planning for other populations. The 
main resource for data is HMIS (Homeless Management 
Information System) which can be used to estimate of the 
number of people arriving to the system. These values can 
then be used to calculate arrival rates. HMIS also tracks the 
number served, as well as current housing and shelter inven
tory levels, and these values can be used to calibrate housing 
server parameters. Additionally, counties are responsible for 
tracking clients as they arrive using Coordinated Entry. We 
used aggregated data from Alameda County and housing 
planning discussions to determine the values of Ta; kd; X0;

h0; s0; ch; cs and l0 in Table 1. We notionally chose the val
ues of Tb; Tc; C, Bh; Bs and w as proposed parameters for 
our optimization problem, but these could change based on 
varying preferences of the system planners.

In Figures 4, 5 and 6 we illustrate the model dynamics 
for the optimal solutions to U0; U1 and U2; respectively. For 
U0; the daily quantities hd; sd and ud corresponding to the 
optimal values of ht and st are displayed in Figure 4. We 
prefer to spend all surplus budget (beyond what is needed 
for the baseline capacity) in the first year on housing. There 
is no incentive to spend the surplus budget later when the 
effect would be diminished. The benefit (on the objective 
value) per USD spent on housing in the first year is greater 
than the equivalent benefit of shelter. If we were to increase 
ch; then the benefit per USD of housing would decrease as 
fewer houses could be built. If we were to decrease the 
housing service rate l0; the benefit would also get worse. In 
either case, with sufficient change, the benefit per USD 

Table 1. Model parameters

Value (U0) Value (U1) Value (U2)

Ta 5 years 5 years 5 years
Tb 5 years 5 years 5 years
Tc – – 3 years
kd

10
day 8d 2 f1, :::, Ta � 365g 10

day 8d 2 f1, :::, Ta � 365g 10
day 8d 2 f1, :::, Ta � 365g

6
day 8d 2 fTa � 365þ 1, :::, Dg 6

day 8d 2 fTa � 365þ 1, :::, Dg 6
day 8d 2 fTa � 365þ 1, :::, Dg

X0 12,000 people 12,000 people 12,000 people
h0 4,000 units 4,000 units 4,000 units
s0 1,500 units 1,500 units 1,500 units
ch 30,000 USD/unit 30,000 USD/unit 30,000 USD/unit
cs 10,000 USD/unit 10,000 USD/unit 10,000 USD/unit

C 200,000,000 USD 200,000,000 USD 200,000,000 USD
Bh 500 units 500 units –
Bs 500 units 500 units –
l0

1
4�365 days

1
4�365 days

1
4�365 days

w 0.3 0.3 0.3
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spent on shelter may surpass that of housing, and building 
shelter would become preferable. This would also happen if 
we were to reduce the cost cs sufficiently, enabling more 
shelters to be built per USD. Due to the linearity of the 

objective function, it would never be preferential to spend 
the surplus budget on a mixture of housing and shelter.

The results for U1 are dispayed in Figure 5. With this 
nonlinear formulation, we still prefer to spend all surplus 
budget in the first year, but there is now a preference for a 
mixture of extra housing and extra shelter. This is because 
the quadratic penalty associated with a high unsheltered 
population encourages shelter which quickly reduces the size 
of the unsheltered queue. However, the quadratic penalty of 
having a large sheltered population encourages early invest
ment in housing above the minimum. This housing invest
ment in time also has a meaningful effect on reducing the 
unsheltered queue, since sufficient houses may be built to 
have a total service rate higher than the arrival rate, thus 
bringing stability to the system.

With U2 (results in Figure 6), we can see the effect of 
shape constraints. We note that the initial ramp up of shel
ter is able to bring the unsheltered queue down in the short 
term. The rate of increase in the housing capacity must not 
decrease over time so we see a more steady increase in 
housing compared to previous solutions. The total amount 
of housing we can build is affected by the fact that after the 
shelter mode at t ¼ 3 years, decommissioning shelter makes 
more budget available for housing. Thus we are able to 
achieve sufficient housing for a stable system in the long 
term, while affording immediate relief to the system via 
shelter. We note that with this formulation, for every 3 shel
ters decommissioned, 1 house may be acquired, resulting in 
2 people immediately rejoining the unsheltered part of the 
queue. Although this enables the housing capacity to 
increase which is good for long-term relief to the system, 
the immediate effect is undesirable in practice and we see 
that after 5 years the unsheltered queue is again very large. 
An alternative formulation may enforce a more controlled 
decommissioning process by, for example, including a shape 
constraint on the total number of housing and shelter units.

In Table 2 we list the optimal solutions to U0; U1 and U2 
in terms of the capacity at the end of each year and the pro
portion of the total budget spent on building in that year. 
Negative budget spent corresponds to a saving made by 
decommissioning shelter. All optimal solutions spend the max
imum possible budget of 200,000,000 USD. The solution to U0 
sees the biggest early investment in housing as it is preferable 
to shelter according to the given linear objective function. 
With the quadratic objective function, the solution to U1 sees 
a slightly smaller early investment in housing along with a 
slightly bigger early ramp up of shelter, compared to U0: The 
solution to U2; in contrast, sees a large early ramp up of shel
ter and a steady investment in housing over time. In years 4 
and 5 we see decommissioning of shelter in the solution to U2 
to enable the continued investment in housing.

In Figure 7 we compare the dynamics of the unsheltered 
queue for each optimal solution. All solutions see an initial 
drop in the unsheltered queue as early investment is made, 
followed by a subsequent rise as capacity slowly catches up 
with demand. Then there is a decrease as the arrival rate 
drops and enough houses have been built to bring stability 
to the system. If the arrival rate does not decrease as 

Figure 4. Optimal solution for U0:

Figure 5. Optimal solution for U1:

Figure 6. Optimal solution for U2:
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anticipated, the long-term unsheltered population may not sta
bilize given current resource levels. In comparison to U0; the 
solution to U1 gives greater immediate relief to the system via 
shelter but less long-term relief via housing. The solution to 
U2 gives substantial short-term relief to the system. Long-term 
relief to the system is slower here with a more realistic gradual 
increase in housing capacity, enforced by the shape constraints.

We solved all problems in Pyomo using the GLPK solver 
for U0 and the IPOPT solver for U1 and U2: Problems U0;

U1 and U2 were solved in 0.662, 0.760 and 0:759 seconds;
respectively. All code used for this analysis is publicly avail
able at https://github.com/grahamburgess3/tvcp

We note that the input values used to display numerical 
results in this paper are subject to change, and emphasize that 
the model user should update the input values as additional 
data becomes available. The optimal solutions presented in the 
figures are designed to show how the objectives and constraints 
could affect planned investment in housing and shelter for our 
given set of inputs. Alameda County was searching for an 
investment plan that would reach functional zero in five years, 
and we demonstrate some conditions under which the number 
of unsheltered people stabilizes over the long term. In reality, 
arrival rates may be higher than expected and service rates 
lower than anticipated. Thus, it is important to consider a 
range of possible inputs to the model, motivating the sensitivity 
analysis in the next section which reveals situations when the 
system never stabilizes.

6. Sensitivity analysis

As discussed in Section 3, the two main inputs to the fluid 
flow model are the arrival rate and the service rate. There is 

uncertainty associated with these inputs, especially over 
planning horizons such as those faced by Alameda County. 
In this section we shed light on the sensitivity of the opti
mization results to changes in these model inputs. In 
Section 5 we used an arrival rate of 10/day which reduced 
to 6/day at the end of the 5-year decision horizon. We 
maintain the initial arrival rate of 10/day during the 5-year 
decision horizon. However, we now consider alternative 
assumptions for the additional 5-year modeling horizon. We 
give particular attention to the case where the arrival rate 
remains at 10/day during this period. We also let the arrival 
rate during the additional 5-year modeling horizon take val
ues from 5/day to 13/day. For simplicity we model a step 
change in the arrival rate at the end of the decision horizon. 
In Section 5 the service time for a client in housing was 
4 years. We now let this service time take values from 3.5 to 
5.5 years. These ranges were chosen to reflect the uncertainty 
in the real-world quantities, purposefully avoiding model 
inputs which would violate the assumption of houses and 
shelters always being occupied. We note that it is very diffi
cult to predict future arrival rates which may change every 
year (as opposed to changing only after 5 years), and so it is 
important for the user to update the model input code and 
rerun the planning model as new information becomes 
available.

6.1. Optimization results for a range of model inputs

In this section we solve the optimization problem U2 for 
each element of a 9� 9 input space. We construct this input 
space using the aforementioned ranges in arrival rates and 
service times. The objective function U2 is a quadratic com
bination of the unsheltered and sheltered queues on each 
day of the 10-year modeling horizon, as given in Equation 
4.10. Figure 8 displays the objective values for the resulting 
optimal solutions. As the arrival rate increases, and as the 
service time at housing increases, the objective value of the 
optimal solution becomes worse. In Figure 8 we indicate 
with white squares where the optimal solution exhibits 
queueing stability after the end of the decision horizon, i.e., 
where the total service rate given the housing capacity 
exceeds the arrival rate. This illustrates that given our opti
mization framework, only certain arrival rate and service 
time combinations will result in an optimal solution which 
will lead to a long-term decrease in the unsheltered queue.

To compare the specific case when the arrival rate drops 
to 6/day with the case when the arrival rate remains at 10/ 
day, we plot the dynamics of the corresponding optimal sol
utions in Figure 9. When the arrival rate remains at 10/day, 
the optimal solution includes less housing but more shelter 

Table 2. Optimal capacities at the end of each year (proportion of total budget spent)

Type Initial Year 1 Year 2 Year 3 Year 4 Year 5

U0 Housing 4000 7833 (57.5%) 8333 (7.5%) 8833 (7.5%) 9333 (7.5%) 9833 (7.5%)
Shelter 1500 2000 (2.5%) 2500 (2.5%) 3000 (2.5%) 3500 (2.5%) 4000 (2.5%)

U1 Housing 4000 7497 (52.5%) 7997 (7.5%) 8497 (7.5%) 8997 (7.5%) 9497 (7.5%)
Shelter 1500 3008 (7.5%) 3508 (2.5%) 4008 (2.5%) 4508 (2.5%) 5008 (2.5%)

U2 Housing 4000 5094 (16.4%) 6188 (16.4%) 7282 (16.4%) 8376 (16.4%) 9470 (16.4%)
Shelter 1500 8148 (33.2%) 8148 (0.0%) 9040 (4.5%) 8371 (−3.3%) 5089 (−16.4%)

Figure 7. Unsheltered queue for each optimal solution.
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compared to when the arrival rate drops to 6/day, however 
these differences are relatively small. When the arrival rate 
remains at 10/day, the unsheltered population grows during 
the additional 5-year modeling horizon. This is in stark con
trast to when the arrival rate drops to 6/day. Here, the 
unsheltered population decreases in the long term. It is 
interesting to note that while the objective values of the 
optimal solutions are very different, the optimal solutions 
themselves (the capacity plans) are reasonably similar. It is 
also worth noting that the instability of the queue with the 
arrival rate of 10/day is a result of the budget constraint of 
this problem. An increase in the budget would help to 
achieve stability at higher arrival rates.

6.2. The effect of making a “wrong” decision

In this section we explore the regret associated with choos
ing a capacity plan using model inputs which do not materi
alize in reality. To this end, first consider the optimal 
solutions from Section 6.1 where for each element of the 
9� 9 input space we solve the optimization problem U2: In 
the left plot of Figure 10 we display the average unsheltered 
queue over the 10-year modeling horizon using these opti
mal solutions. This can be interpreted by a decision-maker 
as the range of optimal outcomes given the range of model 

inputs. Next consider the optimal solution to U2 from 
Section 5 where the arrival rate reduces to 6/day and service 
time at housing is 4 years. We call these model inputs x0 and 
the corresponding optimal solution ðh0, s0Þ: In the center 
plot of Figure 10 we display the average unsheltered queue 
over the 10-year modeling horizon using this optimal solu
tion ðh0, s0Þ but with the range of different model inputs. 
This can be interpreted by a decision-maker as the range of 
outcomes in practice following this specific decision. For a 
given set of model inputs x (a given grid cell) by running 
the fluid model with the optimal solution ðh0, s0Þ which was 
optimized using model inputs x0; we expect to see a worse 
outcome compared to running the model with optimal solu
tion ðh, sÞ obtained by optimizing with model inputs x: In 
the right plot of Figure 10 we observe the extent to which 
the outcomes are worse for this reason. We call this the 
regret. This can be interpreted by a decision-maker as the 
effect of making the “wrong” decision i.e. choosing a cap
acity plan which is optimal for a set of model inputs which 
does not materialize in reality. Note: for a meaningful com
parison, we plot the average unsheltered queues as opposed 
to the objective values (see U2) which are quadratic in both 
the average unsheltered and sheltered queues. Figure 10 only 
plots the unsheltered queue as opposed to the full objective 
function from U2; which includes sheltered queues. 
Therefore, the outcome for the average unsheltered queue 
can appear improved when we have optimized with a differ
ent set of model inputs. This apparent improvement comes 
at the expense of a worse outcome for the average sheltered 
queue. Therefore, in the right plot of Figure 10 we omit the 
cases where the average unsheltered queue reduces because 
it is misleading to consider these cases an improvement 
when we are not considering the effect on the sheltered 
queue.

Figure 10 illustrates that if only the arrival rate is worse 
in reality than expected, the outcome having optimized with 
a different arrival rate would not be much worse than opti
mizing with the actual arrival rate. This agrees with insights 
from our experiments illustrating that an optimal solution 
structure does not change much when we increase only the 
arrival rate, as suggested in Figure 9. However, if the service 
time in housing is longer in reality than expected, the out
come having optimized with a different service time could 

Figure 9. Number of people housed/sheltered/unsheltered in optimal solutions to U2 for the cases when the arrival rate drops to 6/day and remains at 10/day.

Figure 8. Objective values for optimal solutions to U2 (quadratic objective 
including sheltered and unsheltered queues) with a range of arrival and service 
scenarios. White squares mark solutions where queueing stability is reached by 
the end of the decision horizon. The white dot indicates the scenario analyzed 
in section 5.

IISE TRANSACTIONS 1561



be considerably worse than optimizing with the actual ser
vice time. From detailed explorations into the solution struc
ture, this is because the optimal solution for a shorter 
service time would involve fewer shelter units but more 
houses. When the service time is actually longer, those extra 
houses are less effective than shelter in reducing the unshel
tered queue.

7. Conclusions

Most capacity planning formulations we have reviewed in 
the literature consider capacity expansion from a single-stage 
perspective, in that the decision-maker has one shot to 
choose and optimize a fixed capacity to accommodate the 
queueing system. In reality, most public sector services do 
not have the resources to instantaneously ramp up to the 
ideal capacity, as there may be budgetary or time constraints 
that control this rate. A model that accounts for these limits 
in capacity expansion over time will provide a more realistic 
and executable plan, hence we attempt to provide a method 
for determining how to allocate resources over time. While 
housing is the primary resource and is modeled as the main 
server system, we also model investment into shelter, which 
supports some of the people in the queue, while not mod
eled as a server.

Few models exist for modeling the flow of the homeless 
population through a CoC, especially for locations like 
Alameda County where there is clearly a major lack of 
resources compared to demand. We develop a fluid flow 
queueing model to track the unsheltered population over 
time given an investment policy into housing and shelter. 
This model is uniquely poised to account for the instability 
of the system and the currently high queueing backlog. Our 
model is amenable to optimization, so we construct different 
formulations to balance the desire for high levels of housing 
at high cost against cheaper shelter options. In addition to 
budgetary constraints, we employ shape constraints as a 
means of ensuring our investment function output is feasible 
from a policy-making and implementation standpoint. The 
idea of a unimodal function for shelter investment has been 
suggested by Alameda County, and such shape constraints 
can easily be implemented in our framework.

While our fluid queueing model is simple and makes 
many assumptions that may not be fully realistic, it provides 
an aggregate picture of the flow of clients through the sys
tem that allows for broad insights into the optimal alloca
tions between housing and shelter. An aggregate model is 
critical to demonstrating the effects of inadequate resources 
leading to thousands of people being unsheltered over a 
long period of time – additional model detail is not neces
sary to prove this point or demonstrate that thousands of 
additional housing units are needed. Certainly queueing 
models with deeper levels of complexity exist to accurately 
model the system, but they aren’t amenable to optimization 
and hence rely on trial and error to perform comparisons 
between plans. While delivering a highly specialized opti
mization plan could be useful, Alameda County is unable to 
fully control implementation due to numerous resource con
straints (for example limited funds, slow inventory build 
rates, and zoning ordinances). Thus, we develop an 
approach for providing general insights on the allocation of 
resources between housing and shelter, and how this alloca
tion should change over time. Additionally, our formulation 
could be used to optimize capacity expansion for any 
highly-congested queueing system beyond the homelessness 
domain.

There are many opportunities for future work. Exploring 
alternative objective functions and constraints would reveal 
many alternative formulations. For example, smoothness 
constraints on the unimodal shelter capacity function may 
give more practical solutions that appear reasonable to con
stituents. Further constraints to control the decommission
ing of shelter may also be appropriate. A bi-objective 
formulation would likely give further insight into the trade
off between short-term relief to the system via shelter and 
long-term relief via housing. A goal programming formula
tion which penalized deviations on a time-dependent goal 
on the unsheltered population would be interesting to 
explore.

We have also worked with discrete-event simulation 
(DES) models of homeless care systems to test capacity 
plans without optimization. A natural next step is to apply 
optimal planning to a DES. While our fluid flow model cap
tures expected queue lengths quickly and effectively with a 
simple setup, with DES we can model a range of system 
complexities which are beyond the scope of the fluid flow 

Figure 10. The effect of making a “wrong” decision. Left: Average unsheltered queue over a 10-year modeling horizon when running each scenario with its own 
optimal solution. Center: Average unsheltered queue over a 10-year modeling horizon when running each scenario with the optimal solution to U2 from section 5 
(white dot). Right: the percentage increase to the average unsheltered queue (the regret) when running each scenario with the optimal solution to U2 from section 
5 as opposed to its own optimal solution. White boxes with diagonal lines omit cases where the average unsheltered queue reduces as these improved results do 
not consider the potential effects on the sheltered queue.
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model. Examples of such complexities include tandem 
queueing, the conversion of shelter to housing and the non- 
zero time needed to occupy a house with a new resident fol
lowing the departure of the previous resident. Optimization 
with such a model would then fall in the realm of simula
tion optimization, and this is the subject of our ongoing 
work in this area.

Acknowledgments

We acknowledge Dave Worthington and Rob Shone of Lancaster 
University for many useful discussions and suggestions that contrib
uted to construction of this model. We are also extremely grateful to 
the Alameda Office of Homeless Care and Coordination for sharing 
their data and providing detailed insights into their decisions and chal
lenges. Finally, we are indebted to two referees whose suggestions 
greatly contributed to the clarity and presentation of this paper.

Disclosure statement

No potential conflict of interest was reported by the author(s).

Funding

This work was supported by EPSRC under Grant EP/S022252/1.

Notes on contributors

Graham C. M. Burgess is a PhD student in Statistics and Operational 
Research at Lancaster University, UK. His research interests are in 
multi-fidelity modeling and optimization. Before embarking on a PhD, 
he worked in Operational Research in the public sector supporting 
decision-making in the UK government’s housing and transport 
departments. 

Dashi I. Singham is a Research-Track Associate Professor of 
Operations Research and Director of the Simulation Experiments and 
Efficient Design Center at the Naval Postgraduate School (NPS) in 
Monterey, California.  She leads a research team conducting simulation 
modeling and analysis, and her personal research and publishing inter
ests include statistical output analysis and simulation optimization. 
She is a past twice-elected officer of the INFORMS Simulation Society 
was awarded the Menneken Award for Highly Meritorious Research 
from NPS.  She received her PhD in Industrial Engineering and 
Operations Research from the University of California at Berkeley. 

Luke A. Rhodes-Leader is a Lecturer in Management Science at 
Lancaster University, UK, where he also received his PhD in Statistics 
and Operational Research. His research interests include applications 
of simulation optimization and statistical and methodological aspects 
of simulation-based digital twins. 

References

Alameda County. (2022). Home together 2026 community plan: A 5- 
year strategic framework centering racial equity to end homelessness 
in Alameda County.

Arora, P., Rahmani, M., & Ramachandran, K. (2022). Doing less to do 
more? Optimal service portfolio of non-profits that serve distressed 
individuals. Manufacturing & Service Operations Management, 24(2), 
883–901. https://doi.org/10.1287/msom.2021.0966

Balcik, B., Iravani, S., & Smilowitz, K. (2014). Multi-vehicle sequential 
resource allocation for a nonprofit distribution system. IIE Transactions, 
46(12), 1279–1297. https://doi.org/10.1080/0740817X.2013.876240

Bassamboo, A., Randhawa, R. S., & Zeevi, A. (2010). Capacity sizing under 
parameter uncertainty: Safety staffing principles revisited. Management 
Science, 56(10), 1668–1686. https://doi.org/10.1287/mnsc.1100.1203

Besbes, O., Castro, F., & Lobel, I. (2022). Spatial capacity planning. 
Operations Research, 70(2), 1271–1291. https://doi.org/10.1287/opre. 
2021.2112

Bretthauer, K. M. (1995). Capacity planning in networks of queues with 
manufacturing applications. Mathematical and Computer Modelling, 
21(12), 35–46. https://doi.org/10.1016/0895-7177(95)00090-O

Chen, H., & Yao, D. D. (2001). Fundamentals of Queueing Networks: 
Performance, Asymptotics, and Optimization. Springer.

Higgs, B. W., Mohtashemi, M., Grinsdale, J., & Kawamura, L. M. 
(2007). Early detection of tuberculosis outbreaks among the San 
Francisco homeless: Trade-offs between spatial resolution and tem
poral scale. PLOS One, 2(12), e1284. https://doi.org/10.1371/journal. 
pone.0001284

HUD Exchange. (2022). HUD Exchange. https://www.hudexchange.info.
Ingle, T. A., Morrison, M., Wang, X., Mercer, T., Karman, V., Fox, S., 

& Meyers, L. A. (2021). Projecting COVID-19 isolation bed require
ments for people experiencing homelessness. PLOS One, 16(5), 
e0251153. https://doi.org/10.1371/journal.pone.0251153

Izady, N. (2015). Appointment capacity planning in specialty clinics: A 
queueing approach. Operations Research, 63(4), 916–930. https://doi. 
org/10.1287/opre.2015.1391

Izady, N., & Worthington, D. (2012). Setting staffing requirements for 
time dependent queueing networks: The case of accident and emer
gency departments. European Journal of Operational Research, 
219(3), 531–540. https://doi.org/10.1016/j.ejor.2011.10.040

Jian, N., & Henderson, S. G. (2015). An introduction to simulation 
optimization. In 2015 Winter Simulation Conference (pp. 1780– 
1794). IEEE.

Kaya, Y. B., & Maass, K. L. (2022). Leveraging priority thresholds to 
improve equitable housing access for unhoused-at-risk youth. arXiv: 
2212.03777,

Kaya, Y. B., Maass, K. L., Dimas, G. L., Konrad, R., Trapp, A. C., & 
Dank, M. (2024). Improving access to housing and supportive serv
ices for runaway and homeless youth: Reducing vulnerability to 
human trafficking in New York City. IISE Transactions, 56(3), 296– 
310. https://doi.org/10.1080/24725854.2022.2120223

Konrad, K., & Liu, Y. (2023). Achieving stable service-level targets in 
time-varying queueing systems: A simulation-based offline learning 
staffing algorithm. In 2023 Winter Simulation Conference (pp. 327– 
338). IEEE.

Lam, H., Liu, Z., & Zhang, X. (2021). Orthounimodal distributionally 
robust optimization: Representation, computation and multivariate 
extreme event applications. arXiv:2111.07894.

Lam, H., Liu, Z., & Singham, D. (2024). Shape-constrained distribu
tional optimization via importance-weighted sample average 
approximation. arXiv:2406.07825.

Lin, M., Tong, W., Chen, J., Zeng, T., Ma, L., Feng, J., Sun, R., & 
Liang, Z. (2025). Optimal multiresource planning for the elderly 
care system: A case study. International Journal of Production 
Research, 63(9), 3091–3116. https://doi.org/10.1080/00207543.2024. 
2429786

Liu, J., Yang, F., Wan, H., & Fowler, J. W. (2011). Capacity planning 
through queueing analysis and simulation-based statistical methods: 
A case study for semiconductor wafer fabs. International Journal of 
Production Research, 49(15), 4573–4591. https://doi.org/10.1080/ 
00207543.2010.501828

Maass, K. L., Trapp, A. C., & Konrad, R. (2020). Optimizing placement 
of residential shelters for human trafficking survivors. Socio- 
Economic Planning Sciences, 70, 100730. https://doi.org/10.1016/j. 
seps.2019.100730

Miller, F., Kaya, Y. B., Dimas, G. L., Konrad, R., Maass, K. L., Trapp, 
A. C., et al. (2022). On the optimization of benefit to cost ratios for 
public sector decision making. arXiv:2212.04534.

Bidhandi, H. M., Patrick, J., Noghani, P., & Varshoei, P. (2019). 
Capacity planning for a network of community health services. 
European Journal of Operational Research, 275(1), 266–279. https:// 
doi.org/10.1016/j.ejor.2018.11.008

IISE TRANSACTIONS 1563

https://doi.org/10.1287/msom.2021.0966
https://doi.org/10.1080/0740817X.2013.876240
https://doi.org/10.1287/mnsc.1100.1203
https://doi.org/10.1287/opre.2021.2112
https://doi.org/10.1287/opre.2021.2112
https://doi.org/10.1016/0895-7177(95)00090-O
https://doi.org/10.1371/journal.pone.0001284
https://doi.org/10.1371/journal.pone.0001284
https://www.hudexchange.info
https://doi.org/10.1371/journal.pone.0251153
https://doi.org/10.1287/opre.2015.1391
https://doi.org/10.1287/opre.2015.1391
https://doi.org/10.1016/j.ejor.2011.10.040
https://doi.org/10.1080/24725854.2022.2120223
https://doi.org/10.1080/00207543.2024.2429786
https://doi.org/10.1080/00207543.2024.2429786
https://doi.org/10.1080/00207543.2010.501828
https://doi.org/10.1080/00207543.2010.501828
https://doi.org/10.1016/j.seps.2019.100730
https://doi.org/10.1016/j.seps.2019.100730
https://doi.org/10.1016/j.ejor.2018.11.008
https://doi.org/10.1016/j.ejor.2018.11.008


Nov, Y., Weiss, G., & Zhang, H. (2022). Fluid models of parallel service 
systems under FCFS. Operations Research, 70(2), 1182–1218. https:// 
doi.org/10.1287/opre.2021.2102

Oakland-Berkeley-Alameda County CoC. (2020, December). Centering 
racial equity in homeless system design. https://everyonehome.org/ 
wp-content/uploads/2021/02/2021-Centering-Racial-Equity-in-Homeless- 
System-Design-Full-Report-FINAL.pdf.

Office of Housing and Urban Development. (2024). https://www.hudex
change.info/programs/coc/coc-program-eligibility-requirements/

Patrick, J. (2011). Access to long-term care: The true cause of hospital 
congestion? Production and Operations Management, 20(3), 347– 
358. https://doi.org/10.1111/j.1937-5956.2011.01229.x

Patrick, J., Nelson, K., & Lane, D. (2015). A simulation model for cap
acity planning in community care. Journal of Simulation, 9(2), 111– 
120. https://doi.org/10.1057/jos.2014.23

Rahmattalabi, A., Vayanos, P., Dullerud, K., & Rice, E. (2022). 
Learning resource allocation policies from observational data with 
an application to homeless services delivery. In 2022 ACM 
Conference on Fairness, Accountability, and Transparency (pp. 1240– 
1256). ACM. https://doi.org/10.1145/3531146.3533181

Regional Impact Council. (2021). Regional action plan: A call to action 
from the Regional Impact Council, https://www.allhomeca.org/wp- 
content/themes/allhome/library/images/plan/210413_Regional_Action_ 
Plan_Final.pdf

Reynolds, J., Zeng, Z., Li, J., & Chiang, S.-Y. (2010). Design and ana
lysis of a health care clinic for homeless people using simulations. 
International Journal of Health Care Quality Assurance, 23(6), 607– 
620. https://doi.org/10.1108/09526861011060960

Singham, D. I. (2023). Estimating quantile fields for a simulated model 
of a homeless care system. In 2023 Winter Simulation Conference 
(pp. 1054–1064). IEEE.

Singham, D. I., Lucky, J., & Reinauer, S. (2023). Discrete-event simula
tion modeling for housing of homeless populations. PLOS One, 
18(4), e0284336. April https://doi.org/10.1371/journal.pone.0284336

Singham, D. I., McDonald, M., & Elliot, R. (2025). Tradeoffs between 
equity and efficiency in coordinated entry of homeless housing sys
tems. Socio-Economic Planning Sciences, 99, 102212. https://www.sci
encedirect.com/science/article/pii/S0038012125000618. https://doi. 
org/10.1016/j.seps.2025.102212

Stidham, S. Jr. (2009). Optimal design of queueing systems. Chapman 
and Hall/CRC.

U.S. Department of Housing and Urban Development. (2024). 
Coordinated entry core elements. URL https://www.hudexchange. 
info/resource/5340/coordinated-entry-core-elements/.

Worthington, D. (1991). Hospital waiting list management models. 
Journal of the Operational Research Society, 42(10), 833–843. https:// 
doi.org/10.1057/jors.1991.164

Yarmand, M. H., & Down, D. G. (2013). Server allocation for zero buf
fer tandem queues. European Journal of Operational Research, 
230(3), 596–603. https://doi.org/10.1016/j.ejor.2013.05.029

Yarmand, M. H., & Down, D. G. (2015). Maximizing throughput in 
zero-buffer tandem lines with dedicated and flexible servers. IIE 
Transactions, 47(1), 35–49. https://doi.org/10.1080/0740817X.2014. 
905735

Zhang, Y., Puterman, M. L., Nelson, M., & Atkins, D. (2012). A simu
lation optimization approach to long-term care capacity planning. 
Operations Research, 60(2), 249–261. https://doi.org/10.1287/opre. 
1110.1026

1564 G. C. M. BURGESS ET AL.

https://doi.org/10.1287/opre.2021.2102
https://doi.org/10.1287/opre.2021.2102
https://everyonehome.org/wp-content/uploads/2021/02/2021-Centering-Racial-Equity-in-Homeless-System-Design-Full-Report-FINAL.pdf
https://everyonehome.org/wp-content/uploads/2021/02/2021-Centering-Racial-Equity-in-Homeless-System-Design-Full-Report-FINAL.pdf
https://everyonehome.org/wp-content/uploads/2021/02/2021-Centering-Racial-Equity-in-Homeless-System-Design-Full-Report-FINAL.pdf
https://www.hudexchange.info/programs/coc/coc-program-eligibility-requirements/
https://www.hudexchange.info/programs/coc/coc-program-eligibility-requirements/
https://doi.org/10.1111/j.1937-5956.2011.01229.x
https://doi.org/10.1057/jos.2014.23
https://doi.org/10.1145/3531146.3533181
https://www.allhomeca.org/wp-content/themes/allhome/library/images/plan/210413_Regional_Action_Plan_Final.pdf
https://www.allhomeca.org/wp-content/themes/allhome/library/images/plan/210413_Regional_Action_Plan_Final.pdf
https://www.allhomeca.org/wp-content/themes/allhome/library/images/plan/210413_Regional_Action_Plan_Final.pdf
https://doi.org/10.1108/09526861011060960
https://doi.org/10.1371/journal.pone.0284336
https://www.sciencedirect.com/science/article/pii/S0038012125000618
https://www.sciencedirect.com/science/article/pii/S0038012125000618
https://doi.org/10.1016/j.seps.2025.102212
https://doi.org/10.1016/j.seps.2025.102212
https://www.hudexchange.info/resource/5340/coordinated-entry-core-elements/
https://www.hudexchange.info/resource/5340/coordinated-entry-core-elements/
https://doi.org/10.1057/jors.1991.164
https://doi.org/10.1057/jors.1991.164
https://doi.org/10.1016/j.ejor.2013.05.029
https://doi.org/10.1080/0740817X.2014.905735
https://doi.org/10.1080/0740817X.2014.905735
https://doi.org/10.1287/opre.1110.1026
https://doi.org/10.1287/opre.1110.1026

	Time-varying capacity planning for designing large-scale homeless care systems
	Abstract
	Introduction
	Literature review
	Queueing model for a homeless care system
	Fluid flow model
	Modeling assumptions and extensions
	Queue structure
	Client type
	Numerical results and extensions


	Optimization formulations
	Linear formulation/objective 1
	Nonlinear formulation/objective 2
	Nonlinear formulation/objective 3

	Numerical results
	Sensitivity analysis
	Optimization results for a range of model inputs
	The effect of making a “wrong” decision

	Conclusions
	Acknowledgments
	Disclosure statement
	Funding
	References


