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1. Introduction

Newton’s method and its variants are used to solve nonlinear operator equations F(x) = 0 or systems of nonlinear
equations. The convergence of these methods was established using Kantorovich theorem (see e.g. [1-3]). The convergence
of the sequences obtained by these methods in Banach spaces is derived from the convergence of majorizing sequences
(see [4] and references therein). Rall [5] has suggested a different approach for the convergence of these methods, based on
recurrence relations. Parida [6], and Parida and Gupta [7] used this idea for several third-order methods (see also the work
of Candella and Marquina [8,9], Ezquerro and Hernandez [10], and Gutiérrez and Hernandez [11,12]).

Here we apply the idea to the third-order method free of second derivative proposed by Kou and Li [13]. They developed
a family of methods for the solution of a nonlinear equation f (x) = 0 as follows

(D
T ) (1.1)
o —x _fm) + (02 4+ 0 — Df () '
n+1 — 4n 92f,(xn) .
It turns out that this method is of third order when approximating a simple root.
2. Recurrence relations
In this section, we discuss a third-order method for solving nonlinear operator equations
F(x) =0, (2.1)
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where F : 2 C X — Y is a nonlinear operator on an open convex subset §2 of a Banach space X with values in a Banach
space Y. The third-order method [13] is defined as follows:

Yn =Xn — GF/(xn)_lF(xn)

2 _ (2.2)
T = P ) R — 3 ) ).

This family uses two evaluations of F and one evaluation of F’. In [7] they discuss a third-order method requiring one
evaluation of F and two evaluations of F’. Several choices of & were suggested in [14] and [15].

Let F be a twice Fréchet differentiable in £2 and BL(Y, X) be the set of bounded linear operators from Y into X. Let us
assume that Iy = F/(xg)~! € BL(Y, X) exists at some x, € £2 and the following conditions hold:

(D) IFx) = F Wl < killx—yll, x,y € £2,
2) IF"®) =M, x € 2,

(3) ol = B,

(4) IToF(xo) |l < n.

Xn+1 = Xp —

Let us also denote

a= kB,
P+ -1+ 10|
- 02 ’ (2.3)
M
y = 5,377-

Now, we define the sequences

ap =bo =1, dy=0a+y, b_y =0,

(py1 = n
T " aand,’ 24
bpi1 = ant 181Gy, (2.4)
0% +6 — 1] B
dnyr = e—zbn+1 + 2 an+1,377 [1—0]C, + 9 bii1] -
where
M 2 M 2 2
C, = 51(,1 + k1|60|bK, + 3|9 — 1|bg, (2.5)
with
0+10O —-D*+]1-6
PR 92> =61, _anﬂb 26)
Note that we can rewrite d,,; 1 also in the form
dns1 = atbppr + Yans1bl, (2.7)

or, equivalently, as
dny1 = dobny1 + ¥bnt1 (@ngp1bnir — 1)
The polynomials C, and K, can be rewritten as
Co = (Po + P1ayby + Poa’b?) b2,
Ky = (Qo + Qianby) bn.

Lemma 1. Under the previous assumptions, we prove the following:

() 115l = IF' () 7'l < anBB,
() [[THF X))l < ban,
() NXnt1 — Xall < dum,
(V) 1xn1 — Yall < (dn + 2Ky—1 + 0bp)n.
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Proof. We use induction to prove the above claims. Notice that (Ip) and (Il) follow immediately from the assumptions. To
prove (Illp), we start with the first substep of (2.2),

F(yo) = F(yo) — 0F (xo) — F'(x0) (Yo — Xo). (2.8)

This can be written as

F(yo) = (1 —6)F(xo) + F(yo) — F(x0) — F'(x0) (Yo — Xo)

1
= (1 —0)F(xo) +/ F"(Xo + t(yo — X0)) (1 — £)dt (yo — Xo)*. (2.9)
0]
Now multiply by Iy and use the assumptions, it follows that
M 2.2
[ToF o) Il < |1—9|n+559 ; (2.10)
so that
1602 +6 — 1] 1
X1 — Xoll < T”FOF(XO)” + 9—2||F0F(Vo)||
02 4+60—-1+[1—-6] M
< ( 72 + = Bn ) n=don, (2.11)
2
and (Illp) holds.
We have
0+ 10O —1)7° 1
X1 — Yo = _G—ZFOF(XO) - 631—‘01:0/0), (2.12)
so that it follows from (2.10) that
16+ 1](6 — 1)? 1
X1 = yoll =< T”FOF(XO)” + 9—2||F0F0’0)||
0+110—-1D*+1-0] M
< — =d
< ( 72 t3 Bn ) n=don
< (dg + 2K_1 + 6bo)n, (2.13)
and (IVy) also holds.

Following an inductive procedure and assuming x, € 2 and aa,d, < 1, ifx,1 € £2, we have
I = TnF (gDl < Il IF' (%) — F'(pg) || < aand, < 1. (2.14)
Now, we note that

Lo [I = (F'(xn) = F'(n41)) Tn] = T (2.15)
Then I}, is defined and

| < 17l Y,
+11l = =
U= 1T IF &) = F eyl ~ 1— aady

Hence, by induction, (2.16) holds for all n. This proves condition (I,).
Using the first step of (2.2), we have

F(yn) = F(yn) - QF(Xn) - F/(Xn)(yn - Xn)
= (1 —0)F(xp) + F(yn) — F(Xn) — F'(X0) Yn — Xn)

(E = Un11P. (2.16)

1
= (1 —0)F(xn) +/ F" (X 4 t(n — %)) (1 — D)ty — Xp)°. (2.17)
0
Now subtract the first step of (2.2) from the second to get
, 03 —02—-6+1 1
F (xn)Xn41 —yn) = O—ZF(XH) - ﬁF(yn)- (2.18)

Using (2.17) on the identity

F(Xn+1) = F/(Xn)(xn+1 - Yn) + F(yn) + [F/(yn) - F/(Xn)](xn+l _yn) + F(Xn+l) - F(yn) - F/(yn)(xn+1 _yn) (2-19)
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and
1
F(Xn11) = Fn) = F'(Vn) Xng1 — Yn) = / F"Un + tngr — yn)) (1 — DAt Xni1 — ¥n)?,
0
we have
-0 1 v 5
F(Xn—H) = 52 F(Xn) - ﬁF(yn) + F (Xn + t(_Vn - Xn))(l - t)dt(yn - Xn)
0
1
+ / F//(yn + tXng1 — Y)) (1 — O)dt (X4 _J’n)2 + [F/(yn) - F/(Xn)](xn+1 —Yn),
0
or
92 -1 1
F(Xn+1) = 52 / F”(Xn + t(.Vn - Xn))(l - t)dt(yn - Xn)2
0
1
+ / F"(yn + tXnp1 — Yu))(1 — )dt (xXng1 _J’n)2 + [F'(yn) — F/(xn)](xn+1 —Yn).
0
Hence,
M 6% — 1] , M )
||F(Xn+1)|| =< 59—2”}/’1 _xn” + 3||Xn+1 _)’n” + kl”)’n _Xn” ||Xn+1 _Yn”‘

From (2.17) we get

M
I F ()l < [1—0]byn + Eanﬂ”.VH _Xn||2a

so that since ||y, — xu|| = |6 I4F (xp)|| < |0|b,n, and combining (2.24) with (2.18), we have
63 — 6% —0+1)+|1-96|

M
IXn+1 — yull < ban + —a.Bllyn — xn”z

62 2602
0+ 16 — 1)? 1-6 M

Hence,

IF gDl < G,

where C, is given by (2.5).
Therefore

| 1 F ) < g1 FITF ) |l

=< an+1,3Cn772 = by,

So, by induction, (2.27) holds for all n. This proves condition (II,,).
Using (2.17) with x, and y,, replaced by x,,, 1 and y,;1 respectively,

M
IFQmenll < 11— 01Gur + 027,
so that
M
5t F e D < Mt IF QgD < Cln+1,3’72 |:|1 —01G, + Eezbﬁ+1:| .

Using (2.27) and (2.29), we therefore have

|62 +6 — 1] 1
Xni2 = xn1ll = —— 5= It F i)l + Z5 1Tt F )
0% +6 — 1] 1 M
< 9—2bn+177 + Eanﬂﬂnz 1—0|C, + Eezbﬁﬂ
102 +6 — 1] 1 M,
= 9—2bn+1 + ﬁanﬂﬁﬂ 1—01C + 59 bur| ) n

= dnt17.

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Hence, by induction, this inequality holds for all n. This proves condition (III,,).
Since

O+ 1)©6 —1)?

e TWF (xn) (2.31)

Xnt1 — Yn+1 = Yn — Xpy1 +

1
- 9_2FnF(yn) + 01 F(xp11), (2.32)

we have from (2.24), (2.25), (2.27) that
[Xn+1 — Ynt1ll < (2Ky + Obny1)n. (2.33)

Hence we have

X042 — Y1l < IXng2 — Xn1ll + X1 — Vgl (2.34)
< dpy1n + 2K, + 60bnyq)n (2.35)
= (dny1 + 2Ky + by 1)n. (2.36)

Hence, by induction, condition (IV,) holds for all n. This proves condition (IV,). O

3. Convergence analysis

In this section, we shall establish the convergence of our third-order method (2.2). To this end, we have to prove the
convergence of the sequence x,, defined in a Banach space or, which is the same, to prove that d, is a Cauchy sequence and
that the following assumptions hold:

1. x, € £2,
2. aa,d, <1, n € N.

The next two lemmas will show the Cauchy property for the sequence d,,.

Lemma 2. Assume that x, is chosen so as to satisfy 0 < dy < 1/a, thatis, a(e + y) < 1, where « and y are given by (2.3).
Then, the sequence a, > 1 is increasing, as n increases.

Proof. Now we show that all the involved sequences are positive. Under the imposed conditions, we see that
ag, bo, do, Co, Ko are all positive, and also that 1 — aagdy > 0. Assume, now, that all a;, b;, d;, C;, K;, and 1 — aa;d; are positive,
fori=0,1,...,n

Since C, > 0 and b, 1 = a,.+168nGC,, it follows that a,, 1, b, have the same sign, and so a,,1b,+1 > 0. Further, from
dni1 = bpy1(a + yayi1bny), we get that d,, 1 has the same sign as b, 1, and so, all three terms a1, by11, dpr1 share the
same sign.

By absurd, we suppose that the implied sign is negative. Then d,, + d,+1 < d,, and so,

1—aan(dy + dpy1) > 1 — aand,,

which renders
1 —aa,(dy + dny1) -

1— aan+1dn+l = 1,
1 — aa,d,
which implies aa,1d,+1 < 0, but that is impossible since a,, 1, d,1 have the same sign and a > 0.
Next, since a, 1 = ]jgn 4 then

1 ( 1 1 )
dn = -\ — )
a \ ap Qnt+1
and so, by telescoping, we get
! 1/1 1
Zdiz_ — — — ), whereagy=1.
— al\a a,

This will render

1
a, =

- n-1
1—a Z di
i=0

. . . -1 . . -1
Certainly, sincea > 0,d; > 0, foralli > 0, thena ) [, d; increases as n increases, and so, 1 —a ) _, d; decreases as n
increases, which implies that the reciprocal, namely, a, is an increasing sequence, and consequently,a, > ay, = 1. O
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We define the sequence ¢, = a,b,. Then the sequences {a,}, {b,}, {cs}, {d,} can be rewritten as
apn . ay
1—aaud, 1—a(ac,+yc2)
Bnbncn (Po + Picy + Pac?)
1—a(ac, + yc?)
Bnc? (Po + Picy + Pac?)
[1—a(ac+ ycﬁ)]z
dny1 = otbppr + Y Upiably
Bnbncn (Po + Picy + Pac2)
1—a(ac, +yc?)

a1 =

bni1 = an 180Gy =

Cht1 = an+1bn+l =

(o + yCnt1) -

That the sequence {c,} is a decreasing sequence under the assumption that a1b; < 1 can be proved by using the
mathematical induction. It is obvious that c; = a1b; < 1 = ¢g. Assuming that ¢, < c,_; for some n > 0, we have
_ Bney (Po + P1cn + P2c?)
B [1—a(ac, + yc}l)]z
- Bncr_, (Po + Picp1 + PzC,21,1)

[1-a (e +ye )]

Therefore the sequence {c,} becomes a decreasing sequence with ¢, < 1foralln.If0 <s < 1and ¢, < sc,_1, then
Bnct (Po + Picy + Pac?)

[1—a(ach + ycrzl)]2
_g Bnct_y (Po + Pysca—1 + Pps*ct_;)
B [1—a(asciq+ys2c )]

§2 Bnct_y (Po+Pico1 +Poc2 )

< 5 =S5Cn.
[1-a(ecn1 +ye )]

Cnt+1

= Cp.

Cht1 =

Let; = 9 =c¢; =a;b;,thenwehave0 < ¢ < landc; < {cy = ¢, so that
o

c1 < o,
2

C2 S { C]7
22

3 <7 ¢y,

23
€4 <7 c3,

_ 1
@2 g2l o
Cht1 =¢ Co=1¢ -

)

¢

On the other hand, with the sequence {d,} under the assumption that a;b; < 1 we have
aa,d 1

d, = —aann = (C{Cn + )/CT%) a—n

1

< (acn +yc}) —=aq + yc?
0

< (a+y)

o1
=@+ - -
¢
since {a,} is an increasing sequence, and ap > 1.
We have thus proved the following estimates.
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Lemma 3. We assume that a;b; < 1. Then the sequence {c,} is a decreasing sequence and for all n € N we have the following
estimates

c < é_2n+1 l
n+1 = ; P

o 1
dy < (@ +y)¢* - E

where0 < ¢ = aib; < 1.

Lemma 4. The sequence d,, > 0 is a convergent sequence and its limit is 0.

Proof. Since a, > 1 is increasing, then 1/a, < 1 is a decreasing sequence and further 0 < 1/a, < 1. Therefore, a, is

convergent (it is monotonic in a compact set) to a limit L. Since d, = 1 (l —

—1 ) then d, is convergent to the limit
a \ ap A1 g

n

1 —

sL=0)=0. O

Remark 1. A similar approach would work for some of the lemmas in the paper [7], as well. Some of their results, like
Lemmas 4-7 can be simplified using a similar approach: for instance, in Lemma 7 of [7], it is claimed that Z;’):OO d; < oo, but
that is immediate, since Y500 di = limy_o0 1y di = limy_ o0 3 (1 - %) = 1(1— L), where L would be the (finite) limit
of 1/a,.

Now, we state the semilocal convergence of the method defined by (2.2).

Theorem 5. Let X, Y be Banach spaces and F be a twice Fréchet differentiable in an open convex domain $2 of a Banach space X
and BL(Y, X) be the set of bounded linear operators from Y into X. Let us assume that I'y = F'(xo) ™' € BL(Y, X) exists at some
Xo € $2 and the following conditions hold:

DAF&) —FOI < killx=yll, x,y € 2
2) [F"(0l =M, x € £,
3) ol < B,

(
(
(
(4) IToF (xo) Il < 1.

Letus dei_lote a = kqBn. Suppose that x, is chosen so as to satisfy a(e +y) < 1and a;b; < 1, where « and y are given by (2.3).
Then, if B(xg, rn) C §2, wherer = Z;’io d,, then the sequence {x,} defined by (2.2) and starting at xo converges to a solution

x* of the equation F(x) = 0. In this case, the solution x* and the iterates x, belong to B(xo, rn), and x* is the only solution of
F(x) = 0inB(xg, 2/(k18) —rn) N £2.
Furthermore, the error bound on x* depends on the sequence {d,} given by

o0 + o0
%1 — x| < Z dn < w Z §2ka ¢ = apby. (3.1)

k=n+1 k=n+1

Proof. It is easy to see that the sequence {x,} is convergent. Hence, there exists a limit x* such that lim,_, .. X, = x*. The
sequence {a,} is bounded above since

1 1
<

n-1 - oo T
1—02(11‘ 1 _azdi
i=0 i=0

a, =

Since lim,_,» d, = 0, by (2.7), we have lim,_, o b, = 0. This indicates that lim,_,», C;, = 0. Thus, by (2.26) and by the
continuity of F, we proved that

IF(x")]l = 0.
Also,

X1 — %ol < lXn1 — Xull + X0 — Xq—qll + - - - + [1X1 — X0

n
<> dap <, (3.2)
k=0

where r = Z,;“;O d,. We conclude that x,, lies in B(xo, rn) and taking limit as n — oo we have x* € B(xo, rn).



1672 C. Chun et al. / Computers and Mathematics with Applications 61 (2011) 1665-1675

To show the uniqueness of the solution, let y* € B(xq, 2/(k18) — rn) be another solution of F(x) = 0. Then

1
0=F@y*) —F(x*) = / F' (X" +t(y* — x"))dt(y* — x¥). (3.3)
0
To show that y* = x*, we have to show that the operator fol F'(x* + t(y* — x*))dt is invertible. Now, for

1 1
7ol / IF' (" 4+ t(y* — x™)) — F'(xo) ||t < k1ﬂ/ [+ t(y* — x*) — Xol|dt
0 0

IA

1
k1ﬁ/ (1= 0% = xoll + tlly" — xolDdt

kB 2 B
2<H+Eﬁ_m>_L (3.4)

it follows from Banach’s Theorem [1] that the operator fol F'(x* 4 t(y* — x*))dt has an inverse. Therefore, y* = x*.
For every m > n + 1, we have

| /\

1% — Xnall < Nxm — Xm—1ll + 1Xm—1 — Xm—2ll + -+ - + [|Xn42 — Xny1|l

By taking m — oo, we get

oo
Xngs — X1 < Y dinp <, (3.6)
k=n+1

and from Lemma 3

o=l D dn < CED S o<, 37)

k=n+1 k=n+1

which shows that {x,} converges and proves (3.1). This completes the proof. 0O

4. Examples

In this section, we give some examples to illustrate the previous convergence result.

Example 4.1 ([7]). Let X = (][O0, 1] be the space of continuous functions on [0, 1] and consider the integral equation
F(x) = 0, where
1
F@@:—Hﬂ@+m®/—iﬁmm (4.1)
o S +t
where s € [0, 1], x € C[0, 1]and 0 < A < 2.The norm is taken as sup-norm. We easily find
s s
F ()u(s) = u(s) + Au(s)/ —x(t)dt + Ax(s)/ —u(t)dt, ue £, (4.2)
o S +t o S +t
and
s s
F’(x)(uv)(s) = Au(s)/ v(t)dt + Av(s)/ ——u(t)dt, u,v e 2. (4.3)
o S +t o S +t

Since

IF' (%) — F'O)IW)l < 22 In2fu]l Ix — ylI, (44)
we get k; = 21 In2.
Since

1
IF”(x)|| < 2A max —dt =2AIn2, (4.5)
0<s<1|Jg S+t

wegetM = 2A1n2.
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llxg—1[1+2 In 2|1xo |12

We also have from [7] that § = T2 2]

1 _
T2 3y 2nd 7 =

22 In2(|[xo— 1[4+ In 2|xo 1)

In our case, we have a = k{1 8n = (2 in2ixol2

16246 —1|+[1-6] y = Aln2([xg—1[l+ In 2[1xg 1)

02 ’ (1—2A11n2||xg|)2
(2.2) and starting at such an xg, converges to a solution x* of the equation F(x) = 0.

If xo is chosen so that a(e + y) < 1, where o = , the sequence {x,} defined by

Example 4.2. Consider the solution of the nonlinear equation F(x) = x> 4+ x — 10 on [1,3]. We let # = —2. Now the
initial condition is x, = 1.7, and it is easy to show that F'(xo) = 3x3 + 1 = 9.67,0 = 1,8 = [F(x)7'| =
0.1034126163, n = ||F'(xo) 'F(x0)|| = |(0.1034126163)(—3.387)| = 0.3502585314 and ||[F”(x)|| = ||6x|| < 18 = M.

Now F'(x) — F'(y) = 3(x — y)(x + y) and therefore k; = 18. Therefore a = k;8n = 0.6519807199 and y = %,Bn =
9(0.1034126163)(0.3502585314) = 0.3259903600. Then the condition holds: a(e + ) = 0.8645201495 < 1. As a result,
the solution of this nonlinear equation can be studied by Theorem 5.

Remark 2. One can take a larger interval, i.e. [1, A] for A > 3 and still satisfy the condition. Suppose, we let xo = A > 3,

31A— /
then F'(A) = 34 + 1,a = 1, = |F (x0) 'l = 35,1 = IF (x0) "'F(xo) | = 5555° and [[F"(x)|| = [|6x]| < 6A = M.
3. 3 Al
Now F’(x) — F'(y) = 3(x —y)(x +y) and therefore k; = 6A. Therefore a = k,8n = 6A’(‘3;r211;§’ andy = ¥ By = 3A’(‘3;5A+1;2.
Then the condition holds: a(a + y) = GA?le:gi:;S [1 + 3A’§;":;8] — 3 <lasA— .

Clearly the number of iterations (say, n) required for convergence depends on how close A is to x* = 2. Experimenting
with various values of xq yields the following results:

Xx=17 n=3
X=30 n=3
Xo=50 n=4
X0 = 10.0 n=4.

Example 4.3. Let us consider the system of three nonlinear equations F(x,y,z) = 0 where F : 2 — R3 where 2 =
[aq, b1] x [az, by] X [as, bs] is a domain of F containing a solution of this system, and
Fx,y,2) = (R +y*+22 -4, +yV +22 —2x =2y — 2, X + Y + 22 — 4y — 2z — 4). (4.6)

Then we have

2x 2y 2z
Fx,y,2)=|2x—2 2y—2 2z |, (4.7)
2x 2y —4 2z-2
and
1 —v+z+1 y—2z z
Fx,y,2) '= — | z—1+x —X -z |. (4.8)
2y+22+X) | _x—y42  2x  —x+y

We use the Frobenius norm in R>: ||X|| = (x> +y?> +2z%)/?forX = (x,y, z) € R>.The corresponding normonA € R3 x R>

) 1/2
is 1A = (X2, X lagl?)

The second derivative is a bilinear operator on R given by

B fixx flxy fixz }
flyx f]yy flyz
flzx flzy flzz
f2xx f2xy foz
F/(X, y, Z) = f2yx f2yy f2yz
2zx 2zy 2zz
f3xx f3xy f3xz
f3yx f3yy f3yz
— f3zx f32y f3zz -
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r 2 0 0 7
0 2 0
0 0 2
2 0 0
= 0 2 0
0 0 2
2 0 0
0 2 0
L 0 0 2 _

B(X,Y) = (x1,x2,x3) | B2 | | ¥2

Bs | Ly

11 12 13 21 22 23
b1X]+b1X2+b1X3 b1X]+b1X2+b1X3

11 12 1 21 22 2
= bz X1+ b2 Xy + b23X3 bz X1+ bz Xy + b23X3

11 12 13 21 22 23
b3 x1 + b3"%y 4+ b3’x3 b5 X1 + b37%y + b57x3

where
— 11 12 13 —
bl bl b]
by b3? by’
31 32 33
bl bl b]
g1 |m———— = ————-
! bl b2 b13
21 22 23
B=|B | = b3 b3 b
- 31 32 33
B3 b2 b2 b2
11 12 13
b3 b3 b3
b3! b2 b3
L b3 b3? by

We consider the norm of a bilinear operator B on K> by

IBIl = sup iz(izﬂ;"uk>z,

lul=1N\] i=1 j=1 \k=1

where u = (uq, uy, us).
In our case, for any triple (x, y, z),

31 32 33
bl X1 +b1 X2+b1 X3
1 2
b; X1+ bg Xy + b§3X3

31 32 33
b3 X1 + b3y + b37x3

M = |[F"(x,y, 2)|l = 2v/3 sup {Ju1]* + [uz]? + [u3[*}/? = 24/3.

lull=1
Now, since
X—u y—v z-— wi|
9

F’(x,y,z)—F’(u,v,w):2|:x—u y—v z—w
X—U y—v zZ—w

we have

IF' (%, y,2) — F'(u, v, w)|| = 2v/3[(x—w)? + (y — v)* + (z — w)?]

= 2V3|l(x,y,2) — (u, v, W,
and therefore k; = Zﬁ.

1/2

Y1
v |, (4.9)

Y3

(4.10)

(4.11)

(4.12)

(4.13)
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Welet§ = —2,and so, @ = 1.If we choose xp = —0.2,y0 = 1.2,zg = —2.1,then B8 = |[F'(x0,¥0.20) || =
0.675981901098132166, n = ||F' (X0, Yo, 20)” 'F (X0, Yo, Zo)|| = 0.28125. Therefore a = k;8n = 0.6585946863 and
y = %,Bn = 0.3292973430. Then the left side of the condition holds a(« + y) = 0.8754681666 < 1. As a result, the
convergence of this system of equations can be studied by Theorem 5.
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