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Abstract The convergence of a finite element scheme approximating a nonlinear
system of integro-differential equations is proven. This system arises in mathematical
modeling of the process of a magnetic field penetrating into a substance. Properties of
existence, uniqueness and asymptotic behavior of the solutions are briefly described.
The decay of the numerical solution is compared with both the theoretical and finite
difference results.
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1 Introduction

Integro-differential models arise in many scientific and engineering disciplines. Such
a model arises, for instance, in mathematical modeling of the process of a magnetic
field penetrating into a substance. If the coefficient of thermal heat capacity and
electroconductivity of the substance is highly dependent on the temperature, then the
corresponding Maxwell system [1] can be rewritten in the following form [2]:

— =—-Vx|a IVx W|dt |V x W[,
at 0

where W = (Wj, W3, W3) is the vector of the magnetic field and the function a =
a(o) is defined for o € [0, 00).

If the magnetic field has the form W = (0, u, up) and u; = u;(x,1),i = 1,2,
then we have

\v/ \V/ W_O_B( aul) _8 duy
x (a(o)V x )—<’ F™ G(U)E . a(a(a)g>).

Therefore, we obtain the following system of nonlinear integro-differential
equations:

t 2 2
(LG () Jer) o] v
at ax 0 ax ox dx

Note that the (1.1)-type model is complex, but special cases of it were investigated;
see [2-8]. The existence of global solutions to initial-boundary value problems for
such models has been proven in [2-5, 8] by using some modifications of the Galerkin
method and compactness arguments [9, 10]. For solvability and uniqueness properties
of initial-boundary value problems for (1.1)-type models, see also [6, 7] as well as
many other scientific works.

Assume the temperature of the considered body is constant throughout the mate-
rial, i.e., dependent on time, but independent of the space coordinates. If the magnetic
field again has the form W = (0, u1,u2) and u; = u;(x,1),i = 1, 2, then the
same process of the magnetic field penetrating into the material is modeled by the
following system of integro-differential equations:

au, oup duy 8214,- .
_a<//|:( ) (8x):|dd)m’ i=1,2. (1.2)

The existence and uniqueness of the solutions to (1.2)-type scalar models were
studied in [8].

The asymptotic behavior of the solutions to the initial-boundary value problem for
the (1.1) and (1.2)-type models have also been the subject of intensive research; see
[8, 11-16]. For system (1.2) this issue is studied in [15].

Note that in [12, 16-19] and in a number of other works difference schemes
for (1.1) and (1.2)-type models were investigated. Difference schemes and finite
element approximations for a nonlinear parabolic integro-differential scalar model
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similar to (1.1) were studied in [20] and [21]. Finite difference schemes and finite
element approximations for the scalar equation of (1.2)-type with a(c) = 1 + o
were studied in [16] and [22], respectively. The convergence of the finite difference
approximations of system (1.2) for the case a(c) = 1 + o was studied in [19].

Our main goals in the present paper are to study the finite element approximations
of system (1.2), as well as to discuss the existence, uniqueness and asymptotic behav-
ior of its solutions, to observe the asymptotic behavior obtained by our numerical
experiments, and to carry out a comparative analysis of the finite element and finite
difference methods. The rest of the paper is organized as follows. In the next section
we briefly discuss the existence, uniqueness and asymptotic behavior of solutions
to the initial boundary value problem. In Section 3 a variational formulation of the
problem is presented. In Section 4 a finite element scheme for (1.2) is investigated.
We close with a section on numerical implementation, where we present numerical
results and compare the decay rate to the theoretical results and to the outcome of the
finite difference scheme.

2 Statement of problem. Existence, uniqueness and asymptotic
behavior of solutions

Consider the following initial-boundary value problem:

%—(H )@ (x,1) € (0,1) x (0, 00) .1
ar Pz e » o0 '
ui(0,t) =u;(1,1) =0, >0, (2.2)
ui(x,0) = ujp(x), x€l0,1], (2.3)
i=1,2,

where
t 1 2 2
o(t) :/ / [(%) + (%> :|dxdr
0 Jo X ox

and u;o = ujo(x), i = 1, 2 are given functions.
We use the usual spaces ck, Lp, H* and Hé‘.

Let us assume that u; = u;(x,t), i = 1,2 is a solution of problem (2.1)—(2.3)
such that u; (-, 1), 2600 b0 il [ — 4 9 are all in CO([0, 00); L2 (0, 1)),

while 460 — 1,2 are in Ly ((0, 00); L2(0, 1)).

It is easy to obtain the continuous dependence of solutions on initial data. Indeed,
by multiplying equation (2.1) by u;, i = 1, 2, after simple transformations, we get
the following estimate

laer |l + Nluall < furoll + [lu2oll-
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Below we will show that stronger estimates guaranteeing the continuous depen-
dence of solution on initial data are valid (see Theorems 2.1 and 2.2 below).
The following theorem holds [15].

Theorem 2.1 Ifu;o € HO1 0, 1), i = 1,2, then for the solution to problem (2.1)—(2.3)
the following estimate is true
t
<C —=).
< Cexp < 2)

Remark 1 Here and below in this section, C stands for positive constants which
depend on u;q, i = 1, 2 but are independent of ¢.

Note that Theorem 2.1 gives exponential stabilization of the solution to problem
(2.1)—(2.3) in the norm of the space H 1(0, 1). The stabilization is also achieved in the
norm of the space C'(0, 1). In particular, we now show that the following theorem
holds [15].

]l +

P
out " ouz
dx 2 0x

Theorem 2.2 Ifu;y € H4(0, nHN HOl 0, 1),i = 1,2, then for the solution to problem
(2.1)—~(2.3) the following relations hold:
t
< Cexp<—§>, i=1,2.

dui(x, 1) < Cexp (_L) du;(x, 1)
— 2 9

ax at
Here we will give a schematic proof of Theorem 2.2, but first we state and prove
an auxiliary lemma [15].

Lemma 2.1 For the solution of problem (2.1)—(2.3) the following estimate holds:

0 ,t t
up(x )‘+ SCGXP<—5>.

ot
Proof Differentiating equation (2.1) with respect to ¢ for i = 1 and multiplying by
du/0dt, we deduce after some transformations that

d ! ouy 2
E 0 (W) dx—f-(l-i—d)/ <8 at) dx
_1{ |:<8u1> (auzﬂ }2 U dur\2
<({+4o0) / — ) + | — dx f(—) dx. (2.4)
0 ax ax 0 ax

Using Poincaré’s inequality, Theorem 2.1, the nonnegativity of o (¢) and relation
(2.4), we arrive at

dur(x, 1)
dat

H out < Cexp (—£> .
- 2
Analogously,
H Ouz < Cexp (—L) .
- 2
Now we turn to the proof of Theorem 2.2. O
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Proof First we estimate 9u/dx> in the norm of the space L1 (0, 1). From (2.1) for
i = 1 we have
32 d
G 40) 12

9x?2 =1+ ot

2.5)

Integrating (2.5) on (0, 1), using the Cauchy-Schwarz inequality, applying
Lemma 2.1 and taking into account the nonnegativity of o (¢), we derive

! t
/ dx < Cexp <——>.
0 2

From this, taking into account the relation

durCr.r) aul(y,n o
o ‘/ d*f/ T B

and the boundary conditions (2.2), it follows that

! t
5/ dngexp(——).
0 2

Qua(x, 1) | _ Cexp <_5)
—_ 2 .

ox
Next, we estimate du;/d¢ in the norm of the space C'(0, 1). First we multiply
(2.1) for i = 1 by d3uy/dx>oz.
Using Theorem 2.1, relation (2.5) and Lemma 2.1, after some transformations we
arrive at

82u1
9x2

oui(x,t)
ax

3%ui(y, 1)
9y?

Analogously,

2

32
ll < Cexp(—1).

9x2

0%u,
dxat

ouq 2
2 R
gl +H o

|

From this, taking into account Lemma 2.1 once again, it follows that

dui(x, )| _ / am(y,r) / / PurE.0 4,
ot 0 &0t
o0y 1" (.1) r
< / D) dx +/ 0o, dy <Cexp|—= .
0 at 0 dyat 2
Analogously,
our(x,t) t
— | <C —— .
| =cen(-)
This completes the proof of Theorem 2.2. O
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Remark 2 The existence of globally defined solutions of problems (2.1)—(2.3) can be
obtained by a routine procedure. One first establishes the existence of local solutions
on a maximal time interval and then uses the derived a priori estimates to show that
the solutions cannot escape in finite time. This approach is used very often; see, for
example, [9] and [10].

The uniqueness of solutions of problem (2.1)—(2.3) can be proven as well. Indeed,

let u;, u;, i =1, 2, be two solutions of problem (2.1)—(2.3) and z; (x, t) = u;(x,t) —
u;(x,t). We have

oz 2. 2=

S o] M e 2N 2.6
5—[4‘0()]?—[-%0()]?7 (2.6)

d i\
o(t)—/ / [( u1> <£> i|dxdt.
ax
Multiplying (2.6) by z; and integrating, we get
[ty [ (Bt (o,
0 at o \ dx ax ax dax
! 3 du; i
+f [(,(t)__-()ﬁ] <ﬂ_ﬂ)dx
0 ax ax
1d [, +/ AW /[(t)+ o] u, o\’
= - dx o o ol I(54
241 J, © ) ox
au, 2 o \?
[G(I)—U(t)] —{=—) |d~x.
ax

Integrating with respect to ¢, we get the inequality

! 2 ! _ 1 3ul 8141 .
/ Zidx +/ lo(T) —o(r)]f (—) ( ) dxdt <0, i=1,2.
0 0 0 dax ax

Summing these inequalities, we obtain

where

1 ¢
/ (Z%"‘Z%) dx-i-/ [U(T)—ff(f)]di[a(r) —6(1)]dr <0,
0 0 T

or
1
/(z1+z2)dx+ [o(t) — 5] < 0.
0

From this we immediately get z; (x, ) = 0,i = 1, 2, which proves the uniqueness of
the solution.
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3 Variational formulation

Consider the following initial-boundary value problem:
ou; Bzui
—— =U+00)——+ filx,1), (x,1)€(0,1)x(0,T7),
at ox

u;(0,0) =u;(1,t) =0, 0<r<T,
ui(x,0) =ujo(x), x€[0,1],

i=1, 2, 3.1

R

T = Const. > 0 and u;o = ujo(x), i = 1, 2 are given functions.

One of the ingredients of the finite element method is a variational formulation of
the problem. To provide this variational formulation, let us denote by H the linear
space of functions u; satisfying the boundary conditions in (3.1) and

where

[Jui (-, D)1 < o0,

where

1
i, Dl = /
0

The variational formulation of the problem can now be stated as follows: Find a
pair of functions u;(x, t) € H for which

1/2

a”‘(“) dx i=12

du; du; Ov;
v, 2 (o2 N fo s, WYy e H,  (32)
Jat Jdx 0x

and
< v, ui(x,0) >=< v, ujplx) >, Yvi e H, i=1,2, 3.3)

where
1
< p(0). q(x) > = /0 (g ().

To approximate the solution of (3.2) and (3.3) we require that u; and v; lie in a
finite-dimensional subspace S, of H for each t and i = 1, 2. The following property
concerning approximability in Sj, can be readily verified for finite element spaces;
see [23].
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Approximation property There is an integer r > 2 and positive numbers Cy, Ci
independent of 4 such that for any v € H, there exists a point v" € S}, satisfying

o —v"le < Coh/ ]|,  for 0<t<1, £<j<r (3.4)

The approximation ulh € Sp to u; is defined by the following variational analog of
(3.2), (3.3): Find a pair ufl € Sy, such that

pooul dul ol 0 0
Ui,? + (1+O’h([))a—x,a—x =< fi,Ui >, Vvi € Sy, 3.5)

and

< vf’, uf’(x,O) >=< vf‘, uio(x) >, Vvl-h € Sn, i=1,2, (3.6)

2 A\ 2
on(t) —/ / <8u1> (8&) dxdt
h dx '

Once a basis has been selected for Sy, (3.5) and (3.6) are equivalent to a set of N
integro-differential equations, where N is the dimension of S;,. The solution of such
a system will be discussed in Section 5.

where

4 Error estimates

In this section we shall estimate the error in the finite element approximation using

the norm
EN, = //

Whenever r = 0 we will omit the subscript for this norm as well.

1/2

BJE(X 2l dxdt

Coaxd

Theorem 4.1 The error in the finite element approximation ulh generated by (3.5),
(3.6) satisfies the inequality

2

h i—1 2 2 2
Mui —uilll < h’ {Clh [luioll” + c2h ’E

2
+ eslllui 117+ cah®70 3 |l 112

m=1

2
cs {Z (coh’™" Mlun11 +c7[]um[])} Y

m=1
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where

T 1
[Jul] =/ f | dxd
0 0

andci, i = 1,2, ...,7, denote various positive constants.

Proof Subtracting (3.5) from (3.2) with vlh instead of v;, we obtain

, oul dull P p u du; ol
<U,-,?> <(1+0h(l))— B_x <Ul,¥ (I1+o (l))— ek

voles, i=1,2.

Let 12? be any function in S;,. Then

3 (ul —al) X dul Lis gul | vl
— Y )T ( +0h(t))§_( +Uh(t))¥ v

a0 dul | vl
=\v, ———— (1+o(t))——(1+oh(t)) o |

Vol € Sy, =1, .1

—_—
[
s

where
t 1 3ﬁh 2 afth 2
6h(t)=// —L) +(=2 dxdr.
o Jo ax ax

Define the errors as follows:

ei(x,1) = ul(x, ) —al(x, 1),

Ei(x,1) = ui(x, 1) — il (x,1), i=1,2. (4.2)

Since ¢; € S;,, we can let vf’ = ¢; and (4.1) becomes
de;\ | [dei der (t)au” (t)a aj | e
e, — —, — op(t)—+ — & (1) —~
"ot dx  0x h 0x h Tox
O\ [0Ei dei\ (t)aui y (t)aﬁff de; 1o
= (e, — — = o) — —Gp()—|,— ), i=1,2
AT ax  dx ox Vx| ax

4.3)
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Considering the last term on the left-hand side of (4.3) and denoting,

dul dal
w; = —, i =
! 0x i 0x

we have

h ~n
<|:Gh(t)ai—6h(t)aii| ae‘>
ox 0x
1 t 1 t 1
:§</0 /O [W%erg]dédﬂr/o /0 [n%Jrn%]der, (a),-—n,-)2>
%<// a)1+a)2 d‘&dt—// 771+772 dfdra)—nl>
1
5] {// wl"'wz—m—flz)dfdf}(a) —TI,>d

Now w% - n% + w% - n% > 2 mi1n2(w§ — n?) = Z(w,% — n,%). Also a)lz - 77,-2 >
Jj=L

. 2 2
min (0% — n%). So,
j=1,2( =)

auh dih Be,
Gh(l)— —on(t )—
ax T ox
_ 2 2 _ k
/ / nk der/O (a)k nk) dx = TR
where

ou(1) = / / 2 p2)dedr.

Therefore the left-hand side of (4.3) can be rewritten as follows:

de; n de; 0de¢; N o Buf‘ 50 (1) Bﬁff de;
e, — —, op(t)y— —op(t)— |, —
FY ax " dx P T | ax

2 1d¢k
2 dt’

de;
ax

1d
‘ i=1, 2.

Ed_HelH +
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Now consider the last term on the right-hand side of (4.3). Substituting for % from
(4.2), we have

LA
o(t)— —op(t)—
ax h ax

2 2
E 0 o0E 0
// ( l ul) +<—2+ﬁ> dxdt
0x 0
a”h IE IE,\> _OE, 0i" _JE, oii"
! ff CEL) (282 oot T L0220 e, =1, 2,
0x ox 0x ox Ox
Taking this into account in the right-hand side of (4.3), we get
i\ 2
ei’@ L [PE: dei\  [OE: 861 // aﬁ e
ot 8x 8x 0x
IE; a IE 2
e, e % dxdt
0 ox ax
dal 9 IE IE>\?
+ u’ e, ) =2 dxdt
0 ax ox

+

~h i
L] // DEOT] DB\ ] OE
X 8x 8x Jdx Jdx Jat

JdE;

86,

+

> VERSVEIAS LAY
// <1+—> —1 +<1+—> —2) |dxdr
X €] 0x ) 0x
trl E\>2 IE>\ 2
+/0/0 1 +e€) (_ax ) + (14 e) (—ax ) dxdt

>{// [(a—’?) (%ﬂ

3E1
dxdr}

where €1 and €; come from the Cauchy—Schwarz inequality.

8u Be,

(el

8E2
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Now incorporate these estimates into (4.3) to obtain

d 5 ||dei n|* 1de?

—_—— . .’t [ — —_——

5 7= llei. 0l +‘ o o
0E; (-, 1) 0E;(-,1)| |0ei(-, 1)

< "7t7 3
—<el( Y >+<‘ ax ax >

oih\? 1 (oat\’
X 1+/[ ( ) -— +<l+—) dxdt
0x € 0x
t pl 2 2
+/ / [(1 +€1) (_3E1) + (1 +e€) <—8E2> }dXdT}
0 Jo ax ox

a~h 3 E1\*  [9E2\?
Ty e e’ / f kel 222) | dxde
0x 0x
il torl dE
+ 2 |sup —L / / P
x,t X 0 Jo X
a~h t 1 OE
+ 2 |sup <ﬁ> f f =2
x,t X 0 Jo X
Integrating (4.4) with respect to ¢, we have
1 Tl dei( o)) 1
—||ei<~,T)||2+/O ' l dt + S ¢ (T)
1 0E; de;
= 01> + —d dt —
2”31( I / / xdt + x Ox

t ot VLAY 1 (oit\’
x {1+ I+—)l=—) +{1+— )| =— dxdt
0o Jo €] dx € d
rort IE; 9Ey\?
+ (1+€p) + (14 €2) dxdt ¢ dt
0o Jo 3)( ax

VAT INACOR SN
o Sup( N ) 8E1
" sup<ai> 8E2

@ Springer
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We can estimate the following factor in the last integral:
t el [ 2
oE dE
/ / L + —2 dxdt +2 sup

0 Jo ax dax

oE

+2 sup( ) dxdt < H' !

x,t

+zsup(%;)\[]2iﬂ+2 2 ()00

Denoting the right-hand side of this inequality by I, the last term of (3.5) becomes

8E1

8E2

H!”Z

2
T il P T 9l T 1 ge:
1/ sup—/ e’dxdrgI/supﬁ dtf /ﬁdx di
0 X ax 0 ax \ 0 X ax \ 0 0 X
2
T ol de:
<1 / supi dt adl '
NEL x 0x 0x
~h
2 0o | x Ox 2¢3 ||| 9x
Thus, (4.5) yields
dei [||> 1 , 1 e
- < — . .’0 — . — -
H ox < 2“61( I t3 €4 |llelll Jr64 57
2 2 2
1 0E,, JoE; 1 de;
L 1 Zom il =
+2( +Z(  €m) H ol )(65 0x ax )
m=1
2 IE dii IE ’
€3 m m
bl _om 2 _om
T2 [Z (‘H d E S“p(ax )‘H ix [m
m=1
2
/T il |22
X sup —- — |||— ,
0 xp 0x 2¢e3 0x
where
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Since E; is the interpolation error, we have from (3.4),

NENI < Coh?|lluilll,

dE .
‘H— < Cihd NIl
dx
aEl . aui
R < Crh/ _° ,
‘Haz =72 ot '
0E; [] .
H—[ < G wn, i=1,2.
ox ||
Therefore,
36,’ 1 i 3ul
_ 0 _ h J
H o 5 lleiC, WP+ ||| il? +2 o
1 2 .
+5 (L + Zlu + em)C%h2<f—1>|||um|||2>
m=

. 1 0e;
x (eSC%hZU D1z 11 + = H —

2)
il
Sup 3x

2

2
€3
+3[§ 1(czhzf 2l uml1> +2
m=

12
T Mh
X
0

sup —L
X
Now we collect terms with norms of the error ¢; to obtain

C3h/ ™ Nu [])]

1
263

3€i
0x

0x

der|||® e 1 2 1 ||| de;

! 1112 272(j—1) 2 i

=== -~ (+>a C2h —|==

H o ‘ 2 [le: !l 2( +m_1( + em)Cy |||um|||>65 H o
1 ||[e||[* 1 S I
——[I=2]] < = lleic,0 — 2 |||=2
26, ‘ ox ||| =2/l O+ 576 ot

2
1 i i
+3 (L + ) (I +en)Cih? ‘>|||um|||2) esCTh>U =D [[u; 1?

m=1
€3 2 31111 ?
+?|:Z< 2h2] 2|||’/‘m||| +2 Sup( 8x> CShji [ um []):|
m=1

T
X/

dt.
@ Springer
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Next we use the Poincaré inequality

aei
x > Cplleill
to show that
36,‘
™ > Cpllleilll .
So, the last relation becomes
€4 L 2,2(j—1) ael
(“@‘g— Z(1+6m)C WYl |17 —
m=1
1 1 ou;
< _ X _’0 2 h2] et
_zllez( )| +2 s

2
1 . .
+ S esCin?I w2 (L +) 1+ em)C%hz“”nmmHF)
m=1
2
oy, =
sup C3h/ ™ N (]
9x

2
€3
+3 [Zl ( CIH 2 || ||2 +2
m

/‘T 8u
X
0

sup ——
Now choose €3, €4 and €5 so that the coefficient of ‘ ‘

dt.

x 0x

2
94 ) is positive, say C4. The

right-hand side depends on the grid size 4 and the known error at time ¢t = 0, i.e.,

llei (-, )| < Csh? [luiol| .

Thus,
de; |||? N e c? Au;
2N < n2 2] SR gl P 2 h? |||
0x 2C4 2C4€4 dt
2
esC? .
+ 5, Mmill? (L+Z(1+em>6%h2“ l>|||um|||2>
m=1
€3 2 3ﬂh 2
2 2,j—1 2
+ 36 LZ (C R 1242 sup< o >‘csnumn)}
T 8~h 2
x/ sup —~| dt
0 X a.x
Recall that
Bel Bel
eilllF = IlleilI* + ™ ,
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so taking into account the last estimate we obtain

2 2

. C ou;
e I3 < % 2cﬁ[—Shzllu, 1>+ —

ot

2Cy 2C46

2
€52 i
N 2C41 il <L+Z(1+em)th2(f 1)|||“m|||2>

m=1
2
il
Sup( 3 )’C3[]um[])
X

2
€3 27 j—1 2

+ — C2hi~ +2
2Cs |:mE:1 ( [umll]

2
T i
X
0

sup —L
where Cg = (1 + é)

X X
From this, using the triangle inequality

dt },

hipp2 “h o =h_ kg2 2 2
Wui —wi 1T = Wi —uyp +u; —ug |17 < 2 Ei ] + 2llle 17

oE;
ax

= (C3n? + C}) W2 il

and estimating

2

E|? = |||Ei|||2+' < C2h¥ ||lu 11> + CEh2 =2 [u; |||

we finally get

. ou;
i —ufllls < A 1{c1h2||uio||2+czh2 =
2
2 2(j—1 2
+ calllwill® + cah®I70 3 Ylul||
m=1

24 1/2

2
cs [Z (con™" llunI1? +c7[]um[])} ,
m=1

where
C2C6 C2C6 ESC Ce
5 2 2 2
— , = , =121 1 2¢2h? + 23,
DT YT aa T a 0
€sC}Co €3Ce / dal
= l + ) ) = dta
¢4 = (1 + max{ey, e2}) C Cs G o Sl;P 8x
8~h
c6 = C2, c7 =2 |sup (ﬁ>' Cs.
X,l 3)6
This completes the proof of Theorem 4.1. O
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5 Numerical solution

For the numerical solution of (3.5) and (3.6), we let ¢1(x), ..., ¢n(x) be a basis for
Sp (where N is the dimension of Sy). Thus any uf’ € Sj, can be represented as follows:

N

(e, ) =Y uij(t)e; (x). (5.1)
j=1
Since (3.5) and (3.6) are valid for all vih € Sj, one can let vf’ = ¢y. Using

(5.1), we are led to the following system for the vectors of weights uwj(r) =
(Wit (0), uin(@), ..., uin()):

Mu; + K(up, uo)u; = F;, i=1,2, (5.2)
Mu; (0) = W;, i=1,2, (5.3)
where
My =< ¢r, ¢j >, 5.4)
K (u1,u2) jk =< (1 + 0n(0)y, ¢ >, (5.5)
Fix =< ¢x, fi >, Wik =< ¢r, uio > . (5.6)

Now we can evaluate oy, () as follows:

t pl N 2 N 2
on(t) = / / (Zu@é) + (Z Mze¢;§) dxdr
0 Jo =1 =1
. AN N N N
= fo /0 |:Z Z ureim®y oy, + Z Z uzeuzm¢2¢,{| dxdt

=1 m=1 =1 m=1

N N |
= Z Zfo (uretrm + ueuom) |:f0 ¢2¢;ndx:| dt

=1 m=1

N t
=YY Kim fo (Uieuim + uzeuzy) dr. (5.7)

=1 m=1

o~

The time integral can be approximated by the trapezoidal rule using the equally
spaced point #,,, where g = 0,1, =tand At =, —t;_1, i =1,...,n:

t
f (Urevt1m + ugeuom) dt
0

= Y Aty (meltpun(ty) + w2tz 1) + 0 ((A0?) ., (538)
p=0
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where ¢, = 1/2for p =0,nand {, = 1 for p = 1,...,n — 1. Combining (5.8)
and (5.7) with (5.5), we get

Ky, uz)jk

N N n
= < 1+ Kim Z ALZp (ure(tp)uim(tp) + uze(tp)uam (r,»)) P ¢}>

=1 m=1

(=1 m=1 p=0

N N n
= (1 + Z Igﬁm Z Atgp (ulﬁ(tp)ulm(tp) + MZK(tp)MZm(tp))) I%jk

(1 + Z Ar;,,v(;,,)) ks (5.9)

p=0

where v(t) = u1 (t)Ku1 1) + u2T (t)Kuz(t) To solve the system (5.2) and (5.3), we
use Taylor’s series. Let

w;(t + A1) = w; (1) + At () + %(At)zii,- (H+0 ((At)3> . (5.10)
Differentiating (5.2) with respect to ¢, we obtain
M ii; + K(up, un)u; + Ku; = F;, i=1,2, (5.11)
where the matrices M and F are defined by (5.4), (5.6) and
Ki; = (619} 1)

J

N N
[ZZ(uu(t)ulm(m+uze(r)u2m<r>) / Gi }Kk,

2

1 N N
(Zuw(l)(bé) +(Zuze(1)¢2> ¢},¢//€>

=1 =1

2

N N 71
Z Z (u1e@uim (1) + u2e()uzm (1)) Kn1€:| Ky

= (o] OKw () + ] ORua(0) Ky = v() Ky;. (5.12)
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Now multiplying (5.10) by M and using (5.2), (5.11) and (5.12), and after dropping
terms of order higher than the second, we obtain

u(t+A)—w()\ 1

M< AL ) = Mu,(t)—i—zAtMu,(t)
= (R K, way] 5 A [ K, )i — Ko
= [Fi —K(u1, uz)u;]

1. '

+ 5 At [Fi =K u)M™! (F —K G, uu) —Ku;
1 . 1 -1

= Fi+§AIFi—§AIK(u1,M2)M F;

1 1.
— Kuy, us) [u,» - EAtM—lK(u], uz)ui] — 5AtKu,-.
(5.13)

Substituting for K and K from (5.9) and (5.12), we get from (5.13),

M (ui(t+At)—u,-(t))
At

= F—i—lAtF lm 1+Xn:m (t,) | KM~'F
= iTs iT5 . Epultp i
p=

n
—At |1+ Z A1, v(tp)
p=0

. 1 " . 1 .
x K| u; —EAt M! I+Z Atrgpv(ty) | Ku; | — EAI v(H)Ku;. (5.14)
p=0

If we take = 1, as in (5.8) and denote u] = w;(#,), then (5.14) can be written as
follows:

L 1 . 1 n -
M (= =h ) = | o Ak — A 1+ Atg,o? | KMT'F]
p=0

n
— 1—1—2 Atgpv? | K
p=0

1 . . 1 .
X ul’.’—EAz‘M_l 1—{—2 Atgpv? | Ku! _EAt v Ku?.
p=0

(5.15)
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Now let us denote

¢ =1+ Atg,vP. (5.16)

p=0

Using notation (5.16) from (5.15), we have

u't g - 1 1 ins 1 -
M(=——) = —¢'K [u;’ — SAM- ¢"Ku;’] — 5 AR

|V | i
+ [F? + S (ADF] = ZAr ¢"KM_1F;‘:| . Q=12
(5.17)

Note that in (5.17), ¢" and v" depend on both u; and uy. We can update both ¢" and
v" after we solve the two systems or we can update them after solving each system.

In our first numerical experiment we have chosen the right-hand side so that the
exact solution is given by

ui(x,t) =x(1 —x)sin(x + 1)
and
ur(x,t) = x(1 —x)cos(x +1).
In this case the right-hand side is
11 .
filx,t) = x(1 —x)cos(x +1)— <1 +%t) (—=2sin(x + 1) +2(1 — x) cos(x + 1)
—2xcos(x +1) —x(1 — x)sin(x + t))

and

30
+2xsin(x +1) —x(1 — x) cos(x +1)).

fx,t) = —x(1 — x)sin(x + 1) — <l+£t> (=2cos(x + 1) — 2(1 — x) sin(x + 1)

The parameters used are N = 100 which dictates # = 0.01. In the next two figures
we plotted the numerical solution (marked with ) and the exact solution at t = 0.5
(Figs. 1 and 2) and r = 1.0 (Figs. 3 and 4). It is clear that the two solutions are almost
identical (Table 1).

Note that the energy norm of the error decreases linearly with £ as expected by
Theorem 4.1.
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Time t=0.5
0.25 T

0.2

0.15|

0.1

0.05f

0 L L L L L ‘m
0 20 40 60 80 100 120

Fig. 1 The solution at # = 0.5. The exact solution u; is a solid line and the numerical solution is
marked by *

Time t=0.5

0.12

0.1

0.08

0.06

0.04

0.02

0 Lk | | | | by
0 20 40 60 80 100 120

Fig. 2 The solution at + = 0.5. The exact solution uy is a solid line and the numerical solution is
marked by
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Time t =1

0.25

0.2

0.15

0.1

0.05

0 e L L L L ‘m
0 20 40 60 80 100 120

Fig. 3 The solution at + = 1.0. The exact solution u] is a solid line and the numerical solution is
marked by *

Time t =1

0.03

0.02

0.01

-0.01

-0.02

-0.03

~0.04 ! ! ! ! !
0 20 40 60 80 100 120

Fig. 4 The solution at + = 1.0. The exact solution uy is a solid line and the numerical solution is
marked by

@ Springer



Numer Algor (2013) 64:127-155 149

Table 1 The empirical rate of

convergence in the energy norm ¢ =.5 t=1

when integratingup to t = .5

andt =1 h Energy Rate h Energy Rate

norm norm

2 023124 .934145 2 .030767 941436
.04 .005142 983124 .04 .006762 .988143
.02 .0026012 .992146 .02 .003409 .991434
.01 .0013077 .01 .001715

In our second experiment we have taken a zero right-hand side and initial data
given by

uox) =u1(x,0) =x(1—x)sin(8mrx), wuxx)=uz(x,0)=x(1—x)cos(dnrx).

In this case, we know (Theorem 2.2) that the solution will decay in time. The
parameters N, h are as before. In Fig. 5 we plotted the initial data and in Fig. 6
we show the numerical solution at four different times. In both figures the top sub-
plot is for u#; and the bottom subplot is for u;. It is clear that the numerical solution
is approaching zero for all x. We have also plotted the maximum norm of the par-

tial derivatives aa% and % versus the exponential e~/2. Figure 7 shows that the

maximum norm of 3{% (top) and % (bottom) decays exponentially. Therefore the
numerical approximation of the x-derivative of the solutions obtained in our numer-
ical experiment fully agrees with the theoretical results given in Theorem 2.2. Note
that the line for the derivative is very close to the origin which means that the constant
in Theorem 2.2 is very small.

To test the numerical data for a longer time run, we have run the first example up
to t = 5. The exact solution is plotted with the numerical solution at t = 5 in Figs. 8
and 9. Note the agreement between the finite element and exact solution at the end
of the run.

We have experimented with several other initial solutions, and in all cases we
observed an agreement with the exact solution.

Remark At each time step one can advance uj and then advance u; using either the
previous uj or the most current one. As a result, the matrices are smaller and banded.

5.1 Comparison with the finite difference method

The authors of [19] have developed a finite difference scheme to solve the system
(3.1). In the finite difference method, the system is nonlinear and Newton’s method
was used at each time step. This required computing and storing the Jacobian. There-
fore the system becomes dense. On the other hand, in the finite element method we
did not have to solve a nonlinear system. Therefore the system is banded and the
bandwidth is dictated by the degree of the elements used. This fact had already been
discussed by Neta and Igwe [21].
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0.25

0.2

0.15

~0.25 1 1 1 1 1
0 20 40 60 80 100 120

Timet=0

0.25

0.2

0.1

0.05

-0.05

-0.15

0.2 I I I I I
0 20 40 60 80 100 120

Fig. 5 The initial data u9(x) = x(1 — x) sin(8mx) (top) and uz0(x) = x(1 — x) cos(4mx) (bottom) for
Example 2
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t=0.1
t=0.2
t=0.3
t=0.4

1.4 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.9 1

Fig. 6 The numerical solution at t = 0.1, 0.2, 0.3, 0.4 for u; (top) and u; (bottom)
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0.6 b

0.5 b

0.2 b

0.1 b

0.7f 4

0.6 _

0.4 -

0.3 _

0.1 b

o~

0 0.5 1.0 1.5 2.0 25 3.0 3.5 4.0 4.5

Fig. 7 The maximum norm of the numerical solution for % (top) and % (bottom) (Example 2) and

e~'/2. A solid line is used for % and %2 and a line marked with * for the exponential
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Timet=5

-0.02

-0.04

-0.06

-0.08

-0.14

-0.16

-0.18

-0.2 L I I 1 !
0 20 40 60 80 100 120

Fig. 8 The solution at + = 5.0. The exact solution u; is a solid line and the numerical solution is
marked by *

Time t=5
0.2 T

0.08

0.06 -

0.04

0.02-

0 @2 | | | | \m
0 20 40 60 80 100 120

Fig. 9 The solution at + = 5.0. The exact solution uy is a solid line and the numerical solution is
marked by
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We have recorded the CPU time it took our PC to solve the second example for
N = 25 and t = 1. The finite difference solution took more than twice the time it
took to solve the same problem using finite (linear) elements. The accuracy is the
same.

6 Conclusions

In this paper we have used the finite element method to solve a system of two nonlin-
ear integro-differential equations. We have shown that it gives the same accuracy as
the finite difference scheme without the need to compute the Jacobian at each time
step. We have also established the rate of convergence of the finite element method
in an appropriate energy norm.
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