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An application of a classical design approach to an experiment involving the study
of supersonic combustion is described in this paper. The case study described is that
of an experiment whose objective is to create response surfaces of the mean and
variance of several flow parameters as a function of location within a supersonic
jet flow field. The approach demonstrated in this paper involves the use of a classic
response surface methodology design in a unique manner. Additionally a unique
application involving the sub-sampling and replication strategies is developed in a
similar manner to those of robust parameter design. The sub-sampling and replication
techniques allow for the ability to systematically account for the precision in mean
and variance models of the output response variables. The final design prescribed
met the experimental objectives of the project by creating the ability to fit response
surfaces and allowing for the experimenters to understand the relative precision of
their estimates based on the final sub-sampling and replication techniques. Results
from one section of the region of interest are used to illustrate two different modeling
approaches. The performance of both modeling approaches in prediction of new data
is illustrated. The conclusions also include a discussion of the future work that will
follow. Copyright © 2008 John Wiley & Sons, Ltd.
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The project described in this case study consists of fundamental research in support of hypersonic
air breathing propulsion with specific attention to turbulence modeling of the supersonic combustion
process. Research efforts to improve the ability to test hypersonic vehicles seek a better understanding

of the test media effects from ground test facilities. The primary objective in this case study was to obtain
a better understanding of facility effects through experimentation and diagnostics. The experimental design
described in this paper was created to characterize flow-field parameters as a function of the location
within a coaxial-free jet in order to study turbulent mixing. The flow-field parameters are expected to be
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unsteady (turbulent) due to instabilities; however, the experiment is designed such that the distribution of the
flow parameters, mean and variance are statistically stationary. Ultimately the researchers are interested in
understanding the effect of turbulence through a collection of statistics such as mean, variance, and covariance
of parameters of interest throughout the entire jet engine flow field. The research and the experimentation
were performed at NASA’s Langley Research Center in Hampton, Virginia.
Over the course of the project, experimental design has played a role in several areas of supersonic

combustion research. Three examples can be found in Parker et al.1, Danehy et al.2, and Cutler et al.3. The
paper by Parker et al.1 describes a number of statistical techniques and how they are employed over different
areas of the hypersonic research project. For example, response surface methodology (RSM) techniques
were used to help find optimal tuning coefficients in a computational fluid dynamics (CFD) model, so that
discrepancies between physical and computational results were minimized. The paper by Danehy et al.2

demonstrates an application of experimental design and analysis to optimize the measurement of temperature
in the supersonic combustor. Cutler et al.3 describe a number of experiments suitable for the screening,
development, and validation of turbulence models used in the CFD models of the supersonic combustor.
The goal of the experiment described in this paper was to improve the understanding of several response

variables of interest and their behavior in the flow field of an open jet. It was of interest to design an
experiment that would allow the mathematical modeling of these response variables, such as temperature,
as functions of locations within the open jet. Through mathematical modeling of these parameters a better
understanding of the underlying turbulence physics could be attained.
One of the major challenges faced during the application of design of experiments in this situation was

the communication between the statisticians involved in the project and the subject matter experts (mostly
aerospace engineers and measurement scientists involved in the study of supersonic combustion). From the
standpoint of the statisticians it was important to develop a general understanding of supersonic combustion,
the major assumptions on the measurement system, the restrictions of the experimental apparatus, the goals
of the project, and how the variables were expected to behave—in terms of output structure expected and
variability associated with the experimentation. From the standpoint of the subject matter experts, it was
important to have a basic understanding of experimental design and realize the importance of designs other
than one factor at a time along with the basic concepts of replication, randomization, and blocking. Early
on in the design phase open lines of communication were established that allowed for a satisfactory end
result due to understanding from both sides of the project—the experimentation and the design applied.

DATA COLLECTION

The hypersonic open jet experiments were conducted in an enclosed room that contained the open jet
apparatus and remote measurement system to acquire the response data. Tedder et al.4 describe the two
measurement systems that were used. These measurement systems are the coherent anti-Stokes Raman
Spectroscopy (CARS) and interferometric Rayleigh scattering (IRS) systems. The CARS system measures
temperature andmole fractionwhile the IRS systemmeasures two components of velocity. Bothmeasurement
systems involve the use of lasers and are non-intrusive, which is important particularly in studying hot
supersonic flows because physical probes disturb the flow and can provide erroneous measurements.

CLASSICALEXPERIMENTALDESIGNAPPROACHTOANON-STANDARDDESIGN
SPACE WITH RESTRICTIONS

Employing design of experiment principles in hypersonic research has greatly improved the cost-
effectiveness and information efficiency as compared with previous methods. The experiment illustrated in
this case study is an extension from a small-scale study to full-scale apparatus. Therefore, prior knowledge
was available on the general nature of the response surfaces.
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From an experimental design perspective, the design region is a truncated cone shape with further restricted
regions due to the data collection (CARS and IRS) apparatus and its mobility limitations. The data being
collected from the experiment will be used for the development of response surface models over different,
sometimes overlapping regions in the design space. Therefore, the precise estimation of single points of data,
the ability to fit varying types of models, and the ability to fit models of both mean and variance were all
of equal importance. Finally, the focus on the precision of the response surface for both mean and variance
models of a particular variable was of interest. Modeling the relationship of the variance of a response
variable for multiple random variables is not a topic that is often discussed or found in the literature. Vining
and Schaub5 is one paper that discusses designs for mean and variance functions of variables. Other useful
references on this topic can be found in Myers and Montgomery6. This case study illustrates the application
of classical design of experiments in an innovative manner that accounts for the unusual design problem,
design restrictions, and incorporates a robust method of systematically accounting for noise, or variability
of the responses, inherent in the system.
An infrared image of the flame within an open jet can be seen in Figure 1, along with a picture of a

cross-section along the axis of the jet engine nozzle. (Note that the picture is compressed by a factor of two
in the x-axis direction relative to the r -direction for the purpose of illustration.) Figure 1 also illustrates, for
reference, the two input factors (x-axis and r -axis) and their directionality within the open jet flame.
The following modeling assumptions were made during the recognition of the problem definition phase

of the project:

• Axis symmetric flow field.
• Less drastic change in the x-axis direction than the r -axis direction.
• Sharp points of inflection in the design space at the shear layer.
• Constant gas flow rate during testing.

The modeling assumptions allowed the experiment to be conducted in a more efficient manner. The axis
symmetry assumption led to the removal of the rotational axis, meaning the design was two-dimensional as
opposed to three. The less drastic change in the x-axis direction than the r -axis direction allowed for wider
spacing of design points in the x-axis direction and more densely packed points in the r -axis direction.
Additional points at the shear layer location were found to be very important due to the sharp transitions of
response variable outputs and the need for higher fidelity models around the shear layer.

Figure 1. Diagram of the Mach 1.6 nozzle and infrared image of the open jet that issue from the nozzle
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Table I. Factors involved in the open jet experiment

Factors (mm)

X -axis
R-axis

See Figure 1 for picture.

Table II. Responses involved in the open jet experiment

Responses

Temperature (K)
u-Axis velocity (ms−1)
v-Axis velocity (ms−1)
N2 (%)
H2 (%)
O2 (%)
Variance of: T, u, v, N2, H2, O2

The input factors and responses of interest are found in Tables I and II, respectively. The experimenters
were also interested in the measurement of the covariances between all of the responses listed; however,
they are omitted from the table for the purpose of this case study. The covariances can be computed by
studying the relationship between two variables. The topic of the covariance relationships in the model will
be focused on during the next stages of the project work.
Discussions about potential outcomes of the response variables, what types of models would be of interest

to fit, and the design region lead to several options in the choice of experimental design that could be used.
The following design types were considered:

• Optimal designs (D and I).
• Classical designs.
• Space-filling designs.

Design D- and I-optimality were omitted as potential options early in the experimental design discussions
because of the uncertainty regarding the model over the entire space and the need to fit multiple models,
perhaps in a piecewise manner, across the design region. Montgomery7 points out that optimal design
criteria are of particular interest when the form of the model is known prior to experimentation. In this case,
small-scale experimentation demonstrated very complex nonlinear models over large regions of the design
space. Speculations about model forms over very small regions of the design space led to the possibility of
piecewise second-order models.
Classical designs and space-filling designs were the two remaining design choices. The classical design

option, for response surface modeling, was placed above the space-filling option because of the experi-
menters’ previous experience and the need to fit models along radial traces (set x-axis locations; see Figure 1).
Also, in designs such as the face-centered central composite design (FCCD), near uniformity is attained,
making it an attractive choice, especially if the need for a non-parametric model is foreseen. Fang et al.8 and
Fang9 discuss the theory and application of the uniform design and Hickernell10 discusses the robustness
of the uniform design for non-parametric modeling.
The choice of a classical design often used in RSM6 is usually the central composite design (CCD). The

CCD has the ability to fit up to a second-order model and consists of only nine design points in two factors.
In two factors, the design has four corner runs, four axial runs, and a center run. In a spherical design space,
the axial runs are set on the outside of the square region, so that the points lie along a circle surrounding
the center point. Owing to the near-rectangular design space, an FCCD (also known as the face-centered
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cube—FCC) was chosen over the CCD. In this design, the axial runs lie on the edge centers of a cuboidal
space.
The FCCD was chosen for several reasons, including the fitting of second-order models, and its near

uniformity, which allows for the fitting of non-parametric models. Another reason for the choice of the
FCCD instead of the CCD was because of the angles at which the experimenters were interested in placing
the design. A traditional FCCD was used to start with, classical square shape, and then the design was set at
an angle to the nozzle exit of the jet so that each of the points was on lines of a particular slope as opposed
to parallel lines on the horizontal. This created a truncated cone shape instead of the traditional square. The
reason for this modification of the classic design was due to the shape of the design region and the knowledge
of the turbulent flow patterns throughout the open jet flame, the FCCD was set at angles corresponding to
patterned turbulent flows exiting the nozzle head. See Figure 2 for the truncated cone-shaped design region.
Figure 2 also illustrates where the shear layer is located.
The modified FCCD was attractive for two reasons, not only did it meet the ability to match patterns of

the turbulent flow, but was also consistent with the shape of the flame that results after the combustion takes
place.
An additional uniqueness to the design application was the nesting of the angled FCCD. As mentioned,

previous smaller scale designs resulted in very complex nonlinear response surfaces3,4. Because of the need
for a much higher fidelity model over the larger design regions and the ability to possibly fit piecewise poly-
nomial models in smaller design regions, it was decided that nested FCCD designs would be implemented.
Three FCCD design were stacked on top of the other with overlapping top and bottom points. Figure 2
illustrated three stacked FCCDs, which results in seven design points along each of three radial traces (r -axis
lines at a given x-axis location). If the FCCDs were not overlapped, three FCCD design would create nine
points along each of the three radial traces; therefore, a saving of six design points was realized. We refer
to the design as nested, because one can also see that the very top set, middle set, and bottom set of radial
points make a large FCCD with several combinations of nested FCCDs within the design.
The region of experimentation spanned a large distance in the x-axis direction (relative to the r -axis

direction). Three FCCDs designs as shown in Figure 2 were only enough to capture a small part of the design
region just after the nozzle exit. One of the initial modeling assumptions listed was that there would be less
drastic changes in the flow-field parameters, response variables, in the x-axis direction. This assumption
paired with the design space led to three main design regions of interest. The nested FCCDs were therefore
repeated in three separate design regions. The edges of each design region were overlapped so that savings
on design point locations could be realized. A single region contained 21 design points, seen in Figure 2,

Figure 2. Angled-nested FCCD design with respect to the open jet nozzle

Copyright q 2008 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2009; 25:365–377
DOI: 10.1002/qre



370 R. T. JOHNSON ET AL.

Figure 3. Illustration of CFD results with added points in regions of high gradient

so three regions would have a total of 63 design points, but because of the overlapping among the three
regions of nested FCCDs only 49 design points were needed, while covering the full region of interest.
Another modeling assumption mentioned was the sharp inflection points in the response variables in the

radial axis direction due to steep gradients of variability in turbulent flow. At these points, even higher fidelity
models were required. Mays11 demonstrates how D- and I-optimal design augmentations of the classic CCD
for two, three and four design variables exhibit beneficial properties in the presence of dispersion effects,
which were expected in the shear layer, by allocating more points and replicates in regions of higher variance.
However, Mays11 points out that the experimenter must have knowledge of the variance structure in order
to implement the designs. In the open jet experiment, non-constant variance was expected, but no models
of its form were known prior to experimentation. Only the knowledge that there would be an increase in
turbulence, translating to extra variability, along the line known as the shear was available. The need for
more points in regions of higher variance, without the knowledge of the form of the variance structure, led
to the addition of points along several radial traces (or fixed x-axis locations in points of high gradient areas
as seen from previous CFD models of a smaller-scale model). Figure 3 shows several of the x-axis design
locations with added radial (r -axis) points in regions of high gradient. Ultimately, the design contained 58
unique locations. The sub-sampling and replication strategy are discussed in the next section.

CONTROLLING THE PRECISION OF MEAN AND VARIANCE RESPONSE
VARIABLES

Similar to robust design approach (see Taguchi12), we seek to model the mean and variance of the response
surface and adequately identify and isolate the sources of variability, both systematic and random to obtain
the specified precision in estimating the response surface to meet the research objectives.
There are two basic types of responses we were interested in modeling with response surfaces, mean and

variance. For each response (shown in Table II), we are interested in the variability over time at a single
location under homogenous experimental conditions and, therefore, we are interested in six variances. As a
point of clarification, we are interested in modeling the mean of the variances with a response surface model.
Such a model describes the relationship between variability of a flow parameter as a function of location
in the flow field. In order to achieve this, control of the sub-samples and replications were used. The idea
of sub-sampling is different than replication in that the sub-samples are repeat measurements taken by the
CARS and IRS systems at a specific location prescribed by the design, while replications are visits back to
that same design point location. We illustrate the development of the sub-sampling and replication strategy
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by first introducing some basic statistical notation and then developing the method used in the experiment
with a more sophisticated example and sensitivity analysis.
Let yi be a single measurement at one location in the flow field, which we assume to be independent and

identically distributed (iid) normal with a mean of �y and a variance �2y . Let multiple measurements at a
single location be denoted by a vector

y=[y1, y2, . . . , ys]′

where s is the number of measurements at a design point. We refer to these readings as sub-samples, because
multiple measurements at a single design point, without changing x-axis or r -axis (the inputs), are not
replicate measurements, but rather repeat measurements.
There are two main components that contribute to the variability among the measurements in y. They

are the measurement system noise (also referred to as precision of the measurement system), �2m , and the
variability in the flow media (turbulent flow), denoted by �2t . Therefore, we can write

�2y =�2m+�2t (1)

Note that we cannot separate the measurement system noise from the turbulence in a single experiment.
Therefore, an estimate of �2m was obtained in a non-turbulent flow field. The estimation of �2t is intuitively
restricted by �2m . Using this notation, we can illustrate the estimate of the mean and variance of the response
the vector y as, �̂y = ȳ and �̂2y = S2, respectively. These statistics are both unbiased estimators and their
variances are

Var(�̂y) = �2y
s

(2)

Var(�̂2y) = 2(�2y)
2

s−1

2�4y
s−1

(3)

We see that increasing the number of measurements, s, at a single design point decreases the variance
linearly and the standard deviation by the

√
s. However, the variance of �̂2y is a power of 2 larger than that

of �̂y . Clearly, this implies the estimation of a variance requires more sub-samples; a well-known result.
Refer to Casella and Berger13 for a discussion of Equation (3).
While Equations (2) and (3) describe the variance of flow-field parameters at a single design point location,

we are also interested in identifying and quantifying the sources of variability over the entire flow field. To
do this, consider taking multiple measurements at two different design points denoted by y1 and y2. The
data collection protocol involves going to a design point (x1, r1) and collecting s1 measurements and then
proceeding to (x2, r2) and collecting s2 measurements. We assume that there is a functional relationship
between the distributional parameters and the location in the flow field. We can model the change in the
mean response level (e.g. temperature) as a function of location within the flow field with a regression model

ȳ= f (x,r)+ε (4)

where � represents the residual regression error, and f (·) is the functional form of the model. We assume �
to be iid normal with mean zero and a variance of �2� . The contributors to �2� are defined to be experimental
error and the lack-of-fit of the mathematical model, expressed as

�2ε =�2PE +�2LoF (5)

The experimental error or pure error is defined as the variability among the response measurements when
all of the factors are precisely set to the same level, which includes the location in the flow field and the
turbulence level. For example, we alternately set (x1, r1) and (x2, r2) collecting a vector of measurements
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at each location and compute the variability among the distributional parameters (since we are interested
in estimating both the mean and variance). As we would expect, the estimated parameters will vary due to
replication. This is independent of the functional relationship (mathematical model) because we have set
all of the explanatory factors to identically the same level, within our ability to do so. In a response surface
design, we include randomly allocated genuine replicates to estimate �2PE .
To summarize the partitioning of the residual regression error, we have the �2PE , which is a function of the

two components of pure error identified earlier; measurement systems precision (�2m), and the variability in
the environment (turbulence) (�2t ). Additionally we have the �2LoF component, which represents variability in
the residual that could be explained by employing additional model terms. Thus the partitioning of variance
can be written as

Var(ȳ)=�2m+�2t +�2LoF (6)

Using this equation we can see the different components of variance in the modeled response. The same
expression can be written for modeling the mean variance of the response, where instead of Var(y), we have
Var(S2), which is the average variability at a location within the flow field.
In this experimental design case study, one of the main design criteria was to specify the number of

replications and sub-samples required to achieve certain precision levels needed in order to estimate the
mean and variance at a design point (locations within the flow field). We illustrated that the pure error is
a function of the number of sub-samples, s, taken to form one measurement, ȳ, used to fit the regression
model. We can reduce the variance in the estimate of �2PE by increasing the number of sub-samples in the
design, likewise we can reduce the variance of the mean of y by increasing the replications because of the
relationship

Var(ȳ)= �2y
N

(7)

where N represents the summation of all of the sub-samples across the number of replications at a single
design point i .
The number of replications plays a role in controlling the variance of the mean of the response variables,

as seen in Equation (7). The number of sub-samples directly impacts the ability to estimate the variance
components on the flow parameters. Equation (3) demonstrated the number of measurements (sub-samples)
necessary to achieve a certain precision in the variance of a single output response variable.
In order to determine the sub-sample size required by the experimenters, it was important to have estimates

of the variability components; measurement and turbulence. Initial measures to acquire estimates were
obtained through pilot runs of the system. Variability due to measurement error was realized with the open
jet turned off. Measurements of turbulent flow variability were much harder to obtain and expert knowledge
was used to make reasonable estimates. Several estimates of the variability from the noise components were
compared to study how the number of replications and sub-samples would change based on the estimates.
Figure 4 illustrates a plot of the number of sub-samples needed to attain a specified precision in the turbulence
measurement based on how many sub-samples are taken. Note that the experimenters preferred to discuss
the precision of all measurement, whether or variance, in engineering units. Therefore, the variability in the
turbulence measurements is expressed as the square root of the standard deviation, in this case, to result
in units of degree Kelvin (K)5. Different lines in the plot correspond to different estimates in the turbulent
flow variability. Thus, Figure 4 demonstrates the sensitivity to the variance of the noise variables and its
impact on how many sub-samples are needed to achieve a particular precision level in the variance of an
output response. If the standard deviation of the noise variable contributed by turbulence was equal to 50K
(when studying the response variable of temperature), less than 10 sub-samples are needed in order to attain
a precision in the standard deviation of temperature turbulence of 50K. If the estimate of turbulent flow
standard deviation was much higher, say 450K, then well over 4000 sub-samples would be needed in order
to attain the same precision of 50K. This demonstrates the sensitivity of the effect of noise variables on the
precision of variability of the response variables.
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Figure 4. Plot of standard deviation of variance of a response variable as a function of number of sub-samples collected
for several estimates of turbulent flow variability

Figure 4 demonstrates that in order to achieve certain precisions levels for a variance response variable
can be very expensive in terms of experimental effort; much more so than achieving precise estimates of
the mean.
After consulting with the experimenters, estimating the variance components, and determining the feasible

amount of experimental effort a decision was made to take 200 sub-samples at each design point location and
replicate a specific set of design points six times each. The balance between the precision of the estimates and
the amount of time the jet could be operated during one design run was delicate. Communication between
the subject matter experts and the statisticians understanding of what was possible allowed for the resulting
choices in replication and sub-sampling strategy. The open jet could only be run for approximately 1min
at a time, due to the extreme heat levels and safety precautions. In this minute time only a total of 1200
design points could be recorded if the data collection apparatus was kept in only physical location. If the
apparatus had to be moved to accommodate multiple points, points would be lost during the transition from
one design point location to the other; the transition time was not instantaneous.
The final design allowed for 26 design point locations that would have replication and the remaining

points to consist of only a single replication with 200 sub-samples. Twenty-one of the design points were
replicated six times, which provided 1200 total measurements at the specific locations. Five other design
points were replicated twice. Based on the replication strategy and the experimental design, the final design
contained 168 runs at 58 unique locations. Figure 5 contains the open jet picture with the overlapping three
regions of three FCCDs each, with additional points along several radial traces to capture inflections in the
response variables.

ANALYSIS OF THE DATA

Actual experimental data are not available; however, data from a simulation model were used to perform a
preliminary evaluation of several modeling approaches. Monte carlo simulation was used to estimate data
for Region 1, see Figure 5 in the previous section. Normally distributed errors were added to the CFD results
and data points corresponding to the data points used in the true experiment were extracted. Additionally,
only a single response variable, temperature, was analyzed, and only the mean model (not the variance
model) was tested. Two modeling fitting techniques were considered: (1) parametric high-order polynomial
models and (2) non-parametric Gaussian process models.
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Figure 5. Open jet with final design points depicted

These modeling approaches were considered for several reasons. Polynomial models were used because
previous studies demonstrated that high-order polynomial models could sometimes provide adequate model
fits over certain regions of the data. While polynomial models are intuitively easy to understand and explain,
they do have several drawbacks. The main drawback is a violation of the modeling assumptions. We
mentioned that the variance throughout the region would not be constant, which violates the standard
regression modeling assumption of constant variance. Therefore, weighted least squares will be used with
the estimated weights derived from the estimated variance model. It should be noted that, as mentioned in
the design section, we will try to model separate regions of the jet flow; the violation of the constant variance
over small sections of the flow (especially in the farther regions of experimentation) may be negligible.
The second type of modeling fitting technique used will be the Gaussian process model. Gaussian process

models are typically used for deterministic computer simulation output data; however, the Gaussian process
model does assume that the data are a random stochastic sample of a multivariate normal distribution.
Gaussian process models are desirable for computer simulation output because they fit each model point
exactly, but this is often undesirable in a physical experiment where random noise is present. The Gaussian
process models have as many model parameters as input variable (only two in our case) and are a function
of every design point. This could lead to over-fitting. Also, when dealing with large amount of data it can
be computationally intensive to estimate the Gaussian process model correlation coefficients.
Due to the complexity of analyzing the results from the experiment and the sensitivity of data, the actual

data was not available for publication in this stage of the experiment. However, a set of data was simulated
from Region 1 of the experiment. The simulated data was used to evaluate fits of a fifth order polynomial
model and Gaussian process model. The performance of the fitted models was compared by calculating the
mean square error between predicted and simulated data for a grid of points not used in the model fitting.
In the preliminary evaluation, we found that both models—polynomial and Gaussian process—provide
adequate predictions over a single region of the data. The Gaussian process model provides slightly better
results in terms of both percentage difference from the true value and mean square error. It should be noted
that the simulated data did not include non-constant variance. Since the design was strategically built to
support both modeling strategies, as well as many other variants, a thorough evaluation can be performed
with the actual data. This highlights the multiple design criteria superimposed in the experimental design.

CONCLUSIONS AND FUTURE WORK

The resulting experimental approach was based on a nested face-centered central composite design (FCCD)
with added points along several radial traces and a replication and sub-sampling strategy that would
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allow for a specified precision estimation of both mean and variance models of the output responses.
The design supports piecewise second-order polynomial models in nine design regions along with three
regions; supporting a high-order polynomial model over the entire region. While the design supports this
piecewise polynomial modeling, the final design is intended to support various modeling approaches, in
varying complexity. Over the entire sub-regions, high-order parametric or semi-parametric models can also
be supported. In addition, fully non-parametric fits are well supported by the near-uniform distribution
of design points. Considering all of the sub-regions together, modeling over the entire flow field is also
possible.
As mentioned in the modeling analysis section, Gaussian process models and high-order polynomial

models appear to provide good fits for analyzing the mean of a particular response variable of interest, such
as temperature. For the future work when more sections of the data are available, fitting combinations of
piecewise linear models, nonlinear models, and seemingly unrelated regressions (SUR) (see Zellner14) for
the multiple responses will be assessed. Also, it is assumed that over the larger design space the variance is
not stable, and therefore generalized least squares will likely need to be employed. SUR could potentially be
a very promising technique because of the ability to fit many models at one time (there are 12 total models
for mean and variance) and the ability to iteratively find the covariance structure between the models and
variables.
Finally, while the FCCD is adequate and satisfies multiple criteria, such as near uniformity and the ability

to fit higher-order polynomial models via the nesting of the designs, it will be instructive to explore other
design generation techniques such as space filling designs and optimal designs and compare the designs
based on their prediction variance, which is of primary interest in this application.
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