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ABSTRACT

For a finite nonempty set S of positive integers, the divisor graph
G(S} of S has vertex set S and two vertices ;7 and jof G(S) are
adjacent if ¢ divides Jor j divides i, while the divisor digraph
D(S) of § has vertex set S and (4,7} is an arc of D(S)if ¢ |5,
A graph G is a divisor graph if there exists a set § of positive
integers such that ¢ js Isomorphic to G{S). 1t is shown that 4
triangle-free graph is a divisor graph if and ouly if it is bipartite.
Also G x Ky is a divisor graph if and only if G is bipartite, A
vertex v in an oriented graph D is a transmitter if idy — 0,
a receiver if od ¢ = 0, and a transitive vertex if idv,ody >
and for every o ¢ N=(v) and w ¢ Nt (v), (w,w) € E(D). It
is shown that a graph G is a divisor graph if and only if there
exists an orientatjon D of G such that oevery vertex of 1) s g
transmitter, a receiver, or a transitive vertey,
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1 Introduction

lu 1983 Erdss, Freud, and Hegyviri [3 studied, for positive integers n.
those sequences 1.8z, - - ag of greatest length, whoge terms are distinet
elements of the gef i1,2,.. .n} and such that either a; | @it OF ¢y | a; for
each 7 with 1 < 4 <A~ 1 There is another way to formulate this problery
For a positive integer n, the divisor graph (7, is that graph whose verges
set is {1,2,... n} such that vertex ¢ s adjacent to vertex jaf and only if
il jorili Thus m Gy a vertex i s adfacent 1o a vertey J i and only
iWlem{i, j) = max{i. j) (or gedli, ji = min(s, j}). Let F(n) be the length of
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a longest path in G, What can be said about f{n)? Erdés, Freud, and
Hegyviri [3] proved that for sufficiently large positive integers n,

f(n) < {1 -log2jn.

Also in 1983, Pollington {5} proved that for every ¢ > 0, there exists a
positive integer N such that for every n > N,

f(ﬂ) > n .e—(?%-r)ﬂlogn]og(logn)_

In 1983 as well, Pomerance [6] studied the function f. Moreover, for a
positive integer n, Pomerance considered the graph H, with vertex sct
{1,2,--,n} where vertex i is adjacent to vertex j if and only if lem(i, j) <
n. Let g(n) denote the length of a longest path in Hy. Pomerance asked if
there is some positive integer n for which g(n) > f(n).

Pomerance {6] also extended the definition of divisor graph to any
nonempty set S of positive integers, whose divisor graph G(S) has vertex
set S and where two vertices i and j are adjacent in G(S) if and only 1f 7 b7
or j | i (that is, ged(i,j) = min(i, j)). Certainly, 1 < ged(i, §) = min(7, J)
for every two distinct positive integers i and j. At the other extreme of
the Pomerance definition is that of considering a graph in which there is
an cdge joining ¢ and j if ged(i, j) = 1.

Let S be a finite nonempty sct of positive integers. The relatively prime
graph RP(S) of S has S as its vertex set and two vertices i and j are
adjacent if ¢ and j are relatively prime. For graphs F and H, we write
F — H if F and H are isomorphic. A graph G is a relatively prime graph
if G = RP(S) for some finitc nonempty set S of positive integers. Hence if
(7 is a relatively prime graph, then there exists a function f : V{(G) = N,
called a relatively prime labeling of G, such that G = RP(f(V(G))). For
$ ={2,3,9,35,55,77}, the graph G = RP(S) is shown in Figure 1. Thus
G is a relatively prime graph.
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Figure 1: A relatively prime graph (¢
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As we now see, the condition thay a graph is a relatively prime graph is
not a very demanding one. We write (7 for the complement of G.

Theorem 1.1 Every graph is o relatively prime graph.

Proof. Let ¢; be a graph, Label any Isolated vertices and the edges of ¢7
with distinet primes. Ify is 5 vertex of (7 that, belongs to a component of (7
of order 3 or more, ther label v with ¢h, Product of the labels of the edges
in & incident with v. If y and o belong to the same component of order 2 in
G, then label one of and v with the label p of ¢ == 4 and the other wigh
%, We claim that this labeling f s a relatively prime labeling of V(G Let
Y EV(G). K gy € F(G), then ry € B(G) and the label assigned 1o Ty is
4 commeon factor of f(z} and Fly). Thus Flz) and fly} are not, relatively
prime. On the other hand, if zy € E((), then zy & E(G). Since no edge
Is incident with both z and ¥, 1t follows that fiz} and Hy) are relatively

prime. ]

For § = {1,2, .. n}, it was conjectured by R. Entringer that every
trec of order n js » subgraph of PR(S). Fu and Huang [4) verified this
conjecture for n <15,

In 2000, Singh and Santhosh (7] defined the concept of divisor graph
for finite nonempty sets of ntegers (rather than positive integers}, They
defined a graph (7 to be 4 divisor graph if (7 is Isomorphic to to G(S)
for some finite nonempty set § of integers. They showed that every odd
cycle of length 5 of more is not a divisor graph while alf evep cycles and
caterpillars (trees, the removal of whoge end-vertices produces a path} are
divisor graphs.

In this Paper, our goal is tq study divisor graphs but in termg of
nonemptiy sets of positive lntegers, ag defined in Erdés, Frend, and Hegyviri
(3], Pollington (5], and Pomerance (6]. We begin by reviewing the definitions
and describing the terminology we wi)) use,

Let S be a finite nonempty set of positive integers. Tle divisor graph
G(5) of Shas § as its vertey set and two vertices ; and j are adjacent if
either i | j op J i The divisor digraph D{S) of S has vertex set S and
i, 7) Is an arc of D{S) i 7 | . Thus G(S5) is the underlying graph of D(s).
For § = {3.6,9, 18}, the divisor graph G(S) and divisor digraph D{S) are
shown in Figure |,

A graph (7 is o divisoy graph if ¢ = G(8) for sone finite norempty
set 5 of positive mtegers, Hepee i G is a divisor graph, then there eXisls
a function f . V{GY - N, called a divisor labeling of G such that ¢ =
Gif{ V(G (‘fouscqueul,fb\', the graph ¢ — Ny —¢of Figure 1 is a divisor
graph, and the function I V() 5 N defined by

Flu) = 18, fv) =8, Jiw) =9, and Jilx) =3
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Figure 2: Divisor graphs and digraphs

is a divisor labeling.

If f is a divisor labeling of a divisor graph G and k& € N, then the
function f : V(G) — N defined by f'(v) = kf(v) is also a divisor labeling
of (3. In particular, every divisor graph G has a divisor labeling all of whose
labels are arbitrary large. Therefore, every divisor graph (7 has a divisor
labeling, none of whose labels is 1. Throughout this paper, we will always
assume that a given divisor labeling labels no vertex i

9 Which Graphs Are Divisor Graphs?

In this section we begin our investigation of graphs that are divisor graphs
by making the following observation, which also appeared in Singh and
Santhosh [7]. Since our proof is different and shorter, we include it.

Proposition 2.1 No divisor graph contains an induced odd cycle of length

b or more.

Proof. Assume, to the contrary, that there is a divisor graph G containing
an induced cycle Cy, for some odd n> 5. Let D be the orjentation induced
by some divisor labeling f of G. Necessarily, there is a vertex y on the
orientation ¢ of € such that ody =idy = 1. Thus there 1s a directed sub-
path z,y, z on ¢, which implies that f(x) | f(y) and f{y) | f{z). Howcver,
then, f{z) | f(z), which implies that 2z is an edge of (7, an impossibility. =

The argument given in Proposition 2.1 illustrates the following obser-
vatious, which we state withoui proof.

Proposition 2.2 Every induced subgraph of a divisor grapl is a divisor

graph.
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Proposition 2.3 Let G be a divisor graph. Then the ortentation of (G
induced by any divisor labcling of G 45 transitive.

Proposition 2.4 Let G be a divisor graph and f a divisor labeling of ¢
Then the orientation of (7 induced by f s acyclic,

Although divisor graphs cannot contain induced odd cycles of length 5
OF more, there are divisar graphs that containg triangles, however. A simple
class of divisor graphs are the complete graphs.

Proposition 2.5 Every complete graph is a divisor graph.

Proof. Let n > 2 and et S =1{2,22... 971 Then G(S) = Kk,,. »

Also, consider the graphs (71, G4, and (3 in Figure 9. Divisor labelings
are given for (5, and G's. Thus Gy and Gy are divisor graphs. The graph
(73 is not a divisor graph, however, Assume, to the contrary, that (4 is
a divisor graph., Then there exists a divisor labeling f of Ga. Since fis
transitive, we may assume that f(u) L f(v), f(v} | f{w), and fu) | flw).
Since vy s an edge of Gy, either F(v) | fy) or I | flo). It f(e) | f(w),
then f(u) | f(y), implying that v € E(Ga). If f(y) | (1), then F) | fw),
implying that yw € E(G3). This is impossible. though, since ('3 contains
nether edge.

In addition to showing that the complete graphs are divisor graphs,
Singh and Santhosh [7] also showed that all paths, stars, double stars, and
caterpillars are divisor graphs. In fact, a]) trevs are divisor graphs, as wo
next show.

Proposition 2.6 Every tree s q divisor graph.

Proof. We proceed by induction op the order n of a tree T The result is
certainly true if n — 1. Assume that all trees of order & are divisor graphs,
and let T be a tree of order &+ 1. Lot v be an end-vertey of T and let v b
adjacent to v, Thep T"=T—visatree of order & and is therefore a divisor
graph. Hence there js a divisor ltabeling f of 77, Let D' be the associated
orientation of 77, No vertex of I can have bot), positive ouldegree and
indegree, for otherwise, 7% has a cycle. There are two Cases,

Case 1. idu > ( iy D' Let p be a prime not occurring as a factor iy
any label of f ang define fla) = pf(x) for all »ip 77 Let f'{v) = fi).

Case 2. odu > 0 iy LV Let p be a prime not. OCCUTTing as a factor i,
any label of f and define ) = fiz) for all o iy 77 and f'(v) = pfiu). m

It was shown ip [7] that all even eyeles are also divisor graphs, This
result can be extended as well
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Figure 3: Divisor graphs G1 and (2 and
a graph (3 that is not a divisor graph

Theorem 2.7  Euvcry bipartitc graph is a divisor graph.

Proof. We proceed by induction on the order n of a bipartite graph G.
The result is true for n = 2,3. Assume that all bipartite graphs of order
n = k are divisor graphs and let G be a bipartite graph of order n = k+1
Let 7 and W be the partite sets and let u be a vertex in [/ for which
Uj>2 Then G'=G—-uisa bipartite graph of order k. By induction,
(" is a divisor graph. Let f be a divisor labeling of G’ with D' as the
associated orientation. Necessarily all arcs arc directed toward ¥ or away
from W . There are two cascs,

Casc ). All arcs of I arc dirceted toward W. Let p be a prime not
oceurring as a factor in any label of f and define f'(z) = pf{z) Hzrisa
neighbor of u, f'{x} = f(x) if 2 is not a neighbor of u, and f'(u) = p.

Case 2. All arcs of D are directed away from W. Let p and g be primes
not occurring as a [actor n any label of f and define f'(x} = Fla) if ris
a neighbor of u m (7, fi{x) = pfx) if 215 not a neighbor of v in G, and
f'(u) = ga. where a is the product of the labels of the neighbors of v. =

By Propositions 2.1 and 2.7, we have the following corotlary.
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Corollary 2.8 4 triangle-free graph G is a divisor graph if and only if
G is bipartite,

Proof. By Proposition 2.7, every bipartite graph is a divisor graph. Thus
it remains to verify the converse, Let G be a triangle-free divisor graph.
Assume, to the contrary, that  is not bipartite, Then ¢ contains an
induced odd cycle €. Since G is triangle-free, the length of € is 5 or more,
which contradicts Proposition 2.1. [

Proposition 2.9 If G and H are divisor graphs, then G+ H is a divisor
graph.

Proof. Let V(G} = {u;, us, - - “yUn} and V(H) = {w, v, , U b Since
G and H are divisor graphs, there exist divisor labelings ¢ and A of ¢ and
H, respectively. Suppose that #(u;) = a; and h(v;) =b; for 1 <i<nand
1 <j <k Let abe the least cornmon multiple of ay, ay, - - “va@n. Define a
labeling

FVG+H) S N by flu;) = a; and flv;) = ab;
for1<i<nand1 <J < k. Since ab, | ab, for 1 < r#s < kif and only

if b, | b,and since a; | ab; for all i and Jowith 1 <4 Snrand 1 <5<k, it
follows that £ is a divisor labeling of G+ H | N

Corollary 2.10 Every complite multi-partite graph is a divisor graph.

Proof. We have scen that every bipartite graph is a divisor graph, so
Ky, n, is adivisor graph for positive integers n1 and na. Thus for ¢ > 3 and
positive integers n, Ma, -+, ny, the graph Koyngoom, = A—n-:m'*‘f\'ng.n.h- e
is a diviser graph by Proposition 2.9 n

3 A Characterization of Divisor Graphs

A transmilteris a vertox having indegree 0, while a PECCIET s A vertex hav-
ing outdegree 0. Thus an isolated vertex is both trausntitter and receiver,
For a vertex u of 17, e

Nt{u) = {o (v, ) e E{I}Y  and No{u)={r ) (v, u) & E{m).

So il uis a transmitter, then No(u) = 0, white if v is i recelver, then
Ntuj = 0. A vertex of is a transitioe vertes if (1) odu > 0 and
idu > 0, and (2) for every k€ N7 {u) and y Nt(u), (2.y) € E(D), we
Call now present a characterization of graphs that arc divisor graphs,
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Theorem 3.1 Let G be a graph. Then G is a divisor graph if and only
if there exists an orentation D of G such that cvery verter of D is a
transmitter, a recetver, or a transitive vertex.

Proof. Assume first that G is a divisor graph. Let f be a divisor labeling
of (¢ and D be the orientation of G induced by f. We show that every
vertex of D is a transmitter, a receiver, or a transitive vertex. Let u be a
vertex of D. If odu = 0 or idu = 0, then u 1s a transmitter or a receiver
in D. So we may assume that odu > 0 and idu > 0. f v € N~ (u) and
w € NT(u), then f(v) | f(u) and f(u) | f{w), implying that f(v) | flw)
and so (v,w) € E{D). Thus uis a transitive vertex in D. Thercfore, D has
the desired property.

To verify the converse, we proceed by induction on the order of a graph
G. The result is certainly true for all graphs of some order 3 or less. Assume
that the result is true for all graphs of order &£ > 3. Let (G be a graph of
order k 4 I having an orientation D cach of whose vertices is a transmitter,
a receiver, or transitive,

Let u € V(G). We show that every vertex of the orientation [} —u
of G — u is also a transmiller, a receiver, or a transitive vertex. Let w
be a vertex of D — w. If w is not a neighbor of u, then certainly w is a
transmitter, receiver, or transitive vertex. So we may assume that w is a
neighbor of u. We consider three cases.

Case 1. u is a transmitter in D. Then w € N*t{u). If degpw = 1,
then 1w is an isolated vertex in I — u and so is a transmitter or a receiver.
Hence we may assume that degp w > 2. Necessarily w is not a transmitter
in D. If wis a recciver in 12, it is also a receiver in [ —«. We may assume
that w is a transitive vertex in [?. Then N*(w) C N*(u). There are two
subcases,

Subcasc 1.1. N~ (w) = {u}. Then w is a transmitter in D — u.

Subcasc 1.2. N~ {w) — {u} # 9. Let y € N7 (w) and y # u. For every
r € N*(w), we have (y, ) € E(1}). So wisa transilive vertex in D — w.

Case 2. w is a reeciver in D, The proof is similar to the proof of Case
1 and is therefore omitted.

Case 3. u is a transitree vorter in D, Let w € N7 (). Then odpw > L.
If idptw = 0, then w is a transitive vertex in ) and in D —u. Thus we
may assume that idpw > 1. We show that w 5 a transitive vertex in
D—u Let 2 € N~(w). Then r € N7 (u). Lel y € Nt(w). Iy # u,
then (x,y) € £(1) becanse w is a transitive vertex in £ 16 y = u, then
(w,u) € E(D). This imuplics that w15 a transitive vertox i ) —w. Similarly,
if w & NT(u}, then w is a receiver or a fransitive vertex in 4y — .
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Therefore, every vertex of the orientatjon D—wof G—uisa transmitier,
a receiver, or a transitive vertex, as claimed., By the induction hypothesis,
then, &' - v is a divisor graph. Let f be a divisor labeling of G — 4. We
consider three cases.

Case 1. u 45 q transmitter in ). Let P be a prime not OCCUITINgG as
a factor of fl2) forall z € V(). Define a labeling f - VIG) - N by
Fley =pflz)ife e N{u), f'(2) = f(z) if 2 ¢ Nlu], and f'{u) = p. Then
J'is a divisor labeling of G. The digraph D and the divisor labeling 17 are
shown in Figure 3.

u filu)=p

N{u) f{z) = pf(x)
A

N
V(D) ~ M) F'(2) = fla)

Figure 4: The digraph D and the divisor labeling f” in Case 1

Casc 2. w is a recoiver in D. Let m be the least common multiple of
the integers in the sey {flz):z e N(u)}. Moreover, let P and ¢ be distinct
primes, neither of which ;s a factor of f(z) for all vertices & of (7. Diefine
a labeling f7 . V(G) — N by flley = fla) if 2 € Nu), f'(z) = vf(2) if
z & N[u], and S{u) = gm. Then f s a divisor labeling of (3. Then flisa
divisor labeling of ;. The digrapk D and the divisor labeling 7 are showy
in Figure 4,

Case 3. w is a transitive verter m B Then Nglu) = Nt u N~™{u),
where N+ (u) £ 0 and N7{u) # 9. Let p and ¢ be distinct primes, nejthor
of which is a factor of Fe) for all vertices of . Furthermore, fot be
the least common mmuftiple of the Integers in the set {fiz) 1z € N7},
Since every vertey of N7 (u} is adjacent to every vertex of Ntu) in -y,
it fotlows that m P for all ¥ € Nt Define a labeling 7 - () - N
N = ) € N ) = g ity e at ) £ = pre)
if 2 € V(D) - Nu], and I{u) = gm. Then fis a divisor labeling of ;.
The digraph I and the divisor labeling £ are shown in Figure 5.
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v f'{u)=gm

N{u) ()

- i CD g

Figure 5: The digraph D and the divisor labeling f' in Case 2

V(D) — N[y fi(z) =pflz)

Figure 6: The digraph D and the divisor labeling f' in Case 3

Therefore, G is a divisor graph, as desired. n

As an application of Theorem 3.1, we verify the following.
Proposition 3.2 The graph kg x Ko s not a divisor graph,

Proof. Assume, lo the contrary, that Ky » R is a divisor graph and let
f be a divisor labeling of Ay x K2, Let () and G4 be two coples of A3

in Ky x Ko, where V ((r]) = {uy, uy, uz} and V{G2) = {vi.m ,v3} and u;
ib adidc ent. to v for 1 = 1,2,3. Absumc without Joss of generality, that
Fflug) | fluz), flua) § flua), and fluy) | flus). Since usvs 15 an edge 1n

K x Ko il fo]lo“s that f(uz) | f{ra) or flew) \fwo In either case, uy 1s
not a transmitter, receiver, or transitive vertex, contradicting Theorem 3.1
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By Proposition 2.2, if a graph (7 is not a divisor graph, then G x Rois
not a divisor graph since G is an induced subgraph of ;' x Ky,

Theorem 3.3 14 G be a graph. Then G % Ky is a divisor graph if and
only if G is a bipartite graph.

Proof. If G is a bipartite graph, then ¢ x K5 ds a bipartite graph and
so G < Ky is a divisor graph by Proposition 2.7. For the converse, assume,
to the contrary, that GxFKyisa divisor graph but G is not bipartite. Let
C' be a smallest, induced odd cycle of G say of length ¢ If ¢ > b, then ¢
is not a divisor graph by Proposition 2.1 and so & % KNy isnot a divisor
graph. Thus ¢ = 3 and so (¢ containg K. However, then G x Ky containg

4  Another View of Divisor Graphs

We now show that divisor graphs can be considered from 5 quite different,
viewpoint, First, we introduce few definitions. Let D be ap oriented
graph. The {dirccted) distance d(u, v) from: a Vertex u to a vertex ¢ in D
is the length of a shortest. directed U= path in D. As with graphs, a
directed u — ¢ path of length d(u,v) is referred to a5 4 U — v geodesic. A
Vertex w is said to fie in 5 U = v geodesic P if y ig ap Internal vertex of P,
that is, wis g vertex of P distinct from u and v, The closed interpgl 1[u, v]
consists of « and together with al) vertices lying in a y - geodesic or in
a v —u geodesic in 1) Hence, if there is no ¢ . v geodesic or v — 4 geodesic
in D, then /[u, v} = {u, v}
For a nonempty subset § of VD), define

181 = {J 1w, ).

u el

Certainly then, C1[S]. A set §is conver if I[S] = & Pheo corver hull
[S] of S is the smallest. canvex et containing S. So § s a convex sel in
D if and only if (5] = 5. Certainly, the Vertex set V(D) is convey The
converity numbe, con() of I is defined i 1] the Mmaxinwmn cardinality
of & proper convex set of . A convex set S Is defined 1o be marimum if
[S] = con{D}. These Concepts were introduced for graphs ang studied in

(2]
Let D he g connected oriented graph of order 1 2 2. Since every
singleton vertey sot Is convey,

I <eon() S
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Thus con{) = n — 1 if and only if there exists a vertex v of D such that
V(D - v) is convex. The following resuit was established in (1}

Theorem A Let D) be a connected oriented graph of order n > 2. Then
V(D — v) 1s conver if and only if v is a transmaticr, receiver, or fransitive
vertel.

This also provides the following corollary.

Corollary B Let D be a connected oriented graph of order n > 2. Then
con(D) =n-1 if and only if D contains a transmitter, receiver, of tran-
sitive verlex,

An oriented graph D of order at least 2 is called strongly conver if
V(D — v) is convex for every v € V(D).

Corollary 4.1 A graph G is a divisor graph if and only if some oricn-
tation of G is strongly convex.
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