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Abstract

A graph has a dominator coloring if it has a
proper coloring in which each vertex of the graph
dominates every vertex of some color class. The
dominator chromatic number x4(G) is the mini-
mum number of color classes in a dominator col-
oring of a graph G. In this paper we study the
dominator chromatic number for the hypercube,
Qn = Qn-1 x Ko (with Q1 = Py,n > 2), and
more generally for bipartite graphs. We then con-
clude it with open questions for further research.

1 Introduction

Interconnection networks are relevant for parallel computer
systems and have been studied extensively lately. Examples
of popular interconnection networks are tree, mesh, hyper-
cube, and star graph. The hypercube of dimension n, @,
(also known as n-cube, or binary cube) is a type of parallel
computer with the processors linked together in the shape
of a hypercube. We present bounds on the domination chro-
matic number of (J,, in terms of the domination number and
the dominator chromatic number of @),,_1. We also give
sharp bounds for the dominator chromatic number of bipar-
tite graphs.

An interconnection network can be represented as an
undirected graph where a processor is represented as a ver-
tex, and communication channels between processors are
the edges between corresponding vertices.

For every positive integer n, the hypercube of dimen-
sion n is defined to be the graph whose vertex set is the set
of all n-dimensional Boolean vectors. For example, ver-
tices are labeled with vectors having n coordinates (each
of which is 0 or 1), and then edges are the pairs of ver-
tices whose n-vectors differ in exactly one coordinate. A
slightly different definition of the hypercube of dimension
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n which is more useful for this paper, is a recursive def-
inition: @, = Qn_1 X Ko, with Q1 = P,. Recall that
[V(Qn)| = 2™,n > 1. The hypercube @), is an n-regular
bipartite graph.

A dominating set S is a subset of the vertices in a graph
such that every vertex in the graph either belongs to S or has
a neighbor in S. The domination number, v(G), is the or-
der of a minimum dominating set. The topic has long been
of interest to researchers [0, 7]. This definition also leads
naturally to the associated optimization problem, which is
to find a dominating set of minimum cardinality. Numer-
ous variants of this problem have been studied [2, 6, 7, 9],
and here we study one more that was introduced in [5]. The
associated decision problem, DOMINATING SET, occupies a
prominent place in the computational complexity literature.
Finding a minimum DOMINATING SET is NP-complete on
arbitrary graphs [4].

A proper coloring of a graph G = (V(G), E(G)) is a
function from the vertices of the graph to a set of colors
such that any two adjacent vertices have different colors.
The chromatic number is the minimum number of colors
needed in a proper coloring of a graph. Graph coloring is
used as a model for a vast number of practical problems
involving allocation of scarce resources (e.g., scheduling
problems), and has played a key role in the development
of graph theory and, more generally, discrete mathemat-
ics and combinatorial optimization. Graph k-colorability
is NP-complete in the general case, although the problem is
solvable in polynomial time for many classes [4].

A dominator coloring of a graph G is a proper coloring
in which each vertex of the graph dominates every vertex of
some color class. The dominator chromatic number x 4(G)
is the minimum number of color classes in a dominator col-
oring of a graph G. A x4(G)-coloring of G is any domi-
nator coloring with x4(G) colors. Our study of this prob-
lem is motivated by [3], [5], and [8]. Finding a minimum
DOMINATING COLORING SET is NP-complete on arbitrary
graphs [5]. A number of problems that are NP-complete
in general are polynomially solvable on various classes of
perfect graphs, so it seems natural to find bounds or op-
timal solutions for these classes. A graph G is perfect if
X(H) = w(H) for all induced subgraphs H of G, where



w(H) is the order of the largest complete subgraph in H.
One particular perfect class is the bipartite class.

In this paper we will only be working with connected
graphs. For further information on the dominator chro-
matic number in graphs (and in particular for disconnected
graphs), readers should research [5]. We begin with prelim-
inary information leading to the bounds of the chromatic
number of the n-cube in Section 2. We then study chro-
matic colorings in bipartite graphs in Section 3 and 4, and
conclude with further open research in Section 5.

2 A bound on dominator chromatic
number of hypercube

We begin our study with an example of finding the domina-
tor chromatic number for the graph in Figure 1 in order to
show an approach in finding the dominator chromatic num-
ber of a graph.
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Figure 1: An example

Example: We show that the bipartite graph G in Figure 1
has x4(G) = 3. Since G is a bipartite graph, at least two
colors are needed to obtain a proper coloring of the graph,
namely vertices a, b, and ¢ should receive one color, and
vertices u, v, and w should receive a different one. Note
that this coloring is unique up to isomorphism. However
then, the vertex u does not dominate a color class since it is
not the only one of its color class (so it cannot dominate its
own class), and also it is not adjacent to all vertices in the
other color class (thus not dominating the other color class
either). Therefore, at least 3 colors are needed for the graph,
and so x4(G) > 3.

Now, define a coloring where the vertices a, b, and ¢ re-
ceive color 1, vertex u receives color 2, and vertices v and w
receive color 3. Since each of the vertices a, b, and ¢ domi-
nate the color class 3, the vertex © dominates the color class
2, and each of the vertices v and w dominate the color class
1, it follows that 3 colors will suffice, and so x4(G) < 3.
Therefore x4(G) = 3.

We now describe an algorithm that gives a dominator
coloring of the hypercube ), 1, in terms of the dominator
chromatic number and the domination number of the hyper-
cube Q.

Proposition 2.1 Let Q),, be the n-cube of dimensionn > 2.
Then

Xd(QnJrl) < Xd(Qn) + ’Y(Qn)a
with xa(Q2) = 2.

Proof. Since @), is bipartite, we can properly color @),, by
alternating the colors a and b (a # b), in such a way that
no two adjacent vertices will have the same color. Such a
coloring is unique up to isomorphism. Now assign colors
1,2,...,7(@y) to the vertices in a minimum dominating
set S of @,,, and leaving the rest of the vertices colored with
a and b as before. This is a dominator coloring of (),, since
it is still a proper coloring, and the dominating set provides
the color class that every vertex dominates.

We now show how we can obtain a dominator coloring
of Q41 from a dominator coloring of (),, and the dom-
inating set of ),,. Recall that we obtain @, from two
copies of ., say " and Q" by adding 2™ more edges be-
tween the corresponding vertices of the two copies " and
Q". We then define a coloring ¢ of Q,+1 by (1) keep-
ing the coloring of @)’ as defined above for Q,,, and (2)
changing the coloring for Q" from the one of Q,, as fol-
lows: interchange the colors a and b, and replace the color ¢
(1 <1i < ~(Qn)) by the color y(Q,) +4. This new coloring
c uses xa(Qrn) + ¥(Q) colors.

Claim: The coloring ¢’ is a dominator coloring of Q1.
We first show that ¢’ is a proper coloring. We only need to
worry about the vertices color a or b since the others get
non-repeated colors. Let 2/ € Q" be the corresponding
vertex to 2’ € @’. Recall that (1) a proper coloring of )’,
(2) a proper coloring of Q”, and (3) if 2’ is colored a or b,
then 2’ is colored b or a, respectively, as the coloring of Q"
interchanges the colors a and b. So ¢’ is a proper coloring.

On the other hand, since the vertices colored
1,2...,9(Qn), .. 27(Q,) form a dominating set of Q,,+1,
it follows that each vertex colored j (1 < j < 2v(Q,))
dominates itself, and each vertex colored a or b dominates
the class j of the vertex that it is adjacent to in the domi-
nating set S. Therefore ¢’ is a dominator coloring of @, 41,
and the result follows. O

We now show the above theorem for (03 and Q)4:

Xd(@3) < xa(Q2) +7(Q2),

and

Xd(Q1) < xa(@3) +7(Q3)-

First, note that the dominator chromatic number of ()5 is 2,
and its domination number is 2, so by Theorem 2.1

Xd(@3) < xa(Q2) +7(Q2) =4,

as it can be seen in Figure 2 (the filled in vertices in Figure 2
form a minimum dominating set, and colors a,b, 1 and 2

show x4(Q3) = 4).
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Figure 2: xa(Q3) <4

Now, the dominator chromatic number of ()3 is at most
4, and its domination number is 2, and so by Theorem 2.1

Xd(Q1) < xa(Q3) +7(Q3) <6,

(the filled in vertices in Figure 3 form a minimum dominat-
ing set, and colors a, b, 1,2, 3 and 4 show x4(Q3) = 4).

Qu:

Figure 3: xq(Q4) <6

We can obtain the dominator coloring of ()4 from the one
of Q3 as follows: Let Q' and Q" be two copies of Q3 with
their respective dominator colorings. We define a coloring
of Q4 from the dominator coloring of the two copies Q'
and )", by (1) keeping the coloring of @ as the coloring of
@3, and (2) changing the coloring of Q" from the coloring
of Q3 as follows: interchange the colors a and b (a # b),
and replace the color i (1 < ¢ < v(Q3) = 2) by the color

Y(Q3) +i.

3 Bounds for the dominator chro-
matic number for bipartite graphs

Recall that @),, is a type of bipartite graph. We now study
dominator coloring in bipartite graphs starting with general
bounds in terms of the order of the graph, and some charac-
terizations.

Theorem 3.1 Let G be a connected bipartite graph. Then

2 < va(@) < EJ +1.

The bounds are sharp.

Proof. Let G be a connected bipartite graph. Since every
dominating coloring must be a proper coloring, and x (G) =
2, it follows that y4(G) > 2. For the upper bound, let V3
and V2 be the two bipartite sets of G, with |Vi| < |Va|.
Then the coloring that assigns colors 1,2, ..., |Vi], to the
vertices of V7, and color |V4] 4 1 to the vertices of V5 is
a dominator coloring where the vertices of V; provide the
color classes that vertices dominate since G is connected.
Thus x4(G) < [V1] + 1, and since V1] < [5], the result
follows.

Now, for sharpness of the bounds, note that the complete
bipartite graph K, ; (a,b > 2) has a dominator chromatic
number of 2, and so the lower bound is sharp. As for the
upper bound, consider the corona of the path P, Cor(FP,),
which is the graph obtained from P, by attaching a pendant
to each vertex of the path. Since each pendant or its stem
has to belong to a dominating set, it follows that the vertices
of the path form a minimum dominating set of Cor(P,,), so
~v(Cor(P,)) = n. Also, the coloring that assigns colors
1,2,...,n to the vertices of P,, and color n + 1 to the in-
dependent vertices that form the set V (Cor(P,)) — V(P,)
is a minimum dominator coloring. To see that, observe that
each pendant either dominates its own color class (if the
pendant is the only one of that color), or it dominates the
color class of its stem (if the stem is the only one of that
color). And so at least n vertices must receive their unique
color, and at least one more color is needed for the rest of
the vertices. And so x4(Cor(P,)) = [§] + 1. O

We next show that all the values in between 2 and | 5 | +1
can be attained as the dominator chromatic number of some
bipartite graph of order n.

Proposition 3.2 Let k be an integer with2 < k < |5 |+ 1.
Then there is a connected bipartite graph G with dominator
chromatic number k and of order n.

Proof. Consider the graph G obtained from the path
Py, with V(Pg) : v1,v9,...,v;, by adding the vertices
Up, Us, ..., ug so that u;v; € E(G) forall i (1 < i < k),
and by adding n — 2k vertices u; (0 < j <n — 2k), to the
vertex v (see Figure 4, where the filled in vertices form a
minimum dominating set).

Then the set vy, va, . . ., v form a minimum dominating
set since for each pendant u,; (1 < ¢ < k) either v; or u;
must belong to any dominating set. Thus v(G) = k.

On the other hand each pendant u; (1 < i < k) either
dominates its own color class (if u; is the only one of that
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Figure 4: The realization graph

color), or it dominates the color class of v; (if v; is the only
one of that color). And so at least k& vertices must receive
their unique color, and at least one more color is needed for
the rest of the vertices. Thus x4(G) > k. Also since the
coloring that assigns color ¢ (1 < i < k) to the vertex v;,
and color k£ + 1 to the rest of the vertices is a dominator
coloring with & + 1 colors, we obtain that x4(G) < k + 1.
O

Now we present a characterization of the lower bound.

Proposition 3.3 Let G be a bipartite graph of order at least
2. Then

Xd(G) =2 ifand only if G = Ky .

Proof. If G = K,, ,, then the coloring that assigns one
color to one bipartite set and another color to the other
bipartite set is a dominator coloring, and so x4(G) = 2.
Thus assume that y4(G) = 2 for some bipartite graph
G. Then, up to isomorphism, there is a unique dominator
coloring that assigns color 1 to the bipartite set Vi, and
color 2 to the bipartite set V>. We wish to show that we
have a complete graph. We consider two cases.

Case 1. |V;| = 1 for eitheri = 1 ori = 2. Then G =
K, ,,, which is a complete bipartite graph. Thus, assume
that both |V;| > 2, fori = 1,2.

Case 2. |V;| > 2 fori=1ori = 2. Letz € Vj. Since
x cannot dominate the color class of V7, it follows that z
dominates all the vertices in V5. Similarly, for some vertex
y € Vb, y must be adjacent to all the vertices of V7, and the
result follows. O

For the upper bound we have a necessary condition.

Proposition 3.4 Letr G be a bipartite graph. Then Cor(G)
is a bipartite graph whose chromatic domination number is
L\COE(G)\J +1.

Proof. Let G be a bipartite graph of order n, and define
G’ to be the corona of the graph G, i.e. the bipartite graph
G with a pendant to each vertex of the graph. Note that
G’ is bipartite. We now show that x4(G’) = L‘GT/‘J + 1
We define a coloring of G’ by assigning colors 1,2, ..., |G|
to all vertices of the graph G, and color |G| + 1 to all the

pendants. This is a dominator coloring since every vertex in
(G dominates itself, and each leaf dominates the stem that it
is adjacent to. Also, this is a minimum dominator coloring
since at least one new color is needed for every stem-vertex
pair, and at least one other color for the rest of the vertices.
a

Now this is not a sufficient and necessary condition since
Cy + e satisfies the relation x4(Cy + €) = L%J + 1.

4 The dominator chromatic number
of bipartite graphs in terms of
domination number

We find bounds for connected bipartite graphs in terms of
the domination number of the graph.

Theorem 4.1 Let G be a bipartite graph. Then
Y(G) < xa(G) <24+ 7(G).

Proof. Let ¢ be a minimum dominator coloring of G with
colors 1,2, ..., xa(G). For each color class of G, let z; be
a vertex in the color class i, with 1 < ¢ < x4(G). Consider
the set S = {z; : 1 < i < xq(G)}. We show that S is a
dominating set. Let x € V(G). Since each vertex of G must
dominate a color class, and since domination is reflexive, it
follows that = is dominated by all vertices of some color
class of G. Since .S contains one vertex of each color class,
we have that all vertices of G are dominated by some vertex
in S. Thus the domination number is a lower bound for the
dominator chromatic number in the graph.

For the upper bound, since the chromatic number of the
bipartite graph G is two, it follows that we can color the
vertices of GG by alternating two colors, say a and b (a # b),
so that no two adjacent vertices will share the same color.
Now, define a coloring ¢ (which we will show to be a dom-
inator coloring) of G by assigning colors 1,2,...,v(G) to
the vertices in a minimum dominating set S of GG, and leav-
ing the rest of the vertices colored with a and b as before.
Note that this is a dominator coloring of G since (1) it is a
proper coloring as no two adjacent vertices share the same
colors, and (2) the vertices of the dominating set provide the
color classes that every vertex of G dominates (see Figure 2
or 3 for example). O

We define a bipartite graph to be a graph of class 0 if
Xd(G) = v(G), of class 1 if x4(G) = v(G) + 1, and also
of class 2 if x4(G) = v(G) + 2.

We now show some examples for each class and results.
Let the graph K,, ,, be the complete bipartite graph with
m,n > 2, the graph K , be the star with a pendants, the
graph S, ;, be the double star with a+b pendants (a, b, > 2),



and P, be the path on n > 3 vertices. There are classes of
graphs for which xq(G) € {7(G),v(G) +1,7(G) + 2}, so
the bounds above are sharp, and every value in between is
attainable. To see this, for example,

0 for G = Ky m,
1 forG = KjqorSyp
2 for P, forn > 3.

G is of class

For the dominator chromatic number of standard classes
of graphs, the interested reader should consult [5]. Besides
the classes mentioned above there are a few more subclasses
that fit in each category. As proved in [5], the class of con-
nected caterpillars for which the vertices of degree 2 or less
are independent are of class 1. Spider graphs are also of
class 1. Next we provide a method of obtaining a graph of
class 1, having the original graph induced.

Proposition 4.2 Let G be a bipartite graph. Then there is
always a graph of class 1 that contains G as an induced
graph.

Proof. Let G be a bipartite graph of order n, and define
G’ to be the corona of the graph G. As shown in Proposi-
tion corona, the result follows. d

As it may seem, most of the graphs are of class 1 or 2.
However, there is an infinite family of graphs of class 0,
that includes the complete bipartite graphs. First, recall that
the open neighborhood of a vertex x € V(G) is N(z) =
{y € V(G) : zy € E(G)}, and the closed neighborhood
of z is N[z] = N(z) U {«}. Similarly, for a set X €
V(G), recall that the open neighborhood of the set X is
N(X) ={y € V(G) : 2y € E(G),3x € X}, and the
closed neighborhood of the set X is N[X] = N(X) U {x}.

We define a bipartite graph G to be partially-complete
bipartite if it has the following structure: G is obtained from
« disjoint copies of complete bipartite graphs K, », where
ai,b; > 3 (i > 1), by adding edges between K, 5, and
Ka;p,; (i # j > 1), with the condition that either

(1) for each partite set V; of K, p,, there is no set X C
N(V;) such that for every V; (i # j), |[N(V;) N X| =
1, and also, Vv; € V;, Ju; € X with w;v; € E(G), or

(2) for each partite set V; of K, p,, there is no set X C
Vi such that if the j, bipartite sets V;,, Vj,, ..., V;, C
N(X), then j; > |X|.

The above definition allows the addition of a limited
number of edges in between the complete bipartite sub-
graphs by prohibiting either (1) for some ¢ there is a set
composed of at most one vertex of each K, p, that can
dominate one of the bipartite sets of K, p, (i # j), or (2)
for some ¢ there is a set V; within a bipartite subgraph that

can dominate |V;| + 1 bipartite sets of different disjoint bi-
partite subgraphs.

An example is shown in Figure 5, where the numbers
represent the dominator color classes and the filled in ver-
tices form a minimum dominating set.

Figure 5: A graph of class 0.

An example that is not of class 0 (because there is a
set X with the property described above) is provided in
Figure 6, where again the numbers represent the domina-
tor color classes and the filled in vertices form a minimum
dominating set. Note that the domination number in Fig-
ure 6 is one less than the dominator chromatic number.

Figure 6: Not a graph of class 0.

We next show that the partially-complete bipartite graphs
are the only bipartite graphs of class 0.

Proposition 4.3 Let G be a bipartite graph of order at least
4. Then

Xd(G) = v(Q) if and only if G is a partially-complete
bipartite graph.

Proof. Let G be partially-complete bipartite graph.
Then G contains o disjoint complete bipartite graphs K, 1,
(1 <i < ). We show that x4(G) = v(G) = 2a (a > 1).
Since each bipartite set of each copy of K, 1, has at least
3 vertices, it follows that either (1) at least one vertex of
each bipartite set, or (2) at least 3 vertices of each com-
plete bipartite graph must belong to a dominating set of G.
Since a set that contains one arbitrary vertex of each bipar-
tite graph is a dominating set, we have that v(G) = 2a. By
Theorem 3.1, x4(G) > v(G) = 2a, and since the color-
ing that assigns a unique color to each bipartite set of each
bipartite subgraph is a dominator coloring, it follows that
xa(@) = 7(G) = 20



For the converse, assume that x4(G) = 7(G) =k (2 <
k < % 4 2) for some bipartite graph G.

Let the two bipartite sets of G be V; and V5. Note that
in a dominator coloring of G' we cannot have every color
appear in both bipartite sets since then it is impossible for
the vertices of the graph to dominate some color class. So
assume that colors 1,2,...,s are only used in one bipar-
tite set, either V; or V5, and colors s, s + 1, ..., k alternate
between V7 and V5 on nonadjacent vertices.Let v be a ver-
tex in the color class ¢ (s < ¢ < k). Since color class ¢
appears both in V; and in V5, it follows that v has to be
adjacent to all the vertices of some color class p, for some
p (1 < p < s—1). Also, every vertex in color class p
(1 < p < s—1) either dominates its own class (if it is the
only vertex in that color class), or it dominates some other
class (1 < r < s — 1) (being adjacent to all the vertices
in color class 7). And so, choosing one vertex in color class
rforallr (1 <r < s— 1), we obtain a dominating set of
size s — 1. Since v(G) = xa(G), it follows that each color
appears just in one bipartite set, and each vertex is either (1)
the only one in its color class, or (2) it is adjacent to all ver-
tices of a different color class. Thus G is partially-complete
bipartite graph. O

As a corollary of Propositions 4.1 and 4.3 we have the
following.

Corollary 4.4 Let G be a tree. Then
Y(G) +1 < x4(G) <~(G) +2.

Note that x4(G) = 2 + v(G) for P,, forn > 8, and
Xd(G) = 1 + v(G) for « copies of stars identified at one
pendant. Thus both values are attained. Moreover, for any
tree 7', if there is a minimum dominating set S such that
V(T) — S is an independent set, then x4(7T") = v(T) + 1.

The following is a corollary of Propositions 4.1 and 4.3.

Corollary 4.5 Let QQ,, be the n-cube of dimension n > 3.
Then

’Y(Qn) +1< Xd(Qn) < 'Y(Qn) + 2.

We actually conjecture the following about the hyper-
cube.

Conjecture 4.6 Let Q,, be the n-cube of dimension n > 4.
Then

xa(Qn) =24 2772

5 Further Research

We conclude the paper with a few questions for further re-
search.

The n-dimensional star graph (see [1]) has been recog-
nized as an attractive alternative to the hypercube, and
so it would be an interesting class to be studied. An n-
dimensional star graph Sy, is a graph whose (1) vertices
are n-arrangements of the numbers 1,2, ..., n (where the
arrangement 123 is not the same as the arrangement 231 for
example), and (2) edges are placed between vertices x and
y if given the label of z, say ajas ... a,, we obtain the la-
bel of y by swapping a; with some a; (2 < i < n), i.e. the
label of y is of the form a;as...a;—1a1a;41 .. .ay,. Note
that this is a different definition than the graph theoretical
definition of stars.

Question 1: Is there a characterization for each class de-
fined above?

Question 2: Can the conjecture on the dominator chromatic
number be proved?
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