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1. Vizing’s Conjecture ‐ 1963 
  The Cartesian product two graphs G and H is the graph G☐H  with 

vertex set V(G)×V(H), and (u,v)(u’,v’) ∊ E(G☐H) if and only if 
u  = u’ and vv’ ∊ E(H) or uu’ ∊ E(G) and v = v’. 

  A set S of vertices in a graph G = (V,E) is a dominating set if every 
vertex in V-S is adjacent to at least one vertex in S. 

  The domination number g(G) equals the minimum cardinality of a 
dominating set in G. 
 Conjecture [Vizing, 1963] For any two graphs G, H,       

g(G☐H) ≥ g(G) g(H). 



Vizing’s Conjecture - 1963 
  This conjecture is the most famous conjecture in domination 

theory, and the oldest.   
  An older survey of progress that has been made on this 

conjecture is Chapter 7, Domination in Cartesian Products:  
Vizing’s Conjecture, by Rall and Hartnell in Domination Theory, 
Advanced Topics, T. W. Haynes, S. T. Hedetniemi and P. J. Slater, 
Eds., Marcel Dekker, 1998, pp. 163-189. See also this: 

  Vizing's conjecture: A survey and recent results, JOURNAL 
OF GRAPH THEORY,Volume 69, Issue 1, January 2012, 
Pages: 46–76,Boštjan Brešar, Paul Dorbec, Wayne Goddard, 
Bert L. Hartnell, MichaelA. Henning, Sandi Klavžar, and 
Douglas F. Rall. 



2. The Hedetniemi Conjecture - 1966 
  The categorical product of two graphs G, H is the graph          

= (V(G)⤬VH), E(G⤬H)),  (u,v)(u’,v’) ∊ E(         ) if and only 
if uu’∊ E(G) and vv’ ∊ E(H). 

  A homomorphism from a graph G onto a graph H is a function 
f: V(G) ➝ V(H) such that uv ∊ E(G) implies f(u)f(v) ∊ E(H). 

  We say that the homomorphic image of G is the graph Gf = (Vf, 
Ef), where Vf = {f(v)|v  ∊ V(G)} and Ef = {f(u)f(v)|uv e 
E(G)}.  If Vf = V(H) and Ef = E(H) then we say that f maps 
G onto H. 
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The Hedetniemi Conjecture - 1966 

  A set S of vertices is independent if no two vertices in S 
are adjacent.   

  The chromatic number of a graph G, c(G) equals the 
minimum order of a partition (proper coloring)             
p = {V1, V2, …, Vk}of V(G) into independent sets. 

  If f: G ➝ H then c(G) ≤ c(Gf). 



The Hedetniemi Conjecture - 1966 

  Let f1: G⤬H ➝ G, where f1((u,v)) = u.        
  Let f2: G⤬H  H, where f2((u,v)) = v. 
  Since f1and f2 are homomorphisms, it follows that 
c(G⤬H) ≤ c(G) and c(G⤬H) ≤ c(H). 

 Conjecture [Hedetniemi, 1966]  
            c(G⤬H) = min { c(G), c(H)}.           



Three survey papers 

 X. Zhu, A survey on Hedetniemi’s conjecture, Taiwanese 
J. Math. 2:1-24, 1998. 

 N. Sauer, Hedetniemi’s conjecutre – a survey, Discrete 
Math. 229:261-292, 2001. 

 C. Tardif, Hedetniemi’s conjecture 40 years later.  Graph 
Theory Notes of New York LIV:46-57, 2008. 



3. The Path Partition Conjecture - 1981 

  A detour is a longest path in a graph, and the number of 
vertices in a detour is the detour number t(G). 

  The subgraph of a graph G induced by a set S is the graph                           
G[S] = (S, E ∩ (S⤬S) ). 

 ❐ = {A, B} is called an (a, b)-partition of a graph G if 
▼(G[A]) ≤ a  and  ▼(G[B]) ≤ b.   



The Path Partition Conjecture - 1981 

  A graph G is t-partitionable if for every pair of positive 
integers a,b such that a+b = t(G), G has an (a, b)-
partition. 

 Conjecture [Lovasz-Mihok, 1981] Every graph G is        
t-partitionable. 

  First mentioned by Lovasz and Mihok in 1981, it 
appeared in a paper by Laborde, Payan and Xuong in 
1983.   



The Path Partition Conjecture 

  J. E. Dunbar and M. Frick, The Path Partition Conjecture 
is true for claw-free graphs, Discrete Math. 307(11-12):
1285-1290, 2007. 

  They also give 14 other sufficiency conditions for the 
PPC to hold, and show that if the PPC is true for all 2-
connected graphs, then it is true for all graphs.  



4. The Kulli-Sigarkanti Conjecture - 1991 

  Theorem [Ore, 1962] If G = (V,E) is an isolate-free 
graph and S ⊂V is a minimal dominating set of G, then 
V – S is also a dominating set of G. 

  A dominating set of minimum cardinality is called a g-set.  
Let S1, S2, …, Sk be a listing of all g-sets of an isolate-
free graph G; there may be exponentially many. 

  Let S1’, S2’, …, Sk’ be a listing of minimum cardinality 
dominating sets of G in V-S1, V-S2, …, V-Sk, respectively.   



The Kulli-Sigarkanti Conjecture - 1991 

  The inverse domination number g-1(G) = min{|S1’|, |S2’|, 
…, |Sk’|} equals the minimum cardinality of a 
dominating set in the complement of a g-set of G. 

  The vertex independence number b0(G) equals the maximum 
cardinality of an independent set in G. 

 Conjecture [Kulli-Sigarkanti, 1991] For any isolate-free 
graph G, g-1(G) ≤ b0(G).      



The Kulli-Sigarkanti Conjecture - 1991 

  V. R. Kulli and S. C. Sigarkanti, Inverse domination in 
graphs, Nat. Acad. Sci. Lett. 14:473-475, 1991. 

  The authors’ proof contains an error, that so far is not 
fixable. But it is true for many classes of graphs, those for 
which b0(G) = G(G) (the upper domination number), 
including: trees, bipartite, chordal, circular arc, claw-
free, C4-free, net-free, upper bound, trestled, cographs, 
permutation, comparability, co-chordal, peripheral, 
parity, Gallai, perfectly orderable and Meyniel graphs. 



5. Queens Domination Conjecture - 1994 

  The Queens graph Qn is the graph constructed from the 
n2 squares of the n-by-n chessboard, where two squares 
are adjacent if and only if they appear in a common row, 
column or diagonal. 

 Conjecture [Hedetniemi, 1994] For any n ≥ 1,        
g(Qn) ≤ g(Qn+1). 

  Surely this is true….or is it?  It is true for all of the 
values of g(Qn) that are known, roughly for n ≤ 30.  



6. The Nearly Perfect Bipartition Problem - 1995 

  In 1969 R. L. Graham defined a cutset M⊆E of edges to 
be simple if no two edges in M have a vertex in common, 
i.e. a disconnecting matching. 

  A graph G is primitive if it has no simple cutset but every 
proper subgraph has a simple cutset. 

 He asked:  what are the primitive graphs? 



The Nearly Perfect Bipartition Problem - 1995 

 Dunbar, Hedetniemi, Hedetniemi, McRae and Laskar in 
1994 defined a set S ⊂ V to be nearly perfect if every 
vertex in V – S is adjacent to at most one vertex in S. 

 What is the complexity of the following problem? 
 NEARLY PERFECT BIPARTITION                         

INSTANCE: Graph G = (V, E)                                   
QUESTION: Does G have a set S such that both S and V-
S are nearly perfect? i.e. does G have a disconnecting 
matching? 



7. Gu’s Conjecture - 1999 

  A permutation graph is any graph of the form GaG, 
consisting of two copies of G, a permutation a: V(G) → 
V(G), and the edges va(v) for all v     V. 

  For any graph G, g(G) ≤ g(GaG) ≤ 2g(G). 
  But for any permutation a, g(G) = g(GaG) for the 

complement        of the complete graph Kn. 
 Conjecture [Gu, 1999] g(G) = g(GaG)  if and only if G 

=          

� 
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� 
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Gu’s Conjecture - 1999 

  R. G. Gibson, Bipartite graphs are not universal fixers, 
Discrete Math. 308(24):5937-5943, 2008. 

  E. J. Cockayne, R. G. Gibson and C. M. Mynhardt, 
Claw-free graphs are not universal fixers, Discrete Math. 
309(1):128-133, 2009. 

  A. P. Burger and C. M. Mynhardt, Regular graphs are 
not universal fixers, Discrete Math. 310(2):364-368, 
2010. 



8. The Achromatic-Pseudoachromatic Conjecture - 
2004 

    The achromatic number y(G) equals the maximum order 
k of a complete coloring of G, i.e. a proper coloring p = 
{V1, V2, …, Vk} having the property that for every 1 ≤ i 
< j ≤ k, there is a vertex in Vi adjacent to a vertex in Vj. 

  The pseudoachromatic number ys(G) equals the maximum 
order of a complete partition of G (it need not be a 
proper coloring). 

  By definition, for any graph G, y(G) ≤ ys(G).       



The Achromatic-Pseudoachromatic Conjecture - 
2004 

  Around 1998 Hedetniemi conjectured that for trees,  
y(T) = ys(T). 

  But Edwards found a counterexample, a tree of order  n 
= 408  for which ys(T) = y(T)  + 1. 

 K. J. Edwards, Achromatic number versus 
pseudoachromatic number: a counterexample to a 
conjecture of Hedetniemi, Discrete Math. 219(1-3):
271-274. 

  Jason, Sandee and Steve H have since found a tree of 
order n = 23 for which which ys(T) = y(T)  + 1.      



The Achromatic-Pseudoachromatic Conjecture - 
2004 

  Edwards then told Hedetniemi that he could not find a 
tree whose pseudoachromatic number was two or more 
greater than the achromatic number.  Therefore….   

 Conjecture [Hedetniemi, 2004] For any tree T,       y(T)  
≤ ys(T) ≤ y(T)  + 1. 

 Cairns: For all trees of order n ≤ 15, y(T)  = ys(T). 
  Edwards:  For almost all trees, y(T)  = ys(T). 



9. Iterated Colorings and the Four Color Theorem - 
2004 

  S.M. Hedetniemi, S.T. Hedetniemi, A.A. McRae, D.A. 
Parks and J.A. Telle, Iterated colorings of graphs, Discrete 
Math. 278:81-104, 2004. 

  Let P denote a property of sets of vertices in a graph G, 
for example: P could be the property of being a maximal 
independent set, a minimal dominating set, or a maximal 
irredundant set. 

 Consider the greedy algorithm that iteratively removes a 
P-set from a graph G until the graph is empty.  How 
many iterations can this take?  How few? How many? 



Iterated Colorings and the Four Color Theorem - 
2004 

 Define irr*(G), ir*(G), g*(G), i*(G) to equal the 
minimum number of iterations possible in executing the 
greedy algorithm for the properties P1: irredundant, P2: 
maximal irredundant, P3: minimal dominating, and P3: 
maximal independent. 

  For any graph G, irr*(G) ≤ ir*(G) ≤ g*(G) ≤ i*(G) = 
c(G). 

  Four Color Theorem [Appel, Haken, 1977].  For any 
planar graph G, c(G) ≤ 4. 



Iterated Colorings and the Four Color Theorem - 
2004 

 Corollary.  For any planar graph G, irr*(G) ≤  ir*(G) ≤ 
g*(G) ≤ i*(G) = c(G) ≤ 4. 

 Question:  Can you prove that for any planar graph G, 
irr*(G) ≤ 4, ir*(G) ≤ 4, or g*(G) ≤ 4, without appealing 
to the Four Color Theorem? 

  irr*(G) = irr(G): the irratic number; ir*(G): the iterated 
irredundance number; g*(G) : the iterated domination number   



10. The Existence of Cycles in g-graph Sequences – 2011 

 G.H. Fricke, S.M. Hedetniemi, S.T. Hedetniemi and 
K.R. Hutson, g-graphs of graphs, Discuss. Math. Graph 
Theory 31(3):517-531, 2011. 

  The g-graph of a graph G = (V,E) is the graph G(g) = 
(V(g), E(g)) whose vertices correspond 1-1 with the g-
sets of G, and two g-sets S1, S2 ⊂ V form an edge in 
E(g) if there exists a vertex v1 ∈ S1 and a vertex v2 ∈ 
S2 such that S1 = S2 – {v2}∪{v1}, S2 = S1 – 
{v1}∪{v2}, and v1 is adjacent to v2.        



The Existence of Cycles in g-graph Sequences – 
2011 

  Stated in other words, imagine placing a token on each 
of the vertices in a g-set S1.  If you can move the token 
on a vertex v1 in S1 along an edge to an adjacent vertex 
v2 and the resulting set S2 = S1 – {v1} ∪ {v2} is another 
g-set, then there is an edge between S1 and S2 in the      
g-graph G(g). 

  E. Connelly, K. Hutson and S.T. Hedetniemi, A note on 
g-graphs, AKCE Internat. J. Graphs Combin. 8(1):1-8, 2011. 

  Theorem.  Every graph G is the g-graph of some graph 
H, having at most five more vertices than G.  



The Existence of Cycles in g-graph Sequences – 
2011 
  Consider the process of repeatedly applying the g-graph  

construction starting from a given graph G, that is,               
G → G(g) → G(g)(g) → G(g)(g)(g) → … 

  Here are a few g-graph sequences 
  P4 → C4 → K2,4 → K1,8 → K1 → K1 
  Kn → Kn 
  P3☐P3  → C8 ∪ 2K1 → C8 → C8 

  C3k+2 → C3k+2 

  P3k+2 → P3k → K1 



The Existence of Cycles in g-graph Sequences – 
2011 

 Most of the g-graph sequences we have constructed so 
far terminate in relatively few steps, often with K1, 
meaning a graph with only one g-set. 

 We did find a g-graph sequence that grows indefinitely 
 C3☐P2  →C3☐C3  → C3☐C3☐C3 → 

C3☐C3☐C3☐C3→ … 
 Question:  does there exist a graph G, whose g-graph 

sequence is a cycle of length greater that one? 


