Chapter 3: Problem Solutions

Fourier Analysis of Discrete Time Signals

Problems on the DTFT: Definitions and Basic Properties

m Problem 3.1

Problem

Using the definition determine the DTFT of the following sequences. It it does not exist say why:
a)x[n] =0.5"u[n]

b)x[n] = 0.5/"!

c)X[n] =2"u[-n]

d)x[n] =0.5"u[-n]

g)x[n] = 2In

fyx[n] =3 (0.8) /" cos (0.1 7n)

Solution

a) Applying the geometric series

Sy N a-jown 1
X (w) = 2 0.57ed" = 15eeg

b) Applying the geometric series
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X (w) = 200.5n e-Jon 210-5*“ e-Jun -
n= n=-

5y N a-jon , s n ajown 1 1
n§00'5 e +n§OO-5 e - 1= 3555 + Tosa — 1
_ 1.5e*?
- (-2.+etv) (-0.5+el?)
c) Applying the geometric series
_ S ona-jun _ = o-n ajon _ 1

n=0 n=0

d) Applying the geometric series

X () = ioi) 0.5"edvn - %0 0.5"eln = EO 2" eln _; does not converge
n= n= n=

and the DTFT does not exist;
e) Applying the geometric series
X (w) = = 2nedon . 5 2Nglden_ 5 2ne-dun, 5 2neiun | does not converge
n=0 n=-1 n=0 n=1

and the DTFT does not exist;

f) Expanding the cosine, we can write

25" xed0-lmyron-17 +

x[n] = 3 0.8" xel®-1"My[n] 1
+ .25" «xeJ0-1myron-1]

3 0.8" xed0-1my[n]

N

+

3
2
which becomes

X[n % (0_8Xej0.1n>'lu[n] (1-25><ej0'l7T)”U[—n—1]+

] = t 3
3 (0.8 xed2-1m"yny + 3 (1.25 xed0-1)"y-n-1]

Taking the DTFT of every term, recall that

DTFT {a"u[n]) :r:;o:)a”efjw“: & if jal <1

DTFT {a"u[-n-1]} :n;zofla”e*jw”:r:ia*”ejw“—lz—?ﬁif—a, if ja| >1

Therefore we obtain

el el el
elo—0.8xe-10-17 elv—1.25xel0 17 elo—1.25xe-10.17

elv
X((,()) = elo—(0.8xei0.17 +



m Problem 3.2

Given the fact that DTFT {0.8"u[n]} =1/ (1 - 0.8 e-3¢) and using the properties, compute
the DTFT of the following sequences:

0.8%u[n-2]
0.8%u[n] cos (0.1 n)
n0 .8"% u[n]

0.8 u[-n]

1fFO0=n<5
otherwise
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Basic Problems on the DFT

m Problem 3.3

Problem

Compute the DFT of the following sequences
ax=1[1,0, -1, 0]

b)x= (3,0, 3, 1]
x=101,1,1,1,1,1,1, 1]

d)x[n] =cos (0.25,n), n=0, ..., 7
e)x[n] =0.9", n=0, ...,7

Solution

a) N = 4 therefore wy = e32/4 = _j. Therefore

X[kl = ¥ x(n) (-5)™=1-(-§)%%, k=0, 1, 2, 3.This yields

X =10, 2,0, 2]

b) Similarly, X[k] =j +§ (-j)?K

yields

>3K:

+ (-1

X=[1+23,3,-1+23, -3]

(-1)K + gk,

- - -, 3, which

c)N = 8 and wg = e 32/8 - e-37/4 Therefore, applying the geometric sum we obtain

7 1-(wg)®®
X[K] = 2 (wg)™ = [ 1)

since (wy)N = (e 327NN _ 1 Therefore

X-1[8,0,0,0,0,0,0, 0]

d) Again N = 8 and wg = e 47/4, Therefore

=0 whenk =+ O
whenk =0
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7 g g T 7 s T s T
X[k]:l Ze—lznef-lwnk-fzeil?ne’.lznk —
2 \n-o n=0

N

7 - 7 -
( s elz k-l)n s ai 7 (-k-1) n)
n=0 n=0

Applying the geometric sum we obtain
X=1[0, 4,0, 0,0, 0, 4]

7 - - .

e)X[K] = = 0.9"ed ank - _1-(0-9°  fork -0, __., 7 Substituting numerically we
n=0 1-0.9eJ =

obtain

X-1[5.69, 0.38-0.67j, 0.31-0.28,
0.30-0.11j, 0.30, 0.30+0.11j, 0.31+0.28j, 0.38+0.67 j]
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m Problem 3.4

Note Title 11/2/2015

Problem

Letx=1[1, 3, -1, -3].H= [0, 1, -1, 1] be the DFT's of two sequences x and h respec-
tively. Usmng the properties of the DFT (do not compute the sequences) determune the DFT's of the
following:

50%0/\&'.
_wZ1 L
) «[(m-),) - Feall dFTL [e-1) Vce™ ¥ T X[W]
Ty cae N=L L=] and
: 27 K
DFT L x [(m-1), |1 = P S {7 G\ X[<T, k=03

et Ty
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m Problem 3.7

)
A
\7
..|.v
N
)\)
) @Y
=/
N
>
n
-
~—
rl
(\)

Problem
Two finite sequences x = [x[0]. x[1]. x[2]. x[3]] and }: = [A[0]. A[1]. k[2]. k[3]] have DFT's given by

X=DFT{x}=[LJj.-1. -]
H=DFT{h}=[0.1+j.1.1-j]

Using the properties of the DFT (do not compute x and /i exphcitly, compute the following:
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a) DFT { [x[3], X[0], x[1], X[2]}]
b) DFT {[h[0], —h[1], h[2], —h[3]}
c) DFT {h® x}, where ® denotes circular convolution

d) DFT {[x[0], h[0], x[1], h[1], x[2], h[2], x[3], h([3]}

Solution

a) DFT({[x[3], X[0], x[1], X[2]]} = DFT {X[(n — 1)4]} = wz* X [k] with wy = e71%7* = — j Therefore
DFT {x[3], x[0], x[1], X[2} = (= )", j, =1, =jl =11, 1, 1, 1]

b) DFT {[h[0], —h[1], h[2], —h[3]]} =
DFT {(-1)" h[n]} = DFT {e 2@7/M hin]} = H[(k —=2),1=[1, 1—j, 0, 1+ j]

¢) DFT{h®x} = H[K] X[k] = [0, -1+ j, =1, —1— j]
d) Let y = [x[0], h[O], x[1], h[1], x[2], h[2], x[3], h[3]], with length N = 8. Therefore its DFT is

7 3 3
YIKl= = yIn]wi= = y[2m]wi™ + X y[2m+1]W§32m+1)k
n=0 m=0 m=0

Y[k] = X[k] +w§ H[Kk], fork=0, ..., 7

This yields _ _ _ _
Y=L j+@+ e, -1-j—j+@-je 1 j+@+ e, -1+ -j+L-je¥]

m Problem 3.8

Problem

Two finite sequences h and x have the following DFT's:

X =DFT{x} =11, -2, 1, -2]
H=DFT{h}=1[1, j, 1, —]]

Let y = h® x be the four point circular convolution of the two sequences. Using the properties of the
DFT (do not compute x[n] and h[n]),

a) determine DFT {x[(n — 1),]} and DFT {h[(n + 2),]};
b) determine y[0] and y[1].



Note Title

A"

a) DETh fm-n)h = e ™35 X[« - X[ =
B ['1 2y, -1, 'Z:\]//

+ 2N 2K

o¥T hAlee) )] e ¥ e U LN HIW <
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m Problem 3.9

Problem
Let x be a finite sequence with DFT
X =DFT{x}=[0,1+j,1,1-]j
Using the properties of the DFT determine the DFT's of the following:
a) y[n] = el " x[n]
b) y[n] = cos(5 n) x[n]
c) y[n] = x[(n = 1)4]
d) y[n] =10, 0, 1, 0] & x[n] with & denoting circular convolution

Solution
a) Since el@dnyn] = el@m4n x[n] then DFT {eI™2" x[n]} = X[(k—1)4] =[1-j, 0, 1 + j, 1]

b) In this case y[n] = 3 el@™nx[n] + 1 e~ I@™n x[n] and therefore its DFT is
2 X[k =Dyl + 5 X[(k+ 1] = F[1-j, 0,1+ j, 11+ $[1+ ], 1, 1 - j, 0]. Putting things together
we obtain

Y=1[1 3,1 3]
¢) DFT {x[(n - 1)4] = e 1@k X [K] = (- j)* X[k] and therefore
Y=[0,1-j -1, 1+j]
d) DFT {X[(n = 2)4]} = (= )** X[k] = (-1 X[K] = [0, =1, j, 1, =1+ j]



rcristi
Text Box
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Problems on DFT: Manipulation of Properties and Derivation of Other
Properties

m Problem 3.11

Problem

You know that DFT {[1, 2, 3, 4]} =[10, -2+ 2 ), =2, —2 — 2 j]. Use the minimum number of opera-
tions to compute the following transforms:

Solution

a) Let

X= [1’ 2! 3! 4]
s=1[1,2 34,12 3 4]
y=1[1,23,4,0,0,0,0]

Then we can write y[n] = s[n]w[n],n=0, ..., 7 where
w=[1,1,1,10,0,0, 0]
and then, by a property of the DFT we can determine
Y[k] = DFT {y[n]} = DFT {s[n]w[n]} = ﬁ Wk] ® S[k]

Let's relate the respective DFT's:
7
S[k] = DFT {s} = Z sin] wjk
n=

(n+4) k
8

o

3 3
Y snjwik+ X s[n+4]w
n= n=0

)y

3 3
= 3 s[n]wik + (-1)¥ 2 s[n]wpk
n=0 n=0
3
= (1+(=1)) X sln]wg*
n=

This implies that
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11

S[2k] =2 X[K]

S[2k+1]=0
and therefore
S=DFT{[1, 2, 3, 4, 1, 2, 3, 4]} = 2[X[0], 0, X[1], 0, X[2], O, X[3], O]
Furthermore:
W = DFT {w} = 3 wik = | 1[5_1? ifk=1, .., 7
" 4 if k =0
and therefore

W =1[4, 1-j2.4142, 0, 1-j0.4142, 0, 1+ j0.4142, 0, 1+ j2.4142]
Finally the result:

=<
=
1
|
1M~

2 S[m] W((k - mg]

1
8

o
Mo
o

2 X[pIW[(k —2 p)g]

3
=+ I X[p]W[(k -2 p)]
p=0
where we used the fact that S[m] # 0 only for m even, and S[2 p] = 2 X[p].

The final result is simpler than it seems. In fact notice that W[2] = W[4] = W[6] = 0. This implies that
Y[0] = + W[0] X[0] = £ X[0] = 10
Y[2] = W[O]X[l]:%X[l]:—2+2j
Y[4] = £ W[0] X[2] = + X[2] = -2

[T LT

and we have only to compute

= }1 (W3] X[0] + W[1] X[1]+W[7] X[2] + W[5] X[3]) = 2.4142 — j 1.2426
All other terms are computed by symmetry as Y [8 — k] = Y*[k], fork =1, 2, 3.

Y[1] = % (W[1] X[0] + W[7] X[1] + WI[5] X[2] + W[3] X[3]) = —0.4142 — 2.4142
Y[3]

b)Lety=11,0, 2,0, 3,0, 4, 0]. Then we can write

7 3
Y[k]= Z y[n]wik = X x[m]w3mk
n=0 m:o

since y[2m] = x[m] and y[2m + 1] = 0. From the fact that

i 2n
wi=e 1T 2=w,
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we can write
3
Y[K] = z x[m] wpk = X[k],k=0,1, .., 7
m=
and therefore

Y =[10, —2+2j, =2, —2-2j, 10, =2+2j, -2, =22 ]

m Problem 3.12

Problem

You know that the DFT of the sequence X = [X[0], ..., X[N-1]] is
X=[X[0], ---, X[N-177.Now consider two sequences:
s=[x[0], ---, X[N-1], X[0], ..., X[N-1]]
y=[x[0], -..,x[N-1], 0, ..., O]

N times

both of length 2 N. Let S = DFT {s} andY = DFT[y].
a) ShowthatS[2m] =2X[m], andS[2m+1] =0,form=0, ..., N-1;
b) ShowthatY[2m] = X[m] form=0, ..., N-1;

c) Determine an expressionforY[2m+ 1],k =0, ..., N-1.Use the fact that

y[n] =s[n] w[n] wherew = [1, .-, 1,0, ..., O] is the rectangular sequence.
N times N times

Solution

N-1
+

) n-0 ] )

consider that whk, = eJ (27/2N) 2N _ _1 Also consider that wo y = e 327/2N) — (wy) Z, Therefore
we obtain

) (n+N) k

a) STk] ::é(l)x[n] (Wp ) K X[N] (Way from the definition of s[n]. Now

STkl - (1 1kNilxn ok | 0 1Tk 1sodd

(k)= (s (=07 Z xnT (Wan) " l2X[X] ifkiseven
b)Y[2m] = :%x[n] (Wo ) 2™". Butagain (way)? = wy and therefore Y2 m] = X[m], for
m=0, ...,N-1

c)Sinceclearlyy[n] =s[njw[n] foralln=0, ..., 2N-1,we can use the property of the
DFT which states

DFT {s[n] w[n]} = % S[k] ®W[k]

where W[ k] = DFT {w[n]} = I (Way) nk _ % . Therefore
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N-1
YIK] = Zy 2 XIm]H[(k-2m)5y]

where we take into account the result in parta). ieS[2m] = X[m] and S[2m+ 1] = 0.
m Problem 3.13

Problem

A problem in many software packages is that you have access only to positive indexes. Suppose you

want to determine the DFT of the sequence X = [O, 1, 2, 3, ﬂ , 5,6, 7] with the zero index
n=0

as shown, and the DFT algorithm let you compute the DFT of a sequence like

X[0], -.., X[N-1],what do you do?

Solution

Since x is effectively a period of a periodic sequence, we determine the DFT of one period starting at
n = 0, which yields

X=DFT{[4,5,6,7,0,1, 2, 3]}
m Problem 3.14

Problem

Let X[k] = DFT {x[n]} withn, k=0, ..., N-1.Determine the relationships between
X[k7] and the following DFT's:

a) DFT {x*[n]}

b) DFT {X[ (-n)n]}
c) DFT {Re {x[n]}}
d) DFT {Im {xX[n]}}

e) apply all the above properties to the sequence x = IDFT {[1, -J, 2, 3]}

Solution
N-1 N-1 *
) DFT {x"[Nn]} = = x*[n] Wi = [ = X[N] wy™ ] = X[ (-K)y]
N-1 nk N-1 —nk
b) DFT (X[ (-n)n]} = % X[(=N)n] W = = x[n] wi™® = X[ (-K)y]

C)DFT {Re {x[n]}} = 5 DFT {x[n]} + 5 DFT {x*[Nn]} = 5 X[K] + 3 X*[ (-K) ]
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d) DFT {Im {X[Nn]}} = 55 DFT {X[Nn]} - 55 DFT {x*[n]} = 55 X[K] - 55 X" [ (-K)y]

e)DFT {x*[n]} =1[1, -3}, 2, j]
DFT {X[(-n)y]} =11, 33,2, -]]
DFT {Re {x[n]}}=1[1, -2, 2, 2]]
DFT {Im {x[n]}} = [0, 1, O, 1]

m Problem 3.15

Problem

Letx[n] = IDFT {X[k]} forn, k=0, ..., N-21. Determine the relationship between x [n]
and the following IDFT's:

a) IDFT {X*[k]}

b) IDFT (X[ (-K)n]}

c) IDFT {Re {X[K]}}

d) IDFT {Im {X[Kk]}}

e) apply all the above properties to the sequence X[k] =DFT {[1, -2§, +J, -4]J]1}

Solution

*

N-1 N-1
a) IDFT (X" [K]} = § 2 X" [K]wy™ = [ § = X[K]wik] = x*[(-n)y]

1 N2 -nk 1 Nt nk
b) IDFT {X[ (-K)n1} = on[ (—K)n] W™ = on“‘] WN® = X[ (-N)y]

c) IDFT {Re {X[K]}} = 5 IDFT {X[k]} + 5 IDFT {X*[k]} = 5 X[n] + 5 X* [ (-N)y]

d)IDFT{Im{X[ 11} =
o IDFT {X[K]} - 2 IDFT {X*[K]} = 55 X[Nn] - 2 X [ (-n)y]
4

e)IDFT{X*[ 1} =11, 4§, -J, 2]]
IDFT (X[ (-K)y]} = [1, 4§, 5. -2]]
IDFT {Re {X[k]}} =11, J, 0, -j]
IDFT {Im {X[k]}} = [0, -3, 1, -3]
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m Problem 3.16

Problem

Let x[n] be an infinite sequence, periodic with period N. This sequence is the input to a BIBO stable

LTI system with impulse response h[n], - < N < +o. Say how you can use the DFT to determine

the output of the system.

Solution

Call x = [x[0], --., X[N-17] one period of the signal, and let X = DFT {x}. Then the whole

. N-1 = on
infinite sequence X [N] can be expressed as X [N] = % k§0 X[k] el ¥ n_ Therefore the output

becomes

;7 k2n

y[n] = &5 X[k] H (K2t ) e o

We can see that the output sequence y [n] is also periodic, with the same period N given by

y[n] = IDFT {H (¥&~) X[k]},forn, k=0, ..., N-1
m Problem 3.17

Problem

Letx[n] be a periodic signal with one period given by [1, -2, 3,-4,5, -6 with the zero
n=0

index as shown.

It is the input to a LTI system with impulse response h[n] = 0.8'"!. Determine one period of the
output sequence y [n].

Solution

The input signal is periodic with period N = 6 and it can be written as

X[k]eik3sn foralln,

I Mo

1
x[n]=€ko

where

X[kl =DFT{[3, -4, 5, -6, 1, 2]} =
[-3.0, 3.0+ j1.7321, —3.0 - j5.1962, 21.0, —3.0+ j5.1962, 3.0 — j1.7321]

The frequency response of the system is given by

gl elw

H(w) = DTFT{0.8"un] + 1.25" u[-n — 1]} = & — &~
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Therefore the response to the periodic signal x[n] becomes

5 H s
y[n] = %kEOH[k] X[k]elksn foralln,

with

iK% iK%
H[k] = H(w) |(U=k7T/3 = elf%—OS - ejke%—l.25 1 k = 01 ey 5

Therefore one period of the output signal is determined as
y[n] = IDFT {H[k] X[k]},n=0, ..., 5,
where
H[k] =[9.0, 0.4286, 0.1475, 0.1111, 0.1475, 0.4286]
Computing the IDFT we obtain
y[n] =[-3.8301, —4.6079, —3.8160, —5.4650, —4.6872, —4.5938],n=0, ..., 5

The DFT: Data Analysis

m Problem 3.18

Problem

A narrowband signal is sampled at 8 kHz and we take the DFT of 16 points as follows. Determine the
best estimate of the frequency of the sinusoid, its possible range of values and an estimate of the
amplitude:

X = [0.4889, 4.0267 - j24 .6698, 2.0054 - j5 .0782,
1.8607 - j2 .8478, 1.8170 - j1 .8421, 1.7983 - j1 .2136,
1.7893 - jO .7471, 1.7849 - jO .3576, 1.7837, 1.7849 + jO .3576 ,
1.7893 + jO .7471, 1.7983 + j1 .2136, 1.8170 + j1 .842,
1.8607 + j2 .8478, 2.0054 + j5 .0782, 4.0267 + j24 .6698]
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Solution

Looking at the DFT we see that there is a peak for k = 1 and k = 15, withe the respective values
being X[1] = 4.0267 - j24 .6698, and X[15] = 4.0267 + j24 .6698. The magnitude is

| X[1] | | X[15] | = 25.0259. Therefore the frequency is within the interval
(ko - 1) <F< (ko+1) s

z]l;"' I

with ko = 1. Fs = 8 kHz and N = 16. This yield an estimated frequency
0<F<2xf kHz = 1 kHz.

m Problem 3.19

Problem

A real signal x (t) is sampled at 8 kHz and we store 256 samples X [0], ..., X[255].The
magnitude of the DFT X [k] has two sharp peaks at k = 15 and k = 241. What can you say about
the signal?

Solution

The signal has a dominant frequency component in the range 14 x 2~ < F < 16 x 58~ kHz, that is
tosay 0.4375kHz < F < 0.500 kHz.

m Problem 3.21

Problem

We have seen in the theory that the frequency resolution with the DFT is AF = 2 Fs / N, with Fg the
sampling frequency and N the data length. Since the lower AF the better, by lowering the sampling
frequency Fs, while keeping the data length N constant, we get arbitrary good resolution! Do you buy
that? Why? or Why not?

Solution

It is true that by lowering the sampling frequency Fs and keeping the number of points N constant we
improve the resolution. In fact by so doing the sampling interval Tsgets longer and we get a longer
interval of data. However we cannot decrease the sampling frequency Fsindefinitely, since we have to
keep it above twice the bandwidth of the signal to prevent aliasing.
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m Problem 3.23

We want to plot the DTFT of a sequence which is not in the tables. Using the DFT and an increasing
number of points sketch a plot of the DTFT (magnitude and phase) of each of the following sequences:
Solution
For every signal in this problem we need to take the DFT of the following sequence

XN = [X[0], ..., XIN = 1], Xx[=N], ..., x[-1]]

of length 2 N.. In other words the first N points correspond to positive indexes, while the last N points
correspond to negative indexes. By increasing the value of the parameter N we observe the conver-
gence of the DFT.

aQ)x[n] = +uln-1]

The following figures show the DFT for different lengths N = 27, 2°, 21 (magnitude and phase):
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10F

N = 2u

Notice that at w = 0 the DFT does not converge (the magnitude increases with N) while it converges
at all other frequencies. As a consequence, we can say that the DFT converges to the DTFT for all
w # 0. This is expected, since the signal x[n] is NOT absolutely summable.

Also notice the discontinuity in the phase at w = O.

b)x[n] = 3 u[n-1]
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The following figures show the DFT for different lengths N = 27, 2! (magnitude and phase):
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21

N =211
Notice that the DFT converges everywhere, as expected since the signal is absolutely summable.
C)X[N] = it

The following figures show the DFT for different lengths N = 27, 21! (magnitude and phase):
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N =211
Notice that the DFT converges everywhere, as expected since the signal is absolutely summable.

The following figures show the DFT for different lengths N = 27, 2°, 211 (magnitude and phase):

20 T T T T T T T

15

10
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Notice that at w = 0 the DFT does not converge (the magnitude increases with N) while it converges
at all other frequencies. As a consequence, we can say that the DFT converges to the DTFT for all
w # 0. This is expected, since the signal x[n] is NOT absolutely summable.

Review Problems

m Problem 3.26

Problem.

In the system shown, let the continuous time signal x (t) have Fourier Transform as shown. Sketch
X (w) = DTFT {x[n]} for the given sampling frequency.

Solution.

Recall that, for a sampled signal,

DTFT (x[Nn]} = Fs & X (F-KFs) |rur./2x

withx[n] =x (nTg),and Ts = 1 / Fs.
a) Fs = 8 kHz. Then clearly there is no aliasing, and therefore
X(F+Fs) X(F) A X(F_Fs)

---------------------------------------------------------------------------------------

__v___

_______________________________________________________________________________________

we can write
X (w) =Fs X (F) |pewre/2m fOr-nm<w =<

In other words we just need to rescale the frequency axis (F - w = 2 7iF / Fs) and the vertical axis
(multiply by Fs), as shown below. For the "delta” function recall that the value associated is not the
amplitude but it is the area. This implies

6 (F-Fo) IFeuFs27 =9 (g% (w-wo)) = 25 & (w - wo)

where wg = 2 7Fg / Fs.
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X(w) 5
8,000

4z Ar

| |
I | >

w
B O L
8 4 4 8

b) Fs = 6 kHz. In this case the two "delta” functions are aliased, as shown below
X (F —kF
SX(F-KE)

A A A

\3 F (kHz)

6-3.5=25
(aliased)

The aliased frequency is at 6-3.5=2.5kHz. The DTFT of the sampled signal is then given in the figure
below.

X(w)
6,000
A A
4z 4r
I//// \\\\ﬁ>
y - 5w 4@
6 6

c) Fs = 2 kHz. In this case the whole signal is aliased, not only the narrowband component as in the previous
case. In order to make the figure not too confusing, consider the parts of the signal separately.

For the "broadband"” component of the signal, the repetition in frequency yields the following:
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X

AN,

Then summing all components we obtain the result shown. Just sum within one period (say
-1 kHz < F < 1 kHz) and repeat periodically.

> X(F-kF,)
k 5
3
2
o 0 o 3 e o o
>
-1 1 F (kHz)
For the "narrowband" component (the two "delta” functions) we obtain the following:
A
A
e 0 o 2 e 0 o

| |
~354_1 4| A x 35
/f K 35-2.0=15
—35+2.0=-15|| [ -35+2x2.0=05
35-2x2.0=-05

Finally consider only the interval -1 kHz < F < 1 kHz, put the two together and properly rescale the
axis ( x Fs the vertical axis, and x 2 st / Fg the horizontal axis) to obtain X (w) :

» F(kHz2)
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10,000
X(w
( ) 4,000
3
o 0 o o 0 o

2

-7 T 7[’60
2

m Problem 3.27

Problem.

The signal X (t) =3 cos (271F1 €+0.257m) -2sin (2 7F, €t - 0.3 ) has frequencies
F1 = 3kHz and F, = 4 kHz. Determine the DTFT of the sampled sequence for the given sampling
frequencies:

Solution.

The continuous time signal can be written in terms of complex exponentials as
+j e—jO 37 @i2nF t jejO -3 @-j2nF, t
Therefore its Fourier Transform becomes
X(F)y=3el0-2575 (F-Fp) + 3 e40-2575 (F+Fq) +
+el0-275 (F-Fp) +ed0-275 (F + Fp)

which is shown below.

3410257
>€

e—j0.27z T e jo.2x
' — >
3 4

! F (kHz)

ge—j0.257r X (F)
2 A

—4 -3

a) Fs = 9 kHz. In this case there is no aliasing, and it is just a matter of computing
X (w) = Fs X (F) |E-wE. 2~ Shown below.
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X (@)
—-j0.257 j0.257
37e N 37e
272'97]-0'27[ zﬂejo-Z”
| |
| M YR >
— 87 _2z 2z 87 I @
b) Fs = 7 kHz. In this case there is aliasing as shown:
X(F)
%efjo.zsﬁ A %ejO.ZSﬂ
e—jO.Z/zA A gl027
4 = : 4 F (kHz)
j0.257 .
T 2€ T glo2 ejOer Jerlomr T
X(F+F) X(F-F,)

Summing the components within the interval -3.5 kHz < F < 3.5 kHz we obtain only two "delta"
functions as

EX (F-KFs) = (e40-27 4 3 e10.-257) 5 (F -3, 000) +
+(el0-2r % e10-251 5 (F + 3, 000)
Therefore
X (0) =27x1.9285e10-2477 6 (w - &) +271x1.9285e40-2477 5 (v + &)

c) Fs = 5 kHz. The aliased components are computed from the figure below.



Solutions_Chapter3[1].nb

X(F)
%e—j0.257r A %ejO.ZSH
-4 -3 3 4 F (kHz)
ej0.27r e—jO.Zﬂ'
%ejo.zsﬁ %e—j0.257r
2 |l 1 2 g
X(F+F) X(F-F)

Therefore within the interval -2.5 kHz < F < 2.5 kHz we can write
2 X (F-KFs) = 3 el0-257 5 (F+2000) +€l0-27 5 (F+1000) +
+3 e10-2575 (F-2000) +e19-27 5 (F - 1000)
Therefore

X (w) =37el0-25715 (4 A2y 4 2 7ed0-27 5 (4 220 4
+37e 4025715 (- AZ

for - < w < .

m Problem 3.28

Problem.

You want to compute the DCT of a finite set of data., but you have only the DFT. Can you still com-
pute it?

Solution.

From the definition of DCT-II,

N-1
X"W[Kk] =~/ 2 CIK] 2, x[n] cos (ZkZnel)

Expanding the cosine term we obtain
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N-1

= x[n] cos (ZKZhAl) - Lel i 3 x[n)elkEing Led i »ox[n]edkzin
k=0 0

Now form the sequence
XOZ[X[O]1X[1J! ---1X[N_1]101 ---10]
of length 2 N, zero padded with N zeros, and call Xo [k] = DFT {Xo[n]}, for

k=0, ..., 2N-1.Thenifthesequence X[n] is real it is easy to see that
N-1 < ko
5 x[n] cos (Zk2n1) ) _ 1 Re (el 3% Xg[k]}, k=0, ..., N-1

and therefore

X"k = v21_Nc:[k] Re {eJ 2% Xo[k]}, k=0, ..., N-1.

m Problem 3.29

Problem

In MATLAB generate the sequence x[n] =n—-64 forn=0, ..., 127.

a) Let X[k] = DFT {x[n]}. For various values of L set to zero the "high frequency coefficients"
X[64—-L/2]=...= X[64+ L/2] =0 and take the IDFT. Plot the results;

b) Let Xpct[k] = DCT {x[n]}. For the same values of L set to zero the "high frequency coefficients"
Xpetl[127 — L] =... = X[127] = 0. Take the IDCT for each case, and compare the reconstruction with
the previous case. Comment on the error.

Solution

a) Take L = 20, 30, 40 and set L coefficients of the DFT to zero, as
X[64—L/2]=...=X[64+L/2]=0.Call X_[k] the DFT we obtain in this way, and

&L[n] = IDFT {X_[Kk]}. Notice that %_[n] is still a real signal, since its DFT is still symmetric around
the middle point.

Plots of %.[n] for L = 20, 30, 40 show that &_[n] is not a good approximation of x[n]. As expected the
errors are concentrated at the edges of the signal.
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b) Now let Xpcr[k] = DCT {x[n]} and set L coefficients to zero, for L = 20, 30, 40, as

Xpetl[127 — L] =. .. = Xpc7[127] = 0. Notice that in this case a real signal always yields a real DCT
and viceversa. This is due to the basis functions being "cosines"” and not "complex exponentials” as in
the DFT. As a consequence we do not have to worry about symmetry to keep the signal real, as we did
for the DFT in a). The inverse DCT obtained for L = 20, 30, 40 are shown below. Notice that the error
is very small compared to the signal itself, and it is not concentrated at any particular point.
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8[:] T T T T T T

20 40 60 80 100 120 140

The DFT and Linear Algebra

m Problem 3.30

Problem.

An N xN circulant matrix A is of the form

a[0] aj1] a[N —1]
a[N —1] a[0] a[N — 2]
A= : .. :
a[l] o a[N -=1] a[0]

Then, do the following:
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Solution.
a) Verify that Ak, n] = a[(n—-k)y], forn, k=0, ..., N -1.

Easy, by inspection. Just notice that the first row (k = 0) is the sequence a[0], ..., a[N — 1], and the
k — th row is the first row circularly shifted by k.

. . _ o
b) Verify that the eigenvectors are always given by e; = [1, wh, wik, ..., W(NN 1)k] with
k:O, veny N —1 and WN :e—jZﬂ'/N

By multiplying the matrix A by each vector ex we obtain the k —th component of the DFT of each
row. Since the k —th row is obtained by circularly shifting the first row k times, the DFT of the k —th
row is DFT {a[(n — k)y ]} = wi X[k], where X [k] = DFT {a[n]} is the DFT of the first row. Therefore

X[k]

wi X[k
Ae = N . L] :X[k]ek

wy' P X[k
which shows that ey is an eigenvector, and X [k] is the corresponding eigenvalue.
c) Determine a factorization A = E A E*T with A diagonal and E*T E = 1.
"Pack" all eigenvectors eg, ..., ey—1 inan NxN matrix E as
E =[eo, €1, ..., en_1]

First notice that E*" E = N since

o 6 _{Oifkqtm
kK "M UNif k=m
Then the matrix
E=%E=ﬁ[eo, €1, ..y EN-1]

issuchthat E*TE = 1.

Then use the fact that the vectors ey are eigenvectors, to obtain

X[0] 0 0

0 X[1] - 0

AE=A—=leo €1, . enal= =60, €1, enalf o T L
0 0 X[N -1]

which can be written as
AE=EA
with A = diag(X[0], ..., X[N —1]). Since E-! = E*T we obtain the desired decomposition



34 Solutions_Chapter3[1].nb

A=EAE"T

d) Let h[n] and x[n] be two sequences of equal length N, and y[n] = h[n] ® x[n] be the circular convo-
lution between the two sequences. Show that you can write the vector y = [y[0], ..., yIN —1]]" in
terms of the product y = H x where x = [x[0], ..., XiN —1]]" and H circulant. Show how to determine
the matrix H.

From the definition of circular convolution
N-1 N-1
yinl = Z hi(n-knIxkl= Z Hik, n]x(k]

Therefore
y=HTx
with H being circulant.

e) By writing the DFT in matrix form, and using the factorization of the matrix H, show that
Y[k] = H[K] X[k], fork =0, ..., N =1, with X, H, Y being the DFT's of x, h, y respectively.

Decomposing the circulant matrix we obtain HT = (E A E<T)' = (E* AET) and therefore

y=E*AETx
Multiplying on the left by ET we obtain
ETy=AETx
where A = [H][O0], ..., H[N —1]]. Now
e Y[0] e X[0]
Ely= o= eI Y= YEl] . and ETx= - eI x= XE”
eN-1 YN -1] el 1 X[N -1]

where X [k] = DFT {x[n]} and Y [k] = DFT {y[n]}. Therefore, since A = diag(H[0], ..., H {N —1]) we
obtain

Y[k] = H[k] X[k], fork=0, .., N -1





