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Abstract

In this paper we investigate the following problem in Group Theory: which properties P
transfer (or do not transfer) from all cyclic subgroups, or all abelian subgroups to all arbitrary
subgroups? We solve this problem completely when P is the property of having finite index
in its normal closure, proving that P carries from abelian, but not from cyclic to arbitrary
subgroups. We use primarily some results of B.H. Neumann.

1 Preliminaries

In this section, we review some standard concepts from group theory, and establish some conventions
concerning notation. Let G be a group, and Z = Z(G) be its center. If H is a subgroup in G,
then |G : H| denotes its inder in G, and HE the normal closure in G, that is, the intersection
lzy, where z,y € G,

¥ = y~lzy. Let G’ = [G,G] be the derived subgroup of G. If S is a subset of G, then |S|

of all normal subgroups of G containing H. Denote by [z,y] = zly~

denotes the cardinal of S, and (S) the subgroup generated by S in G. For a group G and a subset
S C G, we define the normalizer Ng(S) = {g € G|S9 = S} and |SY| = |G : Ng(S)|. Also,
Ca(S) ={g9 € G|z =a9 V x € S} is the centralizer of S. We define the core H¢ as the largest
normal subgroup of G' contained in H. For more definitions we refer the reader to [6].

Many authors have investigated the structure of groups having finite index in their normal
closure. Groups in which all subgroups are normal-by-finite (that is, the core Hg of H in G has
finite index in H, |H : Hg| < o0) are studied in [1, 2, 3, 7], where in particular it is proved that
if G is a group with that property, and all periodic homomorphic images of G are locally finite,
then G is abelian-by-finite. In [2] the authors consider groups satisfying the minimal condition on
subgroups which are not normal-by-finite.

In spite of the fact that more of the machinery was existent, apparently no one investigated

(explicitly) the properties of a group that carry from abelian (or cyclic) to arbitrary subgroups. In
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this note we propose this general problem for future research and prove that the property of having

finite index in its normal closure carries from abelian, but not from cyclic to arbitrary subgroups.

2 The Results

A subgroup property P is closed with respect to joins of cyclic subgroups, if given any set of cyclic
subgroups with property P, say {H) : A € A}, then (H) : A € A) € P.

Definition Given a group G and a subgroup property P that is closed with respect to joins of
cyclic subgroups, we say that G is a P-Hamiltonian group if every subgroup of G has property P.

In the case that P = normality, we call G a Hamiltonian group.

Theorem 2.1. Let P be a subgroup property closed with respect to joins of cyclic subgroups. Then,

the following statements are equivalent:

(1) G is a P-Hamiltonian group,

(7i) All abelian subgroups of G have property P,
(#i7) All cyclic subgroups of G have property P.

Proof. It is immediate that (i) = (ii) = (i4i). We will show that (iii) = (4). If all cyclic subgroups

of G have property P, since property P is closed with respect to joins, given H < G
H = ((h):heH)
so H has property P. Thus G is a P-Hamiltonian group. a

Definition Let G be a group and P be a subgroup property in G that is closed with respect to

joins of cyclic subgroups.

1. We say that G is a APH1 group if every subgroup of GG has finite index in a subgroup with

property P.

2. We say that GG is a APH?2 group if every abelian subgroup of G has finite index in a subgroup
with property P.

3. We say that G is a APH3 group if every cyclic subgroup of G has finite index in a subgroup
with property P.



In the case that P = normality we call G an AHi—group where i = 1,2, or 3 (APH stands for
almost P-Hamiltonian). We use [X] to denote the class of groups having property X. It is worth
mentioning that [APH1] C [APH?2] C [APH3], always.

Example 2.2. It is easy to see that if P = subgroup, then
[APH1] = [APH2] = [APH3|,
since every group is a subgroup-Hamiltonian group.

Example 2.3. If P = group, then only (1) € [PH], so a group G € [APH1], [APH2], or [APH3|
if and only if every cyclic subgroup has finite index in G, that is, G is finite, so

[APH1) = [APH?2] = [APH3).

In [5], B.H. Neumann investigated interrelations of various classes of groups defined by certain

properties. We shall recall some definitions here:
FC : the classes of conjugate elements of G are finite, that is, |G : Cg({g))| < oc.
FD: @ is finite.
FIZ : the center has finite index.
AH1:if H < G, then [H® : H] < co (which Neumann calls Y').
AH3 :if (g) < G, then [(9)¢ : (g9)] < oo (which Neumann looks at in Lemma 3.6 [5]).
FG: G is finitely generated.

If we strengthen “finite” to “boundedly finite” we write for the corresponding properties BF'C, etc.

An interesting question is to discuss the relationship between the three cases of almost P -
Hamiltonian groups for different properties P that are closed under joins of cyclic subgroups like
quasinormality, etc. One cannot stop from wondering whether other properties carry from abelian
(or even cyclic) to arbitrary subgroups.

Another interesting question to investigate is when a property is closed under joins of cyclic
subgroups for certain family of groups. For example, from Theorem 2.6 and Corollary 2.9 of [4],
pronormality is closed under joins of cyclic subgroups when G is a locally solvable FC-group, or a
solvable polycyclic-by-finite group.

The following result summarizes much of the work of [5].



Theorem 2.4. The following relations are true:
[FG)N[FD] = [FG]N[AH1] = [FG] N[AH2] = [FG]N[AH3] = [FG]N[FC], (1)
[FD] = [AH1] (2)
Proof. Tt is known that [AH1] C [AH2] C [AH3], which implies that
[FG]N[AH1) C [FG] N [AH2] C [FG] N [AH3).

We infer from Lemma 3.6 of [5] that [AH3] C [F'C], and from Corollary 3.8 that [FFG] N [AH1] =
[FG]N[FC]. Also, from Theorem 13.1 of [5], one gets [AH1] = [F'D]. Putting these facts together

we get
[FGIN[AH1] C [FG|N[AH2] C [FGIN[AH3] C [FGIN[FC]|=[FG|N[AH1] = [FG]N[FD].
Thus the proof of the theorem. a

The main result of this paper is the next theorem.

Theorem 2.5. The following relations are true:

[AH1) = [AH2), (3)
[AH3) = [FCY, (4)
[AH1] S [AH3]. (5)

3 The Proof

The proof of the previous theorem will follow by putting together the following three lemmas.
Lemma 3.1. [AH3] = [FC]

Proof. Lemma 3.6 of [5] implies that [AH3] C [F'C]. It suffices to show the other inclusion. Let
G € [FC], and g an element of G. Thus, the classes of conjugate elements of G are finite, in

particular
gG = {aflgal, e ,aglgan} ,
for some aq,...,a, € G. Consider the subgroup of G, say H, generated by {ai,as,...,an, g}, which
is certainly finitely generated. By Theorem 2.4 we know that
[FC|N[FG] = [FD]N[FG]=[AH1] N [FG]. (6)

Using (6) and the fact that (g) = (¢)¢ = H, we obtain |(¢)7 : (g)| = |(¢)¢ : (g)| < oo, which
proves that G € [AH3|. O



Lemma 3.2. [AH1] = [AH2]

Proof. Suppose that G € [AH3| — [AH1]. By [5] and Lemma 3.1, G € [F'C] — [FD]. By Lemma
11.1 of [5] if G € [FC] — [FD], then G has a subgroup

G = {a1,bi,c1,a2, b9, ¢, .. ¢ [z, bi) = ¢; # ¢j for i # j, [a;, aj] = [a;, bj] = [bs, b;] = 1).

Case 1:
[a;,c;] # 1 or [bi, ] #1

for infinitely many 7. Without loss of generality we may assume that

[ai,cl-] 75 1or [bi,CZ'] 75 1

for all .

Define now a class [K] of groups generated by {a;, b;, ¢; }iew subject to the relations
lai, bi] = ¢ # 1, [ai,a5] = [a;, bj] = [b;,b5] =1, if i # j,

each subgroup N; = (a;,b;) (= (@i, b, ¢;)) € [FC] and N; N N; = {1} if ¢ # j. By Lemma 11.3 of
[5], we obtain that G1/Z(G') = G* is a K-group. We will denote the coset a;G' by a;. Now by
Lemmas 10.2 and 10.5 of [5], A* = (a] : ¢ € IN) has infinitely many distinct conjugates. Thus,

A = (a; : i € IN) has infinitely many distinct conjugates, and A is also abelian. So G ¢ [AH2].
Case 2:

[ai, ;] # 1 or [bi,c] #1

for a finite number of indices 7. Without loss of generality we may assume that
[ai, ci] = [bi;ci] =1

for all 4. Note that in this case G is nilpotent of class 2. So by Lemmas 8.3, 9.2, 11.6 and 11.7 of
[5], G has an abelian subgroup with infinitely many distinct conjugates, thus G ¢ [AH?2].
Thus if G € [AH3| — [AH1], then G € [AH3| — [AH2], so [AH1] = [AH?2]. ad

Lemma 3.3. [AH1] G [AH3]

Proof. Let G be the restricted direct product of infinitely many quaternion groups (i.e. G <[], @Qx
where each @) is isomorphic to quaternion group and if g € G, then g = [], gx where ¢\ € @\
and all but a finite number of ¢y’s are the identity). Certainly, G € [AH3]. Now, we show that
G ¢ [AH1]. Clearly, using Neumann [5] notation, G € [[I1I] C [FC] — [FD] = [AH3] — [AH1],

Lemma 3.1 and Theorem 2.4. O
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