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Abstract

In this paper we investigate different questions related to bent-negabent functions. We
first take an expository look at the state-of-the-art research in this domain and point out some
technical flaws in certain results and fix some of them. Further, we derive a necessary and
sufficient condition for which the functions of the form x ·π(y)⊕h(y) (Maiorana–McFarland
(M)) is bent-negabent, and more generally, we study the non-existence of bent-negabent
functions in the M class. We also identify some functions that are bent-negabent. Next,
we continue the recent work by Mandal et al. [Discr. Appl. Math. 236 (2018), 1–6] on
rotation symmetric bent-negabent functions and show their non-existence in larger classes.
For example, we prove that there is no rotation symmetric bent-negabent function in 4pk

variables, where p is an odd prime. We present the non-existence of such functions in certain
classes that are affine transformations of rotation symmetric functions. Keeping in mind the
existing literature, we correct here some technical issues and errors found in other papers
and provide some novel results.

Keywords: Boolean functions, bent-negabent functions, bent functions, rotation symmetric
functions

1 Introduction

Rothaus [17] introduced the class of bent Boolean functions, which have the maximum possible
distance from the affine functions, alternatively, they have flat spectrum (in absolute value)
under the Walsh-Hadamard transform. Bent functions exist only in even number of variables
and the degree of an n-variable bent function is at most n

2 .
There is a nega-periodic analogue of the bent criteria, where we require the nega-Hadamard

spectrum (see Section 2) to be flat: A Boolean function is said to be negabent if its absolute nega-
Hadamard spectrum (normalized) values are all equal to 1. For an even number of variables,
a function is bent-negabent if it is both bent and negabent. The nega-Hadamard transform
of Boolean functions was first proposed by Parker [14] and the bent-negabent functions were
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first introduced by Riera and Parker [18]. The intersection of the bent and negabent sets has
been the subject of many prior research works. For more details on this and other properties of
Boolean functions we refer to [3, 5, 6, 8, 7, 9, 13, 16, 23] and the references therein.

A Boolean function is said to be rotation symmetric (RotS) if the function is invariant under
the cyclic group (see Section 5). From an implementation point of view, RotS functions are
more efficient than the general Boolean functions and therefore these are of practical interest in
the construction of cryptographic primitives.

First, let us mention some results related to the non-existence of bent functions with an
extra property.

• In 2004, Xia et al. [26] proved that there is no homogeneous bent function of degree n in
2n variables, n > 3.

• In 2008, Stănică and Maitra [23] conjectured that there is no homogeneous rotation sym-
metric bent function of degree > 2.

• In 2015, Sarkar and Cusick [21] proved that there is no quadratic rotation symmetric
bent-negabent function and they further checked that there is no rotation symmetric bent-
negabent function for n ≤ 8.

• Very recently, Mandal et al. [11, Theorem 5] derived a characterization of bent-negabent
functions that is related to the autocorrelation spectra, showing that for n = 2m, f ∈ Bn
is bent-negabent if and only if the following conditions are satisfied:

1. For all nonzero a ∈ Fn2 with even wt(a),∑
x∈Fn2 : a·x=0

(−1)f(x)⊕f(x⊕a) =
∑

x∈Fn2 : a·x=1

(−1)f(x)⊕f(x⊕a) = 0.

2. For all nonzero a ∈ Fn2 with odd wt(a),∑
x∈Fn2 : ā·x=0

(−1)f(x)⊕f(x⊕a) =
∑

x∈Fn2 : ā·x=1

(−1)f(x)⊕f(x⊕a) = 0.

Using this result, the non-existence of rotation symmetric bent-negabent function was
inferred for n = 2pk variables, where p is an odd prime and k is a positive integer.

Exploiting a similar (but more detailed) technique as in [11], in Section 5 we prove further results
related to the non-existence of bent-negabent functions. For example, we show that there is no
rotation symmetric bent-negabent function in 4pk variables, where p is an odd prime and k is any
positive integer. Further, additional conditions are derived for the existence (and non-existence)
of n-variable rotation symmetric bent-negabent functions and their affine transformations.

Some existing construction methods and results on bent-negabent functions in M class are
discussed below.

• In 2007, Parker et al. [15] derived some results on Maiorana–McFarland bent-negabent
functions. In 2008, Schmidt et al. [19] constructed infinitely many bent-negabent functions
in Maiorana–McFarland class and proved that the maximum algebraic degree of an 2m-
variable Maiorana–McFarland bent-negabent function is m− 1.
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• In 2012, Stănică et al. [22, Theorem 22] constructed a class of bent-negabent functions in
M using complete mapping permutations (π and π ⊕ Im both are permutations over Fm2 ,
where Im is an identity permutation). Further, they showed [22, Theorem 17] that if a
permutation π is weight-sum-invariant, i.e., wt(x⊕y) = wt(π(x)⊕π(y)), for all x,y ∈ Fm2 ,
then x · π(y)⊕ h(y) is bent-negabent if and only if h is bent.

• In 2012, Sarkar [20, Theorem 5] proved that the function Trm1 (xπ(y)⊕h(y)) (Fm2 is identified
with F2m and h is any function on F2m) is bent-negabent if and only if for any nonzero
a, b ∈ F2m ∑

y∈δπ(b,a)

(−1)Trm1 (aπ(y)⊕h(y)⊕h(y⊕b)⊕by) = 0.

Using this result, in [20, Theorem 6], it was shown that if π(y) = y2i , then f is bent-
negabent if and only if Trm1 (h(y)) is bent.

• In 2013, Su et al. [25, Theorem 5] also constructed bent-negabent functions in the complete
M class using the function x · π(y)⊕ h(y), where π is a complete mapping polynomial.

• Recently, Stănică et al. [24] proved that all bent functions in the Kerdock code, except
for the coset of the symmetric quadratic bent function, are bent-negabent and identified
non-orthogonal (nonsingular) linear transformations that preserve bent-negabent property
for a special subset.

In Section 3 we revisit some results on bent-negabent functions and point out some incorrect
proofs and/or results in several papers on bent-negabent functions and fix some of them. In
Section 4 we also derive a necessary and sufficient condition for which a Maiorana–McFarland
bent function is negabent using the characterization of bent-negabent functions given in [11,
Theorem 5]. As an example, we present a bent-negabent function in six variables, which is
not derived from earlier constructions. Further, we present a technical result related to the
non-existence of Maiorana–McFarland type bent-negabent functions. In Section 5 we deal with
non-existence of rotation symmetric functions. Section 6 concludes the paper.

2 Preliminaries

Let F2, F2n and Fn2 = {x = (x1, x2, . . . , xn) : xi ∈ F2, 1 ≤ i ≤ n} be the prime field of charac-
teristic 2, the extension field of degree n over F2 and the vector space of dimension n over F2,
respectively. Let ‘⊕’ denote the addition over F2. For x = (x1, . . . , xn),y = (y1, . . . , yn) ∈ Fn2 ,
we define the vector space addition as x⊕ y = (x1⊕ y1, x2⊕ y2, . . . , xn⊕ yn), the inner product
as x ·y = x1y1⊕x2y2⊕· · ·⊕xnyn and the vector multiplication as x∗y = (x1y1, x2y2, . . . , xnyn).
The cardinality of a set S is denoted by |S|. We also identify Fn2 with F2n (as vector spaces)
and take the inner product x · y = Trn1 (xy), where Trn1 (x) = x ⊕ x2 ⊕ x22 ⊕ · · · ⊕ x2n−1

, for all
x ∈ F2n , is the absolute trace on F2n . Any function f : Fn2 → F2 (or, equivalently, f : F2n → F2)
is a Boolean function in n variables, whose set will be denoted by Bn. Any function f ∈ Bn can
be uniquely represented as a multivariate polynomial,

f(x1, . . . , xn) =
⊕

u=(u1,...,un)∈Fn2

µu(

n∏
i=1

xuii ), (1)
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where µu ∈ F2 and x1, . . . , xn ∈ F2. This polynomial form is said to be the algebraic normal
form (ANF) of f ∈ Bn. The Hamming weight of x ∈ Fn2 , wt(x), is defined as wt(x) =

∑n
i=1 xi,

where the sum is over the ring of integers, Z. The algebraic degree of f ∈ Bn, deg(f), is defined
as deg(f) = maxu∈Fn2 {wt(u) : µu 6= 0}. A Boolean function f , defined as in (1), is said to be
homogeneous of degree r ≥ 1 if f has degree r and µu = 0 for all u ∈ Fn2 such that wt(u) 6= r.

The Walsh–Hadamard transform of f ∈ Bn at u ∈ Fn2 , denoted by Wf (u), is defined by

Wf (u) =
∑
x∈Fn2

(−1)f(x)⊕u·x.

The multiset [Wf (u) : u ∈ Fn2 ] is the Walsh–Hadamard spectrum of f . A function f ∈ Bn (for
even n > 0) is bent if and only if |Wf (u)| = 2

n
2 , for all u ∈ Fn2 . Equivalently, f is bent if and

only if the autocorrelation

Cf (u) =
∑
x∈Fn2

(−1)f(x)⊕f(x⊕u)

is zero for all nonzero u ∈ Fn2 . The nega-Hadamard transform of f ∈ Fn2 at u ∈ Fn2 , denoted by
Nf (u), is defined by

Nf (u) = 2−
n
2

∑
x∈Fn2

(−1)f(x)⊕u·xıwt(x),

where ı2 = −1. The multiset [Nf (u) : u ∈ Fn2 ] is the nega-Hadamard spectrum of f . An n-
variable Boolean function f is negabent if the modulus |Nf (u)| = 1, for all u ∈ Fn2 . Equivalently,
f is negabent [22, Lemma 6] if and only if the nega-autocorrelation

NCf (u) =
∑
x∈Fn2

(−1)f(x)⊕f(x⊕u)(−1)u·x

is zero for all nonzero u ∈ Fn2 . For an even number of variables, a function f ∈ Bn is bent-negabent
if f is both bent and negabent. The derivative Daf of f at a ∈ Fn2 is defined by

Daf(x) = f(x)⊕ f(x⊕ a), for all x ∈ Fn2 .

The complement of an element a ∈ Fn2 is ā = a ⊕ 1, where 1 is the all 1 vector of Fn2 . A
Boolean function f ∈ Bn is called symmetric if f(y) = f(x), for all y, x ∈ Fn2 with wt(y) = wt(x)
(invariant under any permutation of the input variables). Let GL(n,F2) be the set of all binary
nonsingular matrices of order n and SL(n,F2) be the set of all binary orthogonal matrices of
order n.

3 Revisiting some results on bent-negabent functions

In this section we discuss some known results on bent-negabent functions, pointing out some
technical flaws in certain proofs and when possible, correcting them. Schmidt et al. [19] claimed
that SL(n,F2) preserves the bent-negabent property, i.e., if f is bent-negabent, then f(xA),
for all x ∈ Fn2 , is also bent-negabent, where A ∈ SL(n,F2). Unfortunately, the proof of [19,
Theorem 2] is not exactly correct, as we shall argue next. In that proof, the authors defined
wt(x) = xInx

T for all x ∈ Fn2 , where In is the identity matrix of order n and xT is the transpose
of x and the matrix operations are over integer Z. Surely, BInB

T = In, where B ∈ SL(n,F2),
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and so, they claimed that wt(x) = wt(xB), which is not true in general when the operations are
over Z. As an example, if B ∈ SL(6,F2) defined by

B =



1 1 1 0 0 0
1 1 0 1 0 0
1 0 1 1 0 0
0 1 1 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 ,

where wt(1, 0, 0, 0, 0, 0) 6= wt(1, 1, 1, 0, 0, 0) = wt((1, 0, 0, 0, 0, 0)B). If we modify the proof and
require perhaps that the weights to be congruent modulo 4 (since they occur in the exponent
of the complex i, we have iwt(x) = iwt(xB) (mod 4)), but the claim still that does not hold, in
general. We know that BI6B

T = I6 in binary, but if matrix operations are over Z, then

BI6B
T =



3 2 2 2 0 0
2 3 2 2 0 0
2 2 3 2 0 0
2 2 2 2 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 .

Let f be bent-negabent and AB = In, where A,B ∈ SL(n,F2). Then f(xA) is bent and, to
prove [19, Theorem 2], it is sufficient to show that f(xA) is negabent. However,∑

x∈Fn2

(−1)f(xA)⊕u·xıwt(x) =
∑
y∈Fn2

(−1)f(y)⊕(uBT )·yıwt(yB),

which is not equal to Nf (uBT ), as ıwt(x) 6= ıwt(xB), in general.
Nonetheless, the result given in [19, Theorem 2] is true, and the result can be proved by

using the nega-autocorrelation property from [22, Lemma 6], and we shall do that next.

Theorem 1. [19, Theorem 2] Let f, g : Fn2 −→ F2 be two Boolean functions. Suppose that f
and g are related by

g(x) = f(xA⊕ a)⊕ u · x⊕ ε,
for all x ∈ Fn2 , where A ∈ SL(n,F2), a,u ∈ Fn2 and ε ∈ F2. If f is bent-negabent, then g is also
bent-negabent.

Proof. Let f be bent-negabent and A ∈ SL(n,F2). From [15, Lemma 2], it is sufficient to prove
that g(x) = f(xA) is negabent. We know [22, Lemma 6] that a function f ∈ Bn is negabent if
and only if for any nonzero u ∈ Fn2 , NCf (u) = 0. For any nonzero u ∈ Fn2 , we have

NCg(u) =
∑
x∈Fn2

(−1)g(x)⊕g(x⊕u)(−1)u·x =
∑
x∈Fn2

(−1)f(xA)⊕f(xA⊕uA)(−1)u·x

=
∑
y∈Fn2

(−1)f(y)⊕f(y⊕uA)(−1)u·(yA
T ) =

∑
y∈Fn2

(−1)f(y)⊕f(y⊕uA)(−1)u(yAT )T

=
∑
y∈Fn2

(−1)f(y)⊕f(y⊕uA)(−1)u(AyT ) =
∑
y∈Fn2

(−1)f(y)⊕f(y⊕uA)(−1)(uA)yT

=
∑
y∈Fn2

(−1)f(y)⊕f(y⊕uA)(−1)(uA)·y = NCf (uA),
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so g is bent-negabent.

Fortunately, the result has no further consequences. The error on the weights was picked
up in [24, Lem. 17, Prop. 18] (by the current authors), where we identified a set of non-
singular binary transformations, which preserve the bent-negabent property by considering all
the elements of SL(n,F2) are weight invariant. The reason our earlier result [24, Lemma 17]
was incorrect is because one can find a matrix A ∈ SL(n,F2) such that wt(x) 6= wt(xA), for
some x ∈ Fn2 . For example, let B ∈ SL(n,F2), where B was previously defined. Note that,
wt(1, 0, 0, 0, 0, 0) = 1, but wt((1, 0, 0, 0, 0, 0)B) = wt(1, 1, 1, 0, 0, 0) = 3. However, the weights do
have the same parity as we show below.

Proposition 2. For any A ∈ SL(n,F2) and x ∈ Fn2 , we have wt(x) ≡ wt(xA) (mod 2).

Proof. Let u1,u2, . . . ,un be the row vectors of A ∈ SL(n,F2). Then ui · uj = 1 if i = j and
0 otherwise, so wt(ui) is odd for all 1 ≤ i ≤ n. It is easy to check that wt(0) = wt(0A) = 0.
Suppose x ∈ Fn2 with wt(x) = r, 1 ≤ r ≤ n, and there exist 1 ≤ i1 < i2 < · · · < ir ≤ n such that
xij = 1 for 1 ≤ j ≤ r, otherwise 0. Then xA = ⊕rj=1u

ij . Thus, the claim is true for r = 1. Let

r = 2. Then xA = ui1⊕ui2 , and so, wt(xA) = wt(ui1)+wt(ui2)−2wt(ui1∗ui2) is even as wt(ui1)
and wt(ui2) are odd. Suppose r = 3. Then wt(xA) = wt(ui1⊕ui2)+wt(ui3)−2wt((ui1⊕ui2)∗ui3)
is odd. Using this relation, it is clear that if wt(x) = r is even (or odd), then wt(xA) is also
even (or odd, respectively).

Let λ ≥ 1 be an arbitrary positive integer and NLT inv(n,F2, λ) [24, Proposition 18] be the
set of all nonsingular linear transformation of GL(n,F2) defined by

NLT inv(n,F2, λ) = {A ∈ GL(n,F2) : wt(x) ≡ wt(xA) (mod 4λ), for all x ∈ Fn2}.

It is clear that NLT inv(n,F2, λ) is not empty as In ∈ NLT inv(n,F2, λ) and SL(n,F2) ∩
NLT inv(n,F2, λ) 6= ∅, but SL(n,F2) 6⊆ NLT inv(n,F2, λ), for all positive integer λ. It is also
true for n = 4. Moreover, for any positive integer λ ≥ 1, NLT inv(n,F2, λ) ⊆ NLT inv(n,F2, 1).
Then Fig. 1 given in [24] can be described in the following way. We denote NLT inv(n,F2, 1)
by NLT inv(n,F2).

SL(n,F2) NLT inv(n,F2)

Figure 1: All possible bent-negabent preserving nonsingular linear transformations
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4 Bent-negabent functions in the Maiorana–McFarland class

Let n = 2m and the following function f ∈ Bn belonging to the Maiorana–McFarland (M)
class [10] of bent functions,

f(x,y) = x · π(y)⊕ h(y), x,y ∈ Fm2 , (2)

where π is a permutation over Fm2 and h ∈ Bm. The mapping y 7−→ y2i over F2m is linear,
weight-sum-invariant (consider the orthogonal basis), but not a complete mapping polynomial.
Thus, [20, Theorem 6] is a special case of [22, Theorem 17]. So, one can easily construct a bent-
negabent function inM, where π is not a complete mapping polynomial. For example let n = 4,
π(y2, y1) = (y2, y1) and h(y2, y1) = y1y2 for all y2, y1 ∈ F2. Then f(x,y) = x1y1⊕x2y2⊕y1y2, for
all xi, yi ∈ F2, i = 1, 2, is a bent-negabent function. Here, π is linear and weight-sum-invariant,
but not a complete mapping permutation as (π ⊕ I2)(y) = 0.

Now, we focus on identifying a bent-negabent function in M such that the permutation
π is not complete mapping polynomial and not weight-sum-invariant. For that, we derive a
necessary and sufficient condition for which the function f in M is bent-negabent using [11,
Theorem 5]. The result [11, Theorem 5] is mainly based on the autocorrelation properties
of f and f ⊕ s2, where s2 is symmetric quadratic bent function. Sarkar [20, Theorem 5] also
derived a necessary and sufficient condition for which a function inM is bent-negabent using the
nega-autocorrelation property. So, Theorem 4 (shown later) is similar to [20, Theorem 5].The
conditions are different when nega-autocorrelation values are calculated at the odd weight inputs.
Our result, Theorem 4 (shown later), is more effective in some cases, for example, in showing
the non-existence of bent-negabent functions when π satisfies the conditions of Corollary 6.

For any a,b ∈ Fm2 , define

δπ(a,b) = {x ∈ Fm2 : π(x)⊕ π(x⊕ a) = b}. (3)

It is clear that |δπ(0,0)| = 2m, and if π is permutation and a 6= 0, then |δπ(a,0)| = 0. If
δ = maxa,b∈Fm2 {|δ(a,b)| : a 6= 0}, then π is a differentially δ-uniform mapping. Surely, δ ≡ 0
(mod 2). For all a,b ∈ Fm2 , let us define

E0
a = {x ∈ Fm2 : a · x = 0}, E1

a = {x ∈ Fm2 : a · x = 1} = Fm2 \ E0
a,

E0
a,b = {(x,y) ∈ Fm2 × Fm2 : a · x⊕ b · y = 0} = (E0

a × E0
b) ∪ (E1

a × E1
b),

E1
a,b = {(x,y) ∈ Fm2 × Fm2 : a · x⊕ b · y = 1} = (E0

a × E1
b) ∪ (E1

a × E0
b).

It is clear that E0
0 = Fm2 and E0

0,b = Fm2 × E0
b. For 0 6= a ∈ Fm2 , E0

a is a linear subspace of

dimension m− 1 (the orthogonal space of {0,a}, denoted by {0,a}⊥). The dimension of E0⊥
a is

then equal to 1 and E0⊥
a = {0,a}.

We know the function f ∈ Bn defined as in (2) is bent, so, for any nonzero (a,b) ∈ Fm2 ×Fm2 ,
f(x,y)⊕ f(x⊕ a,y ⊕ b) is balanced, i.e.,∑

(x,y)∈Fm2 ×Fm2

(−1)f(x,y)⊕f(x⊕a,y⊕b) = 0.

First, we assume that h = 0. For any (a,b) ∈ Fm2 × Fm2 , f(x,y)⊕ f(x⊕ a,y⊕ b) = x · (π(y)⊕
π(y⊕b))⊕ a · π(y⊕b). Thus, form [11, Theorem 5], we get the following remark immediately.
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Remark 3. A Boolean function f ∈ Bn defined as in (2) with h = 0 is bent-negabent if and
only if the following conditions are satisfied:

1. For all nonzero (a,b) ∈ Fm2 × Fm2 with even wt(a,b),∑
(x,y)∈E0

a,b

(−1)x·(π(y)⊕π(y⊕b))⊕a·π(y⊕b) = 0.

2. For all nonzero (a,b) ∈ Fm2 × Fm2 with odd wt(a,b),∑
(x,y)∈E0

ā,b̄

(−1)x·(π(y)⊕π(y⊕b))⊕a·π(y⊕b) = 0.

By a more detailed analysis of Remark 3, we get the next necessary and sufficient condition
for x · π(y) to be bent-negabent.

Theorem 4. A Boolean function f ∈ Bn defined as in (2) with h = 0 is bent-negabent if and
only if the following conditions are satisfied for any nonzero (a,b) ∈ Fm2 × Fm2 :

1. If a = 0 and wt(b) is odd, then

|E0
b̄ ∩ δπ(b,1)| = |E1

b̄ ∩ δπ(b,1)|.

2. If wt(a,b) is even, then ∑
y∈E0

b∩δπ(b,a)

(−1)a·π(y) =
∑

y∈E1
b∩δπ(b,a)

(−1)a·π(y).

3. If wt(a,b) is odd, then ∑
y∈E0

b̄
∩δπ(b,ā)

(−1)a·π(y) =
∑

y∈E1
b̄
∩δπ(b,ā)

(−1)a·π(y).

Proof. Let (a,b) be any nonzero element of Fm2 × Fm2 and f ∈ Bn defined as in (2) with h = 0.
Case (i): Let b = 0. Then a 6= 0 and f(x,y)⊕ f(x⊕ a,y) = a · π(y). If wt(a) is even, then∑

(x,y)∈E0
a,0

(−1)a·π(y) =
∑
x∈E0

a

∑
y∈Fm2

(−1)a·π(y) = 0, as a 6= 0.

Suppose wt(a) is odd. Then,∑
(x,y)∈E0

ā,1

(−1)a·π(y) =
∑
x∈E0

ā

∑
y∈E0

1

(−1)a·π(y) +
∑
x∈E1

ā

∑
y∈E1

1

(−1)a·π(y)

= 2n−1

∑
y∈E0

1

(−1)a·π(y) +
∑
y∈E1

1

(−1)a·π(y)


= 2n−1

∑
y∈Fm2 =E0

1∪E1
1

(−1)a·π(y) = 0, as a 6= 0.
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Case (ii): Let a = 0. Then b 6= 0, and so, f(x,y) ⊕ f(x,y ⊕ b) = x · (π(y) ⊕ π(y ⊕ b)) and
π(y)⊕ π(y ⊕ b) 6= 0 for all y ∈ Fm2 . If wt(b) is even, then∑

(x,y)∈E0
0,b

(−1)x·(π(y)⊕π(y⊕b)) =
∑
y∈E0

b

∑
x∈Fm2

(−1)x·(π(y)⊕π(y⊕b)) = 0.

Suppose wt(b) is odd. Then,∑
(x,y)∈E0

1,b̄

(−1)x·(π(y)⊕π(y⊕b))

=
∑
y∈E0

b̄

∑
x∈E0

1

(−1)x·(π(y)⊕π(y⊕b)) +
∑
y∈E1

b̄

∑
x∈E1

1

(−1)x·(π(y)⊕π(y⊕b))

=
∑
y∈E0

b̄

∑
x∈E0

1

(−1)x·(π(y)⊕π(y⊕b)) +
∑
y∈E1

b̄

∑
x∈Fm2

(−1)x·(π(y)⊕π(y⊕b))

−
∑
y∈E1

b̄

∑
x∈E0

1

(−1)x·(π(y)⊕π(y⊕b))

=
∑
y∈E0

b̄

∑
x∈E0

1

(−1)x·(π(y)⊕π(y⊕b)) −
∑
y∈E1

b̄

∑
x∈E0

1

(−1)x·(π(y)⊕π(y⊕b))

= 2m−1(|E0
b̄ ∩ δπ(b,1)| − |E1

b̄ ∩ δπ(b,1)|),

as π(y) ⊕ π(y ⊕ b) ∈ E0⊥
1 = {0,1} implies y ∈ δπ(b,1), which is equal to 0 if and only if

|E0
b̄
∩ δπ(b,1)| = |E1

b̄
∩ δπ(b,1)|, for all nonzero odd weight b ∈ Fm2 .

Case (iii): Let a,b ∈ Fm2 \ {0} and wt(a,b) be even. Then,∑
(x,y)∈E0

a,b

(−1)f(x,y)⊕f(x⊕a,y⊕b) =
∑

(x,y)∈E0
a,b

(−1)x·(π(y)⊕π(y⊕b))⊕a·π(y⊕b)

=
∑
y∈E0

b

(−1)a·π(y⊕b)
∑
x∈E0

a

(−1)x·(π(y)⊕π(y⊕b)) +
∑
y∈E1

b

(−1)a·π(y⊕b)

·
∑
x∈E1

a

(−1)x·(π(y)⊕π(y⊕b))

∑
y∈E1

b

(−1)a·π(y⊕b)
∑
x∈E1

a

(−1)x·(π(y)⊕π(y⊕b))

=
∑
y∈E1

b

(−1)a·π(y⊕b)

∑
x∈Fm2

(−1)x·(π(y)⊕π(y⊕b)) −
∑
x∈E0

a

(−1)x·(π(y)⊕π(y⊕b))


= −

∑
y∈E1

b

(−1)a·π(y⊕b)
∑
x∈E0

a

(−1)x·(π(y)⊕π(y⊕b)),

as b 6= 0 implies π(y)⊕ π(y ⊕ b) 6= 0 for all y ∈ Fm2 , and so,∑
(x,y)∈E0

a,b

(−1)f(x,y)⊕f(x⊕a,y⊕b)
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=

∑
y∈E0

b

(−1)a·π(y⊕b) −
∑
y∈E1

b

(−1)a·π(y⊕b)

 ∑
x∈E0

a

(−1)x·(π(y)⊕π(y⊕b))

= |E0
a|

 ∑
y∈E0

b∩δπ(b,a)

(−1)a·π(y⊕b) −
∑

y∈E1
b∩δπ(b,a)

(−1)a·π(y⊕b)


= 2m−1(−1)wt(a)

 ∑
y∈E0

b∩δπ(b,a)

(−1)a·π(y) −
∑

y∈E1
b∩δπ(b,a)

(−1)a·π(y)

 ,

as π(y)⊕ π(y ⊕ b) = a, which is equal to 0 if and only if∑
y∈E0

b∩δπ(b,a)

(−1)a·π(y) =
∑

y∈E1
b∩δπ(b,a)

(−1)a·π(y),

for all nonzero a,b with even wt(a,b).
Case (iv): Let a,b ∈ Fm2 \ {0} and and wt(a,b) be odd. Then,∑

(x,y)∈E0
ā,b̄

(−1)f(x,y)⊕f(x⊕a,y⊕b) =
∑

(x,y)∈E0
ā,b̄

(−1)x·(π(y)⊕π(y⊕b))⊕a·π(y⊕b)

=
∑
y∈E0

b̄

(−1)a·π(y⊕b)
∑
x∈E0

ā

(−1)x·(π(y)⊕π(y⊕b)) +
∑
y∈E1

b̄

(−1)a·π(y⊕b)
∑
x∈E1

ā

(−1)x·(π(y)⊕π(y⊕b)),

∑
y∈E1

b̄

(−1)a·π(y⊕b)
∑
x∈E1

ā

(−1)x·(π(y)⊕π(y⊕b))

=
∑
y∈E1

b̄

(−1)a·π(y⊕b)

∑
x∈Fm2

(−1)x·(π(y)⊕π(y⊕b)) −
∑
x∈E0

ā

(−1)x·(π(y)⊕π(y⊕b))


= −

∑
y∈E1

b̄

(−1)a·π(y⊕b)
∑
x∈E0

ā

(−1)x·(π(y)⊕π(y⊕b)),

as b 6= 0 implies π(y)⊕ π(y ⊕ b) 6= 0 for all y ∈ Fm2 , and so,∑
(x,y)∈E0

ā,b̄

(−1)f(x,y)⊕f(x⊕a,y⊕b)

=

∑
y∈E0

b̄

(−1)a·π(y⊕b) −
∑
y∈E1

b̄

(−1)a·π(y⊕b)

 ∑
x∈E0

ā

(−1)x·(π(y)⊕π(y⊕b))

= |E0
ā|

 ∑
y∈E0

b̄
∩δπ(b,ā)

(−1)a·π(y⊕b) −
∑

y∈E1
b̄
∩δπ(b,ā)

(−1)a·π(y⊕b)


= 2m−1

 ∑
y∈E0

b̄
∩δπ(b,ā)

(−1)a·π(y) −
∑

y∈E1
b̄
∩δπ(b,ā)

(−1)a·π(y)

 ,
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as π(y)⊕ π(y ⊕ b) = ā, and which is equal to 0 if and only if∑
y∈E0

b̄
∩δπ(b,ā)

(−1)a·π(y) =
∑

y∈E1
b̄
∩δπ(b,ā)

(−1)a·π(y)

for all nonzero a,b with odd wt(a,b).

Suppose f ∈ Bn is defined as in (2) with h 6= 0. For any a,b ∈ Fm2 , we have

D(a,b)f(x,y) = x · (π(y)⊕ π(y ⊕ b))⊕ a · π(y ⊕ b)⊕ h(y)⊕ h(y ⊕ b),

so, Db(y) = h(y)⊕ h(y ⊕ b) depends only on b and on the variable y. The next result follows
from Theorem 4.

Corollary 5. Let n = 2m and f be defined as in (2). The function f is bent-negabent if and
only if the following conditions are satisfied for any nonzero (a,b) ∈ Fm2 × Fm2 :

1. If a = 0 and wt(b) is odd, then∑
y∈E0

b̄
∩δπ(b,1)

(−1)Dbh(y) =
∑

y∈E1
b̄
∩δπ(b,1)

(−1)Dbh(y).

2. If wt(a,b) is even, then∑
y∈E0

b∩δπ(b,a)

(−1)a·π(y)⊕Dbh(y) =
∑

y∈E1
b∩δπ(b,a)

(−1)a·π(y)⊕Dbh(y).

3. If wt(a,b) is odd, then∑
y∈E0

b̄
∩δπ(b,ā)

(−1)a·π(y)⊕Dbh(y) =
∑

y∈E1
b̄
∩δπ(b,ā)

(−1)a·π(y)⊕Dbh(y).

4.1 Existence of bent-negabent functions in M class

By the previous analysis, it is possible to construct bent-negabent functions inM when the per-
mutations are either complete mapping polynomials or satisfy the weight-sum-invariant property.
For example, let n = 4t ≥ 12 and 1 ≤ i < t be an integer such that gcd(2i + 1, 2t − 1) = 1.
Then (y′, y′′) 7−→ (y′′, y′+y′′2

i+1) is a complete mapping permutation, and the Boolean function
Trt1(x′y′′ + x′′y′ + x′′y′′2

i+1) is bent-negabent in M, where x′, x′′, y′, y′′ ∈ F2t .
Is there a bent-negabent function in M such that the corresponding permutation is not

a complete mapping or does not satisfy the weight-sum-invariant property? We identify two
bent-negabent functions in 6 variables in Maiorana–McFarland class where one permutation is
a complete mapping but not weight-sum-invariant, and other one is not complete mapping and
not weight-sum-invariant. We define the corresponding permutations and the functions h.

• Let π(y1, y2, y3) = (y1 ⊕ y3, y1, y2) and h(y1, y2, y3) = (y1 ⊕ y2)y3. It is clear that π is a
complete mapping polynomial but not weight-sum-invariant. The function x1(y1 ⊕ y3) ⊕
x2y1⊕x3y2⊕(y1⊕y2)y3 is bent-negabent. So, the function is not obtained via [20, Theorem
6].
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• Let π(y1, y2, y3) = (y1⊕ y3, y2, y1) and h(y1, y2, y3) = (y1⊕ y2)y3. It is clear that π is not a
complete mapping polynomial and not weight-sum-invariant. The function x1(y1 ⊕ y3)⊕
x2y2 ⊕ x3y1 ⊕ (y1 ⊕ y2)y3 is bent-negabent. Thus, the function is not obtained via [20,
Theorem 6] or [22, Theorem 17].

Also, it is clear that the second function is not used in [22, Theorem 22] and [25, Theorem 5] to
construct a new bent-negabent function as the permutation π(y1, y2, y3) = (y1⊕y3, y2, y1) is not
a complete mapping permutation. However, the second function may or may not be constructed
using [25, Theorem 5]. We display in Figure 2 a Venn diagram of existing constructions in
the M class.

Bent-negabent func-

tions of Sarkar [20]

Bent-negabent functions of

Stănică et al. [22]
Bent-negabent func-

tions of Su et al. [25]

Figure 2: The set of bent-negabent functions in Maiorana–McFarland class

4.2 Non-existence of bent-negabent functions in M class

We also can infer the non-existence of bent-negabent functions f ∈ Bn defined as in (2) from
Theorem 4.

Corollary 6. Let f ∈ Bn be defined as in (2) with h = 0 and let π be a permutation over Fm2
such that there exists b ∈ Fm2 with odd wt(b), |δπ(b,1)| = 2, where δπ(b,1) is defined as in (3).
Then f is not a bent-negabent function.

Proof. Let y0,y0 ⊕ b ∈ δπ(b,1). Since b̄ · (y0 ⊕ b) = b̄ · y0 ⊕ b̄ · b = b̄ · y0, then y0 ∈ E0
b̄

(or

E1
b̄
) if and only if y0 ⊕ b ∈ E0

b̄
(or E1

b̄
, respectively). From Theorem 4, we infer that f is not a

bent-negabent function.

For example, let m = 4 and π be the GIFT Sbox [1] defined as in Table 1. It is known that
|δπ(0001, 1111)| = 2, where 1 = 0001 and f = 15 = 1111. Thus, the Maiorana–McFarland bent
function corresponding to GIFT Sbox is not bent-negabent.

From [20, Theorem 5] and using the permutation π over F4
2 used in the GIFT Sbox, we have∑

y∈δπ(b,1)

(−1)1·π(y)⊕b·y = (−1)1·π(y0)⊕b·y0 + (−1)1·π(y0⊕b)⊕b·(y0⊕b) = 0
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x 0 1 2 3 4 5 6 7 8 9 a b c d e f

π(x) 1 a 4 c 6 f 3 9 2 d b 7 5 0 8 e

Table 1: GIFT Sbox in hexadecimal notation

if and only if wt(b) is odd. Further, if wt(b) is odd, by using Theorem 4, we conclude that the
corresponding function is not bent-negabent.

Let n = 6 and f ∈ B6 be defined as in (2), where π(y3, y2, y1) = (y1y3 ⊕ y2 ⊕ y3, y2y3 ⊕ y2 ⊕
y1, y1y2⊕y1⊕y3), for all (y3, y2, y1) ∈ F3

2 and h = 0. It is clear that π is not a complete mapping
since (π⊕I3)(000) = (π⊕I3)(111), where I3 is an identity mapping over F3

2 (we customarily write
an element (y3, y2, y1) ∈ F3

2 as y3y2y1). Moreover, δπ(001, 111) = {100, 101} ⊂ E1
110 = E1

001
.

Thus, f is not a bent-negabent function.
In [27], Zhang et al. constructed a class of bent-negabent functions outside the complete

Maiorana–McFarland class, by using the concept of indirect sums, which had been proposed by
Carlet [4]. Here, we look at the behavior of the derivative of a particular type of Maiorana–
McFarland bent functions, and then prove the non-existence of bent-negabent functions defined
as in (4), below. These are as in [12, Lemma 23], where Mesnager constructed a set of self dual
quadratic bent functions.

Lemma 7. [12] Let k ≥ 2, λ ∈ F24k \ {0}, with λ⊕ λ23k
= 1, or λ(2k+1)2(2k−1) = 1. Then

f(x) = Tr4k
1 (λx2k+1), (4)

for all x ∈ F24k , is a self dual bent function.

It is not difficult to show that the bent function f defined as in (4) is not negabent. In the
next theorem, we consider a normal basis of F2n over F2.

Theorem 8. The function f defined as in (4) is not bent-negabent.

Proof. Let a ∈ F2k and wt(a) be even, i.e., Tr4k
1 (a) = 0. Then a2k−1 = 1 and

f(x)⊕ f(x⊕ a) = Tr4k
1 (λ(x2k+1 ⊕ (x⊕ a)2k+1))

= Tr4k
1 (λ(x2ka⊕ xa2k))⊕ Tr4k

1 (λa2k+1)

= Tr4k
1 ((λ23k

a⊕ λa)x)⊕ Tr4k
1 (λa2) = Tr4k

1 (ax)⊕ Tr4k
1 (λa2).

Thus, ∑
x∈F

24k :Tr4k
1 (ax)=0

(−1)f(x)⊕f(x⊕a) = (−1)Tr4k
1 (λa2)

∑
x∈F

24k :Tr4k
1 (ax)=0

(−1)Tr4k
1 (ax) 6= 0. (5)

From [11, Theorem 10], we infer that f is not bent-negabent.

5 Non-existence of rotation symmetric bent-negabent functions

In this section, we discuss a special class of Boolean functions, called rotation symmetric Boolean
functions. First, we give some basic definitions and results on orbits counts, which will be used
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later. Let EO = {x ∈ Fn2 : wt(x) is odd}, EE = {x ∈ Fn2 : wt(x) is even} and Ei = {x ∈ Fn2 :
wt(x) = i}, i ∈ {0, 1, . . . , n}. Here, EO = E1

1 and EE = E0
1. Let the set {1, 2, . . . , n} be denoted

by [1, n] for any positive integer n ≥ 2. We define (identify x0 := xn)

ρkn(xj) = x(j+k) mod n =

{
xj+k, if j + k ≤ n;
xj+k−n, if j + k > n,

where xj ∈ F2 for j ∈ {1, 2, . . . , n}. Let On = {ρ1
n, ρ

2
n, . . . , ρ

n
n} be the permutation (cyclic)

group, which extends the previous definition to n-tuples,

ρin(x) = ρin(x1, x2, . . . , xn) = (x(1+i) mod n, x(2+i) mod n, . . . , x(n+i) mod n). (6)

An n-variable Boolean function f is said to be rotation symmetric (RotS) if and only if for any
x ∈ Fn2 ,

f(ρkn(x)) = f(x), for all k ∈ [1, n].

Let
Orb(x) = {ρkn(x) : k ∈ [1, n]}

be the orbit of x ∈ Fn2 under the action of ρkn, k ∈ [1, n]. Using Burnside’s Lemma, Stănică and
Maitra [23] counted the total number of orbits, showing that the number of orbits induced by
the action of On on Fn2 , as described in (6), is

gn =
1

n

∑
t|n

φ(t)2
n
t ,

where φ is Euler’s phi-function. Let gn,k be the total number of orbits of an n-bit binary strings
of weight k and gln,k be the total number of orbits of n-bit binary strings of weight k such that

|Orb(x)| = n. Here, the superscript l of gln,k stands for long length (or full length n) orbits. In
the same paper, Stănică and Maitra [23, Theorem 9] showed (k1|k means that k1 divides k):

1. gn,k = 1
n

(
n
k

)
, if gcd(k, n) = 1. Also gn,0 = gn,n = 1.

2. gn,k = 1
n

(n
k

)
−

∑
k1| gcd(n,k); k1 6=1

(n/k1)gln/k1,k/k1

+
∑

k1| gcd(n,k); k1 6=1

gln/k1,k/k1
, if k < n.

Let {RE , RO} be a partition of {1, 2, . . . , gn} such that if i ∈ RE then wt(∧i) is even and if
j ∈ RO then wt(∧j) is odd (∧i is a representative of the i-th orbit Orb(∧i) in some random but
fixed ordering of all orbits).

Using [11, Theorem 5 and Corollary 8], Mandal et al. proved the following theorem.

Theorem 9. [11, Theorem 10] There is no rotation symmetric bent-negabent function in 2pk

variables, where p is an odd prime and k is any positive integer

In this direction, we discuss further results related to non-existence of various classes of
rotation symmetric bent-negabent functions by using the necessary and sufficient condition
given in [11, Theorem 5]. These are additional results over what had been discussed in [11].
Here, we mainly focus on counting the orbits of certain types to show the non-existence of. One
important result here is to show non-existence of rotation symmetric bent-negabent function in
4pk variables, where p is an odd prime and k is any positive integer.
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5.1 The case of n = 2k, where k is a positive integer

Let f ∈ Bn, and 1 ≤ i ≤ n − 1, be an odd integer. Then gcd(i, n) = 1 and all the orbits are of
length n and odd weight. Thus,∑

j∈RO

(−1)f(∧j)⊕f(∧j⊕1)|Orb(∧j)| = 2k+1t2k ,

where t2k is equal to the sum of (−1)f(∧r)⊕f(∧r⊕1) with |Orb(∧r)| = 2k and the weight of ∧r
is less than or equal to 2k−1 − 1. From [11, Corollary 8], we know that if f ∈ B2k is a RotS
bent-negabent function then

2k+1t2k = 0 ⇔ t2k = 0, (7)

where t2k is defined as above. The number of odd weight orbits with weight less than or equal
to 2k−1 − 1 is

2−k
((

2k

1

)
+

(
2k

3

)
+ · · ·+

(
2k

2k−1 − 1

))
.

If k = 2 then g1,4 = 1, and so, the left hand side of (7) in this case is nonzero, which is
a contradiction. Consequently, there is no rotation symmetric bent-negabent function in 4
variables.

5.2 The case of n = 2m, where m is an even integer, not a power of 2

Let n = 2e1+1pe22 . . . pekk , with p1 = 2, and 1 ≤ i ≤ n − 1 be an odd integer, e1 ≥ 1. Then
gcd(i, n) = pr22 . . . prkk , where 0 ≤ ri ≤ ei, 2 ≤ i ≤ k, and all possible lengths of the orbits in Ei
(i is odd) are of the form 2e1+1pr22 . . . prkk , where 0 ≤ rs ≤ es, 2 ≤ s ≤ k. Thus,

∑
j∈RO

(−1)f(∧j)⊕f(∧j⊕1)|Orb(∧j)| = 2e1+2
e2∑
r2=0

. . .

ek∑
rk=0

pr22 . . . prkk t2pe11 p
r2
2 ...p

rk
k
, (8)

where tr is an integer equal to the sum of (−1)f(∧r)⊕f(∧r⊕1) with |Orb(∧r)| = r and wt(∧r) ≤
2n−1 − 1, r ∈ {2e1+1pr22 . . . prkk : 0 ≤ rs ≤ es, 2 ≤ s ≤ k}. Thus, we get the next theorem.

Theorem 10. Let n = 2e
′
1pe22 . . . pekk be the prime decomposition of n with e′1 ≥ 2. If∑

0≤ri≤ei
2≤i≤k

pr22 . . . prkk t2e
′
1p
r2
2 ...p

rk
k

6= 0

for a rotation symmetric function f ∈ Bn, then f is not bent-negabent.

5.2.1 The case of n = 4pk, where p is an odd primes and k is a positive integer

Let us consider e1 = 1, e2 = k and ei = 0, 3 ≤ i ≤ k, and p2 = p be an odd prime. Then we get
the following corollary.

Corollary 11. There is no rotation symmetric bent-negabent function in 4pk variables, where
p is an odd prime and k is a positive integer.
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Proof. Let n = 4pk where p is an odd prime and k is any positive integer, and i, 1 ≤ i ≤ n− 1,
be an odd integer. Then

gcd(i, n) =


1, if i 6≡ 0 (mod p);
pr, if i ≡ 0 (mod pr) but i 6≡ 0 (mod pr+1), 1 ≤ r ≤ k − 1;
pk, if i ≡ 0 (mod pk).

Notice that if gcd(i, n) = pk, where 1 ≤ i ≤ n− 1 is an odd integer, then i is equal to either pk

or 3pk and gl4,1 = 1 = gl4,3. Thus, the possible lengths of an odd weight orbit are of the form

4pk−j , where 0 ≤ j ≤ k. There is exactly one orbit of length 4 in Epk and exactly one orbit
of length 4 in E3pk , and they are the complement of each other. We know that if f ∈ Bn is a
rotation symmetric bent-negabent, then∑

j∈RO

(−1)f(∧j)⊕f(∧j⊕1)|Orb(∧j)| = 0.

From (8) we get

∑
j∈RO

(−1)f(∧j)⊕f(∧j⊕1)|Orb(∧j)| = 8
k−1∑
t=0

pk−tt4pk−t + 8t4,

where t4pk−t is an integer such that t4pk−t is equal to the sum of (−1)f(∧r)⊕f(∧r⊕1) with |Orb(∧r)| =
4pk−t, 0 ≤ t ≤ k − 1, wt(∧r) ≤ 2pk − 1, and t4 = (−1)f(∧)⊕f(∧⊕1) with |Orb(∧)| = 4. Note that

8

k−1∑
t=0

pk−tt4pk−t + 8t4 = 8

(
p

k−1∑
t=0

pk−1−tt4pk−t + t4

)
6= 0,

and so, we get the result.

5.2.2 The case of n = 2kp, where p is an odd primes and k ≥ 3 is any positive integer

Let us consider e1 = k− 1 ≥ 2, e2 = 1 and ei = 0, 3 ≤ i ≤ k, and p2 = p be an odd prime. Then
we get the following corollary.

Corollary 12. Let n = 2kp, where p is an odd prime and k ≥ 3 is any positive integer. If
f ∈ Bn is a rotation symmetric bent-negabent function, then∑

j∈RO
2k

(−1)f(∧j)⊕f(∧j⊕1) ≡ 0 (mod p),

where RO
2k
⊂ RO, and j ∈ RO

2k
means that |Orb(∧j)| = 2k and wt(∧j) ≤ 2k−1p− 1.

Proof. Let n = 2kp, where p is an odd prime and k ≥ 3 is a positive integer, and let 1 ≤ i ≤ n−1
be an odd integer. Then

gcd(i, n) =

{
1, if i 6≡ 0 (mod p);
p, if i ≡ 0 (mod p).
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Here gcd(2k, i/p) = 1 and the possible length of an odd weight orbit is either 2kp or 2k. We
know that if f ∈ Bn is a rotation symmetric bent-negabent, then∑

j∈RO

(−1)f(∧j)⊕f(∧j⊕1)|Orb(∧j)| = 0.

From (8) we get ∑
j∈RO

(−1)f(∧j)⊕f(∧j⊕1)|Orb(∧j)| = 2k+1pt2kp + 2k+1t2k ,

where t2kp is an integer such that t2kp is equal to the sum of (−1)f(∧r)⊕f(∧r⊕1) with |Orb(∧r)| =
2kp and t2k is equal to the sum of (−1)f(∧l)⊕f(∧l⊕1) with |Orb(∧l)| = 2k, and the weights of ∧r
and ∧l are less than or equal to 2k−1p− 1. Thus, if f is bent-negabent then

2k+1pt2kp + 2k+1t2k = 0 =⇒ pt2kp + t2k = 0 =⇒ t2k ≡ 0 (mod p),

and the claim is shown.

5.3 The case of n = 2m, where m is an odd integer

Let f ∈ Bn, and n = 2m = 2pe11 p
e2
2 . . . pekk , m odd, be the prime power decomposition of 2m,

and 1 ≤ i ≤ n − 1 be an odd integer. Then gcd(i, n) = pr11 p
r2
2 · · · p

rk
k , where 0 ≤ ri ≤ ei,

1 ≤ i ≤ k. Thus, all possible lengths of the orbits in Ei, i is odd, are some of the even divisors
2pr11 p

r2
2 . . . prkk (where 0 ≤ ri ≤ ei, 1 ≤ i ≤ k) of n. Since gcd(pe11 p

e2
2 . . . pekk , n) = pe11 p

e2
2 . . . pekk ,

the possible lengths of the orbits in Epe11 p
e2
2 ...p

ek
k

are all the even divisors 2pr11 p
r2
2 . . . prkk (where

0 ≤ ri ≤ ei, 1 ≤ i ≤ k) of n. There is a single orbit of length 2 in Epe11 p
e2
2 ...p

ek
k

, which contains

the concatenation of pe11 p
e2
2 . . . pekk copies of the block 01 (or 10) such that (0, 1, 0, 1, . . . , 0, 1) ⊕

(1, 1, 1, 1, . . . , 1, 1) = (1, 0, 1, 0, . . . , 1, 0) ∈ Orb(0, 1, 0, 1, . . . , 0, 1). Thus,

∑
j∈RO

(−1)f(∧j)⊕f(∧j⊕1)|Orb(∧j)| = 2

e1∑
r1=0

e2∑
r2=0

. . .

ek∑
rk=0

pr11 p
r2
2 . . . prkk t2pr11 p

r2
2 ...p

rk
k
, (9)

where tr is an integer equal to the sum of (−1)f(∧r)⊕f(∧r⊕1) with |Orb(∧r)| = r, r ∈ {2pr11 p
r2
2 . . . prkk :

0 ≤ rs ≤ es, s = 1, 2, . . . , k} and t2 = 1. Thus, we have the next result.

Theorem 13. Let m be an odd integer and n = 2m = 2pe11 p
e2
2 . . . pekk be its prime power decom-

position, and let f ∈ Bn be a rotation symmetric Boolean function. If∑
0≤ri≤ei
1≤i≤k

pr11 p
r2
2 . . . prkk t2pr11 p

r2
2 ...p

rk
k
6= 0,

then f is not bent-negabent.

Let n = 2pq, where p and q are distinct odd primes (thus, e1 = e2 = 1 and ei = 0, 3 ≤ i ≤ k,
and p1 = p, p2 = q). Then, all possible lengths of the orbits in Ei (i is odd) are n, 2p, 2q and
2. There is a single orbit of length 2 in Epq and contains the concatenation of pq copies of
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the block 01 (or 10) such that (0, 1, 0, 1, . . . , 0, 1) ⊕ (1, 1, 1, 1, . . . , 1, 1) = (1, 0, 1, 0, . . . , 1, 0) ∈
Orb(0, 1, 0, 1, . . . , 0, 1). From (9) we get∑

j∈RO

(−1)f(∧j)⊕f(∧j⊕1)|Orb(∧j)| = 2pqt2pq + 2pt2p + 2qt2q + 2,

where tr is an integer such that tr is equal to the sum of (−1)f(∧r)⊕f(∧r⊕1) with |Orb(∧r)| = r,
r ∈ {2pq, 2p, 2q}. Thus, we get the next corollary.

Corollary 14. Let n = 2pq where p and q are distinct odd primes and f ∈ Bn be a rotation
symmetric Boolean function. If pqt2pq + pt2p + qt2q + 1 6= 0, then f is not bent-negabent.

Thus, using [11, Theorem 10] and Corollary 11 we infer that there is no rotation symmetric
bent-negabent function in n variables n ≤ 100 except for 16, 24, 30, 32, 40, 42, 48, 56, 64, 66, 70, 78,
80, 88, 96. For these exceptions, the necessary condition for which a rotation symmetric Boolean
function is bent-negabent is given in Table 2. We now summarize the necessary condition for
which a rotation symmetric Boolean function in n ∈ {24, 30, 40, 42, 48, 56, 66, 70, 78, 80, 88, 96}
variables is bent-negabent. Here ti =

∑
∧r,|Orb(∧r)|=i

(−1)f(∧r)⊕f(∧r⊕1), as already defined.

n Corollary Condition

24 = 23 × 3 4 3t24 + t8 = 0

40 = 23 × 5 4 5t40 + t8 = 0

56 = 23 × 7 4 7t56 + t8 = 0

88 = 23 × 11 4 11t88 + t8 = 0

48 = 24 × 3 4 3t48 + t16 = 0

80 = 24 × 5 4 5t80 + t16 = 0

96 = 25 × 3 4 3t96 + t32 = 0

30 = 2× 3× 5 2 30t30 + 10t10 + 6t6 + 2 = 0

66 = 2× 3× 11 2 66t66 + 22t22 + 6t6 + 2 = 0

78 = 2× 3× 13 2 78t78 + 26t26 + 6t6 + 2 = 0

70 = 2× 5× 7 2 70t70 + 14t14 + 10t10 + 2 = 0

Table 2: Some necessary conditions for existence of rotation symmetric bent-negabent functions.

5.4 Non-existence of bent-negabent functions via rotation symmetry

Let p be an odd prime and let k be a positive integer. Mandal et al. [11, Theorem 10] showed
that there is no rotation symmetric bent-negabent function in 2pk variables. In Corollary 11,
we proved that there is no rotation symmetric bent-negabent function in 4pk variables. In
Theorem 17 we identify a class of Boolean functions in 2pk or 4pk variables, not necessarily
rotation symmetric, which are not bent-negabent. Let E0

a = {x ∈ Fn2 : a · x = 0} be the
orthogonal complement of a ∈ Fn2 \ {0}.

Theorem 15. [2, Theorem 3] Let f ∈ Bn be a bent function and E0
a defined as above. Then,

for any b 6∈ E0
a, ∑

x∈E0
a

(−1)f(x)⊕f(x⊕b) =
∑

x∈Fn2 \E0
a

(−1)f(x)⊕f(x⊕b) = 0.

Let f ∈ Bn be a bent-negabent function. Thus, from Theorem 15, for each hyperplane E0
a

and b 6∈ E0
a, the derivative Dbf is balanced over E0

a, as well as over Fn2 \E0
a. From [11, Theorem
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5], if wt(b) is even, then Dbf is balanced over E0
b and also Fn2 \ E0

b (notice that b ∈ E0
b), and

if wt(b) is odd, then Dbf is balanced over E0
b̄
, as well as over Fn2 \ E0

b̄
(notice that b ∈ E0

b̄
).

Lemma 16. For any nonzero a ∈ Fn2 , and ε ∈ {0, 1}, let Eεa = {x ∈ Fn2 : a · x = ε}. Then
x ∈ Eεa if and only if x⊕ a ∈ Eεa if wt(a) is even, and when wt(a) is odd, x⊕ ā ∈ Eεa.

Proof. Let a be a nonzero element of Fn2 such that wt(a) is even. Then a · a ≡ wt(a) ≡ 0
(mod 2), and so, (x ⊕ a) · a = x · a. If wt(a) is odd, then ā · a = a · a ⊕ 1 · a ≡ 2wt(a) ≡ 0
(mod 2), and so, (x⊕ ā) · a = x · a, and the claim is shown.

Theorem 17. Let n = 2pk or 4pk, where p is an odd prime and k is a positive integer, and
let f ∈ Bn be a rotation symmetric Boolean function. Let g(x) = f(xA), where A ∈ GL(n,F2).
Then:

(i) If A maps odd weight elements to odd weight elements, and 1A = 1, then g is not a
bent-negabent function.

(ii) Let E′O = {xA−1 : x ∈ EO}, c = 1A−1 ∈ Fn2 . If A maps a hyperplane to another
hyperplane with c 6∈ Fn2 \ E′O, then g is not a bent-negabent function.

Proof. Since A ∈ GL(n,F2) maps odd weight elements to odd weight elements, if x ∈ EO then
xA−1 ∈ EO. If g is also a rotation symmetric Boolean function, then from [11, Theorem 10]
and Corollary 11, g is not bent-negabent. Next, if g is not rotation symmetric, again from [11,
Theorem 10] and Corollary 11, we get

0 6=
∑
j∈RO

(−1)f(∧j)⊕f(∧j⊕1)|Orb(∧j)| =
∑
x∈EO

(−1)f(x)⊕f(x⊕1)

=
∑
x∈EO

(−1)g(xA
−1)⊕g(xA−1⊕1) =

∑
x∈EO

(−1)g(x)⊕g(x⊕1),

so, g is not bent-negabent.
We now show the second claim. From [11, Theorem 10] and Corollary 11, we get

0 6=
∑
j∈RO

(−1)f(∧j)⊕f(∧j⊕1)|Orb(∧j)| =
∑
x∈EO

(−1)g(xA
−1)⊕g(xA−1⊕c)

=
∑
x∈E′O

(−1)g(x)⊕g(x⊕c).

From Theorem 15, we get that g is not bent-negabent.

6 Conclusion

In this paper, we investigate several questions related to bent-negabent functions. First we revisit
a few existing claims, point out some errors and fix certain technical issues in this direction.
Further, a necessary and sufficient condition is derived for which a Boolean function of the
form x · π(y) ⊕ h(y) in the 2m variables is bent-negabent. We also prove the non-existence of
a particular class of Maiorana–McFarland bent-negabent functions. Next, we study the bent-
negabent conditions which are given in [11, Theorem 5] and prove that there is no rotation
symmetric bent-negabent function under some conditions.
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