On the existence and non-existence of some classes of
bent-negabent functions

Bimal Mandal!, Subhamoy Maitra?, and Pantelimon Stanica*

L CARAMBA, INRIA, Nancy — Grand Est., France 54600
2 Applied Statistics Unit
Indian Statistical Institute, Kolkata, India
3 Department of Applied Mathematics
Naval Postgraduate School, Monterey 93943, USA
bimalmandal90@gmail.com, subho@isical.ac.in, pstanica@nps.edu

Abstract

In this paper we investigate different questions related to bent-negabent functions. We
first take an expository look at the state-of-the-art research in this domain and point out some
technical flaws in certain results and fix some of them. Further, we derive a necessary and
sufficient condition for which the functions of the form x-7(y) ® h(y) (Maiorana—McFarland
(M)) is bent-negabent, and more generally, we study the non-existence of bent-negabent
functions in the M class. We also identify some functions that are bent-negabent. Next,
we continue the recent work by Mandal et al. [Discr. Appl. Math. 236 (2018), 1-6] on
rotation symmetric bent-negabent functions and show their non-existence in larger classes.
For example, we prove that there is no rotation symmetric bent-negabent function in 4p*
variables, where p is an odd prime. We present the non-existence of such functions in certain
classes that are affine transformations of rotation symmetric functions. Keeping in mind the
existing literature, we correct here some technical issues and errors found in other papers
and provide some novel results.

Keywords: Boolean functions, bent-negabent functions, bent functions, rotation symmetric
functions

1 Introduction

Rothaus [17] introduced the class of bent Boolean functions, which have the maximum possible
distance from the affine functions, alternatively, they have flat spectrum (in absolute value)
under the Walsh-Hadamard transform. Bent functions exist only in even number of variables
and the degree of an n-variable bent function is at most 3.

There is a nega-periodic analogue of the bent criteria, where we require the nega-Hadamard
spectrum (see Section 2) to be flat: A Boolean function is said to be negabent if its absolute nega-
Hadamard spectrum (normalized) values are all equal to 1. For an even number of variables,
a function is bent-negabent if it is both bent and negabent. The nega-Hadamard transform
of Boolean functions was first proposed by Parker [14] and the bent-negabent functions were
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first introduced by Riera and Parker [18]. The intersection of the bent and negabent sets has
been the subject of many prior research works. For more details on this and other properties of
Boolean functions we refer to [3, 5, 6, 8, 7, 9, 13, 16, 23] and the references therein.

A Boolean function is said to be rotation symmetric (RotS) if the function is invariant under
the cyclic group (see Section 5). From an implementation point of view, RotS functions are
more efficient than the general Boolean functions and therefore these are of practical interest in
the construction of cryptographic primitives.

First, let us mention some results related to the non-existence of bent functions with an
extra property.

e In 2004, Xia et al. [26] proved that there is no homogeneous bent function of degree n in
2n variables, n > 3.

e In 2008, Stanica and Maitra [23] conjectured that there is no homogeneous rotation sym-
metric bent function of degree > 2.

e In 2015, Sarkar and Cusick [21] proved that there is no quadratic rotation symmetric
bent-negabent function and they further checked that there is no rotation symmetric bent-
negabent function for n < 8.

e Very recently, Mandal et al. [11, Theorem 5| derived a characterization of bent-negabent
functions that is related to the autocorrelation spectra, showing that for n = 2m, f € B,
is bent-negabent if and only if the following conditions are satisfied:

1. For all nonzero a € F} with even wt(a),

S (cpfweie) - ST (L)fesea) g

xelfy: a-x=0 xelfy: ax=1
2. For all nonzero a € Fy with odd wt(a),

T (cpfweren) - S (L)feseea) g

x€lFy: a-x=0 x€lFy: ax=1

Using this result, the non-existence of rotation symmetric bent-negabent function was
inferred for n = 2p* variables, where p is an odd prime and k is a positive integer.

Exploiting a similar (but more detailed) technique as in [11], in Section 5 we prove further results
related to the non-existence of bent-negabent functions. For example, we show that there is no
rotation symmetric bent-negabent function in 4p¥ variables, where p is an odd prime and k is any
positive integer. Further, additional conditions are derived for the existence (and non-existence)
of n-variable rotation symmetric bent-negabent functions and their affine transformations.

Some existing construction methods and results on bent-negabent functions in M class are
discussed below.

e In 2007, Parker et al. [15] derived some results on Maiorana—McFarland bent-negabent
functions. In 2008, Schmidt et al. [19] constructed infinitely many bent-negabent functions
in Maiorana—McFarland class and proved that the maximum algebraic degree of an 2m-
variable Maiorana—McFarland bent-negabent function is m — 1.



e In 2012, Stanica et al. [22, Theorem 22| constructed a class of bent-negabent functions in
M using complete mapping permutations (7 and 7 @ I, both are permutations over F5",
where I, is an identity permutation). Further, they showed [22, Theorem 17| that if a
permutation 7 is weight-sum-invariant, i.e., wt(x®y) = wt(w(x)®7(y)), for all x,y € F5*,
then x - 7(y) @ h(y) is bent-negabent if and only if h is bent.

e In 2012, Sarkar [20, Theorem 5] proved that the function Tr{* (zm(y)®h(y)) (F5" is identified
with Fom and h is any function on Fom) is bent-negabent if and only if for any nonzero
a,b € Fom

Z (_1)Tr’1“(aw(y)@h(y)@h(y@b)@by) —0.

y€dx(b,a)

Using this result, in [20, Theorem 6], it was shown that if 7(y) = 32, then f is bent-
negabent if and only if Tr7"(h(y)) is bent.

e In 2013, Su et al. [25, Theorem 5] also constructed bent-negabent functions in the complete
M class using the function x - 7(y) @ h(y), where 7 is a complete mapping polynomial.

e Recently, Stanica et al. [24] proved that all bent functions in the Kerdock code, except
for the coset of the symmetric quadratic bent function, are bent-negabent and identified
non-orthogonal (nonsingular) linear transformations that preserve bent-negabent property
for a special subset.

In Section 3 we revisit some results on bent-negabent functions and point out some incorrect
proofs and/or results in several papers on bent-negabent functions and fix some of them. In
Section 4 we also derive a necessary and sufficient condition for which a Maiorana—McFarland
bent function is negabent using the characterization of bent-negabent functions given in [11,
Theorem 5]. As an example, we present a bent-negabent function in six variables, which is
not derived from earlier constructions. Further, we present a technical result related to the
non-existence of Maiorana—McFarland type bent-negabent functions. In Section 5 we deal with
non-existence of rotation symmetric functions. Section 6 concludes the paper.

2 Preliminaries

Let Fo, Fon and F§ = {x = (z1,22,...,2,) : ©; € F2,1 < i < n} be the prime field of charac-
teristic 2, the extension field of degree n over Fy and the vector space of dimension n over Fa,
respectively. Let ‘@’ denote the addition over Fo. For x = (z1,...,2n),y = (Y1,-.-,yn) € F5,
we define the vector space addition as x Py = (x1 D y1,22 D Y2, - .., Ty D Ypn), the inner product
as Xy = 11y1 DTay2®- - - D xpy, and the vector multiplication as xxy = (x1y1, T2y2, - - ., Tnn)-
The cardinality of a set S is denoted by |S|. We also identify F3 with Fan (as vector spaces)
and take the inner product z - y = Tr}(zy), where Tr?(z) = 2 @ a2 ® 22 @ - @ 22" ', for all
x € Fan, is the absolute trace on Fan. Any function f : F§ — Fa (or, equivalently, f : Fon — Fa)
is a Boolean function in n variables, whose set will be denoted by B,,. Any function f € B,, can
be uniquely represented as a multivariate polynomial,

f(xlv"'wxn): @ Mu(Hx;Li)v (1)



where py € Fo and 1, ...,2, € Fy. This polynomial form is said to be the algebraic normal
form (ANF) of f € B,,. The Hamming weight of x € Fy, wt(x), is defined as wt(x) = > " | x;,
where the sum is over the ring of integers, Z. The algebraic degree of f € B, deg(f), is defined
as deg(f) = maxyepg{wt(u) : pu # 0}. A Boolean function f, defined as in (1), is said to be
homogeneous of degree r > 1 if f has degree r and pu,, = 0 for all u € Fy such that wt(u) # r.
The Walsh-Hadamard transform of f € B,, at u € F3, denoted by W¢(u), is defined by

Wyw = 3 (-1,

xeFy

The multiset [Wy(u) : u € F3] is the Walsh-Hadamard spectrum of f. A function f € B, (for
even n > 0) is bent if and only if |[Wy(u)| = 22, for all u € F}. Equivalently, f is bent if and
only if the autocorrelation

Cy(u) = Z <_1)f(x)@f(x®u)

x€elFy

is zero for all nonzero u € F5. The nega-Hadamard transform of f € F§ at u € [}, denoted by
N¢(u), is defined by
Nf(u) = 2_% E (_1)f(x)@u'xzwt(x),

xeFy

where 12 = —1. The multiset [N¢(u) : u € F3] is the nega-Hadamard spectrum of f. An n-
variable Boolean function f is negabent if the modulus |[Ny(u)| = 1, for all u € F3. Equivalently,
f is negabent [22, Lemma 6] if and only if the nega-autocorrelation

NCj(u) = Y (~1)/ (026w pyux

x€lFy

is zero for all nonzero u € F5. For an even number of variables, a function f € B,, is bent-negabent
if f is both bent and negabent. The derivative Dy f of f at a € Fy is defined by

D,f(x) = f(x)® f(x @ a), for all x € F5.

The complement of an element a € 5 is a = a @ 1, where 1 is the all 1 vector of Fy. A
Boolean function f € B, is called symmetricif f(y) = f(z), for all y,x € Fy with wt(y) = wt(x)
(invariant under any permutation of the input variables). Let GL(n,Fs) be the set of all binary
nonsingular matrices of order n and SL(n,Fs2) be the set of all binary orthogonal matrices of
order n.

3 Revisiting some results on bent-negabent functions

In this section we discuss some known results on bent-negabent functions, pointing out some
technical flaws in certain proofs and when possible, correcting them. Schmidt et al. [19] claimed
that SL(n,[Fy) preserves the bent-negabent property, i.e., if f is bent-negabent, then f(xA),
for all x € F%, is also bent-negabent, where A € SL(n,Fs2). Unfortunately, the proof of [19,
Theorem 2| is not exactly correct, as we shall argue next. In that proof, the authors defined
wt(x) = xI,xT for all x € FY, where I,, is the identity matrix of order n and x” is the transpose
of x and the matrix operations are over integer Z. Surely, BI,, BT = I,,, where B € SL(n,Fy),



and so, they claimed that wt(x) = wt(xB), which is not true in general when the operations are
over Z. As an example, if B € SL(6,F3) defined by

111000
110100
101100

B=1o 111 0 o
000010

0000 0 1

where wt(1,0,0,0,0,0) # wt(1,1,1,0,0,0) = wt((1,0,0,0,0,0)B). If we modify the proof and
require perhaps that the weights to be congruent modulo 4 (since they occur in the exponent
of the complex i, we have §wt*) = jwt(xB) (mod 4)), but the claim still that does not hold, in
general. We know that BIgBT = Iy in binary, but if matrix operations are over Z, then

3 2 2 0

BIsBT =

O N W NN

O N NN
_— o O O oo

SN NN
O O NN W
o= O O O

0 0 0

Let f be bent-negabent and AB = I,,, where A,B € SL(n,F3). Then f(xA) is bent and, to
prove [19, Theorem 2], it is sufficient to show that f(xA) is negabent. However,

Z (—1)f xA)Bux wi(x) Z (—1)f BBy wi(yB)

xelFy yeFy

which is not equal to Nj(uBT), as «Wt*) 2 w*xB) in general.
Nonetheless, the result given in [19, Theorem 2] is true, and the result can be proved by
using the nega-autocorrelation property from [22, Lemma 6], and we shall do that next.

Theorem 1. [19, Theorem 2| Let f,g : F} — Fy be two Boolean functions. Suppose that f
and g are related by

gx)=f(xA®a)Pu-xPe,
for all x € Fy, where A € SL(n,F2), a,u € Fy and ¢ € Fy. If f is bent-negabent, then g is also
bent-negabent.

Proof. Let f be bent-negabent and A € SL(n,Fz). From [15, Lemma 2], it is sufficient to prove
that g(x) = f(xA) is negabent. We know [22, Lemma 6] that a function f € B, is negabent if
and only if for any nonzero u € F3, NCy(u) = 0. For any nonzero u € F3, we have

NCg(u) _ Z (_1)g(x)®g(x®u)(_1>u-x _ Z (_1)f(xA)€Bf(xA€auA)(_1)u-x

x€lFy x€lFy

= Z <_1)f(y)@f(y69uA)(_1)U~(yAT) — Z (_1)f(Y)€Bf(y®uA)<_1)u(yAT)T
yeFy yeFy

— Z (_1)f(y)@f(y®uA)(_1)U(AyT) — Z (_1)f(y)eaf(y€9uA)(_1)(uA)yT
yeFy yeFy

= Z (—1)f W/ Eud) (_1)D)Y — NCp(uA),
yeFy



so g is bent-negabent. O

Fortunately, the result has no further consequences. The error on the weights was picked
up in [24, Lem. 17, Prop. 18] (by the current authors), where we identified a set of non-
singular binary transformations, which preserve the bent-negabent property by considering all
the elements of SL(n,Fs) are weight invariant. The reason our earlier result [24, Lemma 17]
was incorrect is because one can find a matrix A € SL(n,F3) such that wt(x) # wt(xA), for
some x € Fy. For example, let B € SL(n,F2), where B was previously defined. Note that,
wt(1,0,0,0,0,0) = 1, but wt((1,0,0,0,0,0)B) = wt(1,1,1,0,0,0) = 3. However, the weights do
have the same parity as we show below.

Proposition 2. For any A € SL(n,F2) and x € F3, we have wt(x) = wt(xA) (mod 2).

Proof. Let u',u? ..., u" be the row vectors of A € SL(n,Fs). Then u’-uw/ = 1ifi = j and
0 otherwise, so wt(u’) is odd for all 1 < i < n. It is easy to check that wt(0) = wt(0A) = 0.
Suppose x € F§ with wt(x) =, 1 <r < n, and there exist 1 <i; < iz < --- <14, < n such that
zj; = 1 for 1 < j <r, otherwise 0. Then xA = @;Zluij. Thus, the claim is true for » = 1. Let
r = 2. Then x4 = u @u®2, and so, wt(xA) = wt(u™)+wt(u?)—2wt(u* xu®?) is even as wt(u’)
and wt(u®?) are odd. Suppose r = 3. Then wt(xA) = wt(u* Gu’?)+wt(u’)—2wt((uHu'2)*u’)
is odd. Using this relation, it is clear that if wt(x) = r is even (or odd), then wt(xA) is also
even (or odd, respectively). O

Let A > 1 be an arbitrary positive integer and N LT jn,(n,Fa, A) [24, Proposition 18] be the
set of all nonsingular linear transformation of GL(n,Fs) defined by

NLT inw(n,Fo, \) = {A € GL(n,Fy) : wt(x) = wt(xA) (mod 4)\), for all x € Fy}.

It is clear that NLT jny(n,Fa, A) is not empty as I, € NLT jny(n,Fa,\) and SL(n,Fy) N
NLT iny(n,Fa, X) £ O, but SL(n,Fy) € NLT iny(n,Fa, A), for all positive integer A. It is also
true for n = 4. Moreover, for any positive integer A > 1, N LT jnp(n,Fo, \) C N LT iny(n,Fa, 1).
Then Fig. 1 given in [24] can be described in the following way. We denote N LT iy (n,Fa, 1)
by NLT inw(n,Fa).

Figure 1: All possible bent-negabent preserving nonsingular linear transformations



4 Bent-negabent functions in the Maiorana—McFarland class

Let n = 2m and the following function f € B, belonging to the Maiorana-McFarland (M)
class [10] of bent functions,

fx,y)=x-7(y)®h(y), x,y € Fy', (2)

where 7 is a permutation over FJ* and h € B,,. The mapping y — y? over Fam is linear,
weight-sum-invariant (consider the orthogonal basis), but not a complete mapping polynomial.
Thus, [20, Theorem 6] is a special case of [22, Theorem 17]. So, one can easily construct a bent-
negabent function in M, where 7 is not a complete mapping polynomial. For example let n = 4,
m(y2, 1) = (y2,y1) and h(y2,y1) = y1ye for all yo,y1 € Fo. Then f(x,y) = x1y1 ©T2y2 DY1Y2, for
all x;,y; € Fo, i = 1,2, is a bent-negabent function. Here, 7 is linear and weight-sum-invariant,
but not a complete mapping permutation as (7 @ I)(y) = 0.

Now, we focus on identifying a bent-negabent function in M such that the permutation
7 is not complete mapping polynomial and not weight-sum-invariant. For that, we derive a
necessary and sufficient condition for which the function f in M is bent-negabent using [11,
Theorem 5]. The result [11, Theorem 5] is mainly based on the autocorrelation properties
of f and f @ s9, where sy is symmetric quadratic bent function. Sarkar [20, Theorem 5] also
derived a necessary and sufficient condition for which a function in M is bent-negabent using the
nega-autocorrelation property. So, Theorem 4 (shown later) is similar to [20, Theorem 5].The
conditions are different when nega-autocorrelation values are calculated at the odd weight inputs.
Our result, Theorem 4 (shown later), is more effective in some cases, for example, in showing
the non-existence of bent-negabent functions when 7 satisfies the conditions of Corollary 6.

For any a,b € 3", define

or(a,b) ={xeFy: n(x)®n(xda)=Db}. (3)

It is clear that |6,(0,0)] = 2™, and if 7 is permutation and a # 0, then |0(a,0)] = 0. If
§ = maxaperp{|6(a,b)| : a # 0}, then 7 is a differentially J-uniform mapping. Surely, § = 0
(mod 2). For all a,b € F3*, let us define

E={xecFy: a-x=0}, EL={xeFy: a-x=1} =Fy\ E,
Eap={(x,y) €F3' xF3': a-x®b-y =0} = (E] x Ep) U(E, x Ey),
Epp={(x,y) €Fy'xF5': a-x®b-y =1} = (E3 x E}) U (E, x Ep).

a

It is clear that EJ = F3* and Eg}b = FJ' x E). For 0 # a € FJ', EQ is a linear subspace of
dimension m — 1 (the orthogonal space of {0, a}, denoted by {0,a}*). The dimension of EJ* is
then equal to 1 and EX = {0,a}.

We know the function f € B, defined as in (2) is bent, so, for any nonzero (a,b) € FJ' x FJ*,
f(x,y)® f(x®a,y ®b) is balanced, i.e.,

Z (_1)f(X7Y)69f(x®a,y@b) = 0.

(x,y)€EFL <X F7

First, we assume that h = 0. For any (a,b) € F' x FJ", f(x,y)® f(x®a,ydb)=x-(7(y) ®
m(y ®@b))@a-n(y ®b). Thus, form [11, Theorem 5], we get the following remark immediately.



Remark 3. A Boolean function f € B, defined as in (2) with h = 0 is bent-negabent if and
only if the following conditions are satisfied:

1. For all nonzero (a,b) € FJ* x F5* with even wt(a,b),
Z (_1)x-(ﬁ(y)EBﬂ(y@ab))@a-w(y@b) —0.
(X»Y)EEg’b
2. For all nonzero (a,b) € F§' x F§' with odd wt(a,b),
Z (—1)* rW)@nlyeb))dan(yeb) — q
(xvy)eEg’B
By a more detailed analysis of Remark 3, we get the next necessary and sufficient condition
for x - m(y) to be bent-negabent.

Theorem 4. A Boolean function f € By, defined as in (2) with h = 0 is bent-negabent if and
only if the following conditions are satisfied for any nonzero (a,b) € F§* x F5*:

1. If a =0 and wt(b) is odd, then

|Eg Néx(b,1)[ = |Etl, N éx(b,1)].

2. If wt(a,b) is even, then

Z (—=1)27) = Z (—=1)27),

yEELNS-(b,a) yEELNS(b,a)
3. If wt(a,b) is odd, then

Z (=1)27) = Z (—=1)27),

yEEZNéx(b,a) y€ELNsx(b,a)

Proof. Let (a,b) be any nonzero element of F3* x F4* and f € B,, defined as in (2) with A = 0.
Case (i): Let b=0. Then a # 0 and f(x,y)® f(x @ a,y) =a-7n(y). If wt(a) is even, then

Z Z Z ) =0, as a# 0.

(x,y)eEO, x€EQ yeFy

Suppose wt(a) is odd. Then,

Z aﬂ(y Z Z aﬂ(y + Z Z aﬂ(y

(X,y)GEg,l x€EY yeEY x€EL yeE!
_ 2n—1 Z (_1)a-7r(y) + Z (_1)a
yEeE? yEE}

=on~1 Z (=1)27™™) =0, asa#0.

y€eFr=EYUE!

8



Case (i1): Let a = 0. Then b # 0, and so, f(x,y) @ f(x,y®b) =x- (n(y) @ n(y © b)) and
m(y)®7n(y @ b) # 0 for all y € Fi'. If wit(b) is even, then

Z (—1)% x(r(y)@n(y®b)) _ Z Z (r(y)om(y®b)) _ (.

(x.y)EEQ 4, yEeEQ xeFy"

Suppose wt(b) is odd. Then,

Z (—1)x (r)@m(yeb))

0
(X,y)GEIVB

= Z Z n(y)er(yeb)) + Z Z y)er(ydb))

yeEO xEEY yEE1 x€E}
= Z Z (y)er(y®b)) 4 Z Z (y)er(y®b))
yGE0 xGE0 yEEl xeFy
_ Z Z m(y)on(yob))
yeEl x€EY
Z Z (y)or(yeb)) Z Z y)@m(y®b))
yGE0 x€EEY yEE1 xEEY

=2""(|ER N é6x(b,1)| — |EL Ndx(b,1)]),
as 7(y) @ n(y @ b) € E{* = {0,1} implies y € d,(b,1), which is equal to 0 if and only if
|E2 Néx(b,1)] = |EL N 6x(b,1)], for all nonzero odd weight b € F4".
Case (iii): Let a,b € F5*\ {0} and wt(a,b) be even. Then,

Z (_1)f(x,y)@f(x€9a,y€9b): Z (_1)x-(fr(y)@ﬂ(y@b))@a-ﬂ(y@b)

(x,y)EEg’b (x,y)EEgyb

- Z (_1)a-ﬂ(y@b) Z (_1)X~(7r(y)ea7r(y€9b)) + Z (_1)a~7r(y69b)
yeEL x€EY y€EL

. Z (1) (")@r(yeb))

xXEE]

Z (—1)2m(y®b) Z (1) T OT(y©b))

YEEL x€EEL

— Z (—1)27(y®b) (—1)x(rWer(yob)) _ Z (—1)x(r@T(y®b))
yEE, xEFy xEEY

i

_ Z yam(y®b) (1) r)@T(y®b))
yeE}, xeEQ

a

as b # 0 implies 7(y) @ 7(y @ b) # 0 for all y € F3*, and so,

Z (—1)f xy)of (xOa,yob)

0
(x,y)EEa’b



= ( Z (—1)27yeb) _ Z (1)a~w(y@b)) Z (—1)x r»)@T(y®b))

yeEQ yEEL xEEY

_ ‘Ee?’ ( Z (_1)a-7r(y@b) o Z (1)a-7r(y€Bb)>
(b,a)

YEELNx (b,a) YEELNSx
— 2m—1(_1)wt(a) ( Z (_1)a-7r(y) - Z (1)a-7r(y)) ’
yEELNS (b,a) yEELNS-(b,a)

as m(y) @ 7(y @ b) = a, which is equal to 0 if and only if

Z (_1)a~7r(y) - Z (_1>a-7r(y)7

yEEXNS(b,a) yEELNS(b,a)

for all nonzero a, b with even wt(a,b).
Case (iv): Let a,b € F5* \ {0} and and wt(a,b) be odd. Then,

Z (—1)f )@ (xday®b) Z (—1)*("y)@n(yob))dan(ySb)

(x.y)€EL ¢ (xy)EE]
= Z (_1)a-ﬂ(y€Bb) Z (_1)X~(W(y)®ﬂ(y€9b)) + Z (_1)a~ﬂ(y®b) Z (_1)X~(7r(y)€BTr(y69b))7
yeE x€EEY yeE] xEE}
Z (—1)2my®b) Z (—1)x(ry)or(y©b))
yeEL xEEL
= Z (—1)2my®b) ( Z (—1)x(r¥)enlyeb)) _ Z (1)x'(ﬂ(y)®ﬁ(y@b)))
yeEé xeFy x€EQ
= _ Z (—1)2m(y®b) Z (—1)*r)@nlyeb))
yeEtl) x€FEY

as b # 0 implies 7(y) & 7(y @ b) # 0 for all y € F3", and so,

Z (—1)f xY)®f(xbay®b)

0
(x7y)eE§75

= Z (—1)2TEb) _ Z (—1)27(yob) Z (—1)* (T)On(yeb))

0 1 0
yeE, yeE; xeby

= |EY Z (—=1)27(yeb) _ Z (—1)2m(y®b)

y€E2Ndx(b,a) y€ELNdx(b,a)

—gm—1 Z (—1)27) — Z (—1)27W) | |

y€ELNsx(b,a) y€ELNSx(b,a)
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as m(y) @ 7(y & b) = a, and which is equal to 0 if and only if

Z (=1)27) = Z (=1)27)

yE€ERNSx(b.a) y€ELNSx(b.a)
for all nonzero a, b with odd wt(a, b). O

Suppose f € B, is defined as in (2) with h # 0. For any a,b € F}*, we have
Dap f(x,y)=x-(r(y)®n(y®b))®a -n(y&b)®h(y) ® h(y &b),

so, Dp(y) = h(y) @ h(y @ b) depends only on b and on the variable y. The next result follows
from Theorem 4.

Corollary 5. Let n = 2m and f be defined as in (2). The function f is bent-negabent if and
only if the following conditions are satisfied for any nonzero (a,b) € Fy* x Fy* :

1. If a =0 and wt(b) is odd, then

Z (_1)Dbh()’) _ Z (_1)Dbh(§’)‘

yeEgma,r(b,l) yeEllaméﬂ(b,l)
2. If wt(a,b) is even, then

Z (_1)a-ﬂ(y)®Dbh(y) _ Z (_1)3'7T(Y)@Dbh(3’)_

YEEXNS(b,a) yEEL N (b,a)
3. If wt(a,b) is odd, then

Z (_1)a-7r(y)EBDbh(y) _ Z (_1)3'7T(Y)€9Dbh(Y)_

yEE)NS:(b,a) yEELNr(b,a)

4.1 Existence of bent-negabent functions in M class

By the previous analysis, it is possible to construct bent-negabent functions in M when the per-
mutations are either complete mapping polynomials or satisfy the weight-sum-invariant property.
For example, let n = 4t > 12 and 1 < i < ¢ be an integer such that ged(2’ + 1,2! — 1) = 1.
Then (v, y") — (v",y +y"**1) is a complete mapping permutation, and the Boolean function
Tl (2y” + 2"y’ + 2"y"?+1) is bent-negabent in M, where 2/, 2"y, y" € Fy.

Is there a bent-negabent function in M such that the corresponding permutation is not
a complete mapping or does not satisfy the weight-sum-invariant property? We identify two
bent-negabent functions in 6 variables in Maiorana—McFarland class where one permutation is
a complete mapping but not weight-sum-invariant, and other one is not complete mapping and
not weight-sum-invariant. We define the corresponding permutations and the functions h.

o Let m(y1,y2,93) = (Y1 © y3,y1,92) and h(y1,y2,y3) = (y1 © y2)ys. It is clear that m is a
complete mapping polynomial but not weight-sum-invariant. The function z1(y; @ y3) ®
xoy1 Dx3y2® (y1Dy2)ys is bent-negabent. So, the function is not obtained via [20, Theorem
6].

11



o Let m(y1,y2,y3) = (y1 D ys3,y2,y1) and h(y1,y2,y3) = (y1 Dy2)ys. It is clear that 7 is not a
complete mapping polynomial and not weight-sum-invariant. The function z1(y1 @ y3) @
xoy2 @ x3y1 ® (y1 @ y2)ys is bent-negabent. Thus, the function is not obtained via [20,
Theorem 6] or [22, Theorem 17].

Also, it is clear that the second function is not used in [22, Theorem 22| and [25, Theorem 5] to
construct a new bent-negabent function as the permutation 7 (y1, y2,y3) = (y1 ®ys, y2, y1) is not
a complete mapping permutation. However, the second function may or may not be constructed
using [25, Theorem 5]. We display in Figure 2 a Venn diagram of existing constructions in
the M class.

Bent-negabent functions of
Stanicd et al. [22]

Bent-negabent

tions of Su et h
Bent-negabent func-

tions of Sarkar [20]

Figure 2: The set of bent-negabent functions in Maiorana—McFarland class

4.2 Non-existence of bent-negabent functions in M class

We also can infer the non-existence of bent-negabent functions f € B,, defined as in (2) from
Theorem 4.

Corollary 6. Let f € B, be defined as in (2) with h = 0 and let ® be a permutation over FJ*
such that there exists b € F3" with odd wt(b), |6x(b,1)| = 2, where 0(b, 1) is defined as in (3).
Then f is not a bent-negabent function.

Proof. Let yo,yo ®b € 6x(b,1). Since b- (yo®b) =b-yo®b-b=D>b-yo, then yo € Eg (or
Etl)) if and only if yo ® b € Eg (or E%), respectively). From Theorem 4, we infer that f is not a
bent-negabent function. O

For example, let m = 4 and 7 be the GIFT Sbox [1] defined as in Table 1. It is known that
|0-(0001,1111)] = 2, where 1 = 0001 and f = 15 = 1111. Thus, the Maiorana—McFarland bent
function corresponding to GIFT Sbox is not bent-negabent.

From [20, Theorem 5] and using the permutation  over F3 used in the GIFT Sbox, we have

Z (,1)1~7r(y)@b~y — (,1)1~W(yo)®b~yo + (,1)1-ﬂ(yo@b)€9b~(yo@b) -0
y€dx(b,1)

12



X 0123 456 789 abvcdetf

mx)|1 a4c6f392db7508e

Table 1: GIFT Sbox in hexadecimal notation

if and only if wt(b) is odd. Further, if wt(b) is odd, by using Theorem 4, we conclude that the
corresponding function is not bent-negabent.

Let n =6 and f € Bg be defined as in (2), where 7(ys3, y2,y1) = (y1y3 ® y2 D Y3, y2y3 D y2 B
Y1, Y1y2 Y1 ®ys3), for all (y3,y2,y1) € F3 and h = 0. It is clear that 7 is not a complete mapping
since (m@®13)(000) = (7@ 13)(111), where I5 is an identity mapping over I3 (we customarily write
an element (ys,y2,71) € F3 as ysyay1). Moreover, §,(001,111) = {100,101} C E{;, = Eém
Thus, f is not a bent-negabent function.

n [27], Zhang et al. constructed a class of bent-negabent functions outside the complete
Maiorana—McFarland class, by using the concept of indirect sums, which had been proposed by
Carlet [4]. Here, we look at the behavior of the derivative of a particular type of Maiorana—
McFarland bent functions, and then prove the non-existence of bent-negabent functions defined
as in (4), below. These are as in [12, Lemma 23|, where Mesnager constructed a set of self dual
quadratic bent functions.

Lemma 7. [12] Let k > 2, A € Four \ {0}, with A® A2 =1, or A& D=1 = 1. Then
f(@) =T a1, (4)
for all x € Four, is a self dual bent function.

It is not difficult to show that the bent function f defined as in (4) is not negabent. In the
next theorem, we consider a normal basis of Fon over Fs.

Theorem 8. The function f defined as in (4) is not bent-negabent.
Proof. Let a € Fy, and wt(a) be even, i.e., Tr¥*(a) = 0. Then a®*~! =1 and
f@) flr&a) =T OE & (@ o))
v (220 @ 2a?)) ® e (Aa )
= Tr;“f((A 0@ Aa)z) & TriF(\a?) = Tr¥ (az) @ TrF (Aa?).

Thus,
Z (—1)/@®f(@®a) — (_1)Tri*(Aa®) Z (—1)Tri*(ax) £ g, (5)
z€F 45, Tr1" (az)=0 z€F 45, Tr1" (az)=0
From [11, Theorem 10], we infer that f is not bent-negabent. O

5 Non-existence of rotation symmetric bent-negabent functions

In this section, we discuss a special class of Boolean functions, called rotation symmetric Boolean
functions. First, we give some basic definitions and results on orbits counts, which will be used
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later. Let Ep = {x € Fy : wit(x) is odd}, Eg = {x € Fy : wt(x) is even} and E; = {x € Fy :
wt(x) =1i},i € {0,1,...,n}. Here, Eo = Ef and Eg = EY. Let the set {1,2,...,n} be denoted
by [1,n] for any positive integer n > 2. We define (identify xg := x,,)

Tk, i Gk <m;

k(o) — o =
Pn(25) = T(j4k) mod n {g;j+k_n, it j+k>n,

where x; € Fy for j € {1,2,...,n}. Let O, = {p},p2,...,p"} be the permutation (cyclic)
group, which extends the previous definition to n-tuples,

p;;,(x) = p%(efl, x2,... 73771) = (x(lJri) mod ns L(244) mod ns + « + s T (n4i) mod n) (6)

An n-variable Boolean function f is said to be rotation symmetric (RotS) if and only if for any
x € Fg,

f(pE(x)) = f(x), forall ke[l,n].
Let
Orb(x) = {ph(x) : s € [1,n]}

be the orbit of x € F% under the action of p¥, k € [1,n]. Using Burnside’s Lemma, Stanica and
Maitra [23] counted the total number of orbits, showing that the number of orbits induced by
the action of O,, on F%, as described in (6), is

gn = %Z¢(t)2%’
tln

where ¢ is Euler’s phi-function. Let g, ;. be the total number of orbits of an n-bit binary strings
of weight £ and gil . be the total number of orbits of n-bit binary strings of weight & such that

|Orb(x)| = n. Here, the superscript [ of gﬁlk stands for long length (or full length n) orbits. In
the same paper, Stanica and Maitra [23, Theorem 9] showed (ki|k means that k; divides k):

L. gnk = %(2), if ged(k,n) = 1. Also gn0 = gnn = 1.

n l l .
() - > (/K1) Gn e o |+ > Infhes Jofy> 1 B <7
k1| ged(n.k); ki1#1 k1] ged(n,k); ki1#1

S|=

2. Ink =

Let {Rg, Ro} be a partition of {1,2,...,¢g,} such that if i € Rg then wt(A;) is even and if
J € Ro then wt(A;) is odd (A; is a representative of the i-th orbit Orb(A;) in some random but
fixed ordering of all orbits).

Using [11, Theorem 5 and Corollary 8|, Mandal et al. proved the following theorem.

Theorem 9. [11, Theorem 10] There is no rotation symmetric bent-negabent function in 2p”
variables, where p is an odd prime and k is any positive integer

In this direction, we discuss further results related to non-existence of various classes of
rotation symmetric bent-negabent functions by using the necessary and sufficient condition
given in [11, Theorem 5]. These are additional results over what had been discussed in [11].
Here, we mainly focus on counting the orbits of certain types to show the non-existence of. One
important result here is to show non-existence of rotation symmetric bent-negabent function in
4p* variables, where p is an odd prime and k is any positive integer.
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5.1 The case of n = 2¥, where k is a positive integer

Let f € By, and 1 <i <n—1, be an odd integer. Then ged(i,n) = 1 and all the orbits are of
length n and odd weight. Thus,

Z (_1)f(Aj)€9f(/\j®1)’Orb(/\j)\ = 2k+1t2k,
JERO

where to. is equal to the sum of (—1)7(")OF AL with |Orb(A,)| = 2F and the weight of A,
is less than or equal to 2¥~! — 1. From [11, Corollary 8], we know that if f € By is a RotS

bent-negabent function then
My =0 & Ly =0, (7)

where tox is defined as above. The number of odd weight orbits with weight less than or equal

to 281 — 1 is . . .
2 2 2
7]{: .« ..
() () (i)

If K = 2 then g14 = 1, and so, the left hand side of (7) in this case is nonzero, which is
a contradiction. Consequently, there is no rotation symmetric bent-negabent function in 4
variables.

5.2 The case of n = 2m, where m is an even integer, not a power of 2

Let n = 2F1p5? . pi*, with py = 2, and 1 < ¢ < n — 1 be an odd integer, e; > 1. Then
ged(i,n) = py? ... pF, where 0 < 7 < e;, 2 < i <k, and all possible lengths of the orbits in Ej;
(i is odd) are of the form 242 *1pl2 ... pi*, where 0 < ry < e, 2 < s < k. Thus,

es e
Z (_1)f(/\j)@f(/\j@1)|Orb(/\j)| — 9e1+2 Z o Z Py .. 'pzkthilpEQ...ka7 (8)
JE€ERO ro=0 =0

where t, is an integer equal to the sum of (—1)/AI®f(A&1) with |Orb(A,)| = r and wt(A,) <
vl — 1, pe {29 pi2 L pk 0 <1y <ey,2 < s <k}. Thus, we get the next theorem.

Theorem 10. Let n = 2‘3/11732 ...py" be the prime decomposition of n with ¢ > 2. If

T2 Tk
E R R
Py~ Py
0<r;<e;
2<i<k

for a rotation symmetric function f € B, then f is not bent-negabent.

5.2.1 The case of n = 4p”*, where p is an odd primes and k is a positive integer

Let us consider ey =1, e =k and ¢; =0, 3 <4 < k, and po = p be an odd prime. Then we get
the following corollary.

Corollary 11. There is no rotation symmetric bent-negabent function in 4p* variables, where
p 1s an odd prime and k is a positive integer.
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Proof. Let n = 4p* where p is an odd prime and k is any positive integer, and i, 1 <i <n — 1,
be an odd integer. Then

1, if i#0 (mod p);
ged(i,n) =< p", if i=0 (modp")buti#0 (modp ), 1<r<k—1;
pF, if i=0 (mod p").

Notice that if gcd(i,n) = p*, where 1 <i < n — 1 is an odd integer, then 7 is equal to either p*
or 3pF and gfm =1= 95173. Thus, the possible lengths of an odd weight orbit are of the form
4p*=7 where 0 < j < k. There is exactly one orbit of length 4 in E, and exactly one orbit
of length 4 in Fy )k, and they are the complement of each other. We know that if f € By, is a
rotation symmetric bent-negabent, then

> (~)fIRED Opy(n)]| = 0.

J€RoO
From (8) we get
k—1
ST () DIBIED Orb(A)] = 83 pF e + St
j€Ro t=0

where t,,x—+ is an integer such that ¢,,x—+ is equal to the sum of (—1)f(ABF(Ar@1) with |Orb(A,)| =
4pF=t 0 <t <k —1, wt(A,) < 2pF — 1, and ty = (—1)7 WS/ with |Orb(A)| = 4. Note that

k—1 k—1
8 Zpkitt@k—t + 8ty =8 <p2pk1tt4pk—t + t4> #0,

t=0 t=0

and so, we get the result. O

5.2.2 The case of n = 2Fp, where p is an odd primes and k > 3 is any positive integer

Let us consider ey =k—12>2,eo =1and e; =0, 3 <i <k, and p2 = p be an odd prime. Then
we get the following corollary.

Corollary 12. Let n = 2Fp, where p is an odd prime and k > 3 is any positive integer. If
f € By, is a rotation symmetric bent-negabent function, then

Z (_1)f(/\j)@f(/\j®1) =0 (mod p),
jGRoQ,C

where Ro,, C Ro, and j € Ro,, means that |Orb(A;)| = 2k and wt(n;) < 2F"1p — 1.

Proof. Let n = 2*p, where p is an odd prime and k > 3 is a positive integer, and let 1 <i < n—1
be an odd integer. Then

1, if i£0 (mod p);
p, if i=0 (mod p).

ged(i,n) = {
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Here ged(2F,i/p) = 1 and the possible length of an odd weight orbit is either 2¥p or 2F. We
know that if f € B, is a rotation symmetric bent-negabent, then

> (~)fIEED Oy )] = 0.
JERO

From (8) we get

ST (~)IBINED|Orp( )] = 25 ptgn, + 26 g,
JERO

where tor,, is an integer such that ¢y, is equal to the sum of (=1)FA)SF @) with |Orb(A,)| =
28p and tor is equal to the sum of (—1)7 SIS with |Orb(A;)| = 2%, and the weights of A,
and A; are less than or equal to 2¥~1p — 1. Thus, if f is bent-negabent then

2" pton, + 280 = 0 = ptor, + ok =0 => 1t =0 (mod p),

and the claim is shown. OJ

5.3 The case of n = 2m, where m is an odd integer

Let f € By, and n = 2m = 2p{'p5*.. .pzk, m odd, be the prime power decomposition of 2m,
and 1 <4 < n —1 be an odd integer. Then ged(i,n) = pi'py? ---pf, where 0 < r; < e,
1 < i < k. Thus, all possible lengths of the orbits in F;, i is odd, are some of the even divisors
2p'py? .. pk (where 0 < 7y < e, 1 < i < k) of n. Since ged(p'ps? ... pk,n) = pi'ps ... pYk,
the possible lengths of the orbits in Epilp?...pzk are all the even divisors 2p}'p5? ... p* (where
0<r;<e,1<i<k)ofn. Thereis a single orbit of length 2 in Epflflp;2mp2k7 which contains
the concatenation of p{*p5?...p* copies of the block 01 (or 10) such that (0,1,0,1,...,0,1) &

(1,1,1,1,...,1,1) = (1,0,1,0,...,1,0) € Orb(0,1,0,1,...,0,1). Thus,
e1 €9 er
S (=)fISINEDOrb(A) =230 Y > plph PR toprr s (9)
JERo r1=072=0 r,=0

where ¢, is an integer equal to the sum of (—1)f("IEF (NS with |Orb(A,)| = r, 7 € {2p7' P52 ... pi*
0<rs<es,s=1,2,...,k} and ty = 1. Thus, we have the next result.

Theorem 13. Let m be an odd integer and n = 2m = 2p{'ps? .. .pZ’“ be its prime power decom-
position, and let f € B, be a rotation symmetric Boolean function. If

71,72 Tk
Z PIpY Dty e 70,
0<r;<e;
1<i<k

then f is not bent-negabent.

Let n = 2pq, where p and ¢ are distinct odd primes (thus, e; =ea =1 and ¢; =0, 3 < i <k,
and p; = p,p2 = q). Then, all possible lengths of the orbits in E; (i is odd) are n,2p,2q and
2. There is a single orbit of length 2 in E,, and contains the concatenation of pg copies of
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the block 01 (or 10) such that (0,1,0,1,...,0,1) & (1,1,1,1,...,1,1) = (1,0,1,0,...,1,0) €
Orb(0,1,0,1,...,0,1). From (9) we get

> (=) ISTNED|Orb(A;)| = 2pgtapg + 2ptap + 2qtag + 2,
JERO

where t, is an integer such that ¢, is equal to the sum of (—1)/A)&/ A& with |Orb(A,)| = 7,
r € {2pq,2p,2q}. Thus, we get the next corollary.

Corollary 14. Let n = 2pq where p and q are distinct odd primes and f € B, be a rotation
symmetric Boolean function. If pqtayq + ptop + qtog +1 # 0, then f is not bent-negabent.

Thus, using [11, Theorem 10] and Corollary 11 we infer that there is no rotation symmetric
bent-negabent function in n variables n < 100 except for 16, 24, 30, 32, 40,42, 48, 56, 64, 66, 70, 78,
80, 88,96. For these exceptions, the necessary condition for which a rotation symmetric Boolean
function is bent-negabent is given in Table 2. We now summarize the necessary condition for
which a rotation symmetric Boolean function in n € {24, 30, 40, 42, 48, 56, 66, 70, 78, 80, 88,96}
variables is bent-negabent. Here t; = Z (—1)f(A7')@f(/\r@l), as already defined.

Apy|OTb(Ay)|=i

n Corollary | Condition

24=23x3 4 3tos +ts =0

40=23x5 4 5tyg +tg =0

56 =25 x 7 4 Ttse +1ts =0

88 =23 x 11 4 1ltggs +t5 =0

48 =2*x 3 4 3tag +t16 =0

80:24><5 4 5t80+t16:0

96 = 2° x 3 4 3tgg + 132 =0
30=2x3x5 |2 30t30 + 10t19 + 6t +2 =0
66=2x3x11]2 66t66 + 22ton + 6t +2 =0
T8 =2x3x13]2 T8t7s + 26ta6 + 6t +2 =0
T0=2x5x7 |2 70t70 + 14t14 + 10t10+2 =10

Table 2: Some necessary conditions for existence of rotation symmetric bent-negabent functions.

5.4 Non-existence of bent-negabent functions via rotation symmetry

Let p be an odd prime and let k be a positive integer. Mandal et al. [11, Theorem 10] showed
that there is no rotation symmetric bent-negabent function in 2p* variables. In Corollary 11,
we proved that there is no rotation symmetric bent-negabent function in 4p* variables. In
Theorem 17 we identify a class of Boolean functions in 2p* or 4p* variables, not necessarily
rotation symmetric, which are not bent-negabent. Let E) = {x € F} : a-x = 0} be the
orthogonal complement of a € F§ \ {0}.

Theorem 15. [2, Theorem 3] Let f € B, be a bent function and EY defined as above. Then,
for any b & EY,

Z (—1)f @S (xeb) _ Z (—1)/ I8 xEb) —

xEEY x€FP\E

Let f € B, be a bent-negabent function. Thus, from Theorem 15, for each hyperplane EJ
and b € EY, the derivative Dy, f is balanced over EY, as well as over F4\ E. From [11, Theorem
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5], if wt(b) is even, then Dy, f is balanced over Ej and also F} \ E} (notice that b € ED), and
if wt(b) is odd, then Dy f is balanced over Eg, as well as over FJ \ Eg (notice that b € Eg).

Lemma 16. For any nonzero a € Fy, and € € {0,1}, let E5 = {x € F§ : a-x = ¢}. Then
x € EZ if and only if x ® a € E} if wt(a) is even, and when wt(a) is odd, x ®a € E.

Proof. Let a be a nonzero element of F§ such that wt(a) is even. Then a-a = wt(a)
(mod 2), and so, (x® a)-a=x-a. If wt(a)is odd, thena-a=a-ad® 1l -a = 2wt(a)
(mod 2), and so, (x @ a)-a =x-a, and the claim is shown.

0o o

Theorem 17. Let n = 2p* or 4p*, where p is an odd prime and k is a positive integer, and
let f € B, be a rotation symmetric Boolean function. Let g(x) = f(xA), where A € GL(n,Fs).
Then:

(i) If A maps odd weight elements to odd weight elements, and 1A = 1, then g is not a
bent-negabent function.

(ii) Let Ep, = {xA™' : x € Eo}, ¢ = 1A™! € F3. If A maps a hyperplane to another
hyperplane with ¢ ¢ Fy \ Ef,, then g is not a bent-negabent function.

Proof. Since A € GL(n,F2) maps odd weight elements to odd weight elements, if x € Ep then
xA~! € Ep. If g is also a rotation symmetric Boolean function, then from [11, Theorem 10]
and Corollary 11, g is not bent-negabent. Next, if ¢ is not rotation symmetric, again from [11,
Theorem 10] and Corollary 11, we get

0 +# Z (_1)f(/\j)@f(/\j®1)‘Orb(/\j)‘ — Z (—1)/efxen)

JERoO xeFEo
— Z (—1)9xA™DHg(xAT 1) Z (—1)9)B9(x1)
XEEO XEEO

S0, ¢ is not bent-negabent.
We now show the second claim. From [11, Theorem 10] and Corollary 11, we get

0 £ Z (_1)f(/\j)@f(/\j@1)‘Or,«b(/\j” - Z (_1)g(xA*1)€Bg(xA*1@c)

JE€ERO xeFo
— Z (—1)9x)@g(xe)
x€Ey,
From Theorem 15, we get that g is not bent-negabent. O

6 Conclusion

In this paper, we investigate several questions related to bent-negabent functions. First we revisit
a few existing claims, point out some errors and fix certain technical issues in this direction.
Further, a necessary and sufficient condition is derived for which a Boolean function of the
form x - w(y) @ h(y) in the 2m variables is bent-negabent. We also prove the non-existence of
a particular class of Maiorana—McFarland bent-negabent functions. Next, we study the bent-
negabent conditions which are given in [11, Theorem 5] and prove that there is no rotation
symmetric bent-negabent function under some conditions.
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