Probability Density Function of
Underwater Bomb Trajectory
Deviation Due to Stochastic
Ocean Surface Slope

Ocean wave propagation causes random change in an ocean surface slope and in turn
affects the underwater bomb trajectory deviation (r) through a water column. This tra-
Jectory deviation is crucial for the clearance of obstacles such as sea mines or a maritime
improvised explosive device in coastal oceans using bombs. A nonlinear six degrees of
Jfreedom (6DOF) model has been recently developed and verified at the Naval Postgradu-
ate School with various surface impact speeds and surface slopes as model inputs. The
surface slope (s) randomly changes between 0 and /2 with a probability density func-
tion (PDF) p(s), called the s-PDF. After s is discretized into I intervals by
§71,82, -y Siy .., 8141, the 6DOF model is integrated with a given surface impact speed
(vy) and each slope s; to get bomb trajectory deviation 7; at depth (h) as a model output.
The calculated series of {F;} is re-arranged into monotonically increasing order (r;} .
The bomb trajectory deviation r within (r;, Tt ) may correspond to one interval or
several intervals of s. The probability of r falling into (r;, r;4;) can be obtained from the
probability of s and in turn the PDF of r, called the r-PDF. Change in the r-PDF versus
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features of the s-PDF, water depth, and surface impact speed is also investigated.
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1 Introduction

Movement of a fast-moving rigid body such as a bomb through
a water column has been studied recently [1-3]. These studies
have been motivated by a new concept of using the Joint Direct
Attack Munition (JDAM) (i.e., a “smart” bomb guided to its target
by an integrated inertial guidance system coupled with a global
positioning system) Assault Breaching System (JABS) for mine/
maritime improvised explosive device (IED) clearance in order to
reduce the risk to personnel and to decrease the sweep timeline
without sacrificing effectiveness (Fig. 1). Underwater bomb tra-
jectory depends largely on the surface impact speed and angle.
When the surface impact of a high-speed rigid body such as a
scaled MK-84 warhead is normal or near normal to the flat water
surface, four types of trajectories have been identified from ex-
perimental and numerical modeling results [4] depending on the
characteristics of the warheads: with tail section and four fins
(type 1), with tail section and two fins (type 11), with tail section
and no fin (type 11I), and with no tail section (type IV) (Fig. 2).

The reason for using the four types is the frequent occurrence
of the tail/fin separation from the bomb after it enters the water
surface. Type-1 trajectories are stably downward without oscilla-
tion and tumbling regardless if the water entry velocity is high or
low. Type-2 and type-3 trajectories are first downward, then make
180 deg turn (upward), and travel toward the surface. The upward
move of type-2 and type-3 warheads is caused by the hydrody-
namic instability of the water-body interaction [1,3]. Type-IV tra-
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jectories are at first downward with a little horizontal drift and
then tumble downward with a large horizontal drift.

The horizontal distance (r) (called trajectory deviation) be-
tween the surface impact point and the bomb location varies with
depth in different types of trajectories (Fig. 3). This parameter
draws attention to naval research due to the threat of mines and
maritime IEDs. The prediction of trajectory deviation of an under-
water bomb contributes to the bomb breaching for mine and mari-
time IED clearance in surf and very shallow water zones with
depth shallower than 12.2 m (i.e., 40 ft), shallow water zones
(12.2-91.4 m, i.e., 40-300 ft), and deep zones (deeper than 91.4
m, i.e., 300 ft) according to U.S. Navy’s standards. The bombs’
trajectory drift is required to satisfy the condition, r=2.1 m, for
the validity of mine clearance using bombs [5].

In coastal oceans, waves form when the water surface is dis-
turbed, for example, by wind or gravitational forces. During such
disturbances, energy and momentum are transferred to the water
mass and the sea-state is changed. For very shallow and shallow
water regions, the bottom topography affects the waves dramati-
cally and causes a significant change in surface slope. When a
bomb strikes on the wavy ocean surface, a scientific problem
arises: How does a randomly changing ocean surface slope affect
the underwater bomb trajectory and orientation? Or what is the
probability density function of the underwater bomb trajectory
deviation due to the random sea surface slope? The major task of
this paper is to answer these questions. The effect of the surface
slope on the underwater bomb trajectory is presented in Sec. 2.
Stochastic features of the sea slope are simply described in Sec. 3.
A recently developed six degrees of freedom (6DOF) model at the
Naval Postgraduate School for predicting underwater bomb loca-
tion and trajectory is depicted in Sec. 4. The PDF of bomb’s
horizontal drift is described in Sec. 5. Sensitivity studies are de-
scribed in Sec. 6. The conclusions are presented in Sec. 7.
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Fig. 1 The concept of airborne sea mine/maritime IED
clearance

2 Effect of Ocean Surface Slope on Underwater Bomb
Trajectory

Ocean surface slope is usually due to the existence of ocean
waves. Let (a, s*) be the wave amplitude and slope, u be the
inclination angle of the ocean surface,

s =tan u (1)

and ¢ be the bomb impact angle relative to the normal direction
of the ocean surface (Fig. 4). For a flat surface (no waves),

n= 0 (Za)
For 90 deg bomb striking (vertically downward),
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Fig.2 MK-84 warhead with (a) tail section and four fins, (b) tail

section and two fins, (¢) tail section and no fins, and (d) no tail
section
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Fig. 3 Dependence of underwater bomb trajectory, orienta-
tion, and horizontal deviation (r) on the ocean surface slope or
on different locations of the waves

=0 (2b)

The ocean waves may cause evident slant of the ocean surface
with uw=55 deg [6], which affects the underwater bomb trajec-
tory, orientation, and horizontal drift (r) (Fig. 3). The differential
effects depend on which part of the wave is impacted by the bomb
(i.e., different sea slopes). Obviously, such a wave effect can be
investigated by a 6DOF model with a sloping surface (i.e., u
changing with time) and non-normal impact angle (i.e., ¢#0).

Besides, the surface slope also affects the tail separation due to
the bomb and cavity orientations and the air-cavity geometry. This
is because the air cavitation or supercavitation is usually gener-
ated after the bomb enters the water surface [7]. The cavity is
usually oriented in the same direction of the bomb velocity, with
its geometry simply represented by a cone with the angle (7). The
bomb orientation relative to the cavity is represented by the angle
between the bomb main axis and velocity (8). The condition for
bomb not hitting the cavity wall is given by (Fig. 5(a)),

Fig. 4 Ocean surface inclination angle (z) and bomb impact
angle (¢) relative to the normal direction of the surface
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Fig. 5 Air cavity (a) with B< vy (tail section not hitting the cavity
wall) and (b) with B=1y (tail section hitting the cavity wall)

B<y (3a)

Violation of condition (3) may cause tail separation (bomb hitting
the cavity wall), as shown in Fig. 5(b). Ocean waves not only
affect the bomb trajectory and orientation but also change the
cavity orientation, which may cause

B>y (3b)

i.e., the bomb may hit the cavity wall and cause tail separation
(Fig. 6).

3 Ocean Surface Gravity Waves

3.1 Ocean Wave Spectra. Ocean waves are produced by the
wind. The faster the wind, the longer the wind blows, and the
bigger the area over which the wind blows, the bigger the waves.
In determining the sea-state, we wish to know the biggest waves
produced by a given wind speed. Suppose the wind blows at cer-
tain speed over a large area of the sea. What will be the spectrum
of ocean waves at the downwind side of the area? A wave spec-
trum is the distribution of wave energy as a function of frequency.
It describes the total energy transmitted by a wave-field at a given
time. Formally, it is given by

S(w) =4f R(7)cos 2mrdT (4)

0

where w is the frequency of the waves (defined previously) and
R(7) is the autocorrelation function of the time series of the water-
surface elevation (7),

R(7) = ()t + 7)) &)

where 7 is the time lag between samples, and bracket means av-
erage. Wave spectra are strongly influenced by the wave-
producing wind and its statistical/spatial characteristics. The spa-
tial variability is primarily encapsulated into the fetch. Fetch is the
length over which the wind blows to generate the waves. Various
idealized spectra have been developed. Among them, perhaps the
simplest is the Pierson-Moskowitz spectrum [8],
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4

Fig. 6 Wave effect on the air-cavity orientation, which may
cause B>y (tail section hitting the cavity wall)

2 4
S(w) = %exp[— a2<@) ]
w w

which was established using the assumption that if the wind blew
steadily for a long time over a large area, the waves would come
into equilibrium with the wind. Here, g is the gravitational accel-
eration, a1=8.1 X 10_3, 0220.74, (1)0=g/U19'5, and U]9'5 is the
wind speed at a height of 19.5 m above the sea surface, the height
of the anemometers on the weather ships. The Pierson—-Moskowitz
spectrum is based on the concept of a fully developed sea (a sea
produced by winds blowing steadily over hundreds of miles for
several days). Here, a long time is roughly 10,000 wave periods,
and a “large area” is roughly 5000 wavelengths on a side.

Wave spectrum is never fully developed. After analyzing data
collected during the Joint North Sea Wave Observation Project
(JONSWAP), a wave spectrum was proposed for the wave devel-
opment stage through nonlinear wave-wave interactions even for
very long times and distances [9],

4 2
p[—%(%) ]aﬁ, r=exp[—(w—_wi} (7)

2 2
2a5w),

(6)

2
(874
S(w) = 3—§ex
w

which is called the JONSWAP spectrum. Here, the constants were
determined using the wave data collected during the JONSWAP

experiment,
U2.\022 g\
a3=o.o76(ﬂ> : wp=22( ) . @y=33
Ag UjA
007 v=w,
A5 = (8)
0.09 0> aw,

where A is the fetch and U is the wind speed at a height of 10 m
above the sea surface. The mean square slope s*? is calculated
from a wave spectrum. For the JONSWAP spectrum, it is around
0.024 [9].
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Fig. 7 The s-PDFs for various surface characteristics: (a) n=2, (b) n=4, (c¢) n=10,

and (d) n=100

3.2 PDF of Ocean Surface Slope. Ocean waves can also be
treated as a stochastic process that can be expressed in terms of
one or more random variables, such as the wave amplitude, wave
period, wavelength, and surface slope. For example, the PDF of
the wave amplitude a (defined as half the crest-to-trough wave
height) is given by the well-known Rayleigh distribution [10],

2

pla) = iexp(— “—2) ©)
my mo

where my is the root-mean square of surface amplitude, i.e., the

root of the Oth moment of the energy spectrum. For very strong

winds, the Weibull distribution for a wave amplitude fits data

better than the Rayleigh distribution [11].

Similarly, the PDF of the wave period T,, satisfies the Rayleigh
distribution for a narrow spectrum [10] and the Weibull distribu-
tion for a wide spectrum [12]. Combining the two types, a more
general form (Weibull distribution) of PDF for the wave period 7,
was proposed [13],

@n-p o, [ 2n-1) ]
p(Tm) - r(n/2)2"_2 Tm eXp| — 4 Tfn

where n is a parameter related to the spectral width and I' is the

gamma function. When n=2, Eq. (10) corresponds to the Rayleigh

distribution. Using the dispersion relation for surface gravity

waves in deep water, the PDF for the wavelength N was obtained
Z(n _ 1);1/2

[13],
(n=1)
- )\n—l _ }\2
[ (n/2)2"\" eXp[

202
where \,, is the most probable wavelength.

With the independent assumption between wave amplitude and
wavelength, the PDF of the averaged wave slope s* scaled by its
standard deviation o (the real slope is s*=so) was derived from
the PDF of wavelength and the PDF of wave amplitude [13],

(10)

p(\) (11)
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Fig. 8 Position vectors r, and r; and the unit vector e (from
Chu et al. 2010 [4])

Fig. 9 Attack angle (), center of volume (0,), center of mass
(om), and drag and lift forces (exerted on o0,). Note that & is
distance between o, and o,, with positive (negative) value
when the direction from o, to o, is the same (opposite) as the
unit vector e. The unit vector e, is in the direction of the bomb
velocity (from Chu et al. 2010 [4]).

Transactions of the ASME

Downloaded 27 Mar 2011 to 205.155.65.226. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



pdf

r+l - - - - — 3
i

Fig. 10 Calculation of the probability for the bomb’s horizontal
drift r taking values between r; and r;,; from m intervals of sur-
face slope s. Here, m=1 and m=2.

n SZ —(n+2)/2
p(s)‘(n—ns[“(n—l)} "
Generally speaking, the peakedness of slopes (s*) is generated by
nonlinear wave-wave interactions in the range of gravity waves,
and the skewness of slopes is generated by nonlinear coupling
between the short waves and the underlying long waves. For n
=2, the PDF of the wave period corresponds to the Rayleigh dis-
tribution (see Eq. (9)). For n=10, the PDF in Eq. (12) fits the
Gram—Charlier distribution [14] very well in the range of small
slopes. As n— o, the PDF of wavelength (11) tends to the Gauss-
ian distribution [13]. Figure 7 shows four typical surface-slope
characteristics: (a) n=2, (b) n=4, (c) n=10, and n=100. It is seen
that there is almost no difference in PDF between n=10 and n
=100.

4 A 6DOF Model (STRIKE35)

Recently, a 6DOF model has been developed at the Naval Post-
graduate School for predicting underwater object location and tra-
jectory. It contains four parts: three basic unit vectors, momentum
equation, moment of momentum equation, and semi-empirical
formulas for drag, lift, and torque coefficients [15-21].

4.1 Three Unit Vectors. Let the earth-fixed coordinate sys-
tem be used with the unit vectors (i,j) in the horizontal plane and
the unit vector k in the vertical direction. The two end-points of
the bomb (i.e., head and tail points) are represented by r;,(z) and
r,(r). The difference between the two vectors in the nondimen-
sional form

r,—r,

= (13)
|rh - l‘,|

is the unit vector representing the body’s main axis direction (Fig.
8). The centers of mass (0,,) and volume (o,) are located on the
main axis with & the distance between o, and o,,, which has a
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{+) Positively Skewed Distribution

(a)

{-) Negatively Skewed Distribution

(b)

Fig. 11 (a) Positively and (b) negatively skewed PDFs

positive (negative) value when the direction from o, to o,, is the
same (opposite) as the unit vector e. Let a be the angle of attack
between the direction of the main body axis (e) and the direction
of the body velocity (e,) [21] (Fig. 9). The location (called trans-
lation) of the bomb is represented by the position of o,,,

r(r) =xi+yj+ zk (14)
The translation velocity is given by

dr

—2=u, u=Ue 15

7 u (15)

where (U, e,) are the speed and unit vector of the bomb velocity.
Let V, be the water velocity. Water-to-body relative velocity V
(called the relative velocity) is represented by

(16)

Here, the water velocity is assumed much smaller than the rigid-
body velocity. A third basic unit vector (e) can be defined per-
pendicular to both e and e,,

V=V,-u=-u=-"Ue,

h_ e, Xe
" e xe|

e (17)

4.2 Momentum Equation. The momentum equation of a
bomb is given by

du
mZ=Fg+Fb+Fd+F1

(18)

where m is the mass of the rigid body, u is the translation velocity
of the center of mass,
F,=-mgk, F,=pllgk (19)

are the gravity and buoyancy force, II is the volume of the rigid
body, k is the unit vector in the vertical direction (positive up-
ward), and g is the gravitational acceleration. Fy is the drag force

Fd = —‘fdeu (20)

and F; is the lift force

MAY 2011, Vol. 133 / 031002-5

Downloaded 27 Mar 2011 to 205.155.65.226. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



n=2 ¢=0.2 Initial Speed=300m/s

H:12.2(m) q, ,=0.003 q, =0.011 q =0.026

H:50(m) q, .=0.012 q,_=0.034 q,.=0.056

100 —— 1 I 60 - 1 I
(ax ; (@ - ;
- 1 50 1 1
> 80 1 1 1
a 60 - 1 1 1
£ ! 1 30 ! 1
E 40 I 1 1 I 1
o 1 ! 20 1 1
o - -
20 1 ! 10 I !
: 1 : 1 |
0.005 0.01 0015 0.02 0025 0.03 0.01 002 003 004 005 006
H:91.4(m) q, ,=0.024 q,_=0.06 q ,.=0.086 H:150(m) q, ,=0.07 q, =0.12 q ,=0.15
40 - 1 I 30 - 1 I
(b) : ] . (e) : ]
g : :
c 20
8 ! 1 |
£ 20 ! 1 15 1
§ ! 1 1
e 1 ! 10
a 10 -
1 5
: - 1
0 : ! 1 I
0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08 0.1 0.12 0.14
H:200(m) q, =012 q, =017 q_ ,=0.2 H:250(m) q, =016 q, =0.21 q =024
30 - 1 30
(0 : ; . 1t
25 {25
2 1
2 20 L
[
a 1
£ 15 1A
E 1
8 10 I
o
5
0

0.05 0.1

r/H

0.15

0.05 0.1 0.15

r/H

0.2

Fig. 12 Probability distribution of the bomb’s horizontal drift (scaled by the depth)
r/ H with n=2, 0=0.2, and V=300 m/s for various depths: (a) 12.2 m (i.e., 40 ft), (b) 50
m, (c) 91.4 m (i.e., 300 ft), (d) 150 m, (e) 200 m, and (f) 250 m

W e, Xe
" e, Xl

Fi=fe, e=e¢,Xe, e 21
where f; and f; are the magnitudes of the forces and e, is the unit
vector of the bomb velocity. The magnitudes (f;, f;) are repre-

sented by the drag law,

fa=3CpA U2 fi=5CpA, U (22)

where p is the water density, A,, is the underwater projection area,
and (C;, C)) are the drag and lift coefficients, which are deter-
mined by the experiments.

4.3 Moment of Momentum Equation. The moment of mo-
mentum equation of a bomb is given by

dQ)
J- = == %X (pllgk) + M,

(23)
where € is the rigid body’s angular velocity vector, My, is the
hydrodynamic torque due to the drag/lift forces, and J is the gy-
ration tensor. Since the drag/lift forces are exerted on the center of
volume (0,), the hydrodynamic torque (relative to the center of
mass, 0,,) M, is computed by

031002-6 / Vol. 133, MAY 2011

M, =-de X (F;+F)-nde X F.+M,+M,, (24
where the first two terms in the right hand side represent the
torque by the drag and lift forces, Fﬁ is the combined drag and lift
forces on a pair of fins, n is the number of pairs of fins, and & is
the distance between o, and the center of mass of the pair of fins,
which has a positive (negative) value when the direction from o,
to that center is the same (opposite) as the unit vector e. My, is the
antitranslation torque by the moment of drag/lift forces, and M,
is the antirotation torque. My, is perpendicular to both e, (the
direction of u) and e (the body orientation), and therefore it is in
the same direction of the unit vector e,

M, =M,e;, (25)
with M, being its magnitude calculated by the drag law,
M, =5C,pA,L,U> (26)

Here, C,, is the antitranslation torque coefficient.
The antirotation torque (M,,) is decomposed into two parts,
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Table 1 The median horizontal drift (unit: m) of an underwater bomb at various depths obtained from ensemble integration of the
6DOF model with various input parameters

Depth Case 1: V=300 m/s, Case 2: V=300 m/s, Case 3: V=300 m/s, Case 4: V=300 m/s, Case 5: V=300 m/s, Case 6: V=200 m/s,

(m) n=2, 0=0.2 n=2, 0=0.02 n=100, 0=0.2 n=100, 0=0.02 n=2, o=1.0 n=2, 0=0.2
12.2 0.16 0.02 0.16 0.02 0.37 0.17

50.0 1.7 0.41 1.8 0.31 3.1 2.5

91.4 5.4 1.01 5.7 1.19 8.6 8.9

150.0 18.0 7.2 18.0 7.95 22.5 25.5
200.0 34.0 19.2 34.0 20.0 42.0 44.0
250.0 52.5 35.0 55.0 37.5 62.5 65.0

M, =M, + M., (27) 4.4 Drag/Lift/Torque Coefficients. The drag/lift/torque coef-

ficients should be given before running the 6DOF model. These
coefficients depend on various physical processes such as water-
surface penetration, super-cavitation, and bubble dynamics. A
M,=-Me (28)  diagnostic-photographic method has been developed [4] to get
semi-empirical formulas for calculating the drag/lift/torque coef-
ficients for underwater bombs with dependence on the angle of
M.=-Me, e,Lle (29) attack («), rotation rate along the bomb’s major axis (£2), and
Reynolds number, Re=UD/ v (with D as the effective diameter of
the bomb and v as the water viscosity) [21],

where the torque M (resistant to self-spinning, ().e) parallels the
main axis of the body (i.e., the unit vector e),

and the torque M.. is perpendicular to the unit vector e,

where M and M are the corresponding scalar parts. The drag law
shows that [15]

1 Re \%2
M, =3CpA, L] Q|0 (30) C,=0.02+0.35¢72@" Wz)z(;) +0.008Q sin 6 (34)
e
M.=3CF(wpA, L, V2, wu=QL,/V, (31) Ny
where the function F(u) is obtained from the surface integration 0.35 sin( 01)( Re. ) A if a< m
of torque due to cross-body hydrodynamic force (perpendicular to B Re” 2
the body) [22], €= Re \2 -
| 0.1 sin(6,) -0.0159(;) sin(6h%) if a> 5
— for w=1/2 ¢
_)bu (35)
F(p) =
[(1 2)+4,ud2+ ! (1 ,uf‘)] for w<1/2 0.2
4 3 2pu\ 16 0.07 s1n(2a)( ° ) if a=Z
(32) 2
C,= (36)
Here, V., is the projection of the water-to-body relative velocity on 0.02 sin(2a) ( e ) if a> 7_T
the vector e,=e, X e. Using Eq. (16), we have Re*
V.=V.e.==Ue,- (e, Xe) (33) Here, Re*=1.8 X 107 is the critical Reynolds number, and

Table 2 The values of qg g5 for the horizontal drift (unit: m) of an underwater bomb at various depths obtained from ensemble
integration of the 6DOF model with various input parameters

Depth Case 1: V=300 m/s, Case 2: V=300 m/s, Case 3: V=300 m/s, Case 4: V=300 m/s, Case 5: V=300 m/s, Case 6: V=200 m/s,

(m) n=2, 0=0.2 n=2, 0=0.02 n=100, 0=0.2 n=100, 0=0.02 n=2, o=1.0 n=2, 0=0.2
12.2 0.32 0.06 0.27 0.04 0.54 0.17
50.0 2.8 0.85 2.55 0.65 4.0 3.6
914 7.86 3.02 7.40 2.47 10.05 10.97
150.0 22.5 9.60 21.0 11.1 25.5 28.5
200.0 40.0 26.0 38.0 26.0 46.0 48.0
250.0 60.0 45.0 60.0 42.5 67.5 70.0

Table 3 The values of qg g5 for the horizontal drift (unit: m) of an underwater bomb at various depths obtained from ensemble
integration of the 6DOF model with various input parameters

Depth Case 1: V=300 m/s, Case 2: V=300 m/s, Case 3: V=300 m/s, Case 4: V=300 m/s, Case 5: V=300 m/s, Case 6: V=200 m/s,

(m) n=2, 0=0.2 n=2, 0=0.02 n=100, 0=0.2 n=100, 0=0.02 n=2,0=1.0 n=2, 0=0.2
12.2 0.13 0.003 0.05 0.005 0.15 0.04
50.0 0.6 0.06 0.80 0.08 1.8 1.05
91.4 5.48 0.125 7.40 0.35 5.76 5.30
150.0 10.5 3.9 12.45 4.50 18.0 18.0
200.0 24.0 13.6 26.0 14.8 34.0 32.0
250.0 40.0 27.5 45.0 30.0 55.0 55.0
Journal of Dynamic Systems, Measurement, and Control MAY 2011, Vol. 133 / 031002-7
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9= (2= (7| m—2a])*?) 22 sgn(m - 2a)

2w 1.8 2w 0.7
01=7T<_) N 02=27T<_—1>
a T

The drag/lift and torque coefficients are valid for other sizes, but
the same shape is described in Fig. 2.

The 6DOF model is highly nonlinear and solved numerically.
The angle of attack («), rotation rate along the bomb’s major axis
(Q), and Reynolds number (Re) depend heavily on the bomb’s
velocity and orientation, and therefore they are recalculated at
each time step.

(37)

(38)

5 PDF of Bomb’s Horizontal Drift

Let the bomb be dropped in the vertical direction to the slanted
sea surface characterized by an averaged slope (s*=0s) in a wave
period; here, s*=tan u (see Fig. 3). Obviously, the horizontal drift
depends on the types of the warheads. Since a JDAM usually has
a tail section with four fins, we concentrate only on the type-1
warheads in this study. Consider a five-time s* value as the inter-
val [0,5s*] for the change in the surface slope. This interval
[0,5s"] is divided into I equal subintervals,

031002-8 / Vol. 133, MAY 2011

Sis .
o's,«=T, i=0,1,2,...,1 (39)
with the corresponding inclination,
S5is*
;= arctan(os;) = arctanT, i=0,1,2,....1 (40)

For a given parameter 7 in the s-PDF, the probability for s* taking
values between os;_; and os; is calculated by

Sit1
P, =Prob(s;=s=s;,,) = f p(s)ds (41)
Si
The 6DOF model is integrated 7 times (called ensemble inte-
gration) from the surface impact speed (V) and various u; values
to get the bomb horizontal drift 7; (i=0,1,...,1) at depth z=—H.

The series {#;,i=0,1,...,I} might not be in monotonically in-
creasing or decreasing order. Therefore, it is reorganized into
monotonically increasing order {r;,j=0,1,....J}, with J=I.

The inequality is due to an interval [r;,rj, ] of the horizontal
drift corresponding to m intervals  {[s;,5;1+1],[512,50
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Fig. 14 Probability distribution of the bomb’s horizontal drift (scaled by the depth)
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+11,...,[Sim,Sim+ 1]} of the surface slope (Fig. 10). The probabil-
ity for the bomb’s horizontal drift r taking values between r; and
rj41 1s calculated by

Sil+1 Si2+1
Q;=Prob(r;=r=rj,)= J p(s)ds + j p(s)ds+ -+
sit s

Si2

Sin+1
+ f p(s)ds (42)
Sin
The probability density between r; and r;,; is calculated by
0,
pi=—— (43)
Tisr =7

From p;, we can obtain the PDF of r, called the r-PDF.

From a given r-PDF, several useful parameters can be easily
determined such as the median (50 percentile gq5), 95 percentile
(g0.95), and skewness. The skewness is defined with respect to the
third moment about the mean. The positive (negative) skewness
indicates the long tail of the r-PDF pointing to the large (small)
r-values. Since the Gaussian distribution is nonskewed, identifi-
cation of the skewness provides useful information about the most
probable horizontal drift r. For negative skewness, long tail points

Journal of Dynamic Systems, Measurement, and Control

to the larger r-values, and the most probable horizontal drift 7 is in
the smaller area. On the other hand, for positive skewness, the
long tail points to the smaller r-values, and the most probable
horizontal drift r is in the larger area (Fig. 11).

6 Sensitivity Studies

6.1 Dependence of the r-PDF on Depth. Dependence of
r-PDF on depth can be identified from the ensemble integration
(I=100) of the 6DOF model with given bomb’s surface impact
speed (V=300 m/s), s*=0.2 (i.e., 0=0.2), and n=2 (i.e., large
peakedness in the s-PDF). The calculated r-PDF (Fig. 12) is posi-
tively skewed for shallow depth (H=12.2 m, i.e., 40 ft), reduces
the skewness as depth increases to 50 m, and becomes negatively
skewed as the depth exceeds 91.4 m (i.e., 300 ft). The negative
skewness strengthens as the depth becomes deeper than 91.4 m.
The horizontal axis in all the panels in Fig. 12 is the nondimen-
sional horizontal drift »/H. The median (50 percentile g s) of the
horizontal drift (r) is 0.16 m at the depth z=—12.2 m, 1.7 m at
z==50 m, 5.4 m at z=-91.4 m (300 ft), 18.0 m at z=—150 m,
34.0 m at z=—200 m, and 52.5 m at z=—250 m (Table 1). Here,
z is the vertical coordinates with z=0 corresponding to the water
surface. Thus, down to the depth of 50 m, the median value of the
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r/ Hwith n=100, ¢=0.02, and V=300 m/s for various depths: (a) 12.2 m (i.e., 40 ft), (b)
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horizontal drift is always less than the Navy’s criterion, i.e., 2.1 m.
The 95 percentile (ggos5) of the horizontal drift (r) represents a
reasonable estimation (with 95% of confidence) of the distance
between bomb and mine/maritime IED when the bomb maneuvers
in the water column. If this value is smaller than 2.1 m, according
to the Navy’s standard, the bomb will effectively “kill” the mine/
maritime IED. It is 0.32 m at the depth z=—-12.2 m, 2.8 m at z
=-50 m, 7.86 m at z=-91.4 m (300 ft), 22.5 m at z=—150 m,
40.0 m at z=—200 m, and 60.0 m at z=—250 m (Table 2). The 5
percentile (gos) of the horizontal drift (r) represents the mini-
mum distance (likely) between bomb and mine/maritime IED
when the bomb maneuvers in the water column. It is 0.13 m at the
depth z=-12.2 m, 0.6 m at z=-50 m, 548 m at z=-914 m
(300 ft), 10.5 m at z=—150 m, 24.0 m at z=—200 m, and 40.0 m
at z=-250 m (Table 3).

For a small standard deviation of the surface slope (o=0.02)
with keeping the same values for other parameters as Fig. 12 (i.e.,
V=300 m/s, n=2), the calculated r-PDF (Fig. 13) is positively
skewed for depth from H=12.2 m (i.e., 40 ft) to H=91.4 m (i.e.,
300 ft), reducing the skewness as depth increases to 250 m. The
median (50 percentile gqs) of the horizontal drift (r) is 0.02 m at
the depth z=-12.2 m, 041 m at z=-50 m, 1.0l m at z=
-91.4 m (300 ft), 7.2 m at z=—150 m, 19.2 m at z=—200 m, and

031002-10 / Vol. 133, MAY 2011

35.0 m at z=—250 m (Table 1). Thus, down to the depth of 91.4
m (300 ft), the median value of the horizontal drift is always less
than the Navy’s criterion, i.e., 2.1 m. The 95 percentile (ggos) of
the horizontal drift (r) is 0.06 m at the depth z=—12.2 m, 0.85 m
at z=—50 m, 3.02 m at z=-91.4 m (300 ft), 9.6 m at z=
—150 m, 26.0 m at z=—200 m, and45.0 m at z=—250 m (Table
2).

6.2 Dependence of the r-PDF on the Peakedness of the
s-PDF. Keeping all the initial conditions in running the 6DOF
model the same as described in Fig. 12 (i.e., V=300 m/s, o
=0.2) except changing the parameter n of the s-PDF from 2 to 100
(small peakedness), the ensemble integration of the 6DOF model
shows the following results. The calculated -PDF (Fig. 14) is
almost zero skewness for shallow depths (H=12.2 m,50 m) and
becomes negatively skewed as the depth becomes 91.4 m (i.e.,
300 ft). The negative skewness strengthens as the depth becomes
deeper than 91.4 m. Comparing Figs. 14 and 12, we may find that
the negative skewness of r-PDF increases as n increases. The
median, g5, and g s of the horizontal drift (r) do not change
too much as n increases from 2 to 100 (Tables 1-3).

For small standard deviation of the surface slope (0=0.02) with
keeping the same values for other parameters as Fig. 14 (i.e., V
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=300 m/s, n=100), the calculated ~-PDF (Fig. 15) is positively
skewed for depth from H=12.2 m (i.e., 40 ft) to H=91.4 m (i.e.,
300 ft), reducing the skewness as the depth increases to 250 m.
Comparing Figs. 15 and 14, we may find that the positive skew-
ness of r-PDF increases as o decreases. The median, ¢ 95, and
qo.05 of the horizontal drift (r) reduces as o decreases from 0.2 to
0.02 (Tables 1-3).

6.3 Dependence of the r-PDF on the Standard Deviation of
Surface Slope o . Keeping all the initial conditions in running the
6DOF model the same as described in Sec. 6.1 except increasing
the averaged surface slope o from 0.2 to 1, the calculated r-PDF
(Fig. 16) is negatively skewed at all depths, and the negative
skewness enhances as the depth increases. Comparing Figs. 16
and 12, we may find that the negative skewness of r-PDF in-
creases as o increases. The median, g 95, and ¢ o5 of the horizon-
tal drift (r) increase drastically as o increases from 0.2 to 1.0
(Tables 1-3). For example, gg s is 0.54 m at depth z=-12.2 m,
4.0 m at z=-50 m, 10.05 m at z=-91.4 m (300 ft), 25.5 m at
z=-150 m, 46.0 m at z=-200 m, and 67.5 m at z=-250 m
(Table 2).

Journal of Dynamic Systems, Measurement, and Control

6.4 Dependence of the r-PDF on the Surface Impact Speed
V . Keeping all the initial conditions in running the 6DOF model
the same as those described in Sec. 6.1 except decreasing the
surface impact speed from 300 m/s to 200 m/s, the calculated
r-PDF (Fig. 17) is quite comparable to the case with the impact
speed of 300 m/s (Fig. 12) such as positive skewness for shallow
depth (H=12.2 m, i.e., 40 ft), weaker skewness as depth increas-
ing to 50 m, and negative skewness as the depth exceeding 91.4 m
(i.e., 300 ft). Comparing Figs. 17 and 12, reduction in surface
impact speed leads to the increase in the peakedness of the r-PDF.
The median, g5, and g s of the horizontal drift (r) are usually
higher for V=200 m/s than that for V=300 m/s except for the
very shallow water depth (z=—12.2 m) where gg95 and gg 5 are
lower for V=200 m/s (0.17 m, 0.04 m) than that for V
=300 m/s (0.32 m, 0.13 m) (Tables 1-3).

7 Conclusions

The PDF of the horizontal drift of underwater bomb trajectory
(i.e., -PDF) due to stochastic ocean surface slope is obtained
through ensemble integration of the 6DOF model recently devel-
oped at the Naval Postgraduate School. For a bomb dropping in
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r/ H with n=2, 0=0.2, and V=200 m/s for various depths: (a) 12.2 m (i.e., 40 ft), (b) 50
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the vertical direction to a slanted sea surface, the input parameters
of the 6DOF model are the bomb’s surface impact speed (V) and
surface slope. The surface slope is a random variable depending
on two parameters: (a) averaged slope within a wave period (o)
and (b) peakedness of the s-PDF (7). The s-PDF is discretized into
I intervals (in this paper, I=100). For given values of (V,a,n), the
6DOF model is integrated / times with different values of the
surface slope from the s-PDF to obtained / values of the horizon-
tal drift at various depth. The r-PDF is then constructed from
these r-values. The r-PDF has the following features.

(1)

2

The r-PDF varies with depth. Usually, the r-PDF is posi-
tively skewed for very shallow water (H=12.2 m, i.e., 40
ft) and negatively skewed down below. An increase in the
peakedness parameter of the s-PDF (n) or the averaged
surface slope in a wave period (o) reduces the positive
skewness at the very shallow water and enhances the nega-
tive skewness. A decrease in the bomb’s surface impact
speed (V) enhances the peakedness of the r-PDF. Three
measures were calculated (s, gos5,» and ggos) from the
r-PDF.

The values of g 95 are small for all cases at a very shallow
depth (z=-12.2 m, i.e., 40 ft) with a maximum value of

031002-12 / Vol. 133, MAY 2011

©)

)

0.54 m for the initial conditions of (V=300 m/s, n
=2, ¢=1.0). This value (0.54 m) is much smaller than the
critical value of 2.1 m for effectively “killing” the mine/
maritime. This may prove that the JABS is effective to
clear mines and light obstacles in very shallow water (depth
up to 12.2 m, i.e., 40 ft).

The values of g o5 are all larger than 2.1 m when the depth
is deeper than 50 m. This indicates that to extend the JABS
from very shallow water (12.2 m depth) to shallow water
(12.2-91.4 m) needs more studies.

Usually, a bomb is vertically downward when it hits the
ocean surface due to the fast speed in the air column, i.e.,
¢=0 in this study. For ¢+ 0, it just adds to an extra surface
slope as if the bomb would hit the surface vertically. Fur-
thermore, in this study, the water velocity V, is neglected
versus the bomb velocity u (see Eq. (16)). This indicates
that the influence of underwater flow is not considered. The
only influence on the underwater bomb is the ocean sur-
face. This may be true for shallow water depth (less than
91.4 m deep, i.e., 300 ft) since the water velocity is usually
less than 1 m/s. We will investigate the influence of the
underwater flows in future studies.
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