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Abstract

A fast numerical method based on the Klein—
Knio’s thin filament model is presented for computing
the motion of slender vortex filaments. Combining the
Biot-Savart law and an asymptotic expansion, Klein
and Knio derived an equation for the evolution of a
thin vortex filament. However, in their numerical
discretization the spatial step is restricted by the over-
lapping condition of the traditional thin tube method.
That is, the spatial step has to be small in comparison
with the core of the vortex filament. The stiffness of
the system is inversely proportional to the square of
the spatial step. As a result, a small spatial step
requires a tiny time step, thereby makes the -
simulations virtually impossible for thin filaments.
Here we propose a fast numerical method to
overcome this difficulty. In our approach, the spatial
discretization does not depend on the core size. Our
method significantly speeds up the computation for
thin vortex filament.
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1. Introduction

Thin vortex filament model has an important application in the prediction of the
behavior of the trailing vortices behind aircraft (Crow [1], Ting [2], Widnall [3]). Chorin
[4] and Chorin and Akao [5] suggest that slender vortices play an important role in
governing the structure of turbulent flows. In addition, superfluid vortex filaments are
observed to be smooth and have very tiny core radius (~ 14) [6]. So the thin filament
model fits perfectly with the superfluid vortex filaments. These are just a few of the
ample motivations for the studies of thin vortex filament dynamics.

The irrotational flow surrounding a three-dimensional concentrated slender vortex is
described by the well-known Biot-Savart law

v(x) = ——L X;X’_ X dx', ‘ 1
dr Jeo lx—X| :

where C is the vortex centerline. This induced velocity field becomes singular as one
approaches points on C. There are many approximations based on (1) to model slender
vortex flow, including the self-induction approximation [7], the Klein-Majda equation
[8], and vortex-element-based thin-tube method [9]. All these approaches simplify
vortex core dynamics by either ignoring core structure or assuming a constant core.
Klein and Knio [10] presented a thin filament model, which was originated from
Callegari and Ting [11]. In this model, the core vorticity distribution is assumed to
evolve ‘slowly compared to the core rotation rate. In [10] they also developed a
numerical scheme for the simulation of slender vortex filaments. The advantage of their
approach is that the core structure evolution is included. However, their numerical
scheme based on the vortex-element method is restricted by the overlapping condition,
which could be very expensive and inefficient for thin vortex motion. In this paper, we
develop a fast numerical method for Klein and Knio’s thin filament model. Our method
no longer requires the overlapping condition, thereby significantly speeds up the
numerical simulations. Our numerical method can be easily extended to solve the Klein-
Knio-Ting model [12] for viscous slender vortices.

The paper is organized as follows. We start with an introduction to the thin filament
model, followed by a brief review of Klein and Knio’s numerical method. Then we give
a detailed description of our fast method. Numerical experiments are carried out for
superfluid vortex motion.

2. Thin filament model

A thin vortex filament is a vorticity distribution that is highly concentrated in the
vicinity of a smooth time-dependent curve L(f) : s — x(s, £) as sketched in Fig. 1. The
radius & of the vortex core is much smaller than a characteristic radius of curvature R of
L(t) - L(r) is vsually called the centerline of the filament. However, this is not a very
good definition for the centerline. According to this definition, any smooth curve ()
within O(S %) range of L(#) is also a centerline. More important, L(f) may not be a
material trajectory of x(s, 0), i.e., L(f) may not move with the fluid. Even if L(f) moves
with the fluid, the vorticity distribution observed relative to L(¢) and the motion of L(r)
may be changing very rapidly. As we will see below, if we follow an arbitrary centerline
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Figure 1. Sketch of a thin vortex filament.

o C . . 82
L(#), the characteristic time for the vorticity distribution relative to L(f) iS feore ~ ™

where I' is the circulation of the vortex filament. Thus as the core radius § becomes
smaller and smaller, it is impossible to get an asymptotic equation for an arbitrary
centerline L(¢). To derive an asymptotic equation, the following model (called the thin
filament model) was studied by Klein and Knio [10].

Let L(t) : s — x(s, 1) be the trajectory of a special curve x(s, 0) and let (r, 6, 5) be the
curve attached coordinate system as shown in Fig..2. We assume that the curve x(s, )
has the following properties:

(a) Vorticity distribution observed relative to x(s, £) has the asymptotic expansion form

1 r r
. — O, O
w(xstr 6) - 62 [77 (avsrt)eg-l_; (a!sit)et] ]
1 r r r [#))
el Vel s
+ 8[& (8,9,s,t)er+n (6»9,S,t)ee+§ (8,9,s,t)e¢]
4+ O();

(b) Vorticity distribution observed relative to x(s, f) is quasi-steady. More specifically,
in a mathematical language, that means

d d 3
5,0 Y.0 9.0
oz atg ’ az‘& ’

] ] r?
9.0 9. o ol
51 5t 0(%3)- 3)

“Note that assumption (b) implys that the characteristic time of the core structure
evolution relative to x(s, f) is

2
e ~ @
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Figure 2. A curve attached coordinate system.

whereas the characteristic turn-over time of the vortex core is much smaller

82
teore ™~ —=. (5)

r

That is why we use the word “quasi-steady”: The rate of the change of the vorticity
distribution relative to x(s, £) is much smaller than that of the rotation of the vortex core.
The curve x(s, ) satisfying assumptions (a) and (b) is called the line of stagnation points.
A stagnation point is a point such that if we move with it, we will see a quasi-steady core
structure. It is uniquely defined. Through the following example, one can see that the
vorticity distribution is quasi-steady only if it is observed from the line of stagnation

points. Consider a straight vortex filament along the z-axis with vorticity distribution

1 2. 02y/52
— —(x“+y*)/é
w(x,y,2) = 7€ e, ©6)
where e, is the unit vector in z direction. ..
If we stand at the origin (0, 0, 0), we see a steady vorticity distribution:

r 1 252
w(=,0,5,1)=—=e ¥,

( 3 ) 7 2 _ )

Suppose that we select (o, 0, 0) at time = 0 as the observation point (& ~&).
At time = f, the Cartesian coordinates of the observation point are (o cos(f1),

a sin(fr), 0) where g Nalz is the angular velocity. Let us follow the evolution of

vorticity at the point that has polar coordinates (r, ) relative to the observation point
(a cos(ft), asin(f)). The Cartesian coorinates of this point are denoted by (x(f), y(¥))
(Fig. 3).
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vl (x(t), Y(t2)) vl
. e (x(t2), ¥(12))

(b

Figure 3. Cartesian coordinates of the point that has polar coordinates (r, 6) relative to the
observation point (e cos(f 1), asin (f1) (@) att=1; (b) att=1,> 1.

It follows immediately that
x(t) = a cos(Bt) +r cos@, 3)
y(@) =« sin(B ) +r sinb, ' ©)

which lead to

x@*+y®* 2 o?
LA A A 2 -
5 =5 + cos(9 Bt + 10
Hence
DR _ = 25 eos0—pn-5
: an
= ¢ 7 [1 2——cos(9 Bt) +O(82)]

The vorticity at (r, &) relative to the observation point (& cos{f £), a sin (1)) is

r 1 2 2 52 1 252 1 [2ar
a0 = Ay - o8 9 — 1
B(5: 0,50 =5e 2¢ " T3 [32 5 cos ﬂt)]+0() (12)

Therefore the vorticity distribution observed relative to (@ cos(f 1), asin (#1), 0) is
.7 2,52
190G sn=e"", a3

2
ﬁ(l)(g, ,s5,1t)= —3—3—% cos(6 — B ). (14)
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an® 1

Nﬂw.a_z.

Obviously, 71 given by (14) is not quasi-steady since

From the definition of the line of stagnation points, it is clear that the velocity of a
thin filament is the velocity of the line of stagnation points, which is also the fluid
velocity at the line of stagnation points.

To simulate the motion of a vortex filament, we need to know the velocity of the
filament which is the fluid velocity at the line of the stagnation points induced by the
vortex filament plus the external velocity field if any. We first try to evaluate the induced
velocity givén by the three dimensional Biot-Savart integral

v(x) = ] i X P(x ) dx
X - xl — X I ’
= —— xP@)dx + —— x Px)dx
an [-/1;3\81 < P f W —xp ) ] (1s)
def
= Vnonlocal + Viocal
where B, is a ball of radius J3 centered at x (Fig. 4) with radius 65 ~ +/R8, R isa fypical

radius of curvature of the filament curve and & is the core size, and P(x) is the vorticity
distribution.

Assume P(x) satisfies assumptions (a) and (b) :

P = 312[ (0)(— s, t)eo+l;(0)(—,s z)e]
16
+ 3[s‘”(g,o,s,t)e,+n‘”(g,e,s,t)ee+¢<1>(§,e,s,z>et]
+ o).

Figure 4. Contribution to the velocity at x by the vortex filament is divided into two parts: Vy,.q 1S
the contribution from the part of vortex filament inside a ball of radius & centered at x whereas
Vaoniocay 18 the contribution from the rest of the vortex filament.
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Here we should point out that P(x) in the above is not necessarily the physical vorticity
distribution. Later, we need to take P(x) as a numerical vorticity distribution which is not
divergence free but has the same expansion form as the physical vorticity distribution w
in equation (2). That is why we use the notation P(x) instead of «(x). Numerical vorticity
distribution will be defined when we discuss the thin tube method in next section.

Ignoring the velocity component in the tangential direction which is irrelevant for
the filament geometric evolution, we have

I (7% (% xG+5)—x@) 0 _ o
Vnonlocal = E(/;oo +£B ),X(§+§’)—X(§)I3 X ﬁX(S-{-S)dS

+ O35 +6/8p), "
r 253 »
Viecal = E[log(T) + Cl(x b) + O(85 + 8/53), (18)
_ 1 27'!' S 1 ) - =,.(0) —
C__(5+?/0 (5 +FInrr @17 ), (19)

where 7 is the stretched radial coordinate 7 = r/§, {l(}) is the first cosine Fourier

component with respect to @ of the first-order axial vorticity, i.e. ,

w_1 (7 o -
' =;/(; ¢tV cosdde. (20)

In equation (17) § is the current arclength. In equation (18) xis the curvature, b is the
binormal vector, and x'b can be written as

2

kb= t‘x n= %X(E) X %x(.?). 21

Here we have reparametrized x(s, ) using the current arclength 5. Combining (15), (17)
and (18), one has

- r
v6) = tiog28) + C)iehy

X3 +§) —x()

r % o0 3 - o (22)
+Z;(/;oo +];B ) x ﬁX(S+s)ds +o(1).

(3 +3) —x®)P

Now the constant C given by equation (19) remains to be calculated. If P(x) represents a
numerical vorticity distribution, from the discussion of the numerical vorticity

distribution in next section, we see that { 1( 1 )and ¢ O can be explicitly expressed in terms
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of the cut-off function and the curvature of the filament. The constant C can be
calculated in a straightforward way.

For physical vorticity distribution, we now examine Euler’s equation in vorticity
form

w; + (V- Vo = (@ V)V. (23)

Insertion of equation (2) into equation (23) first shows that the leading two terms in &
express a balance of vorticity advection and vortex stretching.

7 Vo= (- V)1 + 0@, @4

where ¥ is the relative velocity in the curve attached reference system. Note that the time
derivative has been dropped out since we have assumed the core structure is quasi-
steady. It turns out that the leading order equations of (24) are satisfied by any arbitrary
axisymmetric leading order core structure. This implys that the leading order core

structure can not be determined from equation (24). So #® and ¢ © have to be supplied.

The first order equations of (24) allows us to write the constant C in terms of the leading

order core structure 7% and ¢ OF

c = tim (¥ f OGN — i) — & - BT [ [w<°)(r’)]2 dr’
T oo \ I'? 0 2 2 Jo ’ (25)

- where

0 1 4 ! 0 7 !

w00 =z [/ 1O¢ar, o
0 % 0. !

W@ = [ 10¢)ar o
' r

For a Gaussian axial vorticity distribution, one has

1@ =0, @
e“F2

(OO =—, @9

and C = —0.558. 30

Finally, to conclude the thin tube model, we want to emphasize that the quasi-steady
core structure assumption (b) is very important. It allows us to define the line of
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stagnation points, and to calculate the constant C in terms of the leading order core
distribution.

3. Review of Klein and Knio’s method

In the previous section we introduced the thin tube model (22). Before presenting
our method to solve equation (22), we quickly review the numerical method by Klein
and Knio [10] and point out the numerical difficulties in their scheme.

Klein and Knio's method is based on the vortex method with only one filament,
which is called the thin tube method [9]. The basic idea in the thin tube method is to use
a single chain of overlapping vortex elements to represent the slender physical vortex.
Each element is a circular cylinder characterized by a circulation I and by two sets of
Lagrangian coordinates which represent the endpoints of the associated line segment,
The Lagrangian points move with the fluid and can be denoted byx,i=1,2,...,N. The
vortex elements are ordered so that the indices increase in the direction of the vorticity.
Therefore, the discretized vorticity can be written as

N
o(x,£) = Y T ax;(t) Ks(x — %41 ©). (31)

i=l1

Here K5 is a smooth approximation to the Dirac delta function with a cutoff radius & and
formed by

1
Ks(®) = = K(?), (32)
and
1 - -
Xj1y = 5 (XG) +xGj40), 33)
6xj+% = x(§j41) — x(57), . (34

‘denote respectively the length and center of the i-th vortex element. The smoothing

function K(x) is chosen so as to enhance accuracy [13].

The velocity at a point x can be obtained by inserting (31) into (1) and performing -

the integration. The result is the following desingularized version of the Biot-Savart law:

r o x.,1—xG)
VIR = o= Y0 T x 8%y f(IX 4 — X()/8™,

4 j;w ;41 —XGP EERALTE v (35)
where tm stands for “thin tube method”, and A7) is the velocity cut-off function
corresponding to the vorticity smoothing kernel:
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r
f(r)=4n / 7% K (F) dF. 36)
0
To satisfy the overlapping condition, we require that
|8xj+%| << §ftm, (37)

Conversely, given a spatial discretization and a velocity cut-off function f, the
corresponding discrete vorticity distribution is

| Ix —x X =%l +1|

P(x) = 3:tm)3 _Z 8 Tstm 8x.i+%’ (38)
f ( ) tim

where g(r) = =—5. As |6xj +1 | /8% goes to zero, one has

r |x — x(5)| dx(s)
P(x) = 8_3/_ g(T) 75 (39)

Here for simplicity we have dropped the superscript “ttm”. P(x) is called the numerical
vorticity distribution. It can be shown that P(x) has the asymptotic expansion form

1 w
P() = 2;<°> M) e + 5 0088 (D) &+ O(1) (40)
with
+o00
cOsmgy =t [ g(\/r2+z2)dz, @
-00
[k [+
Wem,y - - T
gUhtm ey — 7). r2+ g(,/r2_|_22)dz (42)

Recall that the derivation of equation (22) in the previous section requires only that
P(x) satisfies assumption (a) and (b). It does not require P(x) to be a physical vorticity
distribution. Applying equation (22} to the numerical vorticity distribution P(x) in
equation (40), we obtain

VInE) = — [IOg(—) + C”"'] (k b)

—85 x(s+s) x(5) 8 @3)
—(/ ./a KG+35) —xG)P ~ 3518 T9)d5 +oD),
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where the constant C™ is determined by functions ¢ @#m and ¢ (" which are given in
equations (41) and (42). ‘
Applying equation (22) to the physical vorticity distribution @ (x) in equation (2) yields

. r 28p
vreal(s) - [lo (
4 g Breal

I (7% [ G+ -xG) 0 . . @4)
+E(~£o +/5 )Ix(§+§')—x(3‘)]3 X 5—3‘,){(3 +5§5)d§ + o(1).

)+ Creal] 03 b)

Comparing equation (43) with equation (44), one immediately obtains

tt

§real

vreal(g) — v”'"()+£|:log(

def

)+ Creal C”"‘] (k b) 4 o(1) 5)
v (5) + correction term. (46)

In Klein and Knio’s numerical method, v"*%(3) is obtained by first calculating v**™ (5)
using equation (35) and then adding a correction term to it as in equation (46). In this
method, the space step 6x 4l = XjH — Xj is strictly restricted by the overlapping

requirement

X, 1] << 8™,
9%, +i| 47
If the physical core radius & " is small compared to R, a typical radius of curvature of
the filament curve, the error associated with the asymptotic expansion for the physical
vorticity distribution is small. In this case, we are faced with some numerical difficulties:

1. If we choose §™ comparable to the physical core size & ™, then to satisfy the
overlapping requirement (47), we have to use a space step much smaller than
the core radius 8", It results in a lot more numerical nodes than it i necessary
to represent the filament curve geometrically. In this way the computation could
be awfully expensive for very slender vortex filament (e. g., superfluid vortex
filaments where the physical core radius 5™ is of the order of ~ 14).

2. If we instead choose a space step |8x j+h | according to the filament geometry,

then to satisfy the overlapping condition, we have to use a numerical core size
much larger than the space step: 5 >~ |§x jdl- This choice could lead to a

large error in the asymptotic expansion for the numerical vorticity distribution
because the validity of the asymptotic expansion depends on the assumption
that "™ << R. This large error in equation (43) in turn could cause a large error
in the calculated filament velocity given by equation (44).

To overcome these numerical difficulties, we propose an efficient numerical method for
solving the thin tube model (22).
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4. A fast method for thin vortex filament

In this section we present a fast method for thin vortex filament. In our method, we
evaluate the velocity in equation (22) directly instead of using the thin tube method. The
advantage of this method is that there is no need to satisfy the overlapping condition.
Thus, the space step is no longer restricted by the physical core size § . Rather it is
determined by the smoothness of the filament curve.

We start by rewriting equation (22) in a slightly different form. Splitting the integral

—d5 . . 00 .
JZ% into two parts and then doing the same for the integrals fsﬂ » one obtains

&) = [1 0g (22 + cJ (x b)
_aB -
_(/ /5 x(s+5) x($) _a_x(s+s)ds +o(1)

[xG+5) —x@P 95

r
=1 [log(—) + C] (k b) (48)

—5g x5+ 5) —x@) B
+_( ~p ‘/‘;B [|X(S+s)~x(s)|3 gx(s+,s) ds

—p1 x5 +5)— x(5) 8 . S .
+_(/ f [lx(s+s)_x(s)|3 ﬁx(s"‘s)] ds +o(1),

where p; and p; are of the order of O(R ). The power series expansion yields

%G +5) —x@P = 51 [1+ 0(I§'I)] : “9)
3
XG+5) =30 = T2 ®F + 2 L) 6 Vot g2 ®EPHOED, (50
d a a2 193 ‘
and 57756 +9) = 7X@ + gmxOF + 5 7mx@ G + 0GP, 51

which lead to

x®) x 5 x(s) G)?

3 52
ZX() ~3x(s>(s>3+o<1s ). 2

G +5) —xE) X 2xG+7) =
0§
+

Combining (49) and (52), one finally obtains

XG+5) ~x@) ix(§+3')=l 7 b+ 37

5615 —x®P 5% oxE 3a~X(S)>< _3X(s)81gn(S)+ 0@ D). (53)

. 11
Hence the integrand (53) in equation (48) is dominated by 2 |7 bas§ goes to zero.
Applying a numerical integration method directly to this singular integrand will result in
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very low order of accuracy. Consequently very small space step is required to achieve a

reasonable accuracy. To eliminate this singularity, we extract out the singular part % %" b
and integrate it exactly.

To make the expression of v(§) easy to read, we introduce two functions B (5, )
and By (5, §) as follows:

oo df XGHH)-x@ 8
B = e x@p <) (54)

5 . 11
KG+5) —x@P < 35C T5) = 57D (55)

ByGG, EI) def xX(§ 4+ 5) - x(5)

With B (5, §) and By (5, §) defined as above, we can write v(§) as

r
vE) = Z;l:log@

v P1P2
8

r o ” o
)+C](/cb)+—(/ +/ )By(5,5)ds
47 —p1 0

r =0 +00 o
+ E(/:w +/pz )B1(5,5)d5s +0(1). (56)

It is easy to see that

e B,(§, §)has no numerical singularity in (—py, 0) or (0, p,);
o B3, §) has no numerical singularity in (— % ,—p;) or (p,, ®).

Later we will show that with the help of the periodic boundary conditions, the integral on
the infinite interval (p,, ®) can be converted to an integral on a finite interval. With the
singularity removed, the accuracy of the numerical integration is determined by the
quadrature and the smoothness of the filament curve. It is not in any way affected by the
physical core size. Therefore, the space step size in numerical integration is not restricted
by the physical core size. It is only restricted by the smoothness of the filament curve.
For the same filament geometry, no matter how small the physical core size is, we can
always use the same space discretization without suffering a loss of accuracy when the
core size goes to zero.

Now we describe our method in more details.

Let xi, Xy, ..., Xy be N numerical nodes representing one period of a periodic
filament curve at time ¢ = ¢". We want to calculate the induced velocity at x;, X, ..., Xy by
this periodic vortex filament (here periodicity means x; , y = X; + (L, 0, 0) and L is the
period). Once we know how to calculate the induced velocity, we can use an ODE solver
to advance the filament curve from ¢ = ¢" to £ = #* + At. The procedure of evaluating the
induced velocity consists of three steps:

Step 1. Calculating the current arclength from x; to x; , ,. Let
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Ly = i1 —xil, (57
L= Xiv1 —xi-1l/2, (58)
C - li+% +li—% - 21 ’
83 —13 -1, (59
l+§ I—3
1 60
and €y = 5 (Ci + Cir). (60)
The current arclength from x; to x; ,; is
~ 13 4
ASppy =l +Cipt li+§ + 0(li+%)' (61)

Step 2. With the current arclength as the parameter, we recover the filament curve by a
2 3

o 0 . ~
periodic cubic spline interpolation. We can calculate x(5), é—gx(s)' ﬁx(s), P x(5) for
any § from the piecewise cubic polynomials obtained by the periodic spline.

Step 3. Using equation (56), we get the formula for the induced velocity at x;:

-~ r i i I Y P2,i ; ]
vi=vE) = — |log@ Y222y o Geb + +f )Ba(G, §) d5
4 8 4 —p1i 0

r —P1,i +o0 ot
+ E(./;oo +/;;7_I,- }B1(5;, §)d§ (62)
where
.. X@EHS-xG) 8 L
B I = o 7 ~ A~ [ [
1609 = LG T —x@P <o ) (63)
. - -~ 11
BZ(Sir S) = Bl(sir S) - Eﬁ(’ﬁbl); (64)
P1i = 5i — Si—my, - (65)
P2,i = Sitm, — Si, (66)
and m; is an integer satisfying
15 — Si—m,| ~ O(R), (67)
1Si4m; — 5il ~ O(R). (68)

Writing the integrals as the sum of the integrals on sub-intervals between two adjacent
numerical nodes, we obtain
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v = L [log(2 —Vp‘é"m"’) + C] (ki by)

4
-1 mp—1 Sl iy —F
r Sij+175i J A
+ 4—( Z +.Z)/ By(5;,5) d5
S e
-1 N2-l s (69)

r & oty
+ E(Z + Z)‘/E ) B1(5:, §)ds
J==N/2  j=m
N/2—1 " +o00 5 -5
r Si+j+kN+1 —Si VY
+ -y Z[ BiGi, §)ds.
5

2 J=—N/2 k=%1 1 j+kN~S5;

£

In expression (69), each integral can be approximated by trapezoidal rule or high order
Gaussian quadrature. For example,

[y

/5-+- - Bi(5;,5)ds =~ EASi+J‘+% [B1Gi, 5ivj — 5) + B1 (5, Sivje1—5)]. (70
i+j—Si

The last term in equation (69) needs special treatments since it contains an infinite sum
of integrals. Applying trapezoidal rule to each integral, one can rewrite the infinite sum
as

O S kN1 o
> B1(5:, 5 )d5

k=t1 Y Sitj kN~

E 20%)
1 - S - - - -
~ s Z ASiy i) [B1Gi, Sitjkn — 5) + Bi (G, Sivjin+1 — 5] (71)
k=1
1 +o0 oo
=585 j4} [Z B, Sitjrkn —5) + D Bi(Si, St jran —Ei):, :

k=1 k==1 .

With the use of periodic boundary conditions, the infinite sum of function B, can be
reduced to the evaluation of two functions of two variables:

+o0
Z B1Gi, Sigjan — 5
k=1

+o0 -~ -
X(Si4j+an) — X(5;)

= = = X
izt XGitjpan) —xG)P

+oo

_ K(L,0,0) +XGir)) —xG) 9
= 2 KL 0,0) F ey GG < 35704

G{d1, dy) F(d, dy)
= [T(I,O,O)-_}- T

9
B—EX(Si+j+k1v)

(72)

- . 0 .
(XGivj) — X(Si)):l x 5§X(A‘i+j)
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where
dy = x(Siyj) — x(5)), (73)
dy = [yGivj) — yE)P + [2Git)) — 26D, (74)
+00 .
- 1

F(dy, da) = :

he ,CZ—?;, [+ )2 + P72 5)

+o00 k

Gl d) = ) e T PR 76)

k=%l

Functions F and G are independent of the filament geometry or the physical core

size. They can be evaluated up to machine precision and tabulated once and for all.
During the simulations, F(d;, d,) and G(d,, d») are calculated by a cubic spline
interpolation from the tables containing function values. Once we have v;, we can use an
ODE solver to advance the filament curve from time t=¢"to =" + Ar.
The cost for calculating {v;, i=1, 2, ..., N} is O(N?). To make the algorithm even faster,
we can either reduce the cost of calculating {v;} or use a large time step. In equation
(69), the formula for {v;} includes an infinite sum, which is then expressed in equation
(72) in terms of functions F and G. Time step is restricted by the stiffness of the system.
Even for the implicit method [14] solving the local induction approximation which is a
much simpler model than the thin filament model, the time step At is still restricted by At
< O ((As)®). Hence we have to seek a new approach to speed up the algorithm. To do so,
we use a fractional step method. In particular, we split the induced velocity v; into two
parts:

v 77
where
R L A/TLiT2,i . L 0 roi o
W= [log (2 e ) + C:I (ki by) + 4”( - +/(; )B2(5;,5)d5, 7%
i P2,i T P2,i .,
w; = I [log ( PL,i P2,i ] (i b;) + L(/ +f YBy(5:, §) d5
i TLiT2i 4r =P, ra
r —PLi oo) , ; ,
+= + / Bi(;,5)ds,
4r (f-m 02,i 1653 19
ri = 5,‘ — Ei—mz, )

2,0 = Sigmy — Si, ' (81)
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and my is a small integer. In fact, u; is the velocity induced by the part of the vortex
filament from Sj—m, 1O Si4m,, and w; is the velocity induced by the rest of the vortex

filament (Flg 5). The cost for calculating {w;} is O(Nm,), and the cost for calculating
{w;} is O(N®). When we choose m,, we want to make both my and |w,| as small as
possible. The choice of small m, makes it less expensive to calculate {u;} ; while small

. . . . d
lw,| makes it possible to use a large time step for solving z;X = Wi(X). The ODE system
for the motion of the vortex filament can be formally written as

d ‘
ZX= u(x) + w(x). (82)

Strang-type splitting can be employed to solve (82). Let A(dt;) be a second (or higher)
order numerical ODE solver for

d
a—;x = u(x) (83)

with time step dt;, and B(d,) be a second (or higher) order numerical ODE solver for
d
7= w(x) (84)

with time step df,. A second order numerical ODE solver for equation (82) can be
formed by applying operators A and B alternately :

A(dt) --- A(dt) B(2msdt) A(dt) --- A(dr).

ms times m3 times

(85)

The total cost of (85) is O(N* + N m, ms). It advances the vortex filament by 2ms dt in
2

time direction. The cost per time step df is O(N— + N m3).
ms3

d
It should be pointed out that, for the system Ex = u(x), the time step dt of the ODE

solver is restricted by the stability requirement

Figure 5. The part of the vortex filament that induces u;.
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2d
dt <O ((ds)?'/ 1og[—5-s-]> . (86)

Since we cannot use large time step, it is important to reduce the cost per time step,
which is O(Nm;). That is why we want to make m, as small as possible when we split v

into the sum of u and w. For the system dix = w(x), the cost per time step is fixed, i.e.,
!

O(N*). The way to speed up is to use large time step. To make this feasible, we want |w]|
to be small too. These are the two things we have to take into consideration when
choosing m;.

As one application, our method can be easily applied to solve the self-induction
approximation

x  9x %
—_— = — X

3t 95 852 87)
The cost is O(N) per time step since only the term x b needs to be evaluated at each
node. Compared with Buttke’s method [14] for (87), our method has several advantages:

It is explicit;
It deals directly with the positions of points on the filament curve instead of the
tangent vectors in [14];

e  With a cubic spline interpolation, it recovers the filament curve as a piecewise cubic
2
X

polynomia} of the arclength. This allows us to calculate z—: and 57 with an accuracy
of O((As)®) even when the numerical points are not smoothly distributed along the
curve. By “smoothly distributed”, we mean |xj41 —x|/|x; — x;_1| is a smooth
function of j. When we add additional terms (for example Hall Vinen’s frictional
terms [15]) to the right hand side of the self-induction approximation (87), the new
equation might cause a stretching of the vortex filament. To keep the numerical
resolution we need to add nodes when the distance between two adjacent nodes is
larger than a pre-specified criteria. If this happens, we can expect
xj+1 — X;|/Ixj — x;_1| to have a jump in the region where we have added new

nodes. In that case, the central difference scheme in [14] will lose its second order
2

X X
accuracy. In contrast, in our method 3. and 37 are always approximated with a
true second order accuracy.

In the next section we perform some numerical computations using our fast method
just described.

5. Numerical results ,

In this section we present the numerical results by the thin filament model and
compare them with the results by the local induction approximation (LIA). We find
several differences between the results by the thin filament model and by LIA. In LIA,
the time ¢ has been rescaled by an unknown factor which could be different from one
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space point to another. Consequently under LIA, it is impossible to calculate, for
example, the velocity of a vortex ring or the frequency of a Kelvin wave. Thus it seems
unfair to compare the thin filament model with LIA on any issue which involves a time
scale. For this reason, we carried out numerical simulations with both models on the
problem of a vortex ring subject to a cosine wave and its sideband perturbations. We plot
the amplitudes of the perturbations against the number of rotations the cosine wave has
made, instead of against the time ¢. In this way, the plot is not changed under a rescaling
of time t. Comparing the plots for the thin filament model with those for LIA, we find
the stability thresholds for the side band perturbation are different for these two models.

Our first numerical example is to simulate the motion of a thin vortex ring. The
radius of the ring R is 1, the core size is 10‘4, and the circulation I' is 1. In the simulation,
there is no deformation or stretching happened. The vortex ring propagates along its axis
at a constant speed 0.85402, which agrees to four digits with the value 0.85400 predicted
by the asymptotic formula

r 8R
Vring = 7 [103(—5*) + C] , _ (88)

where C = —0.558 for a second-order Gaussian distribution.
Our second example is a Kelvin wave. Initially the vortex filament is given by

(x, a%{ cos(nx), 0), (39

where « is a small number. We take n = 10, &= 0.1, §= 10" and " = 1. The filament
rotates around the x-axis with little change in its shape. The rotation frequency given by
Lord Kelvin is

T [ Ko®d) 12
‘”‘2::52[1 (1 +nd sy ]

(90)
where K, is a modified Bessel function of order n. When the core size is much smaller
than the wave length, equation (90) can be simplified to

I'n?

= [log(

= 2y~
o= )7L o1

n
where y is Euler’s constant 0.5772. Substituting the values of n, & and T into (91), we
get the theoretical value for the frequency @ = 55.893. The frequency obtained from the
numerical simulation is @ = 55.87. They agree with each other very well.

For the third example, we consider the sideband instability on a vortex ring. The
sideband instability on a straight line has been studied in [17] and [20]. Even though
sideband instability is expected for a vortex ring, numerical simulations have not been
done yet. So here we apply our fast method to study the sideband instability on a vortex
ring. At time ¢ = 0, the unperturbed filament configuration is a cosine wave on a ring
{cos 8, sin#, a%” cosnd). The sideband perturbation is a perturbation of the form
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0,0, ea27ﬂ[cos(n + 1)8 + cos{n — 1)8)),

where ¢ is a small number. Whether or not the sideband perturbation will grow depends
on the initial amplitude of the cosine wave (called carrier)
a27"- There is a stability threshold. When « is smaller than the threshold, the side band
perturbation does not grow. When a is larger than the threshold, the amplitude of the
side band perturbation grows exponentially to a fraction of OtZT" and the amplitude of the
carrier decreases. After reaching a maximum, the amplitude of the sideband goes back
approximately to its initial value and starts over once again. In the simulation, we take
n=11,e=10" andI' = 1.

We plot the amplitudes of the carrier and the side band perturbation vs the number
of rotations that the carrier has made around the ring. Here all of the amplitudes have

been normalized by the wave length of the carrier 2,11 Fig. 6 show the plots for
P
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Figure 6. Evolution of sideband perturbation on a vortex ring. Left column: results predicted by
the local induction approximation (LIA); right column: results predicted by the thin filament
model (TEM). In each panel, the vertical axis shows the normalized amplitudes of the carrier and
the side band perturbation; the horizontal axis shows the number of rotations that the carrier has
made around the ring. :
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a = 0.30, 0.31, and 0.35. Under the LIA, the sideband perturbation is already unstable
for ©=0.30, while, under the thin filament model, it is still stable for
o = 0.31. For a = 0.35, it is unstable for both models. However, for o = 0.35, the peak
amplitudes that the sideband perturbations can reach and the intervals between two peaks
are different. These differences can not be reconciled by a rescaling of time ¢, since the
plots are invariant under such a rescaling.

6. Conclusions

In this paper, a fast method is proposed for simulating the motion of thin vortex
filament. The accuracy of the method does not depend on the size of the core radius.
Rather it is determined by the smoothness of the filament curve. This property makes our
method especially attractive for numerical simulations of very thin filament. To speed up
the method even further, we split the velocity field into two parts and use a Strang-—type
ODE solver to advance the filament. In this way, effective large time step can be used.
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