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ABSTRACT. We continue the study on equilibria of the Smoluchowski equation
for dilute solutions of rigid extended (dipolar) nematics and dispersions under
an imposed electric or magnetic field [25]. We first provide an alternative
proof for the theorem that all equilibria are dipolar with the polarity vector
parallel to the external field direction if the strength of the permanent dipole
(p) is larger than or equal to the product of the external field (E) and the
anisotropy parameter (ag) (i.e. p > |ag|E). Then, we show that when p <
|ao|E, there is a critical value a* > 1 for the intermolecular dipole-dipole
interaction strength (a)) such that all equilibria are either isotropic or parallel
to the external field if @ < a*; but nonparallel dipolar equilibria emerge when
a > a*. The nonparallel equilibria are analyzed and the asymptotic behavior of
a* is studied. Finally, the asymptotic results are validated by direct numerical
simulations.

1. Introduction. Extended rigid nematic polymers are consisted of dipolar
rigid nematic polymers which carry electric dipole or magnetic moments perma-
nently or under an imposed electric or magnetic field [B, G 20, B]. Particle dis-
persions of electric or magnetic moments in solutions are important materials that
have many applications in industries as well [T9]. For example, in the manufacture
of flexible magnetic data storage media, a fast-moving substrate is coated with one
or more layers of dispersions (or inks) composed of sub-micrometer-sized magnetic
particles. These magnetic particles are coated with a polymeric binder and dis-
persed in a solvent. To achieve high data storage capacity, it is very important to
control particle orientation in the inks which is sensitive to external aligning fields
(flow and magnetic).
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Doi and Edwards used the Doi-Hess kinetic theory to model the homogeneous
flows of semi-dilute rodlike nematic polymers that may possess electric dipoles [3,
10, [16]. Recently the Doi-Hess kinetic theory was extended to model magnetic
dispersions in viscous solvent [, 2, 25l [T7]. Both theories are essentially identical.
Without loss of generality, we focus on the dipolar rigid nematics and magnetic
dispersions that are sensitive to magnetic fields. Using a closure approximation
a mesoscale constitutive model for magnetic dispersions was developed to study
material functions for shear flows and phase transitions at equilibrium [1}, 2]. The
phase transitions were re-visited by solving the Smoluchowski equation exactly in
equilibrium [I'7]. In this paper we extend our earlier results in [I7, 25, 27] to study
equilibrium solutions of the Smoluchowski equation, in which the the first moment
vector (polarity vector) is not parallel to the external field. We will provide a
detailed study on properties of the non-parallel solutions.

The paper is organized as follows. In Section 2 we give a brief description of the
properties of magnetic dispersions under an external magnetic field. After reviewing
the equilibrium solution of Smoluchowski equation, we prove a series of theorems
that characterize the properties of the equilibrium solutions whose polarity vector is
not parallel to the external field. The asymptotic result for the critical value of the
dipole-dipole interaction strength is derived in Section 3. The details are put in the
Appendix. Numerical results are presented in Section 4 to validate the asymptotic
results. Finally, in Section 5 we summarize the main results of the paper.

2. Equilibria of Smoluchowski equation for magnetic dispersions or rigid
nematic dipolar polymers under an imposed magnetic field. The ori-
entational probability density function for homogeneous flows of magnetic nematic
dispersions or rigid nematic polymers p(m,t) is governed by the Smoluchowski
equation [25]. Tt has been shown that the equilibrium solution of the Smoluchowski
equation is given by the Boltzmann distribution [6} [, &, 2, 211, 22, 26, [T, 25)

1

p(m) = —expl~U(m)), 7= /S exp|~U(m)]dm (1)

where m represents the permanent dipole direction of the nematic molecule in
dispersions when p # 0 or the induced dipole direction when p = 0, U(m) is the
total potential energy normalized with respect to kT (k is the Boltzmann constant
and T the absolute temperature), Z is the normalizing constant or the total partition
function, and S denotes the unit sphere S = {m||m| = 1}.

For dilute solutions of dipolar rigid nematic polymers under an imposed magnetic
field (E), the total potential energy density is given by

Um)=—-a(m) m-pE -m— %EE :mm, (2)

where «q is the difference of the polarizability parallel and perpendicular to m
known as the anisotropy, u is the strength of the permanent dipole moment, « is
the strength of the intermolecular dipole-dipole interaction, (m) is the first moment
of the pdf also known as the polarity vector,

(m) = [ mp(m)dm. (3)

In this paper, we study dilute nematic polymer solutions or dispersions so the
excluded volume effect is neglected in the potential energy. Given the material
parameters (o, ag, i, and E), the potential energy as well as the equilibrium solution
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are completely determined by (m) provided the non-linear integral equation for (m)
@) is solved. We shall focus our attention on the solutions of equation (Bl for various
parameter regimes in this study.

We first establish a coordinate system for m: we select the z-axis to be the
direction of E, the y-axis to be perpendicular to the plane spanned by (m) and E;
we also select the positive directions of the z-axis and y-axis such that (m) has a
non-negative z-coordinate (if (m) and E are parallel to each other, then the choice
for the x-axis and y-axis is not unique). It is noteworthy that for a given coordiate
system with the z-axis parallel to the external field, due to axisymmetry of the
problem, if (r1,0,73) is a solution, then (r1 cos,r; sinf,rs) is also a solution for
any value of 6. Here we select (r1,0,73) with r1 > 0 to represent this group of
solutions.

In this Cartesian coordinate system, we have

m = (m17m25m3)7 E= E(anvl)a <m> = (T1507T3)5 T > Oa

Um)=—-arim — (uE+ ars)ms — %Ezmg.

The nonlinear integral equation ([B]) becomes

) =/Sm1p(m)dm,
0= [ map(um)ien, (5)

3 :/mgp(m)dm.
s

Note that our choice of the Cartesian coordinate system makes E positive. In this
paper we consider the case where @ > 0, E > 0, |ap| > 0 and p > 0. In [25] we
have shown that if o < 1, then (m) must be parallel to E. Furthermore, we have
shown that if g > |ap|F, then (m) must be parallel to E. In this paper, we will
first give an alternative proof for this result based on the torque balance argument
and then continue on analyzing the behavior of solutions whose polarity vector is
not parallel to the external field direction.

For the theorems below, we introduce a spherical coordinate system in which the
y-axis points to the north pole. We use (¢, () to denote this spherical coordinate
system where 1 is the polar angle and ¢ is the azimuthal angle. Later on in this
paper, we will use another coordinate, which we denote by (¢, ) for distinction, in
which the z-axis points to the north pole.

In the (%, () spherical coordinate system, we have

(m1, ma, ms) = (sint sin ¢, cos 1, sin ¢ cos (),
(6)
U(wv <) = UMut(wa <) + UEmt(wa <)7
where the mutual interaction and the external part of the potential are given re-
spectively by

Unrut(¥,¢) = —ary sinysin( — ars sin cos ¢,

(7)
Ugst(¥,() = —p E sintycos ¢ — % E? sin? 4 cos® C.
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The equilibrium pdf is given by
p(,0) = Zexp[-UW, Q) Z= / / expl-U(, OdCsinpdyp. (8
0 -7

The nonlinear integral equation for 1 and r3 becomes

= [y J7, sinesin Cp(e, ¢)dep sinpd,
9)
rs = [y [T, sine cos Cp(h, ¢)dip sinpdC.

Theorem 1. At equilibrium, the external torque about the y-axis vanishes, i.e.,

0
(g, =0, (10)
Proof. We first show that
(ta:0) + e Ualt:6)) =0 )

Physically, this quantity is the (negative) total torque on the system about the
y-axis. Since the system is in equilibrium, the total torque should be zero, i.e.,

0
(S Unun0.0) + 5 Ue(0:))

(12)
_ __/ /7 —GXP UMut(i/); C) — UEzt(i/J, C)] d( sinydy = 0.
Next we have that
<8<UMut(¢ C)> = (arzsinysin( — ary sinty cos () = argry —aryrs =0, (13)

where we have used (@l). Equations ([2) and ([[3)) lead immediately to [[d). We note
that ([[3)) is a consequence of the Newton’s third law for mutual interaction. O

Theorem 2. If u > |ag|E, then the polarity vector (m) of an equilibrium solution
is non-zero and must be parallel to E.

Proof. We need to prove that all solutions of (@) satisfy m = 0 first. We prove it
by contradiction. Suppose there is a solution of [{@) satisfying 71 > 0 (recall that
the coordinate system is selected to make 7 non-negative). We are going to show
0
that u > |ap|E and r1 > 0 lead to <8C Ugat (1, C)> # 0, which contradicts with
(@) proved in Theorem 1 above.
Exploiting the fact that Ug,.(¢, () is an even function of ¢, we have

< o <)>

:_/ / ¢ Ut (4 O {exp[=U (v, )] = expl=U (¢, =)} d{ sin .

In the above, the first factor of the integrand satisfies

gan;gct(w,C) = pEsinvsin ¢ 4+ agE? sin? ¢ cos ¢ sin ¢

% (15)
= (u+ apEsinycos)Esinysin¢ >0 for ¢ € (0,7), ¥ € (0, ).

(14)
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The second factor of the integrand satisfies

exp[=U (¥, ()] — exp[-U (¢, =()]
= 2exp [%EQ sin® ¢ cos? ¢ + (uE + ars) sin 1) cos C} sinh(ar;sinysin¢)  (16)

>0 for ¢ e (0,m), ¥ e (0,m).

5}
Substituting ([H) and () into () we obtain <8_<UEM(¢’ C)> > 0, which contra-

dicts with (). Therefore, when p > |ao|E, (m) must be parallel to E. O

Next, we have to show that the polarity vector is not a zero vector, i.e., r3 # 0.
It follows from (@) that

r3 = (sinv cos &)
(17)

=7 Ow/2 OW/Q sin? 9 cos ¢ sinh((ar3 + uE) sin 1) cos C)e%E2 sin” v cos” € qap .

This implies that r3 # 0 since r3 = 0 contradicts to the above equation.

Now let’s look at the intuitive physical picture of the non-parallel solution. Each
polymer is subject to two potentials: i) the external potential caused by the mag-
netic field and ii) the mutual interaction potential caused by the mean field. The
net torque effect of the mutual interaction potential is zero by Newton’s third law.
Therefore, it’s the torque due to external field that affects the mesoscale orientation.
In addition, it has been shown that a dipolar nematic phase forms beyond a. = 3
when the material is absent of any external field. In the spherical coordinate system
where the pole is on the z-axis, the external potential is given by

Ugyt(¢,0) = —pF cos ¢ — %0 B2 g2 ¢ =—aoFE? (L cos ¢ + 1 cos? gb) ,
2 agE 2
which has two stationary points ¢ = 0 and ¢ = 7 when pu > |ao|E. When p < |ag|E,
however, the external potential has a third stationary point, ¢q, given by
I
cos(¢g) = ooE
The torque due to external potential vanishes at the stationary point, leaving the
possibility for a nonparallel equilibrium at g < |ap|E and « large enough.

A necessary condition for the existence of the non-parallel solution indicated in
Theorem 2 above, u < |ag|E, seems to suggest that for large external field (E), the
non-parallel solution shall always exist. However, the theorem below (Theorem 3)
tells us that when «g > 0, non-parallel solution does not exist for large external
field. This is physically reasonable. When «g > 0, the effect of the external field
both directly on permanent dipole and indirectly on the polarized dipole tends to
align nematic polymers with the external field (parallel and anti-parallel). As one
will see, Theorem 3 below does not exclude the existence of non-parallel solution
for large external field when oy < 0. Our numerical simulations show that when
ap < 0, non-parallel solution alway exists for large external field. When oy < 0,
the effect of the external field on the polarized dipole tends to align polymer rods
perpendicular to the external field, which is what we observe in the numerical sim-
ulations.
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Theorem 3. If (r1,73) is a solution of {d) with r1 > 0, then ao(pnE + ars) <0

Proof. We prove the theorem by contradiction. Suppose there is a solution of ([@)
satisfying m > 0 and ag(puF + ars) > 0. We will show that r; > 0 and ao(uFE +

ars) > 0 lead to <(,%UEzt(1/J, C)> > 0, which contradicts with () in Theorem 1.

First we have

({%UEH(@/J,C) = pEsin ) sin ¢ + agE? sin? 9 cos ¢ sin ¢

> agE?sin?¢cosCsin¢  for ¢ € (0,7), ¢ € (0,7).

Substituting it into ([[d) and using ([IH), we obtain
0 1
J— > —
<8<UEzt(1/)7C>> Z X

/0 /0 aoE?%sin” 1) cos  sin ¢ {exp[—U (1, ¢)] — exp[—U (1, —¢)]} d¢ sin i) (18)

T p/2
= %/ / 4E? sin? ¢ cos ( sin € exp %EQ sin? 1 cos? C} g(1, )d¢ sintpdip,
o Jo

where
g(,¢) = ap sinh[(uE + ars) sin 1 cos ] sinh(ary sin 4 sin ¢)
>0 for¢e(0,7/2), ¥ € (0,7), ag(uE + ars) > 0.
Thus, we have <§<UEN(¢, C)> > 0, which contradicts with (). O

In [25] we conjectured and numerically confirmed the existence of non-parallel
solutions. In the theorem below we give a rigorous proof for the existence of non-
parallel solutions.

Theorem 4 (Existence of non-parallel solutions). For u < |ao|E, there exists an
& (depending on u, oo, and E) such that when « > & there is a solution of ()
satisfying r1 > 0.

Proof. Consider the free energy density
F(a,r3,m) =log (/ / exp[—U (¢, ¢)]d¢ 51n¢d¢> — 5(7‘% +73). (19)
0 -7

Equation (@) is equivalent to the FEuler-Lagrange equation derived from the free
energy density:

iF((Jz,?“g,,rl) =0. (20)

0
—F(Q,Tg,Tl) :Ov (97“1

(97‘3

We express r3 and r; in polar coordinates

rg =rcosw, 711 =rsinw. (21)
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The function F(a,7s,71) becomes

Fla,r,w)

= log </0 /7 explarsin cos(¢ — w) — Uga (¥, €)]dC sinq/;dz/;) — %r2 (22)

= log </ / explarsin cos(¢) — Ugat (¥, ¢ + w)]d( sin 1/1d1/1> — %T2.
0 -7
Equation (@) is equivalent to
9] 0
gF(a,r,w) =0, a—wF(a,r,w) =0. (23)

So we only need to show that for p < |ag|E, there exists an & (depending on u,
ap and E) such that when a > & there is a solution of £3) satisfying r; > 0. We
prove it in several steps.

Step 1: Consider the function

fo J7_exp[Asintp cos ¢ — Upa (¥, ¢ 4 w)]d sin thdap

Ti(\w) = Jo J". exp[Asin ¢ cos (]d( sin tpdp

We have
. ™
)\11_)1{.10 i\ w) = exp[—UEmt(g,w)] = Th(w).

and the convergence is uniform in w. The uniform convergence is needed in Step 5
below. We prove this result using the (g, A) notations in Calculus. Note the € used
in this step should not be confused with the £ used in the later part of the paper.
For any € > 0, we want to show that there exists A such that A > A implies

Ti(A\w) = Ta(w)| <e, (24)
for all w € [—m, w]. We prove [ in several substeps.

Substep 1A: We notice that Ug.(, (), (?/JUEHW} ¢) and
bounded for all 1) and . That is, there exits M such that

a%vmw,o

Upae(8, Q)| < M, ivmw,o\SM 0 Ul <>\ M, (25)

‘aw =
for all ¢ and ¢. It follows that there exists 0 < 6 < § such that |[¢p — 5| < ¢ and
|¢| < & implies

5D (~Upar( €+ ) — expl-Ukae(5,0)]| < 72, (26)

2

for all w.
Substep 1B: Let us introduce two shorthand notations for the integration domains.

D={w.0|w-F<Flc<n},
D5={¢7C ’|¢—§|<57|C|<5}'
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Result Z0) leads to

fDé exp[Asin e cos ( — Ugqt (1, ¢ + w)]dC sinypdyp - <
[, exp[Asin g cos (JdC sin e S w)| <

B) 3

- exp[_UE;Et(

| =

(27)
for all w.
Substep 1C: In D\ Djs, we have either cos¢ < cosd or siny) < cosé or both. It
follows that

/ exp[ A sin ¢ cos ¢]d¢ sindip < 2% exp[A cos 0] (28)
D\Ds
Thus, we have
lim Aexp(—X\) / exp[Asin ¢ cos (]d¢ sinydy = 0 (29)
A—00 D\Ds

In Dy, using the fact that cos z > 1— %, and letting ¢’ = VA()— %) and ¢’ = VA(,

we obtain

)\exp(—)\)/ exp[A sin ¢ cos ¢]d¢ sin pdy
Ds
A ™2 A
A ——Y—-—=) —= 2} d od
> /Déexp[ (6-2)" - 2e2] g cosau

= cos5/ / exp [ (V"% + C'2)} d¢’dy’
— 2wcosd as A — 00 (30)
Combining [Z9) and @B0) yields
- fD\Dg exp|[A sin ¢ cos ¢]d( sin pdep _
A0 st exp|\ sin v cos €]d( sin ydi)
Substep 1D: Since Ugy (), ¢) is bounded, we have
S, OIS €08 €~ Upue(t, € +)]dCsin v
A—oo [ exp[Asing cos ¢ — Upai (1, ¢ + w)]d( singody
exp|A sin ¥ cos (]d( siny¥d
< exp(2M) I 1—»oo fi\)Dexpp)f sin z/chos ¢ ]Cclc <sm 1;21;[1 -

and the convergence is uniform in w. Combining @Il) and B2), we obtain that there
exists A such that X\ > A implies

J" e[)\ sin ¢ cos (—Upgzt(¢,(+w) ]dc sin ’(/Jd¢
elAsiny cos (] q¢ sin 4pdap

(32)

(33)
fD e[)\sinwcos C—UEzt(w7C+w)]d< sin wddj 1
— ] - < —
fD5 e[)\smwcosddcsind}dw =4
for all w. Finally, combining 1) and (B3)), we conclude that A > A implies
f e[ASinwCOS<7UE”(¢’C+w)]dC sin1/1d1/1 T 1
= f [Asing cosC] ¢ si - eXp[_UEIt( )] <5 (34)
pe ( sin ydap 2’ 2
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for all w, which leads immediately to &4]).
Step 2: By definition

Tr(w) = exp[pE cosw + %EQ cos? W] (35)

Let wo be the angle satisfying cos(wg) = _—/; and 0 < wy < m. Ty(w) attains a
ag

minimum (ap > 0) or a maximum (g < 0) at wy. Below we present the proof for
the case of ag > 0. The case of cg < 0 can be handled similarly.
We choose 6 > 0 such that

TQ((.«)O — 5) — TQ((.«)()) >0, TQ((.«)Q + 5) — TQ(WO) > 0,

wo—0>0, wo+3d <.
Using the result in Step 1, we have
Jim [T3(A,wo — 0) = Ty (A, wo)] > 0, lim [T3(A,wo +6) = T1(,wo)] > 0.
Step 3: From Step 2, there exists Ag such that A > Ay implies
Ti( A\ wo —0) —Th( A\ wo) >0, Ti(Awo+8)—Ti(A\wp) > 0.

As a result, for A > Ao, T1(\,w), as a function of w, attains a local minimum in
(wo — §,wo +9).
F(a,r,w) is related to Th(\, w) as

F(a,r,w) =log(Ty(ar,w)) + log (/F /F explar sin v cos (]d¢ sinq/;dz/;) - %r2.
0 -7

Notice that only the first term depends on w.

Step 4: From Step 3, we see that when o > 2\, for each r in [0.5,1], F(a,r,w),
as a function of w, attains a local minimum in (wy — d,wp + d). When a > 2, the
location of the local minimum defines a function w(r) for r in [0.5, 1]. w(r) satisfies

gF(a,r,w(r))zo, O0<wy—0<w(r) <wy+d<m. (36)
w

Step 5: Consider the function
Jo J. sintp cos ¢ exp[Asin 1 cos ¢ — Upat (¥, ¢ 4 w)]dC sin pdap
Tg()\,&)) = ﬂ-7r 3 . . .
Jo Jo, exp[Asine cos ¢ — Upei (1, ¢ + w)]d( singpdp

We have T3(A,w) < 1 for finite A since T3(A,w) can be viewed as the average of
sin ¢ cos ( with respect to a probability density. Furthermore,

(37)

)\lim T5(\,w) = sin g cos0 = 1.

Since Ugz+(1), ) is bounded, this convergence is uniform in w. As a result, there
exists A\ such that for A > \; we have

1
3 < Ts5(\w) <1, forallw.

Step 6: Differentiating F(«, r,w) with respect to r, we get

—F(a,r,w) = a[T3(ar,w) —r].

or
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Thus, when o > 2\, we have

0

1
gF(a, -

5:w) = alTy(5,0) = 5] >0,

0

EF(O[, 1L,w) = o[T3(a,w) — 1] < 0.

That means when o > 2)\; for each w, %F(a,r, w) = 0, as an equation for r,
has a solution in [0.5,1]. When « > 2X;, the solution defines a function r(w) for
w € [0,27]. r(w) satisfies

% < r(w) < 1. (38)

Now we combine BH) and [B) to finish the proof. Let & = 2max(\g, A;). When
a > &, both [BH) and [BY) are valid. Let (r,,ws) be the intersection point of the
curve w(r) in (BH) with curve r(w) in @), as illustrated in Figure 1. At (1, wq),
We have

5}
gF(a,r(w),w) =0,

0 0
_F(Q,Ta,wa) = Oa —F(a,rmwa) - 0;

or Oow

1

§<ra<1, 0 < wq <.
Therefore, r3 = rq4 COSWq, 1 = T Sinw, is a solution of @) and r; > 0. This
completes the proof of the existence theorem. o

We just proved that for sufficiently large o non-parallel solution exists. In [25],
we showed that for v < 1 only parallel solution exists. As we reduce «, the branch of
non-parallel solution cannot simply disappear into nowhere. It must be connected
to another branch of solution. The non-linear integral equation (@) is symmetric
with respect to r1. If (r1,73) with ; > 0 is a solution of (@), then (—r1,r3) is also
a solution of (@l). It is natural to conjecture that as we reduce « the non-parallel
solution with r; > 0 disappears at a = «* where it is connected to its counter-
part (mirror image) with r; < 0. This conjecture is a reasonable one and it has
been confirmed by our extensive numerical simulations (for example, see results in
Figure 2). With this conjecture, a* is the critical value for « such that for a > a*
non-parallel solution exists while for a« < «* only parallel solution exists. In this
paper, we are going to assume this conjecture is true and we procced to analyze
asymptotic behaviors of the critical value o* as ﬁ —-1—0.

Theorem 5 below identifies the equation for «*, the intersection point of the non-
parallel solution (r; > 0) with the horizontal line = 0. Then in the next section,

we do asymptotic analysis.

Theorem 5. Suppose a non-parallel solution (r1 > 0) of (@) connects to a parallel
solution (r1 =0) at o and ri. Then o and ri satisfy
1
(ms)ln=0 =73, (Miln=0=— (39)
Proof. We begin with the fact that «, r1 and r3 satisfy system (H). Evaluating the
third equation in @) at 1 = 0, a* and 3, we get

(m3)]r =0 = 13-
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Differentiating the probability density function with respect to s = ary, we have
0 0 (1
Seotm) = £ exol-tm)] )

- ;_; /sml exp[—U(m)ldm - exp[~U (m)] + %ml exp[—U (m)] (40)
= —(m1)p(m) + myp(m).

At the intersection point, a(ri)|r,—0 = @* and s|,,—9 = 0. Using the definition to
calculate the derivative, we obtain

ory
0s

n-0 m ——— = (41)

m —— = lim ——
r1—0 a(rl)rl -0 r1—0 04(7”1) a*

T1 =0

Here by introducing variable s = ar; and using the definition to calculate the de-
rivative r1 /08|, —o directly, we avoid the assumption that the non-parallel branch
of 71 > 0 and the non-parallel branch of r; < 0 are connected smoothly at r; = 0.

Differentiating the first equation in (@) with respect to s = ary; and using )
yields

(97‘1

B = —(m1)? + (m) (42)
Evaluating it at r1 = 0, using @) and (m1)|,,—0 = 0, we arrive at
1
() im0 = —.
We remark that o* > 1 is a direct consequence of the above formula. o

3. Asymptotic behavior of the critical value o*. In order to study the behav-
ior of o*, the critical value of the intermolecular dipole-dipole interaction strength,
we switch to the spherical coordinate system (¢, ) where the pole is on the z-axis.
In the spherical coordinate system (¢, ), we have

(mq,ma2, m3) = (sin ¢ cos @, sin ¢ sin 6, cos ¢),

U((bv 9) = UMut((bv 9) + UExt(¢; 9)5

where the mutual interaction and the external part of the potential are given re-
spectively by

Untut (¢, 0) = —ary sin ¢ cos 6 — ars cos ¢,
Q0 2 o
Ugat(¢,0) = —pE cos ¢ — 7E cos? &.

The steady state probability density is

plo.8) = genl-U@.0)  Z= [ [ el 0dosin g

—T
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Lemma 1. In the spherical coordinate system (¢,0), equation [E9) becomes

1
/ u exp [(,uE +a'r3)u+ %E%ﬁ} du
-1 *
=r3

T
/ exp [(,uE +a"ry)u + %EQUQ] du
—1

1
/ (1 —u?)exp [(,uE + o' ry)u+ %EQUQ] du
—1

" =
2/ exp [(ME +ar3)u+ %Ezuﬂ du
-1

Proof. In the spherical coordinate system (¢, 0), we introduce substitution u =
cos ¢. Then, we have

T 2T
7 = / / exp [(ME +ar3)cos ¢ + %EQ cos? ¢] do sin pdep
o Jo

1
27T/ exp [(ME +a'ry)u+ %E%ﬁ} du,

1
T 2w o
Z{ms) = / / COS ¢ exp {(uE+a*r§)cos¢+ EEQ cos? (;5} df sin ¢pdep
o Jo
! e
= 271'/ U exp [(uE + " ry)u + 70E2u2] du,
-1
T 2w
Z(m?) = / / sin? ¢ cos? § exp [(ME + a*ry)cosd + %EQ cos? ¢] df sin ¢pd¢
o Jo

1
= 7T/ (1 —u?)exp [(uE + o' ry)u+ %EQUQ] du.
-1

Substituting these into ([BH), we obtain E3). O
We consider the case where o and F are fixed while (Joo|E — ) — 0.

Lemma 2. (A) When ag > 0, we have

lim —a™(u)r3(p) = oo (44)
p—aoE

(B) When ag < 0, we have

limn o ()5 () = oc. (15)
n—(—ao)E

Proof. We prove (A) by contradiction. (B) can be proved in a similar way. Suppose

E) is not true. Using Theorem 3, we have —a*(u)r3(u) > pE. The supposition

that ) is not true implies that there is a bounded sequence of —a™(u)ri(u) as

u — aoE. Note that —1 < —r5(u) < 1 is also bounded. As a result, there is a

subsequence {u,} satisfying

lim p, = agF,
Jim —a” (pn)r3 (pn) = a, (46)

lim —r5(un) = b,

n—oo
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where both a and b are finite: —1 < b < 1 and a > ag = agE?. Taking the limit on
both sides of {3 yields

1
/ u exp [(ao —a)u+ %uﬂ du
-1
=-b

T
/ exp [(ao —a)u+ %uﬂ du
-1

(47)

/71(1 1_ u?)exp (a0 — a)u+ Fu? | du _ 2 (48)
/ exp [(ao —a)u+ %uﬂ du

-1

Notice that @) and ) can be rewritten as

2b
(up = =b, (1-u?) ==, (49)
a
where the average is taken with respect to the probability density
1 1
p(u) = 7 exp [(ao —a)u+ %uﬂ, Z = / exp [(ao —a)u+ %uﬂ du.
-1

We consider the quantity
((1— u?)[(ap — a) + aou])

%/_11(1 — u2)[(ao — a) + apu| exp [(ao —a)u+ %u2:| du

% /_11(1 —u)d {exp [(ao —a)u+ %uﬂ }

—2/1 ue [(a —a)u—l—@iﬁ] du = 2{u)
= 7 » Xp 0 B = .
From ), we have

(1 —u?)u) = 1 [((1 = u*)[(ao — a) + aou]) — (1 — u?)(ap — a)]

ao
1 1 2b 2b
= — [20) — (1 —u®)(ag — a)] = — | —2b— Z(ap —a)| = —=.
- 20 = (= a0 - )] = o 2= Zao - a)] =%
Combining this result with @), we obtain
20 2
(1 =u®)(1+u) =1 —u?) + {1 —u)u) = ———=0 (50)
On the other hand,
1
(1 —u*)(1+u) = / (1 —u?)(1 + u)p(u)du > 0. (51)
-1
BED) contradicts with ([&I). Therefore, lim  —a™(p)ri(p) = oo. O

p—aoE
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Now we introduce another Lemma based on Laplace’s method before deriving
the asymptotic behavior for o*.

Lemma 3. Suppose f(u) is a quadratic function satisfying f(—1) =0 and g(u) is
a quadratic function. As A — oo, we have

| ) expldu+ gl

T
/ exp[—Au + g(u)]du
- (52)

I\ =

f'§+<2f’g'+f”)$ +[B(g" +9*)f +3f"g I SR

1 1
Ltg'5+ (0" +9%)55 +

where all the derivatives are evaluated at —1.
Proof. Using the substitution v = —1 + ;, we have

2\

J(=1+ 3) explg(—1 + 3)] exp(—v)dv

A

I(A) == 2X 0
| expla(-1+ lexp(-o)io
0

Expanding functions f and g, we obtain

/ [ 3+ g”(z_ 2, K—z} exp(—v)dv

) =

L] perie () E s
[t (P25 o

2)\ " "
: '%{ (g +f_>X+<g —i2-g +2f—f, )—+ ]exp(—v)dv

/0 [1+ A+<9 ﬂ;g )/\2+ ]eXp(_v)dv

where all the derivatives are evaluated at —1. Note that

2\ oo
lim v* exp(—v)dv = / v* exp(—v)dv = k!
0

A—oo J

and the covergence is exponential, the result (£2) follows immediately. O

We now present the main asymptotic results for o* as (Jao|E — ) — 0.

)
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_ lowE|—p

Theorem 6. Lete = —————. Ase — 0, a® behaves like
lao E|
1 1 1 1
*— .94 = ZagE? 4+ )24
« - { +2a+<2ao +8>a + } (53)

Proof. We present the proof for the case of oy > 0. The case of g < 0 can be
proved in a similar way using a lemma similar to Lemma 3.
For the case of ag > 0, we derive the first term of expansion
. 2

o = - + - (54)
It turns out that once we obtain the first term, it helps us simplify significantly the
derivation of subsequent terms. The detailed derivation of the three term asymp-
totic expansion (B3)) is given in the Appendix.

Let A = —a*r} and g(u) = pFu + %E%ﬁ. Lemma 2 shows that as ¢ — 0 we have

A — oo. Applying Lemma 3 to the first equation of @3] with f(u) = 14 u, we have

1 1 1
T2z +3le 9
rs+1= . -
1+g/l+(g”+g’2)i ..
A 22
Applying Lemma 3 to the second equation of @3) with f(u) =1 —u?, we arrive at
! ! 2 1
__T;_X+(2g/_1)ﬁ+[3(9”+g/)_39/}ﬁ+"' 56

1 1
)\ 1+9/X‘|’(9”+g/2)—+

2
Solving (5 + 1) from (@) yields

1 1
(L—g)5 ++ 80" —2(¢" +9%)] 5+
r3+1= T T . (57)
1 /= " AN .
tg 5+ )+
Equating @3 and (BZ) gives
1 1 1 1 1
12 a+3le g% g+ =g+ 30 2"+ 9] 5+
which in turn leads to
gr=[g —2(g" +g*)] +---. (58)

Taking derivatives of g(u) = pEu + %EQUQ, we have

g'(=1) = —(wE? - pE) = —agE%, ¢"(-1) = agE* = O(1).
The right hand side of [B8) is
g —2(g" + g*) = —200E* + O(e).
The left hand side of (B8) must match the right hand side. Thus it follows that

2
A= (59)

Equation (BH) shows that as A — oo we have 5 — (—1). Therefore, we conclude
that

2
af =24 (60)
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O

Remark: This asymptotic behavior of a* has been confirmed in our numerical
simulations (see next section).

oF _
%—Oonw(r)
0.)(I’) ...... r=05

FIGURE 1. Diagram of function w(r) and function r(w). Along
w(r), OF /0w = 0 and along r(w), F/0r = 0. At the intersection
point (wy, 7' ), the gradient of F' is zero. Hence (wq, 7o) is a solution

of equation (23).

f104

0.65
0.7 r3

10 0.75

[of % 20

FIGURE 2. The components of the polarity vector r; and r3 as
functions of o with respect to g = 1, —1. Parameter values used
here are: = 0.6, E =1, a € [5,20]. Left panel: ap = 1. Right
panel: ap = —1.

4. Numerical results.  We solve eq. ([@) numerically to validate the asymptotic
results obtained above. Figure 2 shows nonparallel solutions for the case of ap =1
(left panel) and oy = —1 (right panel). r; and r3 are shown as functions of a.
For ap = 1 (left panel), the crtitical value is a* ~ 5.7227 and the value of rs is
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negative. This is consistent with the fact that for oy > 0 the third stationary point
of the external potential is in the same hemisphere as the negative direction of the
external field. The parameter values used in simulations are listed in the figure
caption. For ag = —1 (right panel), the critical value is a* = 5.3835 and the value
of r3 is positive. This is consistent with the fact that for oy < 0 the third stationary
point of the external potential is in the same hemisphere as the positive direction
of the external field. Figure 3 shows r; and r3 as functions of a. For the case of
ag = 1 (left panel), nonparallel solution exists only in a bounded interval of E.
The lower limit of E is explained by Theorem 2, which says the necessary condition
for the existence of non-parallel solution is £ > ﬁ This is only a necessary
condition, not sufficient. The actual lower critical value is £ .. =~ 0.7619. The
parameter values used in simulations are given in the figure caption. The upper
limit of E is explained by Theorem 3, which says for g > 0 another necessary
condition for the existence of nonparallel solution is pE < a(—r3) < a. Again,
this is only a necessary condition, not sufficient. The actual upper critical value is
B pper = 3.3921. For the case ap = —1 (right panel), nonparallel solution exists
when FE is above a critical value, explained by Theorem 2. For ay < 0, Theorem 3
does not impose an additional condition for the existence of nonparallel solution.

FIGURE 3. The components of the polarity vector r; and r3 as
functions of E with respect to ag = 1, —1. Parameter values used
here are: u = 0.6, « = 10, E € [0,10]. Left panel: ap = 1. Right
panel: ap = —1.

In order to confirm the asymptotic result (B4l) for o*, we compare the asymptotic
result from (B4]) with the direct numerical solution of equation E3)). Figure 4
demonstrates that the asymptotic expansion is accurate for both the case of ag =
1 (left panel) and the case of oy = —1 (right panel). Figure 5 focuses on the
performance of the asymptotic formula for € near 1 where the asymptotic formula
is not expected to yield accurate result. For the case of ag = 1 (left panel) the
asymptotic formula is very good even for ¢ close to 1. The maximum relative error
is less than 3%. For the case of ag = —1 (right panel) the result of asymptotic
formula is still acceptable although for & near 1 the relative error is about 25%.
Finally, Figure 6 shows the absolute error in asymptotic formula (B4]) as a function
of e. Here the error is defined as the absolute value of the difference between the
numerical solution of equation {J) and the asymptotic result (E3). As shown in
Figure 6, for both the case of ag = 1 and the case of g = —1, the error decays like
2 or faster as £ — 0.
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—— Numerical solution —— Numerical solution
5 = Asymptotic expansion 10° = Asymptotic expansion

g B ) g g 0
10 10 10
10 10 IS 10 IS

FIGURE 4. Log-log plots of a*(¢) as a function of . Solid line
represents the numerical solution of equation (3]). Symbols repre-
sent the asymptotic result (B3)). Left panel: ag = 1; Right panel:
ap = —1. They demonstrate that the asymptotic expansion is accu-
rate for both the case of ap > 0 and the case of oy < 0. Parameter
values used here are: E =1, 1 € [0.01,0.99].

5. Concluding remarks. In this work we have studied the equilibria of Smolu-
chowski equation for dilute solutions of dipolar nematic polymers and magnetic dis-
persions under an imposed external field. We establish the existence of a critical
value of the dipole-dipole intermolecular strength above which a class of nonparallel
equilibria exists where the polarity vector is not parallel to the direction of the exter-
nal field. An asymptotic formula for the critical value is established in terms of the
other material parameters and compared with direct numerical computations. The
rigorous as well as asymptotic results for the equilibria of the Smoluchowski equation
will provide valuable insights into the governing system of pdes which is prototypical
in kinetic theories for solution of polymers and dispersions [T3 I8 23| 24} [T4].

Acknowledgements. The authors thank the anonymous referees for their con-
structive comments and suggestions. H. Zhou was partially supported by the Naval
Postgraduate School and AFOSR. H. Wang was partially supported by the NSF
Grant DMS-0317937. Q. Wang was partially supported by AFOSR under grant
number F49550-05-1-0025, and by the NSF Grant DMS-0204243.

Appendix. Asymptotic expansion of o* with more terms

In this appendix, we derive (B3)). Recall that A = —a*r} and g(u) = pEu + %EQUQ.

From the previous analysis in Theorem 5, we know

g (1) = —(agE? — pE) = O (%) . g'(=1)=aE*=0(1).

This will be very helpful in simplifying the expansion below.
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—— Numerical solution —— Numerical solution
= Asymptotic expansion 5 = Asymptotic expansion

0,E+p
g=—C0——
2 a,.E

FIGURE 5. Linear plots of a*(g) as a function of € for € near 1.
Note that the asymptotic formula is derived in the limit of ¢ — 0
and is not supposed to be valid near ¢ = 1. Solid line represents
the numerical solution of equation [3)). Symbols represent the
asymptotic result (B3)). Left panel: g = 1; Right panel: ag = —1.
In the left panel, it is clear that the asymptotic formula is very
good for the case of ag > 0 even for € close to 1. Parameter values
used here are: E =1, 1 € [0.01,0.99].

10"

Errorin a'(g)
Error in a(g)
5

FIGURE 6. Error in a(e) as a function of . Error is defined as the
absolute value of the difference between the numerical solution of
equation E3J) and the asymptotic result (B3)). Left panel: ag = 1;
Right panel: oy = —1. From the figure, we can see that as ¢ —
0, the error decays like €2 or faster. The blue line and symbols
represent the error. The red dashed line shows 3 = ce?. The red
line is drawn to guide your eyes and to show the behavior of error
as € — 0. Parameter values used here are: E =1, p € [0.01,0.99].

Lemma 1A: Suppose f(u) is a quadratic function satisfying f(—1) = 0. As A — oo,
we have

/ (1) expl—Au + ()] du
) = 2=t

1
/ exp[—Au + g(u)]du
-1
(61)
F+ @9 + )3+ Blo" +97) +3f"9]55
+[12g/g//f/ + 69”][”]% + 159//2f/% ..

1 1 1 1
1+g/X+(gN+g/2)p+3g/g/lﬁ+3g//zﬁ+"'
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where all the derivatives are evaluated at (—1).

Proof of Lemma 1A: Using the substitution u = —1 + ;, we have

22 v v
f(=1+ X) explg(—1+ X)] exp(—v)dv

I\ = £

2X
| expla=1+ Fnexp(=oyie

f and g, we obtain
"n—q 2
g )v_} exp(—v)dv

A e e -
[ e ons - LER g et

@

2 A

2\ 1" i 12 2 /11,3 "2 ,.4
SV /" v U g"+g”\ v  gg"v g% —v
/0 fx[”g—m}'[”gﬂ( 2 >F+ 2 ﬁ+?ﬁ+'“]e dv

2 " 2 2 ! 0,3 "2 ,.4
v + v v v
/ {1+g/—+<g g >—+gg +9 —+-~lexp(—v)dv
0

A 2 A2 2 A 8 A

2

" " 2 24
[Pyn[ el )5 (42 ) 5
0

—v
’ 1 1" 1" 3 12 4 € dv
Moo+ ) S

2\ " 12 2 r 13 "2 ,4
/ [1+g’3+<g 9 )v—+gg L2 +~-~]e”dv
0

)

A 2 A2 2 3T g
where all the derivatives are evaluated at —1. In the above expansion, we have

1
used the fact ¢ = O (X) and omitted terms of the order higher than 1/\*. For

g 0P
example, we omitted the term 5 Using
2\ 9]
lim v* exp(—v)dv = / v* exp(—v)dv = k!
A—oo J 0
we obtain the result (@l). O
E—
Theorem 1A: Let ¢ = M. Ase — 0, o™ behaves like
O[()E
1 1 1 1
=24 = —aoE? 4= )2 4. 62
a E{+26+<2a0 +8>a+ } (62)

Proof: Applying Lemma 1A to the first equation of @3) with f(u) = 14w, it follows
that
1

1 1 1 1
T 2055 300"+ 953 +1200" 57 +150" 5+ -

1 1 1 1
1+9/X"’(9/14‘9/2)?+39/9Hﬁ+39"2p+“'

ry+1=
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Applying Lemma 1A to the second equation of E3) with f(u) = 1 — u?, one has

1 3 1 15 64
+20' =Dz + (0" +9%) =g 55 +[1209" —69"] 57 + 9" 5+ (64)

1 1 1 1
1+glx+(gll+gl2)ﬁ+3glgnﬁ+39H2F+"'

Solving (15 + 1) from (@) yields

> =

ry+1=

1 1 1
ﬁ + [691/ _ gg/g//] ﬁ _ 129//2F 4. (65)

1 1 1 1
1 /- " AN 3q q" — 3 "2 _—
T+ 975 309 5 30 g+
Equating @3) with (@3), we have

1 /1 " 12 1 ///1 //21
X+29ﬁ+3(g +g )F+12gg a Tt

1
(1—g')y ++[3¢' —2(g" + 9]

1 1 1 1
= (1 =g)5++[39 —29" +9%)] 55 +169" = 99'g"] 53 — 12077+
which leads to
1

1
— 129" = . (66)

g/)\:_2gl/+g/_2g/2+[39//_99/9//] X )\3

(B — )

. Substitutin,
OéoE &

Recall € =

g'(=1) = —aE%, ¢"(-1) = apE?
into (BH), we get
—apF%e\ = =200 E? — apE%c — 2(a0E2)252
. (67)
(eA)?

+3a0E2(1 + 3a0E25)i/\ —12(aoE?)
g

We already know eA = O(1). We seek a solution of the form e\ = co+cie+cae?+- - -.
Substituting this expansion form in (@), we obtain

—OéoEQ(CO +c1e + 6252) = —20[0E2 - O[()E2E - 2(0[0E2)262

82
—12(aE?)? = + -+ .

3apE?(1 + 3apE?
+3apE*(1 + 3 E)co—l—cla p>

Equating coefficients of corresponding powers of ¢ gives

— 1 1 23 2
eEA=2 25+(2a0E 8)5+ . (68)
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Equation ([@&3) tells us that

11+2g’§+-~ 1
l [ 3ol

S P B PP B S
- e 2 1l¢ 2 4

Combining this result with (B8), we conclude that

[1]
2]

[10]
(11]
(12]
(13]
[14]
(15]
[16]

(17]

5/\ 1 2—de+ (FaE?—3)e+ -
1——(1+ 1e) +--

e
2 € 3
e+ | zaE” — e? +. 14+ -+ e+

1
2 2 8
1 2 4

2+ E—l— 2a0E g2+

—T

l\DI}—l @Lx

-

ml}—l M= O

REFERENCES

A. S. Bhandar and J. M. Wiest, Mesoscale constitutive modeling of magnetic dispersions,
Journal of Colloid and Interface Science, 257 (2003), 371-382.

A. S. Bhandar, M. Piao, A. M. Lane and J. M. Wiest, Mesoscale constitutive modeling of
magnetic dispersions: material functions for shear flows, Journal of Colloid and Interface
Science, 268 (2003), 246-257.

A. V. Bhave, R. K. Menon, R. C. Armstrong, and R. A. Brown, A constitutive equation for
liquid crystalline polymer solutions, J. Rheology, 37 (1993), 413-441.

B. Bird, R. C. Armstrong, and O. Hassager, “Dynamics of Polymeric Liquids,” vol 1 and 2.
John Wiley and Sons, New York, 1987.

S. Chandrasekhar, “Liquid Crystals,” 2nd ed., Cambridge University Press, Cambridge, 1992.
P. Constantin, I. Kevrekidis, and E. S. Titi, Asymptotic states of a Smoluchowski equation,
Arch. Rat. Mech. Anal., 174 (2004), 365-384.

P. Constantin, I. Kevrekidis, and E.S. Titi, Remarks on a Smoluchowski equation, Discrete
and Continuous Dynamical Systems, 11 (2004), 101-112.

P. Constantin and J. Vukadinovic, Note on the number of steady states for a 2D Smoluchowski
equation, Nonlinearity, 18 (2005), 441-443.

P. G. de Gennes and J. Prost, “The Physics of Liquid Crystals,” 2nd ed. Oxford University
Press, New York, 1993.

M. Doi and S. F. Edwards, “The Theory of Polymer Dynamics,” Clarendon Press, Oxford,
1986.

W. E, T. Li and P. Zhang, Well-posedness for the dumbbell model of polymeric fluids, Comm.
Math. Phys., 248 (2004), 409-427.

I. Fatkullin and V. Slastikov, Critical points of the Onsager functional on a sphere, Nonlin-
earity, 18 (2005), 2565-2580.

M. G. Forest, R. Zhou, and Q. Wang, Chaotic boundaries of nematic polymers in mized shear
and extensional flows, Physical Review Letters, 93 (2004), no. 8, 088301-088305.

M. G. Forest, Q. Wang, Monodomain response of finite-aspect-ratio macromolecules in shear
and related linear flows, Rheol. Acta, 42 (2003), 20-46.

M. G. Forest, R. Zhou, and Q. Wang, The weak shear phase diagram for nematic polymers,
Rheological Acta, 43 (2004), no. 1, 17-37.

S. Hess, Fokker-Planck-equation approach to flow alignment in liquid crystals, Z Natur-
forschung, 31a (1976), 1034-1037.

G. Ji, Q. Wang, P. Zhang and H. Zhou, Study of phase transition in homogeneous, rigid
extended nematics and magnetic suspensions using an order-reduction method, Physics of
Fluids, 18 (2006), 123103.



NONPARALLEL SOLUTIONS OF EXTENDED NEMATIC POLYMERS 929

[18] N. Kuzuu and M. Doi, Constitutive equations for nematic liquid crystals under weak velocity
gradients derived from a molecular kinetic equation, J. Phys. Soc. of Japan, 52 (1983), 3486—
3494.

[19] R. G. Larson, “The Rheology of Complex Fluids,” Oxford University Press, New York, 1998.

[20] F. M. Leslie, Theory of flow phenomena in liquid crystals, Advances in Liquid Crystals, 4
(1979), 1-81.

[21] H. Liu, H. Zhang, and P. Zhang, Azial symmetry and classification of stationary solutions of
Doi-Onsager equation on the sphere with Maier-Saupe potential, Comm. Math. Sci., 3 (2005),
201-218.

[22] C. Luo, H. Zhang and P. Zhang, The structure of equilibrium solution of 1D Smoluchowski
equation, Nonlinearity, 18 (2005), 379-389.

[23] Q. Wang, A hydrodynamic theory of nematic liquid crystalline polymers of different configu-
rations, J. Chem. Phys., 116 (2002), 9120-9136.

[24] Q Wang, M G Forest, and R Zhou, A hydrodynamic theory for solutions of nonhomogeneous
nematic liquid crystalline polymers with density variations, J. Fluid Eng., 126 (2004), 180—
188.

[25] Q. Wang, S. Sircar and H. Zhou, Solutions of the Smoluchowski equation for nematic polymers
under imposed fields, Comm. Math. Sci., 3 (2005), no. 4, 605-620.

[26] H. Zhou, H. Wang, Q. Wang, and M. G. Forest, A new proof on azisymmetric equilibria of a
three-dimensional Smoluchowski equation, Nonlinearity, 18 (2005), 2815-2825.

[27] H. Zhou, H. Wang, M. G. Forest, and Q. Wang, Characterization of stable kinetic equilibria
of rigid, dipolar rod ensembles for coupled dipole-dipole and Maier-Saupe potentials, Nonlin-
earity, 20 (2007), 277-297.

Received December 2005; revised February 2007.

E-mail address: hzhou@nps.edu
E-mail address: hongwang@ams.ucsc.edu
E-mail address: wang@math.fsu.edu



	1. Introduction
	2. Equilibria of Smoluchowski equation for magnetic dispersions or rigid nematic dipolar polymers under an imposed magnetic field
	3. Asymptotic behavior of the critical value *
	4. Numerical results
	5. Concluding remarks
	Acknowledgements
	REFERENCES

