MA 1116 — Suggested Homework Problems from
Davis & Snider 7" edition
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1.2

Problems: 1-4, 8

Figure 1: Figure 1.6 for Problems 1-4 on section 1.2

1. Cinterms of £, D, I

Note that
F+C+D=F
Therefore
C=F-D-F
2. Gintermsof C, D, E, K
Note that
K+G=-F
and
F+C+D=F
or
F=F-C-D
Therefore
K+G=—-E+C+D
or

G=-E+C+D-K

3. Given x + B = F, solve for x



based on Figure 1

F-B=A
Therefore
r=A
4. Given x + H = D — FE, solve for x
r=D—FE—-H
based on Figure 1
D-F=G+H
Therefore
r=G+H—-H=G
B
A c
E D
E
Figure 2: Six equilateral triangles
8.a

Note that G = C but G = H — A and H = B therefore G = B — A so

C=B-A
D=-A
E=-B

F=-C=A-B

8.b. Sum of all is zero (vector addition with last terminal point being the same as first
initial point)



1.3

Problems: 2, 5, 8, 14

2. If [A| = 3 then |4A| = 4|A| = 4 x 3 = 12

Also | —2A|=|—-2||A|=2%x3=6

For —2 < s <1 we have |sA| = |s||A| = 3|s|] < 3 x 2 = 6. The minimum value of s is
zero, so that [sA| > 0.

5.
A =aoB

Is it possible that B = yA?
If a #= 0 then we can divide and so v = —.
o

If =0 then |A| =0 and one cannot have any nonzero vector as a multiple of zero.
8. Two vectors, one pointing up from plane and one is pointing downward.

14. Given the vectors A, B and C (see Figure 3)

@

B JAVBI "

Figure 3: For problem 14 section 1.2

Let us sketch the vector B from the terminal point of the vector A. In order to get an
isosceles triangle, we make this new vector the same length of A, i.e. the new vecor is B%.
Note that I used 80 degree-angle between the vectors A and B.

[A]
B

vector of length |A| in the direction of B so that the angle is bisected

C=A+ B



1.4

Problems: 4, 6, 9, 12

4. |3i—4j| = /3 + (42 =9+ 16=5
6. Given P1<4, 2), P2(5, —1)

PPy=(5-4)i+(-1-2)j=1i-3j

9.a. A =ai+ fj with |[A| = Va2 + %2 =1 and A makes an angle of 60° with the z axis.
Clearly, sin(60°) = b = f3, so

A "
3
b=
and thus
3 1
1= 122
« F=yi-173
Therefore \/_
1 3
A Lo V9,
21+ 2J

60°

I I I I I I I
-4 -3 -2 -1 0 1 2 3 4

Figure 4: For Problem 9a of section 1.4

9.b. A =ai+ fj with |A| = Va? + 52 =1 and A makes an angle of —30° with the z axis.
Clearly, sin(—30°) = — = /3, so



and thus

Therefore

I I I I I I I
-4 -3 -2 -1 0 1 2 3 4

Figure 5: For Problem 9b of section 1.4

3. 4
9.c. [3i+4j| = 5. The vector —i+ —j is in the same direction as the original and of unit

length (dividing by the length of the original vector)

1 1 2
9.d. A = §i + Bj. The length of the vector is unity, implying 8% + () = 1or

2
1 3 3
B2:1—4:4’Soﬁzi\é_and

1
A=-it Yo
2! J

o5

9.e. A is a unit vector perpendicular to the line z +y = 0, so A = i+ 3j with a* 4 8> = 1.

2
Therefore (see figure 6) o = = j:\é_ and

A:if(iﬂ')

(Only two vectors!!)



x+y=0

45

Figure 6: For Problem 9e of section 1.4

12. given the vector V whose endpoints are A and B, so that V = 2i + 3j. Given the
midpoint M = (2,1) we have to find the coordinates of the endpoints. Suppose A = (x1, ;)

and B = (x2,ys2) then
To—21=2, Yo—4h =3

and from midpoint formula

1+ X _9 Y1+ Yo 1
2 2
solve the set of two equations for the x coordinates, we get ;1 = 1 and x5 = 3. Solve the
other set for the y coordinates and we have y; = —3 and y, = 3 Therefore the endpoints

A=(1,-5), B=(3,2.5)



1.5

Problems: 4-6, 13, 15
4. B=2i+2j—k,s0||B||=v4+4+1=3.
1

||sB|| = 1 implies |s| = Bl Therefore |s| = 5 or s = +1.

5. A =3i+4j,s0||A|] = v9+ 16 = 5 and the unit vector
A 3,4
. B
Al 5 5
6. A = 3i +4j, C = 3i — 4k
We have C+ D = A, so D=A-C = 4j + 4k
a. ||D|| = V16 + 16 = 4v/2

b. The vector is parallel to yz plane since there is no component in  direction.
13. A = 2i — 2j + k therefore ||A|| = V4 +4+1=+/9=3
2 2 1

Therefore cosa = 3 cosff = ——=, cosy = —

3’ 3
15. cosa = % describes a cone with vertex at the origin and base perpendicular to x axis.



1.6

Problems: 3, 5
3. Ri(t=1)=3i+4j—k, and Ry(t = 3) = 3i+ 36j — 27k,
then the displacement is Ry — R; = 32j — 26k.
5. F1 = 3k, FQ = 61, F3 = 2j, what is F4, such that F1 + F2 + F3 + F4 =07

F,— —F, — F, — Fy — —6i — 2j — 3k.
The magintude of Fy is ||[Fy|| = /36 +44+9=V49=7 (b

10



1.7

Problems: 1, 3, 7,9, 17, 19

1. A=2i+j+2k B=3i—
IIAII—\/4+1+ —f—s and |[B|| =9+ 0+16=v25=5
andcos@—iz

35 15
2
0 = cos™ (_ )
Ccos 5

3. Find the three angles of the triangle with vertices A =
C=(3,-

4k

(2,-1,1), B=(1,-3,-5), and

(3, —4,—4). The sides are: AB = —i—2j— 6k, AC = 1—3J—5k and BC = 2i —j+ bk.
Therefore cos6; = AB - AC = —1+6+30 o » %
"TAB|[JAC]  VItA+36V/I+9+25 VA3 V4l

0 arccos 35
= ar —
! 41

Since we need vectors emanating from the point B, we should use —AB ,
—AB - BC —(—2+2-6)
S 02 —= =

6
IAB||[|BC|| VI+4d+36VAi+i+1 i f 41

6
6, = arccos ( 41)

03 =180 — 6, — 0,

7. Let the 4 sides be the vectors A, B, C, and D, so that

A+B+C+D=0.

Since the two opposing sides are equal and parallel, we have

A=-C

Therefore, when we substitute this in the previous equation, we get

B+D=0
and thus

B=-D
and so the other two are parallel and equal

9. Show that AE = FEC, BE = ED, see figure

11



D D

Figure 7: For Problem 9 of section 1.7

Let us look at C'F, and show that CE = %C_}l = % (%Tjt ]§> and similarly BE = %Bj)
Now CE = s (/_f + é) since it is in the direction of A + B. The point E is on the line
connecting the points B and D and so —EC=C+t (E + é), but C = —ff, SO

—

—EC:—EH(E—E)

Therefore

—

E(J=E+t(ﬁ—§):s(£+§)

SO

— —

(s—1—-t)A=(-s—1t)B

Since A and B are not parallel, the scalars are zero

s—1—t=0, s+t=0

Or
2s — 1=
SO
1
5= =
2
and therefore substituting s above CE = % (/T + §) as we wanted to show.

17. The equation of a sphere

e[ = (2 = 2)" + (y = 3)" + (z — 4)°

12



where r is the vector from the center (2,3,4) to the point (x,y,z) on the edge of the sphere,
therefore ||r|| is the radius which is given as 3 and the equation

(=22 +(@y—32+(2-4)?=9

19.
r=y=2z

is a line (two equations!) = = y is a plane and x = z is a plane and we are taking the
intersection of these two.

13



1.8

Problems: 1,4, 7,9, 11, 15a
1. Line thru (0,0,0) parallel to 3i — 2j + 7k
x—0 y—0 2z-0

3 =2 7

or

rt__Y_=2

3 2 7
or in parametric form

r = 3t

y = —2t

z = Tt

4. Find the two unit vectors parallel to the line

r—1 y+2 9
—= Z =
3 4 7
The vector v in the direction of the line is v = 3i 4 4j, and ||v|| = /9 + 16 = 5, therefore
the unit vectors are v +-i+ —j
+||v]| 5 5
. . . y+2
7. Find equations of line thru (0,0, 0) parallel to z — 3 = = + 1.

The vector v in the direction of the line is v =i+ 4j — k and so the equations are

r—0 y—-0 =2-0
1 4 -1

or
r=2=—2
4

9. Line thru (1,4, —1) and (2,2,7)

v=0>2-1Di+2-4)j+("+Dk=i-2j+8k

and the line is

r—1 y—4 241

1 -2 8
or 5 .
9= J_
g 2 8
11. Angle between lines
r—1 y-3 =z
3 4 5
-1
$2 =3—-—y=2



We need the angle between the vectors vi = 3i+4j+5k and vy = 2i—j+ %k in the direction

1 21
of these lines. ||v{|| = V9 + 16 + 25 = /50, ||va|| = ”4+1+Z = ”Z

Therefore
) 3:-244(-1)+5-4 6—4+32 9 9
COsSU = = = =
V50,/2 VE0YZL  VEOV2T  5v21v2

15.a. Given the lines
R; = (5i+4j + bk)t + 7i + 6j + 8k

R, = (6i+ 4j + 6K)t + 8i + 6j + 9k

We can also write them as follows

5 4 5
r—8 y—6 z2-9
6 4 6
Find the point(s) of intersection. Since both have , we get
r—7 x—38
5 6
or 6x — 42 = 5z — 40 or
xr =
-7 -6 -5 -6
Now substitute this into — _Y to get — = i or
5 4 5 4
y =2

11— z—38
5
1o _1-%— 9
6
The first one yields 2 — 8 = —5 or z = 3. This value of z satisfies the second equation.

Therefore we have one point (2,2, 3)

15



1.9

Problems: 1, 5, 7, 11, 12a, 21, 24
1. The scalar product of (3i+ 8j — 2k) - (5i+j+2k) = 3(5) +8(1) —2(2) =15+8 -4 =19
5. The angle between the two vectors 2i and 3i 4 4j is

g 2BF0) 6
V49116 206)

6 = 53.13°

7. Find the component of B = 8i + j in the direction of A =i+ 2j — 2k

A-B_ 8(1)+1(2)+0(-2) 10 10

Al Vi+4+4 9 3

11. A-A=0and A-B=0
From the first we have that A is the zero vector, substituting in the second we get identity
no matter what the vector B is.

12.a. B=6i—3j—6k, A =i+j+k, then

B-A 6—-3—-6

- B i
A AT T it =i

B, =B - Bj = (6i —3j — 6k) — (—i—j—k) = 7i — 2j — 5k

21. Show that [|A + B|| < ||A|| + ||B]
Let us square the left hand side

IA+B|P=(A+B)- (A+B)=A-A+A-B+B-A+B-B=|A|?+2A B +||B|?
Now square the right hand side
([[A]] +[IBI))* = [|A|* + 2/|A[[||B]| + ||BI?

So we need to show that
2A - B < 2||A[[||B]|
Now A - B = ||A]||||B]| cos § and since |cosf| < 1, we have the triangle inequality.

24.  Given two lines, line ¢; thru (5,1,—2) and (2,—-3,1) and line ¢5 thru (3,8,1) and
(—3,0,7), then
vi = 3i + 4j — 3k

vy = 6i + 8j — 6k
Vi v = 3(6) + 4(8) + (—3)(—6) £ 0

Therefore the lines are not perpendicular. In fact vo = 2v; so the lines are parallel

16



1.10

Problems: 2, 4, 6, 9, 12, 23
2. Plane thru the origin and perpendicular to 2i — 8j + 2k is
20 — 8y +22=0
We can divide the equation by 2 to get x — 4y + z = 0.
4. Plane parallel to 3z + y — z = 8 thru (1, 3, 3) is
3x—1)+y—3—-(2—-3)=0

or
r+y—2z=3

6. The distance from the point (3,4,7) to the plane 2x —y — 2z =4
Let Ry = 3i+ 4j + 7k the position vector to the point and n = 2i — j — 2k and d = 4 the
constant on the right hand side in the equation of the plane, then the distance is

R n—d [6-4-14-4] 16
]| Jitri+4 3

z+2
3

9. Show that the normal to the plane 2x — 8y + 2z = 5 is parallel to the line z =y =

n=2i—8+2k
v=i+j+3k
n-v=2-8+6=0
Therefore the normal to the plane is perpendicular to the line.

12. Given the three point O(0,0,0), A(1,2,3), B(0,—1,1) and C(2,0,2)
a. Find a vector perpendicular to the plane OAB

Since OA and OB are in the plane, we take the cross product. Since we don’t know yet
how to find the cross product, we just get the equation of the plane and this will give us the
normal.

a(x —0)+ by —0) +c(z —0) =0, since O is on the plane
Using A and B, we get

a+2b+3c=0
—b+c=0
From the second b = ¢, so a + 2b + 3b = 0 implies a = —5b. Clearly we have a choice, we

take b =1 so that ¢ = 1 and a = —5. The equation of the plane is

—dSr+y+z=0

17



and the normal is
—oSi+j+k
Note that a different choice of b will give a multiple of this vector.
b. Find the distance from C' to the plane
|—5(2)+1(2)-0] _|-8 8
V25 +1+41 V2T V27

23. Plane thru the points (4,0,0), (0,6,0), and (0,0, 12), find equation of another plane
thru (6, —2,4) parallel to this one.

a(r —4) + by + cz =0, since the point (4,0, 0) is on the plane
a(—4) +6b=0
a(—4) +12¢ =0
So a = 3¢ and b = 2a/3, choose ¢ = 1 gives a = 3 and b = 2, so the normal is 3i + 2j + k
and the equations of the plane required is

3 —6)+2(y+2)+(2—4)=0

or
3r+2y+2=18—-4+4=18

18



1.12

Problems: 1, 3, 5, 8, 10, 13, 19, 22, 23
l.a. A=3i—j+2k, B=i+j—4k

gk 1 2 3 -1
AxB=|3 -1 2 |=i —j +k =i(4-2)—j(—12—-2)+k(3+1)
1 —4 1 —4 11
1 1 —4
A x B =2i + 14j + 4k
b,
ij k
AxB=|2 1 7 |=il b T |—j|2 7 |+k|2 1|:i(—8)—j(—2—21)—|—k(2—3)
1 -1 3 —1 31
31 —1
AxB=-8i+23—k
C.
i j k
AxB=| 0 1 6|=i|]} 6|—j‘ 0 6|+k‘ 0 1‘:—11i—6j+k
2 1 11 1 2
121
d.
ij k
AxB=|10 0 =i 5]t Ol P Vg
010 10 0 0 01

e. GivenBxA=i—j,find AxB=—-(BxA)=-i+]
3. Find the area of the triangle with vertices (1, 1,2), (1,5,5) and (2, 3,5).

Let A = (1—1)i+ (5—1)j+ (5— 2)k = 4j + 3k

and B=(2—-1)i+ (3—1)j+ (b —2)k =i+ 2j+ 4k. The area of the triangle is half the
area of the parallelogram

1
SIA X B

AxB =

=i

—_ O -
DO W e
w w K

43] 03], 104
2 311 3 1 2

‘ = i(12-6)—j(—3)+k(—4) = 6i+3j—4k

and the area is

1l 0—rn——- 1 1
§ 62+32+42:§\/36+9+16:§V61

19



5. Given the vectors 3i 4+ j and 2i — j — 5k, the vector perpendicular to both is the cross
product

i j k
3 1 0 |[=i(=5)—j(—15) + k(—5) = —5i + 15j — 5k
2 -1 -5

To get a unit vector we divide by the magnitude, which is :I:\/(—5)2 + 152+ (=5)2 =

+1/25 + 225 + 25 = £/275 = 4,/25(11) = +5/11

Therefore the unit vector is
—5i + 15j — 5k _i—i—i—?)j—k
+5/11 V11

8. Given A =2i+2j, B=3i—j+ k and C = 8i, show that

(AxB)xC#Ax (BxC)

i j ok
(AxB)=[2 2 0|=2—2j—8k
3 1

-1
i j k
(AxB)xC=|2 -2 -8 |=—64j+ 16k
8 0 0
i j k
BxC)=|3 -1 1|=8j+8k
8 0 O

i j k
AxBxC)=|2 2 0|=16i—16j+ 16k
0 8 8

Not equal.

10. Find a unit vector in the plane of i + 2j and j + 2k perpendicular to 2i + j + 2k.
We cross the first two vectors to find a vector perpendicular to the plane

O = e
— DD e

k
0|=4i-2j+k
2

When we cross this with the third vector we get a vector in the plane

i j k
-2 1 |=-51—-6j+8k
2 1 2

20



The unit vector is then

—5i—6j+8k  —5i—6j+8k  —5i—6j+8k

+/(=5)2 + (=62 + & V25 +36+64 £5V5

13. Find the distance from the point (5,7,14) to the line thru (2,3,8) and (3,6,12), see
figure.

(5,7,14) (36.12)

A perp

(238)

Figure 8: For Problem 13 of section 1.12

A =3i+4j+6k
B=i+3j+4k

AxB= = —2i — 6j + 5k

_ W -
W > e
=~ o K

The distance is

|A x B||  A+36+25 / \[

IB||  V1I+9+16

19. A-B=0and A x B =0 imply

[|AJl[[B][ cos 6 = 0

and
[|A[|[|B]]sing =0

The only way this is possible is that either vector is the zero vector (since the sine and cosine
functions can vanish at the same point).
22. Given that A and B are parallel to yz plane, i.e.

A= agj + agk, B = bQJ + bgk

The norms are given
IAll=2,  [|B|[=4

and
A-B=0

21



then the angle 6 between them satisfies cosf = 0 since they are not zero vectors. This
implies that sin @ = £1 therefore A x B = 2(4)(£1)n = £8n. Therefore ||A x B|| = 8 and
since the vectors are in the yz plane, the normal n =1, so A x B = £8i

23.a. Do the lines

intersect? Let’s write the lines as
r = 3t1, Yy = 2t17 z = 2t1

$:5t2, y:?)tg, Z:4+2t2
Matching the x and y we have 3t; = 5ty and 2t; = 3ty for which there is no solution.

Therefore the line do not intersect.

b. The line perpendicular to both, will have a vector in the direction of the normal to the
vectors in the direction of those lines, i.e.
i j k
3 2 2
5 3 2

= 2i+4j—k

Now this line should cross the original two lines, so
(3i+2j + 2k)ty — (dk + (5i + 3j + 2k)t2) = (—2i+ 4j — k)t3

or COHlpOHeIlt—WiSG
3t, — Bty = —2t5
2t — 3ty = 43
2t1 —4— 2t2 - —tg

solve the last equation in the above system for t3 gives t3 = —2t; + 2ty + 4, substitute this
in the first two equations
3ty — Bty = —2(—2t1 + 2ty + 4)

2ty — 3ty = 4(—2t1 + 2ty + 4)

simplify
—t) —ty = —8
10t — 11t = 16
104 64 104
and solve for t; and ty. So t; = o1 and t9 = o We use the point t; = ﬁ) to get the
equation
104 104 104
= -2t + — =4t+ —2, z=—t+—2
x —|—213,y +21,z —|—21

22



Note that when t = 0 we get the point on the first line and when t = % we get a point on
the other line. We can write the equations as

04, 208 208
= — — = — 7= — —
v ] ’ 21

Another way: The normal line is
r=x0—2t, y=yo+4t, z=20—1

Now for ¢ = t3 this line intersects the first line and for ¢ = ¢4 it intersects the second line,
we write these 6 equations

To — 2t3 = 3t1

Yo + 4t3 = 2t

20 — t3 = 2t1

o — 2t4 = 5t2

yo +4ty = 3ty

20—ty = 2+4

Solving the system of 6 equations with 7 unknowns: g, %o, 20, t1, t2, 3,14, we find a free
parameter t4 and all the other variables will be

t—104t—64t—4—|—t
1 — 21 y L2 — 217 3 — 21 4
320 e 64 At 212 4t
= — —_ —_— — zZn = ——
Zo 21 4, Yo z 4, 20 21 4

c. To find the distance, we have already the normal to both —2i 4+ 4j — k and we just need
two point, one on each line. We should take (0,0,0) on the first and (0,0,4) on the second
(i.e., the parameters are zero) and create the vector connecting these two points which is
—4k. Now we take the dot product of these vectors and divide by the norm, i.e.

—ak- (<2i+4j-k) _ 4
JE22 424 (-1 V2L

distance =

23



1.13

Problems: 1, 3,5, 7
l.a. Given A =2i, B = 3j, C = 5k then

200
[A,B,C]=| 0 3 0|=2(3)(5)[ij k=30
00 5
b.
Using the last column to expand.
Lo 3 1 11
[A,B,C]=|3 1 0|= +95 =-3451-3)=-3-10=-13
0 —1 31
0 -1 5
C.
2 -1 -1 1 2 -1
2i—j+k,i+j+k,2i+3k]=|1 1 1|=2 +3 =2(—2)+3(2+1) = —-449=5
5 0 3 1 1 1 1

[k717j] = _[i7k7j] = [17J7k] =1

3. The volume is the triple [AE, AC, Ab] which is

1 0 O
-3 -1 3 _‘:;3’——6+6—0
-3 -2 6
5. The vecors i+ j, 3i + 4j, k give a volume of
1 10
340 :‘éi‘:4_3:1
00 1

7. Plane parallel to 2i 4+ j + k, i — 3k and thru 93,4, —1). The normal is the cross product
of the given vectors

k
1 |=i(=3)—j(-7)+k(-1)==-3i+7j—k

and the equation is
—3(x—-3)+T7y—4)—(2+1)=0

or
3v—Ty+ 2= -20

24



1.14

Problems: 5-7

d.
a=wX (wWxR)=(w-Rjw—(w-w)R
6. a. AxB=BxA? No
6. b. (AxB)xC=Ax(BxC)? No
6. c. AxB=A xC ifand onlyif B= C. Not necessarily
6. d. A x B =0 if and only if one is zero. Not necessarily
7.

|AxB|* + (A-B)* —[|A|P(|B||* = [|A[[*[[B* sin® 6+[| A[[*[|B]|* cos™ 6—[| A||*|| B
———— ——

([A[[1B]| sin6)  ([|A[[[[B]] cos 6)>

= [|A|P|IBJ|? (sin® 6 + cos?f — 1) = 0
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2.1

Problems: 1, 3, 4, 5hi
1. F(t) =sinti+ costj+k
a. F'(t) = costi— sintj
b. F'(t) parallel to zy plane since no component in z direction
c. When is F'(t) parallel to zz plane? This means —sint =0ort = 4+nmw, n=0,1,2,...
d. ||F(t)|| = Vsin?t + cos?t + 1 = /T + 1 = /2, so F(t) has a constant magnitude.
. ||F'(t)|| = V/sin? t + cos?t = /1, so F' has a constant magnitude.

f. F’(t) = —sinti — costj.
3.a. f(t) = (3ti + 5t%)) - (ti — sintj)

]

f'(t) = (3i + 10tj) - (H — sintj) + (3ti + 5t%j) - (i — costj)
f'(t) = 3t — 10tsint + 3t — 5t* cost = 6t — 10t sint — 5t* cost
b. f(t) =||]2ti + 2¢j — K|, so f2(t) = (2¢ti + 2tj — k) - (2ti + 2tj — k) Now differentiate

2f()f'(t) = (21 +2j) - (2ti + 2tj — k) + (2ti + 2tj — k) - (2i + 2j) = 2(4t + 4t +0) = 16t

8t
f(t)
£(t) = 8t B 8t
VAR AT V1482
c. f(t)=[(1+j—2k) x (3t*i+1j)] - k.
We can do this either by first computing the function f(¢) and then differentiating or
use the rule to differentiate the product. Here we use the latter. Note that the only vector
depending on t is the second one. First compute the cross product of the first vector with

the derivative of the second vector

f1(t) =

i j k
11 =2 |=2i—j(-24% + (1 — 12tk
122 1 0

Since we want to dot this with k, the answer should be f'(¢) =1 — 12¢*

d dR d’R
4. PI’OVedt<RXd> :RXW

2
The left hand side is (ZR X Og: + (R X ai;:) which is the right hand side.
—_———

=0
5.h. A =3i+2j+ 6k, B=3i+4k, C =2i — 2j + k then since A and B are constants

jt(A+Bt):B:3i+4k
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dt

d
d(Bth):thth—ierdt(Ct):BxC
——

=0 C

i j k
BxC=|3 0 4 |=8i+5j—6k
2 =21
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2.2

Problems: 1-3, 5, 8, 13

1. Find unit tangent vector to: x = acost, y = bsint, 2 =0

R = acosti+ bsintj

@_— inti+ bcostj

o = —asinti+beost
iR :
||EH:\/(—GSIHt)2+(bCOSt)2

dR

‘% —asinti+ bcost]
[ \/(—asint)2 + (bcost)?
Now at ¢t = 37/2 we have sin(37/2) = —1, cos(37/2) =0 and

o —a(=Li+b0)

(a)?

2. For the curve & = sint — tcost, y = cost + tsint, z = t2,
a. Find the arc length between (0,1,0) and (=27, 1,47?) . First note that 0 < ¢ < 2.

dz ) .
— =cost — (cost —tsint) = tsint
dt
dy : :
i —sint + (sint +tcost) = tcost
dz
¥
dt

Now

dr\’ dy 2 dz\>
= + F + = = t2sin’t + t% cos® t +4t% = 5t2

—¢2

and the arc length is

2 12|27 472
s = / Vaedt = V5| = VBi — oy/5r?
0

2 o 2
b. Find T(t)
dR
T(t) = ik
Il
dR
o tsinti + tcostj + 2tk from part a.
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H H = /5t from part a.

tsinti+tcostj+ 2tk sinti + costj + 2k

/5t V5

T(t) =

b. Find T(n)
sinTi+cosmj+2k  j+ 2k

V5 R

3. For the curve x = i, y =sint, z = cost, find the arc length between the points (0,0, 1)
and (1,0,1). Clearly 0 <t < 27.

T(r) =

R 1'+ tj —sintk
= —i+ costj —sin
dt 27 .
1 V14 4n?
||—\/—|—C082t—|—sm t= ——kl:#
47 2T
2r /1 4772 1 A2
0 T

Now to the unit tangent vector

514 costj — sintk

V14472
2

At the point (0,0,1) we have t = 0, so

ai+j  i+42m)

Vitar® /1 472

2

T(0) =

5.a. For the curve xz = efcost, y = e'sint, z = 0, find the arc length between ¢t = 1 and
t=1

dx ' '
— = e cost —e'sint
dt
d
d—i:etsint—ketcost
d
dz _
dt

Now

dr\’ dy 2 dz\> . f . N\2 ‘. . 2
p + oI + 7 :<e cost —e smt) —|—<e sint +e COSt)

29



dt dt dt
and the arc length is

s:/ol VAt = V3e!| = V(e —1)

1
0

b. To reparametrize, we need s(t) == [ e'\/2dt = /2¢!

and t = In (% + 1) Therefore

:\/ﬁ(et—l),soet:i\/%)—l—l

t
0

c. Sketch. The curve starts at (0,1) and moves counter clockwise to (0, e™?) and down
to (—e™,0) continue to (0, —e*/?) and hits the z axis again at (¢?",0). Spiraling outward.

8. Show that the curve z(t) =t y(t) = 2t%, z(t) = ¢ intersects the plane x + 8y + 12z = 162
at right angle. For some ¢ we need % to be perpendicular to the plane or parallel to
i + 8j + 12k which is normal to the plane. Now

dR
—— = 1i+44tj+ 3tk
o i+4tj+3

For t = 2 we get

dR
— =i+ 8+ 12k
7 1+ 8]+

The question is if the curve and the plane intersect at that point x(t = 2) = 2, y(t = 2) =
8, z(t = 2) = 8 and for these values the equation of the plane: 2+8(8)+12(8) = 2+64+96 =
162 Therefore (2,8, 8) is the point of intersection and at that point the vectors are parallel.

13. No. For example 22 + 3> = C, x > 0, C > 0 which is the right half circle. In this case
d d

2z + Qy—y =0, so A which does NOT exist for y = 0.
dx dx Y
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2.3

Problems: 2, 5-7, 9, 15, 17

2. Given x = 3tcost, y = 3tsint, z =4t
a. To find the speed, we need the first time derivatives of z, vy, 2,

r =3cost — 3tsint, y = 3sint + 3tcost, z =4

v = \/(3cost— 3tsint)? + (3sint + 3t cost)? + 42

I|lv|| = \/9(305215— 18t sint cost + 9t2sint + 9sin® ¢ + 18t costsint + 9¢2 cos? t + 16

l|lv|| = \/9(cos2t+ sin?t) + 9¢2(sin® ¢ + cos?t) + 16
V]| = V9 + 92 + 16 = V25 + 92

d
d;: = V25 1 922

b. To find the acceleration we need the second derivative

T = —3sint — 3sint — 3tcost, y = 3cost + 3cost — 3tsint, 2 =0

a=(—6sint — 3tcost)i+ (6cost — 3tsint)j

l|la|| = \/(—6Sint — 3tcost)?+ (6cost — 3tsint)?

l|la|| = \/36 sin®t + 36t sint cost + 9t2 cos? t + 36 cos? t — 36t sint cost + 92 sin? ¢

lal| = V36 + 9¢2

d?s dds d 18t ot
ap = — = —— — /25 £ 92 = —
T= a2 dtdt  dt 225 F 92 /25 + Of2

as +axy = ||a||* = 36 + 9¢°

Therefore )
81t
2 2
=36+9 — ——
Ay = T o
81t2
— /3610 — T
w \/ * 25 + 9t
S (3cost — 3tsint)i+ (3sint + 3tcost)j+ 4k
c. T= =
l|v]| V25 + 9t?

d. Find the curvature x||v||* = ay,

8112
o= BN _ \/36 + 9 — 5w
[[v]]? 92 + 25
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5. R = (cost+sint)i+ (sint — cost)j + itk
. 1
a. R=v = (—sint+ cost)i+ (cost +sint)j + ik

2 . 2 . 2 1 . . 1 9
||v||* = (—sint + cost)* + (cost + sint)” + 1= 1 —2sintcost+ 1+ 2sintcost + 11
vll=5 =%
Vv = - = —
2 dt
b.
a= —(cost+sint)i+ (—sint + cost)j+
c.
2, . .2 s L
T = g(—smt + cost)i+ g(cost +sint)j + gk
d.
ar =0, since % is constant
l|a||*> =1+ 2sintcost + 1 — 2sintcost = 2
Therefore
ay =2—-0=2
ay V2 42
K = = == —
IviiE % 9
Note that the curvature is constant.
e. Compare to (2.15)
(S31 :i—j
€ =1+]
p:
1
a=—
2

6. xz(t) =3t — 3, y(t) = 3t? z(t) =3t +t*
Then
@(t) = 6t — 3%, y(t) = 6t, (t) = 3+ 3t*

#(t) = 6 — 6t, §j(t) =6, 3(t) = 6t

The curvature is
R x R
||R/[[?
Now
i j k
R xR" = | 6t—3t2 6t 3+ 3t?
6—-6t 6 6t
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R’ xR/ = (36t* — 18— 18%)i— (361* — 18> — 18+ 18t — 18t 4 18%)j 4 (36t — 18¢* — 36t +36t* )k
R' x R =18(t* — 1)i — 18(#* + t — 1)j + 18tk

IR’ x R|| = /182(12 — 1) + 182(12 + — 1) + 18211

IR x RY|| = 18VH4 — 262 + 1+ 14+ 23 — 202+ 12 — 2t + 1 +- t*
IR’ x R"|| = 18V/3t4 4 213 — 312 — 2t + 2
[IR||? = 36t* — 36t> + 9t* + 36t% + 9 + 18¢* + 9t* = 18t* — 36t° + 90> + 9
IIR/||? = 9(2t* — 4¢3 + 10> + 1)

Therefore

183t 4263 — 312 — 2t +2  2¢/3t1 + 213 — 312 — 2t + 2
C(9(2tF — 43 41062 +1))3/2  3(2t4 — 413 + 1012 + 1)3/2

7. R(t) = sinti+ costj + log(sect)k
a. Find ds

1 2
ds® = da® + dy? + dz* = (costdt)? + (—sintdt)* + <t tantsectdt>
sec

ds = |cos®t + sin®t + tan? tdt = sect dt
—_——
=1

sec? t

v costi — sintj + tantk

V] sect
dT
c. N= 4
1
Now
dT <cost>’, <_Sint)/.+<tant>’k
- = R 1 —
dt sect sect J sect
tant
Note that ant sint, so
sect
dT
P 2costsinti— (coszt — Sin2t)j + costk
=sin(2t)
=cos(2t)
dT . . )
N_ _d _~ sin(2t)i — cos(2t)j + costk

N \/sin2(2t) + cos?(2t) + cos?t

sin(2t)i + cos(2t)j — costk

N =
V14 cos?t
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R/ X R//
d. For the curvature use x = M or use the acceleration Kk = an
[|R/[|? [[v][2
v

R(t) = sinti + costj + log(sect)k
R/(t) = v = costi — sintj + tan tk
R’(t) = a = —sinti — costj + sec’ tk

ds
|v]| = = sect, see part a
d*s
ar = a2 = tantsect

ay = ||a||* —a% = (—sint)? + (—cost)® + (sec’t)® — (tantsect)?

a% = sin®t + cos’t +sec* t — tan® t sec’ ¢

=1 =sec? t(sec? t—tan? t)

a3 = 1+sec’t(sec’t — tan’t) = 1 + sec’t

=1

V1 +sec?t

sec? ¢

R =

9. R(t) =log(t? + 1)i+ (t — 2tan~11)j + 2v/2tk

a.
R(t)=v= 2t (1— ) 2v 2k
(B =v =2+ 1) V2
_1+4t2-2
1442
442 (t2 —1)°
2 2
vl||© = + +(2v2
, AR — 2241 2%+ 1 (1+12)°
IvIl® = v - +8=—— 5 +8=148=9
(14 t2) (1+1¢2) (1+t2)
d
||v|| = d—j =3, constant
d?s 0 . ds . tant
a — = since — is constan
T A dt
b.
([vI[Z [lv]?
Now

( ot )’,+ 2 -1\,
a=(—-—=]i
1412 1+e2)9
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208+ 1) —20(2t),  2(82+1) — (2 — 1)2¢,

(1412)2 ' (1412)2
(262 + 2 — 4t)i + (263 + 2 — 213 + 2t)]
a =
(1+1¢2)2
2(1 — t%)i + 4tj
a =
(1+1¢2)2
2l 41— %)+ (48) 4+ 82 +4t* 41+ ¢%)? 4
a = s — —
1+ A+027  (1+02)F  a+ep
or
lall =
(1412
Therefore
2 I 2
C(14+12) 32 9(1+¢2)
dR
15.a. —=T=TT= ||T|]” =1, unit vector
NG
=T
d
b Ts (T-T) =0, since — 1is parallel to N which is perpendicular to T
S
d’R
c W-T:a-T—aT,
d T -N=
dR dR ds
- E'T | as @t T = |[v]| [|IT]]? = [Iv]],
=~ \2’1—’
=T =|lv||
dN
f. — -B=
ds 4

g. [T,N,B]=1 right handed system

l

. dB
Cds
17. 2(t) = cos®t, y(t) =sin®t, z(t) = 2sin’t, 0<t<2n

d dR
ds ds

R
ds?

=

H H—RIINII—%

= —7N, Frenet formula

dR
i —3cos?tsinti + 3sin®tcostj + 4sint costk
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H || = \/(—3 cos?tsint)? + (3sin®tcost)? + (4sint cost)?

|| || —\/90084tsm t +9sin*t cos?t + 16 sin® t cos? t

|| H = \/cos2tsin2 t(9cos?t + 9sin®t + 16) = \/cos?tsin2 t(9 + 16) = 5sintcost

dR.
o 3 3 4
T:%:—fcosti—kfsintj%——k
& 5 5 5
dT 3 inti 1 3 .
£sintl+ ¢ cost fsmt1+ cost 5 /3 3
N = = ) _ (Sinti—i-costj)
1% \/%sm t+90082t % S 3\5 5
N = sinti + costj
i j k
_3 Sainti 4
B-TxN — scost ¢sint)
sint cost 0
4 4 3 3
B=i (—cost) —J (—sint) +k <—COS2t— sin2t>
5 5 5 5
4 4 3
B:—gcosti+gsintj—gk
||dT|| ||dT|| dt %from computing N 3
k=|l—I] =
ds  5sintcost from computlngT 25sintcost
H Al
T=i||7||=
ds dt
B ti +4 tj
= —sinti + - cos
dt 5 5N
Substituting
4 4
__ \/(gsmt)Q—i-(gcost)Z: 4 . A
Hsintcost dsintcost 25sintcost

Compare with (2.45) to find that the sign is negative.
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2.4
Problems: 1, 3, 4, 6, 10

d
1. r=0(1—cosf) implies d—g = bsind

de d*0
i 4 irr;plies el :00
Now v = diz; u,+r yr ug = 4bsin fu, + 4b(1 — cosf)uy
—~— ~—
dr do =1
do dt
a= ﬁ—r d—e 2 u, + rﬁ—i—Z@dQ u
— | de? dt ’ de2 " Cdtdt|
Iy
d*r  d ) do
o = %(4bsm6’) =4bcos b - = 16b cos 6
=4
Substituting
a = [16bcos — 16b(1 — cos )] u, + 32bsin fuy
or
a=16b(2cos @ — 1)u, + 32bsin fuy
) . . dr dr df _
3.r= 2(dl -+ sm&)delmphes 0 2cosf and = 2 cos GE = —2¢ ‘cosb
r . _
V= aur + raue = —2¢ " cosfu, — 2(1 + sin e tuy
4. r =2+ sint implies ;il?z; = cost
= Yy = costu, + (24 sint) L
V= ou o Uy = costu, S il

To find o we use the given speed v = /2 cost

ao\?
[v][* = cos® t + (2 + sint)? <dt> — 2¢cos?t

Therefore )
. o [dO 5
(24 sint) o] =cos t

@ _ cost
dt 2 +sint

/d9 _ cos‘t &t
2 +sint
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For this integral we use a substitution 7 = 2 + sint, then dr = cost dt and we have
1
9:/ —dr =In(r)+C =1n|2 +sint|+ C
T

Butd=0att=0,s00=1In|2+sin0/+C and C = —1In2
2 +sint

1
Therefore § =In|2 +sint| —In2 =1n =In(1+ B sint)

At t = g then 6 =1In | 1+ %Sin(g) =In(3) and r =2+ sin(g) = 3, so the position at
=1 =1

=m/2is (r,0) = (3,In(3/2))

d2r A
= —_— =T —_—
dt? dt
. . : . db
a. Moving around circle at (0,0) with constant nonzero angular velocity — = ¢ so

d*0 ) ) dr
—— = 0. Since r is constant, we have o= 0 and therefore

2
B CCA N (S IO A I LA
“lae T T\ P e T |t T T )
220

b. Moving around circle at (0,0) with constant nonzero angular acceleration — = ¢

dt?

NERN
W e T ar |

r
and as in part a — =0 so
P dt

[ ooy’
dt? dt
do

dr
c. Moving along a straight line with constant speed, therefore — 7é 0 and — 7& 0.

W e T [T T ) T e

Therefore all terms are non zero.
d. Walking from the center of a merry-go-round toward its outer edge. The acceleration
depends on the details (see example 2.19)

dr

10. Constant radial speed — = P
d sec . p
rev rev rev ra
Platform rotates with uniform angular velomty of 30— =30——=-—— =7—
min 60 sec 2 sec sec
) ) d*r do 9 )
a. radial acceleration a, = g ) = (the sign means toward the center)
dr df
b. Coriolis acceleration = 2 @@ T2
dt dt sec
:2 =7T
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3.1

Problems: 1, 6, 7, 8, 16, 17, 21, 24, 31

l.a. f=sinx+e"+z

0
of =cosx +ye™ +0

ox
gzO—l—mezy—l—O
dy

of

- = 1

5 0+0+

Vf = (cosx+ ye™)i+ ze™j+k

R~ Vmigis
of —L@* 4+ y? + 227V (22) _ T
ox z? + y? 4 22 (@22 4 22)3
By symmetry
of _ _ y
oy (22 + y2 + 22)3/2
af z
0z (a2 +y?+ 22)3/2
Vf=— i i Y j— < P
(T2 + 42 + 22372 (22 + ¢ + 22)3/2 (22 + 2 + 22)3/2 R[]

c. f=R-ix]jtherefore f=(xi+yj+z2k)-k=z2
—

=k
The gradient is Vf =k

6. Given f(z,y,z) is the distance from the z axis then the gradient of f is a unit vector
directed from the z axis except at points on the z axis where it is undefined.

Hint: Look at f(z,y,z) = Va? + y?
T.a. f=x*+y?+ 2% then Vf = 2zi+ 2yj+ 22k and at the point (3,0,4) we have

V[ = 6i+ 8k
The maximum value is ||V f|| = v/36 + 64 = 10
8. z=he W) g0 f =z — he @2
a. Vf=2zhe @H27i 4 dyh e 295 1 k at (1,2, he™?) lava flows steepest descent is
in the direction of the gradient and V f|(1 2 pe-9) = 2he %1 4+ 8he ’j + k and the direction is
Vi 2he%i+8he¥j+k
IVfIl  VAh2e—18 - 64h2e=18 1+ 1
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The projection on the zy plane is Vf = 2he i 4+ 8he ]
r—1 y—2  z—he?

2he=9 8he 9 1
r—1

b. The curve in the direction of V f.

ordx—1)=y—2ory=4x—2

D . Yy —
Th t th 1 =
e projection on the zy plane is 57 o0 — 8)) o0

16. 22422 =8at (2,0,2)

Y

i
Iy

Nl

ALAIIIIMIIIIIIINN

o

~%, AN

Figure 9: For Problem 16 of section 3.1. y is the vertical axis

a. This is a cylinder whose cross section is a circle in the xz plane. A vector normal to
the cylinder is always perpendicular to the y axis.

b. f=ax?+2% therefore Vf = 2zi+ 22k at the given point we get Vf = 4i+ 4k. This
has no component in the y direction and therefore it is always perpendicular to y.

17. Plane tangent to f = 22 —zy — 14 at (2,1,4)

Vf‘(2’174) = (—yi — xj + 22’k)‘(271’4) = —j— 2j + 8k

This vector is normal to the surface and also normal to the tangent plane. Therefore the
equation of the plane is
—(x—2)—2(y—1)+8(z—4)=0
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or
—r — 2y + 8z =128

21. Let T(z,y,2) = 2% + 2y* + 32% and let S be the isotimic surface T = 1,

ie. S:a?+2y2+322=1

The normal to the surface is 2xi + 4yj + 62k

At the point (x,y, z) we want the normal i+ j + k, therefore 4y = 2z, 62 = 2z and so
T =2y =3z

2 2 6 /| 6
Now plug this in S: x2+2<%> +3(§) =1 and we have xzzﬁorx::l: T Now

1 1 /6 1 /6
Wecomputeyandz,y:2x:j:2\/;andz:§:i3 o

24.
YVl 3/2.3v6/2 = (221 + 2y + 22K)| (12, 3/2 362 =1+ 3j + 3v/6k

Vol 12,3230/ = (2(€ = 1)i+ 2yj +22K)| (12,372,357 = —i + 3j + 3V0k

osg— VI Ve _ ~1+9+9(6) 62 31
VANV 1+ 9+9(6)/1+9+9(6) V6464 32
G:COS_lg
32

31. 2* +y? 4 2* = 84 closest to x + 2y + 42 = 77

First find the tangent plane and a point (xg, Yo, 20) so that the normal is parallel to the
given plane normal, i.e. to i+ 2j + 4k.

The gradient is V f|(z0.40,20) = 220 + 2yo + 220 = a(i + 2j + 4k)

Now we find z¢ = ia, Yo = @, 29 = 2« and since this point is on the sphere we have

1 2
<2a> +a? + (20)* = 84

or

1
(1—1—1—#4)042:84

84
OZ2ZZ:16

4
o= =44

and the points are (2,4, 8) and (—2, —4, —8). Note that the second point is the farthest away
from the plane on the other side of the sphere. If you need the distance from (2,4,8) to the
plane we use

2+2(4) +408) — 77| |2+8+32-77] 35
VI+4+16 N V21 V21

distance =
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| —242(—4) +4(—8) - 77| |-2-8-32-77] 119
V1+4+16 B V21 V21
11935 84
V2l V2L

the farthest point =

The difference between the two = = the diameter

Figure 10: For Problem 31 of section 3.1
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3.2

Problems: 1-4
1. F=—yi+xj

d d
The equations of the curves are: a_ Y
1 1
The solution is x dxr = —y dy, integration yields: 5352 = —§y2 + c or
2 +y* =k, these are circles centered at the origin for k£ > 0

We can create the vectors

F(0,1) = —i

F(-1,0) = —j

F,-1) = i

F(1,1) = —i+]

F(-1,1) —i—j

F(-1,-1) i—j

F(1,-1) = i-—j

| |
ENARRARA |

5.0 -25 2.5 Si
x\—Z. —
\ A

Figure 11: For Problem 1 of section 3.2

/
"
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2. F=2%+v*+k
d d d 1
@w__ 0 Solve the right equality —— = z+ c or
>yt 1 Y

y(z+c)=-1
x 1
Now solve — =dz to get —— =z +Fk or
x x

r(z+k)=-1

b. At the point (1,1,2) we have 1(2 + k) = —1 and 1(2 + ¢)

k = —3, ¢ = —3 and the equations are

x(z—3)=-1, y(z—3)=-1

—1

)

therefore

-2

Figure 12: For Problem 2b of section 3.2 z axis is horizontal
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3. R = zi + yj + zk describe the flow lines

dv dy dz
r oy
Integrate
Inx=Iny+c
T =cy
and similarly
y=kz

which are lines aways from the origin.

4. The flow lines of the gradient field cross isotimic surfaces ortogonally. The distance
between isotimic surfaces is constant and it is the normal to surfaces which are perpendicular
to the gradients.
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3.3

Problems: 1, 3, 5, 7, 10
1. F = e™i+sin(zy)j + cos?(z2)k

V-F = divF = ye™+uz cos(xy)+z(2 cos(zz) (—sin(zz)) = ye™+x cos(ry)—2x cos(zrz) sin(zz)

3. F=V(3z%y°2)
F = 6xy’2i + 92%y°2j + 32%°k
divF = 6y°2 + 182%yz + 0 = 6yz(y* + 327)

5. V- (¢F)=¢V -F+F - Vo
The left hand side is

0 0 0
%(ﬁbFl) + @(¢F2) + %@F:a)

[9J0) 0F, 0¢ 0F, [9J0) 0F3
= —F +— —F, + — —F;+ —
ox 1+6x¢+8y 2+ 8y¢+8z 3+ 8z¢

_0¢ ¢ ¢ OF, 0F, O0OF;
N (%sFl + @yF2+ 82’F3+¢ < ox + dy + 0z )

=(V¢)F

= (V6)-F+6-(VF)

7. Nonconstant field with zero divergence, for example F = f(y, 2)i + g(z,2)j + h(z,y)k
will have a zero divergence.

10. The divergence is zero since the arrows have the same length.
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3.4

Problems: 1, 2, 4, 7, 10, 12
1. F=ay’i+ayj+ayk

The curl is
i j k

VxF=| & 8% 2 =iz —0)—j(y—0)+k(y—2ry) = 2i—yj+y(1 —22)k
ry? xy ay

2. F = e™i+sin(zy)j + cos(yz?)k
The curl is

i K
VxF= a% a% % =i(—2z%sin(yz?) — 0) — j(0 — 0) + k(y cos(zy) — ve™)
e® sin(zy) cos(yz?)

V x F = —2%sin(yz?)i + (y cos(zy) — ze™¥)k

4. F = (x4 22H)i+ zyj +yzk
a. The divergence is:

V- F=(1+2)+z+y=1+a+y+2°

b. The curl is

ik
V xF = 2 a% 2\ =i(z—0) —j(0 - 222) + k(y — 0) = zi + 2z2j + yk

r+az2? a2y yz

7. The flow lines of a velocity field F are straight lines, this does not mean the curl is zero.
10. F =42+ 2% +2k
a. The curl is

V xF = =i(0—22) —j(1 —-0) + k(0 —2y) = —2zi — j — 2yk

ng‘m =
8 Plo =

b. Find the tangent to the curve x = cos(nt), y = sin(wt), z = t* when t = 1

ox _ oy 0z
i sin(rt), 5 = 7 cos(mt), 5 = 2t
—msin(wt)i + 7 cos(7t)j + 2tk

T =

i+
\/(—7T sin(7t))? + (m cos(mt))? 4 (2t)?
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—msin(mt)i + 7 cos(mt)j + 2tk

T —
V2 + 4t2
Att=1 .
T(1) = —msin(m)i+ mcos(m)j +2k  —7j+ 2k
B T2+ 4 - Vrttd

The component (scalar) of (V x F) parallel to T(1) is given by
(V< F)yl[ = [[(V < F)- T
Therefore (since y =0, z=1at t = 1)

1(V x F)yl| = [Im(=mj + 2k)|| = || — 7°j + 27k|| = Vr! +dn? = 7v/7? + 1

12. Find the curl of f(||R||)R
" i j k
Vx(f(IRIR) =| & 5 5
FAR[Dz - fARIDy - f(R]])=

Recalling that ||R|| = V22 + y? + 22 we have

aof  d of 9 af 9
v (IRIR) =2 — 5~ 55— o) 2L -2

Let’s compute these partials

of af I|IR]] of 1,4 2 2\—1/2
—_— = fr — 2
or ~OIR]| or o|Rjj 2 TV )T @)

Similarly
of  of ORI _ of 1
gy O|R[| 9y  O|R]| 2
of aof I|R|| of 1. 5, o a1
- - - 2
9: " OIR] 0 _ajmj 2@ TV TF) %)

Now we evaluate the components of the curl,

of  of _ of
oy Yoz~ O|R]|

(2% +y* + 2%) 712 (2y)

(zy(x2 + 24+ 22 (2 + o+ 22)71/2) =0

The same for the other components, therefore V x (f(||R||)R) = 0.

b. Use geometrical interpretation.
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3.5
Problems: 1, 2, 4-8
1. f=u2"+ythen f(2,3,4) =2%(3) +4=16
2. f=ay+2
Vf=2zyi+2’j+k
Vilesy =22)3)i+2% +k=12i +4j + k

4. F=a%i+zj— (z+y—2)k
a. V- F=22y+0+1=1+2zy

b.
i ] k
o D 0
y 2z —(r+y-—2)
9 9 0 9 o 9
VxF=il| % 0z — Oz 0z dr Oy
o —(x—i—y—z)| J %y —(x—l—y—z)| 2y oz

c. V(V-F)=V(1+2zy), using part a, so
V(V - F) =2yi+ 2]

5. V- (VxF)
————
vector
scalar
6. Vx(VxF)
—_———
vector
vector
7. R=zi+yj+zk,then V-R=1+1+1=3 and
1ok FR) 9 o o o
- | <L 9 9 | _ dy 0z | _3| 0r Oz Oox Oy | —
cen| b B E|o|E ] £ a]E ]
r Yy =z
=0 =0 =0
8. Find V- (Vf) where f = xyz + e**

Vf=(yz+ze)i+xzj+ (xy + ze™) k

and
V‘ (Vf) :Z2exz+0+x2€xz — ($2+Z2) ewz
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3.6

Problems: 1, 3-5, 7

1. f=a2%yz3
0% f
el 5(4)(z%yz?) = 202°y2°
2
P
oy?
82
87;]20 = 3(2)(2°yz) = 62°yz

V2 f = 202%y2® + 62°yz = 227y 2(102* + 327)

3. F=3i+j— 2%k

2
F
?)3;2 = 2(1)y’2'k = —2¢°2%k
O*F
07 = —3(2)2%yz'k = —62%yz"k
Y
O*F
w = —4(3)332?/3221{ = —123§'2y322k

V2F = [(—2y324) + (—63:2yz4) + (—12w2y3z2)] k = —2y2*(y*2* + 3272% + 627y* )k
4. a. f =€siny

Vif = 2(ezsim )+ 2(ezs'n )+ 2(‘38' )= —€siny 4+ e*siny =0
= — —_— 1 —_— = — =
= Y » Y = e’siny e’siny + e”siny

=0
Yes

b. f =sinxsinhy + cosz cosh z

V?f = —sinasinhy — cosz cosh z + sinwsinhy + 04 0 + coszcoshz = 0
Yes

c. f =sin(px)sinh(qy)

V2 f = —p®sin(px) sinh(qy) + ¢” sin(px) sinh(qy) = (—p* + ¢*) sin(pz) sinh(gy)
In order for this to vanish we have to have p? = ¢°.

5.a. Vfisa vector
b. V-F is a scalar
c. V x F is a vector
d. V- (V) is a scalar (V2f)
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V x (Vf) is a vector

V X f is meaningless

V2F is a vector

V x V?F is a vector
——

vector

i. Vx V2f is meaningless
——
scalar

j. V( V2f ) is a vector
——

o om e O

scalar
o f=22+yand R =zi+yj+ 2k
a. Vf=4dri+]
b. V.R=1+1+1=3
c. Vif=4

i j K

d Vx(fR)=| & > e
2(22° +y) y(22° +y) 2(22° +y)

VX (fR)=1i(z —0) — j(dxz — 0) + k(4doy — z) = zi — dzzj + z(dy — )k
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3.8

Problems: 1, 5, 6, 10, 12

1. Prove that V(¢1¢2) = 41V + ¢V
Starting on the left hand side we have

V(g192) = K?ﬁ;) P2 + (?:) ¢1] i+ ...

Similarly for the other components. Now collect the second terms for each component to get
the first term on the right and similarly for the first terms giving the second term on the
right.

Prove V- (¢F) = ¢V -F+ F - (Vo¢)

Again start with the left hand side

_ (9 oF, (09 oF, (09 oFs
V.(¢F>_<8x>Fl+¢8x+<5’y>F2+¢3y+<5’2)F3+¢3Z

99 0¢ oo OF, OF, OF;
— | F — | F — | F
<8x> Lt <8y> 2 <8z> 3¢ Ox * dy * 0z

F-V¢ V-F

V- (¢F)

So
V- (6F) = F - (V6) + (Y - F)

5. Why V. (FxG)=G:(VxF)+F-(V x G) is not valid?
The right hand side is symmetric relative to F and G but the left hand side is not since
FxG#GXxF.

6. Show that V- =T _ g
IRJ|
i j k
AxXxR= Al A2 Ag = (AQZ — yAg)i — (Alz — Agil,‘)j + (Aly — AQ{L’)k
r Yy =z
Therefore

AxR (A —yAs)i— (A1z — Azz)j + (Ary — As)k
IR VaZ +y? + 22

Now compute the divergence of the above

v A xR . —%(1’2 + y2 + 22>_1/2<2$)(A22 - Agy) I %($2 + y2 + 22)_1/2(2y)(A12 — Ag.l‘)

IR z? +y? + 22 T2+ y? + 22

—3 (@ + 9% +2%) 712 (22) (Ary — Ag)
2 4 y? 4 22
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AXR  —x(Ayz — Asy) +y(Arz — Asw) — 2(Ary — Asx)
R[] (a2 + g2 + 22)3/2
You can easily check the all terms cancel and we are left with zero.

10. a. Evaluate V - (||RH2A)

V -

V- (IIRIPA) = 204, + 2yA; + 2245 = 2R - A

b. Evaluate V x (||R||2A)

i j k
IIRH2A1 HRI Ay |[R[[*A;
Therefore
V- (IR[*A) = 2(R x A)
c. R- v(\RH?A) 2R-A) =2R-R)A = 2||R|]’A
d. V(A-R)'=4(A-R)’A
AR
e. V-(||[R||[A) = ——
(IRJIA) =5
f. R-VA-RA)=R:- |[V(A-R)|A=(R-A)A
A
g. V.- (AxR)=R-VxA-A.- VxR
—— ~——
=0 —o by (3.32)
h. Vx(AxR)= (R-V)A —(A-VR+(V-R)A— (V- AR
———— —— ——
=0 A is constant =3 =0

Vx(AxR)=—(A-V)R+3A=—Aji— Ayj— Ask +3A = 2A

i. V2R-R)=V*2?+9?+2%) =6

12 V=(zx+4y)i+(y—32)j+Czk=V xF
Since V- (V x F) =0, we get

3(C’z) =0

—(x+4y) + 2(y —3z) + 5,

ox dy
The left hand side is 1 4+ 1 4+ C, therefore C = —
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3.10

Problems: 2, 4, 6, 8, 11

. i+ yj —yi+ xj
2. Use (3.50)-(3.51) to d . =k, = =7 <
se (3.50)-(3.51) to derive e e, Ry €y T
gradz k .
e, =——=—=Kk, since z = z

= ||grad z|| 1
Y

gradp  NTEF P+ EVETP Jorp T end | ai+y)

e o oy —
" lgradpl| \lgrad p|| 1 VT +y?
0 oin—L Y : 0 i1 y .
grad oS mrst oy ST T
e = =
" lgradd]| lgrad ]|

Now differentiate the arc sine

Y

v Sinil ) o 1 A /12+y2x R /2 + y2 —zy (ZE2 + y2)—1/2 - y
aI‘ \/ZEQ + y2 \/1 _ ngﬁyQ $2 + y2 T .T2 + y2 l’2 + y2
O .1 Yy 1 VTP -y @+ D) By x
— Sin = — —
O VTR 1o 2+ r(@t ) Py
x? 2 1
lgrad 6]|* = .

+ e
(@492 (@ +y?)" Pty
So

€y =

y s z s . .
Gk + 7y2d A
1

ri+yj+ zk

4. Use (3.61)-(3.62) to derive e, = NCESTET

Since r = /22 + y2 + 22 we find Vr = \/ml—l— 7 +yy2 - 22J+\/x2 = sz
and 2
VP = ez =1
So 0, — ri+yj+ zk

VT +yr+ 22
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T
Now to eg . Recall that 8 = arccos ———.
o /2% 1 o2

/ 1 2x
69 1 x2 + y2 - wi ’a:2+y2

% - | . 2 IQ +y2
B <\/x2+y2>

B 1 22 4+ y? — 22
V31— x2z-iy2 (2% + y?)Va® + ¢
1 Y’
N G B R
_
x2 + 92
12
06 B 1 ) zQeryQ
oy ) . 2 2242
B <\/w2+y2>
B 1 —xyY
- x;-fy? (.Z'2 + y2) \% x? + y2
B T
x? 492
00
0
0z

Now to the norm of V6,

||ve||=J( A o)

4yt (P +y?)? Vatty?

But 22 4+ y? = r?sin® ¢ cos® 0 + r?sin? ¢ sin? @ = r?sin? ¢ and so

1
Vo|| =
Il rsin ¢
Therefore
eg = rsin V.

z

Now to ey. Recall ¢ = arccos . Therefore
¢ ¢ N
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1 2%
a¢ B 1 2 /r2 g2 122
or _ 22 a2 y? 422
1 x2+y2+22 y
—ITzZ

VIE P+ )

Ll 2y
¢ _ 1 2 /a2y 422
oy 1_ $27+z§+22 x2 4 y? + 22

VR P2+ P+ 22)

VETETZ -2

1

2z

op 1 2\/a2y2 422
0z 1 4362;;52 2+ y? + 22
B 1 22 +y? 4 2% = 2P
Vg VIR 7+ 22 (2? g+ 22)
1 22 + o2

VY (@ Y+ )

VT

- 22 + 42 + 22
We now compute the magnitude of V.
2222 Y222 22 + 12
||V</5||: 2 2)(otq,2 22+ 2 2) (a2 2)2 +9,2 2)2
(22 +y?)(wty? +22)2 (22 +y?)(oty? +22)2  (ahy? + 22)
_ 1 1222 + 222 ISRy 1 (2% +y?)2? Lty
:L’2+y2+22 x2+y2 2+y2+22 3L'2+y2
_ 1 2+y2+22
x? 4 y? + 22
B 1
VP F 22
1
or
Therefore
ey =rVo.
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6. V2f in cylindrical coordinates

af 10f of
Let F=Vf = e, + 8999+8zez
\/
—F, —Fy =F.
Now
10 10 0 af 1 0*f  O*f
2f=V.-F=-—(pF —F Fzzf —
VI =V B =g )+ o 5gFet 5 0p <3p>+ 2962 922
In spherical coordinates:
8f 18f 1 of
F = = -
Vi= ety 8¢ rsin¢ 00 ©0
—_———
=F, =F¢ =F9
Now
2 _ y.p= L 22 1L 0 I 9
Vip = V-F= T28T(T Fr)+rsingb69 +Tsmqb8¢(sm¢F¢)
B ig 287]‘ n 1 2 1 ﬁi n 1 sing df
~ 2or\ or rsing 00 \ rsin¢ 00 Tsmgbﬁqb Y
10 (,0f 1 9%*f 1 9 (. of
- r20r (r 87’) + r2 sin? ¢ 062 * r2sin ¢ 0¢ Sm¢8¢
8.a. Use Problem 2 to write F = ) in cylindrical coordinates.
% 4 y?
i+ yj —yi+ 7j

From problem 2, we have: e, = ﬁ, e
field F becomes: = and we have F(p,0, z) = S _
p

and the divergence is
V-F = (pF )=20

1
and the curl is

VXF:l 9 9 9

TVt

1
—e, therefore F, = — and Fy =
p P

e, = k. Therefore the vector

F.=0

P op 060 0z | — 0
L0 o0
p
b. Again use Problem 2 to get: e, = f%, = \_/%, = k. Therefore
— 1
the vector field F becomes: F = M il therefore F, = 0, Fy = —, F, = 0 and the
?+y: p p

divergence is (note that the only non zero component is Fy)
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and the curl is

—~~
_ —2cos¢

r3

V. _
p 00
1 ep 769 ez
8 '8 o
VXF = o) 90 00 b =0
0 1 0
+ of 1 af 2cos ¢ sin ¢
T . -, € - —_— e, = — e, — e
rsing 00 o ¢ ¢ 3 3 G
<~ 2
- sin ¢
--=
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3.11

Problems: 3-5, 8,9, 12, 13
3. Since x,y, z are orthogonal then any order of x,y, z will do the same for p, 0, z
4. One way to do this is to find the differentials for the transformation:

X
Uy =¢€, g =Y, U3 ==

then duy dus duz = e*dx dydz and since dV = drdydz we have dV = e “duy dus dug =
1

—dul dUQ dU3.
Uy
Two other ways are possible. First to use h; = HV .Now u; =€*, us =y, ug = 2
u.
then Vu; =< €”,0,0 >, Vuy =< 0,1,0 >, and Vuz =< 6,0, 1 > . The magnitudes of these
vectors are ||Vuy|| = e*, ||[Vug|| =1, ||[Vus|| = 1. The reciprocals are the scale factors.

Second way is to first find the inverse transformation:
r=Inuy, y=us, 2= us

and find the scale factors using

OR
hi =
Therefore
h 0 (1 + + usk)|| = ! r
nul+u U =e
1= Bul 1 2J 3 ]u1|
0
hQ = (ln U11 + UQJ + U3k =1
8u2
0
hs = (Inuii + ugj + usk)|| =1
3u3

and therefore

1
dV = hlhghgdul dU2 dU3 == —dul dUQ dU3 = e“’”dul dU2 dU3
u

1
5. Find the Laplacian of g = u} + uj + u3 where

2
T =1U — U2, Y = U]+ U2, 2= Us
First we can find u; in terms of x,y,z compute g and its Laplacian in Cartesian

1
coordinates and transform back. This will give us u; = i(w + ), ug = i(y — ), u3 = /2
and ] 1
g=g@ty)’+gly—a)+:""
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3 3 3 3 3
Vg J@ty)+ -2+ @ty + oy —2) +12_1/2
_ 9% _9%g
T 0a? T oy?
3 3 3
2 2 hd 1/2
Vig=g+y) + oy —a)+ 27
and in terms of u;
3
V2g = 3U1 + 3UQ + —
4U3

Another way is to use the scale factors hy = V2, hy = V2, hy = 2u3 and substitute in
the equation for the Laplacian

o, L 0 (hahs Of \ 0 (hihy Of\, 0 (hihs Of
g hlhghg 0u1 hl 8u1 61@ hg 8uQ 8’&3 h3 Gu;z,
sy L[ 0 (22553 0 )+ o (3

V2 = [ 8u1< 7 (Bud) ) + 5, (2us(3u3)) + B, 2u3(3u3)

1 3
Vzg [12U1U3 -+ 12’LL2U3 -+ 3] = 3U1 + SUQ + —
4’U,3 4U3

2 2
8. T =1uj — Uy, Y=2UUz, = U3

R = (u] — u3)i + 2ujusj + usk

a.
gﬁ 2U1i + 2UQJ uli —+ Ugj
e = =
HaulH \/4u%—|—4u§ \/u%—i—u%
6 — % . —2'&21 + 2U1J . —UQi + Ulj
2= J[oR || — -
gl fdu? + 402 Vub + uj
_ oy K
STy AT
[l
. —UiUz + UL L.
Orthogonality: e - e; = % = 0 and similarly for the rest e; - e3 = 0 and
Uy T U
€9 -3 = 0.

The system is right handed because e; x e; = e3 and so on.

b. scale factors can be read from above hy = hy = 2y/u? + u3 and hsy = 1

. 1 0%qg 0% 0
“ VI T 0w T od o “1*“29)
2 1 Pg g
Vg_4(u1+u2 ou? 8u2 +8u3
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d F= Use1 + ui1€s + uses then

us

1 0 0 0

=0

_ 1 R N L5 o1y ~u(uz + ug)
2\/u? +u3e; 2\/ul+udey e3
1 9 9 9
VXFIZL(U%—F@L%) dur dua dug
Quz\/u? +ud  2up\Jud +ud uy

1
VXxF = ———— {2\/11% +ude (1 —0)—2y/uf + u3ex(0 — 2y/ud + uj)

A(uf + u3)
2u1 2'&2
+ e3|2yud+ud+2u—— — 2uz3————
( 2¢/u? + u} 2¢/u? + uj3
1 o e te 1 N u? — upuz
= —F———=e tete;
2¢/u? + u3 2 /u + a3 2(ur +u3)??

9. x=wu3, y=-e"2cosuy, z =e"?sinu;

a. Ju = sinuy (€?)j + cosuy (e"?)k
JR
90 cosuy (€"?)j + sinuy (e"?)k
R
8U3 N 5
Since T i and the other have no component in the direction of i we get the
Uus
oR oR oR
orthogonality to ——. Now to the orthogonality of — and —
8u3 8U1 8U2
JR OR ) u ) "
—— - —— = —sinwu; cosuy e*? +sinu; cosu; e*? =
0u1 8U2
OR
b. h; = ||a—|| = \/sin2 ug e2¥2 4 cos? ug e?¥2 = "2, similarly hy = €"? and hsy = 1
Uy
1 0 ( g 0 ([ g 0 [e*20g
V(2 4 4 ud) =
¢ (i +uz + ;) e2uz | Quy \ Ouy + Ous \ Ousy +8u;>, Ous

=2 =2
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V(Ui +ud +1ud) = e [24 24 27| = de™H 42

1 0 0
d. v._uz e)= — |— u2 +0+7—u2 2uo =0
(—e"2es +user) i | Dur (uge™)) 8u3( e'?e™?))
=0 =0
e2e; e2ey ez
_ 9 9 9
v X F - €2u2 Bul aug 811,3
e"? us 0 —e¥2
1 u U u ug U
VxF= 6272[6 e (—e"?) —e" ey(—e") + e3 (e"ug)]
1 2u2 2usg u2
VxF:%[—e e +e"ey+e 'LL3€3:|

1
VxF= - [—e"2 e; + " ey + ug es]
e’lL

1
12. xzi(uQ—UQ), y=u, z=2%
where —o0 < u < o0, v > 0, —o0 < 2z < oo This is parabolic cylindrical coordinate
System

R )

=115 1 = Ilui + vjl] = VaZ + 02
IR ) )

o = 1511 = 1| = vi + ujl] = Va2 + 2

OR
he = llo-ll = [kl =1

13. For the previous problem: dV = hihyhsdu; dug dus = (u* + v*)dudv dz
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4.1

Problems: 1, 3, 6, 10, 14, 18
1. F=2%+j+yzk and the curve C is

r=t y=2t =3t 0<t<1
Therefore do = dt, dy = 4tdt, dz = 3dt and the integral is

1

1 1 1 1
/ (2?dr+dy+yzdz) = / [t%+-4t+2t%(3t)(3)]dt = / (24t +18%)dt = §t3+2t2+18 (41&4)
C 0 0

0

1 9 41
/C(xde—l—dy—i-yzdz):g—l—Q—i—i:g

3. Integrate / (xi — yj + zk) - dR from (1,0,0) to (1,0,4)
c
a. along line joining points x =1, y =0, 2 =4, 0 <t <1
Therefore de = 0, dy = 0, dz = 4dt and the integral is
1

=38
0

/C(xi —yj+ zk) - dR = /01(415)(4)6115 — 16 (;ﬂ)

b. along x = cos(2nt), y =sin(27nt), z=4t, 0<t <1
Therefore dz = —2m sin(2nt)dt, dy = 27 cos(2nt)dt, z = 4dt,

/C(:zci —yj+zk) - dR = /01 [(cos(27t)(—2m sin(27t)) — sin(2wt) (27w cos(2mt)) + 4¢(4)] dt

The first two terms add up and we have

1 1
/ (ri—yj+zk)-dR = / —47 sin(27t) cos(27t) +16t | dt = —sin®(27t) + 82| =0+8 =38
c 0 0

substitute u=sin(2t)
6. F =yi+ zj+ zyz’k and the curve C is

-2+t =2 2=1

Note that we have a circle centered at (1,0) with radius v/3 in a plane parallel to zy
coordinate plane.

Let’s parametrize the circle = v/3cosf + 1, y = V3sinf, z = 1, 0 < 6 < 27 so
dr = —/3sin0df, dy = v/3coshdb, dz =0

The integral is

27 21
/ [V3sin6(—V/3sin6) + (v3cosd + 1)(v3cosh) + 0] db :/ ~3sin? 6 + 3cos? 0 ++/3 cos ) | db
0 0
=3 cos(260)
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3 2T
= 5 sin(20) + V3sinf| =0
0
10. Evaluate / {(y + yz cos(zyz))dr + (2* + vz cos(zyz))dy + (2 + zy cos(xyz))dz} along
c
the ellipse
x=2cosf, y=3sinf, z=1, 0<0<2m

The last term vanishes since z = 1. Now dr = —2sinfdf, dy = 3cosfdf, dz = 0.
Substituting in the integral we have

27
/0 (3 sin @ + 3sin 0(1)(cos(6 sin O cos 0)) (—2sin6)db

3sin 20

2T
) .
+/0 4 cos”® 0 + 2 cos 0(cos(6 sm@c;)s ) | (3cosf)db
3sin 2

2 27
= / (—6 sin® 0 cos(3 sin(20))) do + / (6 cos? 0 cos(3 sin(29)) db
0, 0
—|—/ (—6 sin? 0 + 12 cos® 0) do
0

2 2 2
= / (6 cos(26) cos(3sin(26))) db +/ (6 sin? ) ) db + / 12 (1—sin*d)  cos6dd
0 0 S~ 0 N —

(1—cos(260))/2 : .
=0 Substitute u=3sin(20) Substitute u=sino

21 2

=0+ [—30 +3 (;) sin(29)} .

= —06m

+ [12 sinf — 4sin® «9}

0

14. F = w x R where w is constant. Therefore F is perpendicular to R and so F - dR =0
and / F-dR =0
c

2
18.a. F="i+ yj + k Find the flow lines through (1, 1,0)
Y

de dy dz

F, F, Fy
yde  dy dz

2y 1
————
solve this first

1 1
S —_-_C
z Y
at (1,1,0) we have C' =0, so
y=x
Now solve the other one
dy
— =dz
Y
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Iny=z2+K

at (1,1,0) we have K =0, so
Iny =z

Let’s parametrize it
r=t y=t, z=1Int

b. At (e,e,1) thent =e and x =y =e, 2 =1Ine = 1 which is on flow line.

(e,e,1) 332 . . (e,e,1) :L-Q
c. / Tityitk -dR:/ Y dr + ydy + dz
(1,1,0) y (171,0) y

The flow lineisx =t, y=t, 2z =Intand so dx = dt, dy = dt, dz = %dt and the integral
becomes

e (12 1 1 1
= —tt+ = |dt= (t2 —t?+1 t)
/1 <t+ +t> 5 +2 +1In

e 1, 1 1, 1 9
= — _— — - - ]__ —
X 26 2+26 2+ 0=c¢e¢
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4.3

Problems: 2, 4-7
2.a. F=—yi+azj

9 _
or 7
9¢
_ — x
Ay
¢
= —_ 0
0z
Solving the first equation we have ¢ = —yx+p(y, z). Substitute this ¢ in the second equation
0
we have —x + ])S/,Z) = 2 which is not possible since p(y, z) is not a function of x and
)
therefore the field is not conservative.
b. F=yi+y(x—1)j
9 _
or Y
9¢
b 1
o y(z —1)
9¢
= _ 0
0z
Solving the first equation we have ¢ = yx + p(y, z). Substitute this ¢ in the second equation
)
we have = + p(ay,z) = y(z — 1) which is not possible since p(y, z) is not a function of = and
Y
therefore the field is not conservative.
c. F=yi+azj+ 2’k
9 _
or 7
% _ .
oy
99 2
& = T
Solving the first equation we have ¢ = yx + p(y, z). Substitute this ¢ in the second equation
0
we have = + péy,z) = z which yields p(y, z) = g(z) and ¢ = yx + g(z). Now substitute in
Y

the third equation above 2° = ¢’(z) and therefore the field is not conservative.
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d F=zi+zj+(y—1k

o9
_ — z
ox
% _
oy
o¢
o =1
0z 4
Solving the first equation we have ¢ = zx + p(y, z). Substitute this ¢ in the second equation

= z which yields p(y,z) = yz + g(z) and ¢ = yz + zz + g(2). Now

we have z + (%gy,z)

Y
substitute in the third equation above y — 1 = y + x + ¢'(z) and therefore the field is not

conservative.

T . r .
e. F:x2+y2l+x2+y2‘]
dop x
or 2+
do x
dy APty
1?J

Solving the second equation we have ¢ = tan™ = + p(z). Substitute this ¢ in the first

which yields p/(z) = 572 and therefore the field

equation we have —* +p '(z) = T2

Y w2 +y?

1S not conservative.

4. Evaluate / F - dR where F = %
x4 + y

Using polar coordinates © = rcosf, y = rsinf, so de = —rsinfdf and dy = r cos 6df
and the integral is

2 | —
/F dR = / [Tsme( rsin 6d6) + TCOSQTCOSQd@] / db = 2

2 r2

and the curve C is given by 2% + y* = r?

5. tan! (y) is a multiple valued function.
x
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6. F = (y+ zcos(zz))i+ xj + x cos(zz)k

0
ai = y+ zcos(xz)
% _
oy
0¢ cos(zz)
— = uzcos(zz
0z
Solving the second equation we have ¢ = zy + p(x,z). Substitute this ¢ in the first
0 0
equation we have y + zcos(zz) = y + ol z) which yields oplw, z) = zcos(zrz) and
x

p(z, z) = sin(zz) + ¢g(z) and ¢ = xy + sin(zz) + g(z). Now substitute in the third equation
above zcos(zz) = 0+ xcos(xz) + ¢'(z) and therefore g(z) is a constant and the field is
conservative with a potential ¢ = zy + sin(zz).

7. F = 2zyi+ (2% + 2)j + vk
9¢

o 9
ox o
0
8?5 = 2°+z
9 _
8. 7
Solving the first equation we have ¢ = z*y + p(y, z). Substitute this ¢ in the second equation
2 2 ap(y,z) : . ap(y,z) _ o
we have z° + z = 2 + ———— which yields 5 = z and p(y,2) = yz + g(z) and

¢ = 2%y + yz + g(z). Now substitute in the third equation above y = 0+ y + ¢'(z) and
therefore g(z) is a constant and the field is conservative with a potential ¢ = z%y + yz.
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4.4

Problems: 1, 2, 6, 7, 9, 10

La. F=(12zy +y2)i+ (62° + 22)j + 2yk.

s VxF =07
i J k
VxF= 9 9 9 =iz —2)—jly—vy)+k(12x + 2z — (122 +2)) =0
ox dy 0z
122y +yz 62° +x2 w2y

YES

b. F = ze™1 + ze™%k.

IsVxF =07

VxF=

YES

=1i(0—0) — j(zze®™ 4+ €™ — (xze™ + %)) + k(0 —0) =0

c. F =sinzi + yj + e’k.

IsVxF=07

VxF=

YES

i j k

0 g 0 . . _
G oy 52|~ H0-0)=i0-0) k0 -0)=0
sinz  y? €*

d. F = 32%yz%i + 2°2%) + 2%yzk.

IsVxF =07

VxF=

= 1( 32 — 21‘32) _j(SnyZ _ 6I‘2y2) + k(3x2z2 . 3ZE2Z2) 7& 0
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2z 2y
= i j + 22k.

r? 4 y? +x2+y2‘]+ :

Is V x F = 07 This test is not applicable because of the singularity at x = y = 0 but we
can try to find the potential.

@ B 2x
or a2 412
99 _ 2%y
oy 2’ +y?
9¢

Yo 9

0z -

Solving the first equation we have

¢ =In (1 + ;) + p(y, 2).

Substitute this ¢ in the second equation we have

2y o _av , Op(y,2)
= —2x +
2?2+y? 1+ Z—i ( v oy
which yields
op(y,2) 2y N 22?
dy 2+ y(a?+y?)

or
opy,z) _ 2y°+22* 2

dy y(@?+y?) oy
and p(y, z) = 2In[y| + g(z) and

2
¢ =1n <1+z2> +2Inly| + g(2).

Now substitute in the third equation above 2z = 0 + 0 + ¢/(2) and therefore g(z) = 2* and
2
the field is conservative with a potential ¢ = In (1 + a:2> +21In |y| + 2%
Y

There is a problem when y = 0 but not when z = 0

2. Given F = V¢ and G = Vv, is F + G conservative?
The field F + G is conservative with a potential ¢ + ¢
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6. F= <6$ — 262353/2) i — 2ye®*j + cos zk To check if the field is conservative,

¢ 2, 2
b — 922
o 6x e~y
9¢ 2

T = _9ye

Jy ve

% = CoSZ

0z

Solving the first equation we have
¢ = 32" — y*e* +p(y, 2).

Substitute this ¢ in the second equation we have

_2ye2:p —_ _2y62m + ap(ya Z)
Jdy
which yields
oply.2) _
Ay

and p(y, z) = g(z) and
¢ = 3a% — y?e* + g(2).

Now substitute in the third equation above cosz = 0+ 0 + ¢'(2) and therefore g(z) = sin z

and the field is conservative with a potential ¢ = 32 — y%e** + sin 2.

. . _ Covs . T3
b. R—\t/1+(t 1)(¢ 2)J—|—2t k, 0<t<1
: ; <
Since F is conservative, the integral / F - dR can be found by evaluating the potential
c
at the end points. At ¢t = 1, we have x = 1, y = 0, z = g At ¢t = 0, we have
x =0y = (=1)(-2) =2, 2 =0. The values at ¢t = 1 is qb(l,O,g) =4 and at t = 0
#(0,2,0) = —4, therefore the integral is 4 — (—4) =8

1
. R=-(t—1i+®)B-j+-(t—1k  1<t<3
2 —_—— 4

—_—— Y ——
T z

Since F is conservative, the integral / F - dR can be found by evaluating the potential
at the end points. At ¢ = 1, we have z = 0, y = 2, z = 0. At t = 3, we have
x=19y=0, z = g The values at t = 3 is gb(l,(),g) =4 and at t = 1 ¢(0,2,0) = —4,
therefore the integral is 4 — (—4) = 8
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7. F=(1+z)e"i+ (xe“y + 2y>j — 22k To check if the field is conservative,

¢

- = (1 Tty
e (I+ax)e
gi = xe”TV 4 2y
¢

A

0z :

Solving the first equation we have

s ey/ zetdr = e 4+ (x — 1)e" 4 p(y, 2) = ze®Y + p(y, 2).
N——
(z—1)e”

Substitute this ¢ in the second equation we have

0
re™ Y + 2y = xe” Y + 7p(y, 2)
dy

which yields

and p(y, z) = y*> + g(z) and
¢ =xze"V +y’ +g(2).
2

Now substitute in the third equation above —2z = 0+ 0 + ¢'(2) and therefore g(z) = —z

and the field is conservative with a potential ¢ = ze™™ + y? — 22

. . te R
b. R=(1-1t)e 1—1—\75/.]-1—\2}5_/k, 0<t<1and

x Y z
G=(1+z)e""+ (me”y + 22>J —2yk

Note that G is not conservative, and it is messy to try and do it using brute force. But we
can write G = F+2(z —y)j+2(z —y)k. Since F is conservative, the integral /C F-dR can be
found by evaluating the potential at the end points. At t =1, we have z =0, y =1, z = 2.
At t=0,we havex =1, y =0, z=0. The values at t = 1is ¢(0,1,2) = (1 —4) = —3 and
at t =0 ¢(1,0,0) = e, therefore the integral is —3 — e. Now to the integral over the rest

1
=3

/C 202 — y)dy + 2(z — y)dz] = /01 2026 — t)dt + 2(2t — £)(2dt)] = /01 6t = 31°)

Therefore
/ G dR=-3—c+3=—c
C
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9. F=(2zyz+2° —2y* + 1)i + (22 — day)j + (2%y + 272 — 2)k
To check if the field is conservative,

gi = (2uyz+22—22+1)
?;5 = (2%z — 4ay)
(;G: = (2%y + 222 —2)

Solving the first equation we have
¢ =a?yz+ (2 — 20> + Da +p(y, 2).

Substitute this ¢ in the second equation we have

22y — dzy = 2%z — day + Oy.2)
dy
which yields
oply.2) _
Ay

and p(y, z) = g(z) and
¢ = 2?yz + (22 — 29" + )z + g(2).
Now substitute in the third equation above 2%y + 2rz — 2 = 2%y + 222 + ¢/(2) and therefore
g(z) = —2z and the field is conservative with a potential ¢ = 2?yz + (2% — 2y* + 1)z — 2z.
z

b. G= i
(2% + z2)21 * (2 + 22)?

To check if this field is conservative we should not use the fact that V x G = 0. The
reason is that this is true except on the y axis (since then 22 + 22 = 0) and that is not a star
shaped domain.

10. F = (152" — 32%y*)i — 22°yj To check if the field is conservative,

gi = (152" — 32%y?)
d¢ 3

Yo 9

dy oy

Solving the first equation we have
¢ = 32" — 2°y” + p(y).
Substitute this ¢ in the second equation we have

—22%y = —22%y + p'(y)
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which yields
p'(y) =0
and p(y) = ¢ and
¢ = 32° — x3y%

Therefore the field is conservative. To evaluate

/((172) F-dR = 6(1,2) — $(0,0) = (3—4) — 0= —1

070)
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4.6

Problems: 1, 3-6
1. The surface S is given by z = v, y = V2uv, z=v

OoR OR
dS %X%dudv
a—R:2ui+\/§vj
ou
—aR: 2uj + 2vk
ov
OR OR ik NCX i  k
T o V2u 0 |=i| V2© —ou| ] = 2v2 0% — duvj+2v2 u?k
ou Ov V2u 20 V2u 2v
0 V2u 2v

ds = (2\/§v2i — 4uvj + 2\/§u2k) dudv

[|dS|| = \/4(2)1)4 + 16u20? + 4(2)ut dudv = V/8v* + 16u2v? + Su? dudv = 1/8(u? + v?)2 dudv
1dS]| = 2v2(u? + v?) dudv

3. x=acosu, y=asinu, z=1v

OR OR
dS %X%dUd’U
OR . .
—— = —asinul + acosuj
ou
OR
i
ov
OR  OR i ik o
— X — = | —asinu acosu 0 | = acosui+ asinuj
ou ov 0 0 1

dS = (acosui+ asinuj) dudv

||dS|| = \/&2 cos? u + a?sin® u dudv = a dudv
4. z=2*+y*so R=zi+yj+ (22 + 9>k
~0R _OR

OR
TR bk
o7 1+ 22
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R
=j+2yk

dy

i k
ZRX%R: 1 0 2z |=—-2xi—2yj+k
9% o1 2

dS = (—2xi — 2yj + k) dzdy

|dS|| = /422 + 4y + 1 dxdy

5. r=u? y=uv, z= -0
OR OR
dS %X%dudv
a—R—Qui%—v
ou !
R
a(%:uj—l—vk
i j k
8—R><8—R: 2u v 0 | =% — 2uvj + 20’k
ou  Ov 0
u v

dS = (v*i — 2uvj + 20°k) dudv

1dS]| = Vvt + 4u2v? + 4ut dudv = 1/ (v2 + 202)% dudv = (v + 2u?) dudv

3 1 3 2 u=1
/ / (v2 + 2u2) dudv = / (v2u + u3> dv
o Jo 0 3
3 /2 2 1
= [ (Gre)a=(5+57)

u=0
= 249=11

3

0

6. The triangle with vertices at (1,0,0), (0,1,0) and (0,0,1). The normal to this plane is
n=(—kx(-j)=-i-j-k

Try writing the equation of the plane through those three points. The unit normal is then

i+j+k

uaw = -

V3
b. cos~y for this vector is (v is the angle with z axis),

i+j+k | k

RVE -
1-1

cosy =

Sl
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e [/

d. /01 V3zx

drdy /1 /1—y dxdy
= -
|cosy| Jo Jo e

;_ydy—/o1 V3(1—y)dy =3 (y— ;y2>

7

0



4.7

Problems: 1, 2d, 5, 6, 10, 15, 19 (Also worked 11 and 20)

1. F = zk on a cylinder with base on xy plane (disk or radius 3 centered at origin) and
height of 2.

On the lateral surface F -n =0

On the top surface F-n = z

On the bottom surface F - n = —

// zdS // zdS—2/ ds = 187
top bottom " top

—7rr2 =97

2.d. F = 2% + y%j + 2’k on the surface of a cube bounded by the planes
r==1, y==+1, 2 ==+1
For v = 1 we have F-n = (2%i + ¢y*j + 2°k) -i= 2" = 1

For x = —1 we have F - n = (2% + y%j + 2°k) - (—i) = (—2%) = —1
For y =1 we have F-n = (2%i + 3%+ 2°k) - j=1* =1

For y = —1 we have F - n = (2% 4+ ¢*j + 2°k) - (—j) = = -1
Forz:lwehaveF-n:(x2i+y2j+22k)'k—22_1

For z = —1 we have F - n = (2% + y%j + 2°k) - (=k) = —2* = —1

Now look at the integral over 2 opposing faces, eg for x =1 and z = —1

area of square

//:_1(—1)dS:_ a(g_)/ _ 4

area of square
and the sum is zero. Similarly for the other 2 pairs of faces.
5 F = zi+ yj + (¢ — Dk on the surface bounded by the planes z = 0, z = 1 and the
cylinder 22 + y? = a?

On the bottom n = —k and F-n = —(2> — 1)| =1 and the integral is

z=0

/ / F - ndS = 7a?
bottom

Onthetopn=kand F-n = (z* - 1)

= (0 and the integral is

z=1

/ F-ndS =0
top
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rit+yj  ri+yj .

On the lateral surface n = = nd
vz +y? a
rity) 2?4y

F-n=(zi+yj+(z*-1k)

and the integral is

=a

a a lateral

// F-ndS:a// dS = 2ma?
lateral lateral

=27a

Therefore the total area is 2wa? + wa? = 37wa?

6. F = yi + k on the surface of a box without a top bounded by coordinate planes and the
plane through the points (2,0,0), (2,1,0), (1,1,1), (1,0,1)
On the bottom n = —k and F - n = —1 and the integral is

=area

On the back n = —i and F - n = —y and the integral is

11 1
/ F-ndS:—// de:—//ydydz:—f
back back 0o Jo 2

On the right n = j and F - n = 0 and the integral is

// F-ndS =0
right

On the left n = —j and F - n = 0 and the integral is

/ F-ndS =0
left

Lt k) 4k
On the front (slanted) face n = jx(=irk) _

V2 w2
(Another way find the equation of the plane)
i+k 1
Now F-n = (yi+ k) - l:/} = y\—/% and the integral is
1 2 1
// F-ndS://gH_ﬁdxdy
front 0 J1 \/§ \17/7
1 z=2 2
= [ e+ = [Rw+1)- @+ Dy
1, | 3
- - — - 41=2
A M R




Therefore the total is —2 — % + % =—1
Now to evaluating dS. First we parametrize the plane x = u, y = v, z = 2 — u therefore

gfj:i—k

R

%—J
OR OR
%X%:l—i—k

w:mgximmm:ﬂw@

Another way is to use the divergence theorem (remember that we need D to be closed)
[[Fas=[[[ v.Eav—[[ Fas==1
S D top
=0 —_——
=1

Because on the topn=kand F-n=1

10. F = (x + 1)i— (2y + 1)j + zk and the surface is the triangle with vertices
(1,0,0), (0,1,0), (0,0,1) The normal is (—i+k) x (—i+j) = —i—j — k and to get the unit
outward normal

Citj+k
V3
(z+1)—2u+1)+2z z—-2y+=z
F-l’l: g
V3 V3
1

cosy=n-k=—
! V3

1

1 pl—z (x— 2y + 2
[[Fonas = [ [ U2 g,
0 Jo %
11—z

- L0 [ -3

S [T TR P P

dz

1

0

1 1
= 1--—--=0
2 2

11. F = 2% + y%j + 2°k. The cone is given by

r=1Uu
y=v
2 = Vu? + v?
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Therefore

R . U K
PR l —
ou Vu2 + v?
OR v
— ——k
ov It v u? —+ v2
and
k
OR " OR i '(]) u U . v K
- - = e 1 —
ou ov 0 1 ‘“2v+”2 Vu? + 02 \/u2+U2J
VAT
and
OR OR u? v?
||8X&J||:\/u2+02+u2+02+1:\/§
Therefore . 5
F.dS— s APy

V0 ViR 2
The domain of integration in the zy plane is in between the two disks of radius 1 and radius
2 (projecting the piece of the cone), therefore we should use polar coordinates with

u =rcosf
v=rsinf

and the integral becomes

/27r /2 (—1"3 cos® 0 n —r3gin’ 4 n 7"2) v dr df
0 1 r r

2 4 1 15
Integrating over r gives / Pdr = E =4—--=
1 4 4 4

2m

The integral over 0 is / (—cos0 — sin® 0 + 1) db.

0

The only non zero contribution comes from the last term which is 2.
15 15

Therefore we have //F -dS = ZZT( = TW

15. BE=-V(|[R|I")

a. Show that E = ——
IR

1
Since R = zi+ yj + zk then ||R|| = /22 + y? + 22 and R (2 + g+ 272
Now find the gradient (using the symmetry we only need one of the partials)

0 1
o (22 + 92 + 27V = —§(x2 + 2 4 2)732(22) = —a(a? + 2 4 22) 732

similarly

0 1
ay($2 + y2 + 22)71/2 _ _5(1,2 +y2 + Z2>73/2(2y) _ —y(x2 +y2 + Z2)73/2
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1
24yt 4 )2 = —5(:(:2 + 24 2D 732(22) = —z (2 + o + 22) 72

_1
R[]

5,

Therefore i ok
rit+yj+ 2
~V(IR|I™) = —=—

as required
IR[]?

b. Evaluate / E - dR where C' is the line segment from (0,1, 0) to (0,0, 1)
c
whichis z=1—yand z =0

R - dR,
IR[[? 1a=o0

ydy + (1 — y)(—dy)
(y2 4 (1 —y)?)3/2

_ /0 (—1 4 2y)dy _ / e
1 (1 =2y +2y2) 3/2 2 w3

1
= —(1-2y+2°) " =
0

where we used the substitution v = 1 — 2y + 2y and so du = (=2 + 4y)dy

/E'dR _
C

1-(1-2+2)7""2=0

c. Evaluate // E - dS over the sphere 22 + 3% + 22 =9
S

//SE'dS://S % NS dS:// ||1i”2d5—£1)(47r32)—47r

ri+yj+zk
IRIP Va2 +y? + 22

Note that ||R|| on the sphere is exactly 3.

19. Given the hollow sphere a < r < b with temperatures T,, T;.
a. Find the steady state temperature as a function of r. As in the cylindrical example:

ar
Q n=—-kVT -n= —/{;d— because of the spherical symmetry.
r

H://SQ-n——k—// dS——4k7rr(Z

—_—
4772
/H — —dnk | "
1
—H-| =—4nk (T, - 1T,)
Tla
1 1
H(>— ) = —4nk (T, - T,
(a b) mh (T, )
T, — T,
H = drk——"
b a
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Now substitute H in

a T T
Ty—T, [ 1\[
drk it <—> — dnk (T —T))
5 a
Ty—T, /1 1
b a

Solving for T" we have

b. If r is halfway between a and b, i.e. r = ath then

T, —1T, 2 1
S S o PR
-z

b _a a—>b
a—b \ a(a+0)
ab
ab a—>
Toww =T, + (T —T,) ——F—=
ER + (T )a—ba(a~|—b)
| ——
b
a+b
b b
Tovy =T, |1 — T
kR < a+b>+ba+b
a
a+b
a b Ta+Tb
Tus =T, T,
p =Tl T T

20. Given the spiral ramp in cylindrical coordinates

N DD
I

S e
|
4

We can write this in Cartesian coordinates as

x = ucos(

— )
— )

B I

y = usin(

N |

Z =
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Therefore

oR _ cos(Z —v)i+ sin(z —0)j
du 0 2
R T . ™ .
5, — tu sm(E —v)i— ucos(§ -v)j+k
OR OR 1 o k
- X = = | cos(§—w sin(; —v) 0
Ju v usin(5 —v) —ucos(5 —v) 1
2 2
= — sin(g —v)i— cos(g —v)j+ (—ucosz(;r —v) — usinz(g - v)) k
= — sin(g —v)i— cos(g —v)j —uk
Therefore SR OR
H% X %HQ = sin2(g —v) + COSQ(g —v)+ut=1+u?

The surface area is then

12
/ / V1+u2dodu
o Jo

The integration over v is easy and we have

1 2 1
/ / \/1+u2dvdu:2/ V14 u2du
o Jo 0

This integral can be found in the tables:

2
/ Vu? 4+ a?du = g\/u2+a2+%ln|u+\/u2+a2|

In our case a = 1 and we have

1ln(l +V2)

1 1 1 2
/0 \/1+u2du:%\/u2+1 +§1n|u—|—\/u2—|—1| \g_+2
0

1
0

Therefore
Lo V2 o1
/ / VIFw@dvdu =205+ 5 (1 +v2) = V2 +In(1 + V2)
0 0

Remark: We can use cylindrical coordinates

R = pe, + ze,
Then
OR _Op | 0e,00 0z de.
g 0w " P80 ou " ou T C ou
7 > >
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OR  0Op de, 00 0z Oe,

o v Co TP 00 Oov  Ov G212 ov
~—~ N~ ~—~—
=0 ey =—1 =1 =0

Computing the cross product and its magnitude yield the same integral to evaluate.
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4.8

Problems: 2-4, 6. Also worked number 5.

2. The volume in example 4.28 is 3

2 1 flta 2 1
/// ldzdxdy = //
0o Jo Jo 0o Jo
2 1
= //(1+x)dxdy
0o Jo
2 1, |
= [ (32,
2 1 3
= 1 — = —
/o(+2>dy 2"
1 2 pl4s
/// ldzdydx
0o Jo Jo

1 14z 2
/ / / ldydzdzx
0 0 0
1 2 1 2 2 1
/ / / 1dedydz + / / / 1dedyd=
0 0 0 1 0 z—1

2 13 p/9—y2
3. / / / dxdydz where 22 + 9> <9, 0 < 2z <2 and 0 < y < 3. This is a quarter of
0o Jo Jo
a cylinder, see figure 13.

14+x
z|  dxdy
0

dy

2
=3
0

Three other ways

4.a. F = 2% + yj + 2k Compute // F - dS over the surface of the cube of side 1 in the
S

first quadrant.

For z =1 (front) we have F - n = (.7: ityj+zk)-i=a=1

For 2 = 0 (back) we have F - n = (2%i 4+ yj + zk) - (—i) = (—2?) =0

For y = 1 (right) we have F - n—(x it+yj+zk)-j=y=1

For y = 0 (left) we have F -n = (z*i + yj + 2k) - (=j) = —y =0

For z = 1 (top) we have F - n = (2? 1+yJ+zk) k=z=1

For z = 0 (bottom) we have F-n = (2% + yj + 2k) - (k) = —2 = 0

The integral over 3 of the 6 faces vanishes. The other 3 integrals are just the surface area
of those faces. Each face has a surface area of unity and therefore

// dS=1+1+1=3
S

b. f=V-F=2r+1+4+1=2+2x. Now the volume integral

11 g1 11 1 11
/ / / (2 4 2x)dxdydz = / / (27 + %) = / / 3dydz = 3
o Jo Jo 0 Jo 0 Jo
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Figure 13: For Problem 3 of section 4.8

The answers are the same

C.

2
k
It is easy to see that we get the same answer both ways.

d. F=2%+y%+2

//SF-dS

5. The volume of V is v and F

e. ///Vv-de

z >.

< :L‘7 y’

a. ///VV-FdV:///VSdV:3v

b. //SF-dS

also 3wv.

/ / / V - FdV based on problem 4. Therefore the surface integral is
1%

, the cylinder 22 + 3% = 1 and the

6. The volume of the surface bounded by z = ¢~ +¥°)

plane z =0
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Figure 14: For Problem 6 of section 4.8

rdfdr

e~ "
0

1 27
rdzdfdr = / / z
o Jo

2

e~ T

e =[]

1 por ) 1 )
= / / re” " dOdr = 27r/ re " dr
0o Jo 0
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4.9

Problems: 3, 4, 6, 9, 14, 15, 17

/AF“w://%¥§£¥V://AMV:0

b.F=zi+yj+ (2> —Dkthen V-F=1+1+22=2+22
The integral over the cylinder of radius a and height 1 is

/Ozﬂ/oa/ol(Q—i—%)dzrdrdH:2/0%/0(1 <z+222>

[ ———
=3/2

3.a. F=uzi—yj

1 1 a
rdrdd = 3(2m)=r?| = 3ma®
0 2 o

4. F = (2* +ay)i+ (P +y2)j+ (2> +zo)k then V-F =22+ y+ 2y +2+22+2 = 3(z+y+2)

! Lo 1
- [13($+y+z)dx dydz = L1L13(§+y+z_§+y+z)dydz

IQ x=1

=3(= +ay +w2)
2 rx=—1

y2 y=1
=06(% +y2)
1 1 1
= /_1 6(§+z—§+z)dz:/_1 12zdz
1
= 62°| =0
-1
6. F=F.(r)e, and V-F =7r" m > 0 Recall that
V-F= 7’725 (7’ FT(T)> =T
Therefore 5
o (7’2F,,.(r)) = M2
7,m—&—3
r?F.(r) = : never mind the constant of integration
m+ 3
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Therefore

Tm—i—l
F.(r) =
(r) m—+ 3
b/// m gy = ///VFdV //FndS
Substltutmg// er ndS = —— // rmtle, . dS
m—|—3
9.a. F=ux21
i j k
o o0 0
Use Stokes’ theorem. V x F = 92 v Bs = 0 therefore // VXxF -ndS=0
S
T 0 0

Now to the line integral connectinting the points (1,0) to (0,1) to (—=1,0) to (0, —1) and
back to (1,0). The segments are denoted by C,...,Cy

/ F-dR = / xdx + xdx + xdx + xdx
C C1 Ca

Cs C4
0 -1 0 1
= / xdx—l—/ xdx+/ :cd:c—l—/ zdx
1 0 1 0
_ L L0 1,5 1 ,° L,
—2x1+2x0+2x71+2x0
=0 1+1 0+0 1—I—1 0=0
N 2 2 2 2 N
c. F=—yi+aj
i j k
o o0 0
Use Stokes’ th .VxF=| — — — | =2k
se Stokes’ theorem X or oy 0
-y x 0

and n = k since the square is in the zy plane,

therefore // V xF - -ndS = 2// dS =2(2) =4 area of rombus is 2
s s
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Now to the line integral connectinting the points (1,0) to (0,1) to (—1,0) to (0, —1) and
back to (1,0). The segments are denoted by Ci,...,Cy

/F-dR _ / (—ydz + xdy)
C C1+Ca+C3+Cy

= /Cl [—(1 — z)dx + 2(—dx)] +/C2 (=2 — 1)dz + zdy)] —|—/C3 [(1+ z)dr — zdx]

y:]‘—x7 dy:—dx y=x+1 yzflffﬂ

+ Jo, [(1 = 2)dx + xd]

=z—1

Y
0 -1 0 1
_ /(—1)dm+/ (—1)da:+/ 1d:c+/ 1dz
1 0 —1 0
1 0

0
— X
1

1

+x
0

= — +

-1

0
= 0—-(-1)—(-1)4+0+0—-(-1)+1—-0=4
Both integrals give the same answer.

14. Use Stokes’ theorem to evaluate / (zsinyi — ysinzj + (z +y)2%k) -dR
C

—F
i i K
B 0 0 0 2 )
VxF= o 9 5 =1i(2"—0)—j(2*—0) + k(—ycosz —xcosy) so

rsiny —ysinz (v +y)z?
V x F = 2% — 2%j — (zcosy + ycosx)k
The surface S is made up of two surfaces S; is a rectangle in the xz plane whose vertices
are (0,0,0), (7/2,0,0), (7/2,0,1),(0,0,1) and Sy is a rectangle in the yz plane whose vertices
are (0,0,1),(0,7/2,1),(0,7/2,0),(0,0,0). Based on the orientation of the boundary curve
(starting at (0,0,0) going on the z axis and so on) we have the outward normal to S;

is n; = —j and the outward normal to Sy is ny = —i. Therefore V x F - n; = 22 and
V xF -ny, =—2?and

//SV><F~ndS://S VXF-nldS—i—//S VXF~n2dS://S szs—i-//s (—22)dS

On S; the parameters are z,z which 0 <z <7/2, 0<2<1

/2 1 1
// zzdS:/ /szz daz::<7r>:7r
Sy 0 0 3\2 6

=23/3

=1/3
0
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On S the parameters are y,z which 0 <y <7/2, 0<2z<1

[fems= [ fenea=—5(3) -5

—_———

=—23/3| =—1/3

0
and the sum is zero.

15.  Use Stokes’ theorem to evaluate / (ye'i+ (z + ") j + 2°k) -dR. along the curve C
c

=F
given by z =1+ cost, y=1+sint, z =1 —sint — cost, 0<t<2r
Note that C' encloses an ellipse in three dimension (slanted ellipse on the plane z =
3—x—vy).

ik
0 0 0 . . x  xy

ye r+e® 22
so V x F = k and we only need the z component of dS
We parametrize S by x = u, y =v, 2 =3 —u— v where we have taken u = 1+ cost and

vzl—i—sintand8—R:i—kand—:j—kso
ou v
@Xaﬁ_i+'+k
u " Bw )
1 r2n
//VxF-dS://k-(i+j+k)dudv: // rdrdd —
S S 0 Jo

—_—
circle centered at (1,1) with radius 1

Note that (u —1)*+ (v —1)*> =1

Another way is to see if the field is conservative

0% _ .
ax_y
do -
@—$+€
o0
&—Z

From the first ¢ = ye®” + g(y, z) differentiate with respect to y and compare to the second, we

= 0 (if we drop the term x) so g(y, z) = h(z) and ¢ = ye® + h(z). Differentiate

1
this with respect to z and compare to the third we get h'(z) = 2% or h(z) = 523 and

T 13
¢ =ye +32
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The field is not conservative but can be written as
F=Vo¢+7zj

The line integral on the conservative part is zero (closed curve), so

27 27 27
F-dR— [ (V6)-dR+ [ (af)-dR= [ (1+cost)costdy —sint| + [ cos’tdl
/C C( o) + C(mj) ; (1 + cost) cos sin . + | cos

=x =dy
=0 =0

2m 2m (1 2t 1,1
/ cos® tdt = / <+ cos( )> = [t + - sin(2t)}
0 0 2 2 4

/ F-dR=n exactly as before
c

Now
27

=T

0
SO

17. ¢(x,y,2) = wyz + 5 the surface S is 22 +y> + 22 =9
Therefore V¢ = yzi + xzj + xyk and the normal to the sphere

221+ 2yj + 22k 2(xi+yj+2k)  zit+yj+zk
\l 4a® + 4y* + 427 2(3) 3

=4(9)

n= since 22 +y* + 22 =9

Vo -n=zxyz

Using spherical coordinates

27w 27w
/ / 3sin ¢ cos @ 3sin ¢ sin O 3 cos ¢ 9 sin pdpdh = 3° / / sin® ¢ cos ¢d sin 0 cos Hdf
0 0 ~ ~ Hﬁ/—/%/—/ 0 0

=T =Y =z ds

=0, see below

Use u = sin ¢, du = cos ¢d¢ so

™

. 4
sin” ¢ _0
0

4

/0 i sin® ¢ cos pdp =

If we use the divergence theorem, V - (V) = 0 and so the answer is again zero.
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4.10

Problem: 1
1. Given S; = 2% +y* + 2* = (vt)?, 2z >0 and F(R,t) = Rt. Find the time derivative of

://S F(R,t)-dS

// —+v Fv -dS+/ F x v-dR
St :3t S

Rxvt
:R

Now

JR OR

2w pm/2
/ / (vt? sin ¢ cos Ai + vt? sin ¢ sin 0j + vt? cos ¢k) - <8¢ 2

) dd

In spherical coordinates © = vtsin ¢ cos, y = vtsin ¢sinf, z = vt cos ¢ and therefore

JR
90 = vt cos ¢ cos i + vt cos ¢ sin 0 — vt sin ok
R
%9 = —otsin ¢ sin 6i + vt sin ¢ cos 0
JR OR
% X 50 = v*t%(sin? ¢ cos #i + sin? ¢ sin 0j + sin ¢ cos ¢k)

and the integrand becomes

V3t | sin® ¢ cos? 0 + sin® ¢ sin® O + sin ¢ cos® ¢ | dodf =

sin® ¢

3thsin ¢ (sin2 ¢ + cos? gb) dodf =

=1

34 sin pdpdo
Substitute in ®(t), we have
2r  pmw/2 w/2
= / / v*t* sin ¢pdpdl = v*t*2m (— cos ¢) = 23t
o Jo

=1

Differentiating



Now let us compute the surface and line integrals.

//S (R + 3tv) - dS

2 pm/2
= / / vt sin ¢ cos #i + vt sin ¢ sin 6j + vt cos ok | - a—R X a—R dodo
Jo Jo - op 00

2m /2 OR OR
[ (3%)-<a¢xa€)dgbd9

2w /2 OR OR
_ 3,3 )
—/0 /0 v’t°sing + 3R <0¢X89> dodl

= v*t*sin ¢

2 pm/2
= 41)3t3/ / sin pdpdf = 8v3t3n
o Jo

/ Rx v |t-dR=0
C

Therefore

> OF s o aa
dt_//St o TYEV| a8+ | FxvdR =80 40 = 800
N~ =3t Rxvt
=R
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5.1

Problems: 6-9
6. F=2+yzj— 2%k

V-F=32*+z
At the point (3,1, —2) the divergence is V - F = 3(3%) + 3 = 30.
7. F=3zri+yj+ zk

V- F=34+1+1=5
This is the flux per unit volume and so the flux is 5v, where v is the volume.

8. F=3z%+yj+ 2k

V- F=6x+1+1=06zx+2
The flux depends on z and so it does depend on location.

9.a. Sphere of radius 2 with a hole in the center of spherical shape and radius 1. The
normal is in the direction of r on the outer sphere and —r on the hole.

b. Use spherical coordinates with n = ||rH on the outer sphere and n = —HrH on the
r r
hole.

c. They are equal. The only source is in the origin and flow inside (n is pointing inside)
and out the outer sphere. No other sources to influence the outcome.

d. No difference.

ri—+ yJ + 2k . ) ) 72 y2 22
e. //s (21 g2 + 2 -ndS where S is the ellipsoid vy + T 1

OF, _ 1@ +y*+ 27 — [3(® + 4 + ) *(20)] o
Or (22 4 12 + 22)3/2]2

(22 + 4% + 22)%2 — 322(22 + i + 22)1/2
(2 +y? + 22)3

22 +y? + 2% — 322
(IIZ'2 +y2 +22)5/2

By s et
R oFy 22 + 9y + 22 — 3y?
dy - (mQ + y2 4 22)5/2
OFs  x% + 9y + 22 — 322
0z (22 + y? + 22)5/2
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and so
0F, N OF, N OF;  3(a? +y®+2%) — 3% — 3y? — 322 0
or Oy 9z (22 + y? + 22)5/2 B

But F is not continuous at the origin, so we should cut out a small sphere centered at the
origin.

xi+yj+ zk xi+yj+ zk
nds+ [ [ ‘ndS = ///VFdV
//s (22 4+ y? + 22)3/2 * Ball (2% + y? + 22)3/2

Now what is the second integral on the left hand side? The outward normal to the ball is

i+ yj+ zk
Vit +y? + 22
1 1

Fn—--———_—_—
2 4+ y? + 22 r2

SO

Using spherical coordinates

//Ba“ vi+yj+ 2k / / 7r 2 sin ¢pdfdg = —2m(— cos ¢)

(22 + 42 + 22 3/2 = —2m(1+1) = —4rm

0
ri+yj+zk ri+yj+zk
//s (22 4+ y? + 22)3/2 " Ball (22 4 y% + 22)3/2 " i

=—A4r
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5.2

Problems: 1, 2, 5, 8a
1. ¢=2xyz+5

Vo =yzi+ xzj + xyk

// { Vo — oV <R>]'dS:47T¢(070,0)+///DV;{¢dV, using (5.15)

=5

The volume integral vanishes since VZ¢ = 0 and

[ [go-ov (3)] =

2.a. ¢p=a"+y* =222 +450 V3 =2+2—-4=0and ¢(0,0,0) = 4 therefore

[ [-avoto9(g)] ds = —ax(a) = 162

b. ¢ =222 +550 V¢ =2—-2=0and ¢(0,0,0) = 5 therefore

[ [ [-gve+ov ()] ds = —an(5) = ~20m

8.0 Prove that [ [ [ V9.V xFav = [ [ FxVo-ds. Using (3.3
D
G- VxF=F-VxG+V-(FxG)
where we take G = V. Recall that by (3.40) V x (V¢) = 0 so the above becomes

(Vo) (VxF)=F -V x (V§) +V - (F x Vo)

Now integrate and use the divergence theorem

[ [ vo-vxpav=[[[ v Exvaav=[[Fx(v:as
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5.4

Problems: 4, 5, 7, 9, 12
4. Derive (5.49).

1
/C i(scdy —ydx) = A
. . OF, 1 0Fy, 1
Let F = —%yH— %l’_] then a—y =-3 and 52 — 3

1 1 1

On the other hand

//D (a;;_%?)ddeZ/A)(;—i—;)dxdy://[)dxdy:fl

5. R =i+ yj then dR = dzi + dyj
a. Evaluate ||R x (R + dR)||

i j k
x Y 0
r+dr y+dy O

R x (R+dR)= = [z(y + dy) — y(z + dz)| k = (zdy — ydz)k

The magnitude of this is ||R x (R + dR)|| = |zdy — ydx|.

1 1
b. The integrand of (5.49) (xdy—ydx) = 5 IR x (R+dR)|| = area of a triangle

18 —
2

—area of parallelogram

7. C'is given by 2° +4* = 9 and F = yi — 31

3

27 3 1 9
/c (ydx —3zdy) = //D (=3—1)dzdy = —4/0 /0 rdrdf = —4(27?)57“ = —47(9) = —367

0

9.a. Compute directly the integral / (4y*dx—2x*dy) where the domain is a square bounded
c

by z = £1 and y = £1.
On (] defined by y = —1 we have dy = 0 and

1
= -8

-1

/01 (4y’dx — 22°dy) = /1 4(=1)%dx = /1 (—4)dx = —4a

-1 -1

On C5 defined by x = 1 we have dx = 0 and

1
=4
—1

f 1
/ (4y3dx — 22%dy) = / (—2dy) = —2y
Co -1
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On Cj defined by y = 1 we have dy = 0 and

-1 -1
/ (4yPdx — 22%dy) = / (4dx) = 4z| = -8
Cs3 1 1
On C4 defined by = —1 we have dxr = 0 and
-1 -1
/ (4y’dw — 22°dy) = / (—2dy) = —2y| =4
Cy 1 1

Therefore / (dyde — 22%dy) = —8 —4 —8 + 4= —16
C

b. Using Green’s theorem / (4y’dw — 22°dy) = // (—4x — 12y*)dxdy.
c D
This integral can be written as

2

11 1 X
/ / (—4x — 12y*)dxdy = / (—4 — 12:Cy2>
—1J-1 ~1 2

= /11 (—2 —12y° — (-2 + 12y2)> dy

1

dy

3

! Y
= —24/ yidy = —24%-
-1 3

1

-1

1 1
= —2U4(-+-)=-16
(3+3)

Same as in part a.
c. By symmetry. As we noted in part a. the contribution of / (—22%)dy cancel and we
c

are left with / 492dz. The integral on y = 1 goes in the opposite direction to the integral
c

1
on y = —1 and so the contributions add up. Each is / 4(—1)*dz = —4x| = —8 and the
C -1
total is —16.
t?
12. Use Green’s theorem to find the area inside z = 0<t< o0

1+ Y T e
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A:

/C (zdy — ydx)

1/00 t o 2t(1+ %) — 3t3(t?) 2 1+ —3t%(1)
2Jo |14 (1+13) L+t3 (1+13)2
t(2t —t) t2(1 — 2t%)
T (1 +13)3 (1+13)3
o 242 — 5 — {2 4 2t°
/ ¢
2 (1+ t3)

% t2(1 4 t3)
/ L) 0
2 (1+83)3

1 [ 12
Ly e —
2Jo (1+13)2
(L
2\3/1 w?

use substitution u = 1 + 3

[N
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5.5

Problems: 1-3, 7
1. Given F =3yi+ (5 —2z)j+ (2* — 2)k
a. V-F=04+0+2z=2z2

i J k
o 0 0
b. VxF=| 0z dy 0

=(0-0)i-(0-0)j+(-2-3)k= -5k

3y 5—2z 2%—2
/ / (V x F) - ndS where S the open upper hemisphere of radius 2. This can be
5

computed by

//VXF nds+//dka><F ndS = // VxF)dV
" //S(VxF)-ndS:—//disk(—E)k)-\r}_/dS:—5/ [ s = —20m
Lk

=—k
=4r

2. Given V x F =2yi — 22j + 3k
/ / V- (V x F)aV = 0 on the other hand

///DV'(VXFWV://S(VxF)-ndS+/ [ (Y F)-nds

Therefore

[ L@ xm) mis=— [ [ (Vx®) nas=-[[ -ads=3om)=27r
—
b. // VXF)dV—Oon the other hand
/// VA(VxE)aV = [ [ (VxF) nds
Therefore
[ o cpris—
’ | [ Voxvu-as= [ [ Vx(ve)-as
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Now

i j k
¢ 99 ¢
_ | Or Oy 9z | _ (0000 _000v) .
Vo x Vi = _<0y82 0z Oy SR
oy oy Y
Oor Oy 0z
The component in the z direction of V X (¢V1)) is
i J k
9 9 9
op 9y Oy
2w ¢ETy ¢,

_ (9,9 9 Ov).
= (050 - aoh )i

(aasaw LY a?w>i+

87y 0z + ¢628y B aﬁiy B (’b@z@y

Note that the second derivative terms cancel and we get the same answer for the component
in the x direction. Similarly for the other components.

By Stokes’ theorem / /S V x (V) - dS = /C $(V) - dR.
7. F=Vo

/ F-dR = ¢(b) — ¢(a) =0, for closed curves
c

Q

. // V><V¢-nd5':/ Vé-dR =0
S c
n-Vx (Ve) =0, because of part a.
Therefore V x V¢ = 0
. The identity in Section 3.8 (3.40) is V x Vo =0

o o

o,
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